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Abstract

We show that several problems which are known to be undecidable for probabilistic automata
become decidable for quantum finite automata. Our main tool is an algebraic result of independent
interest: we give an algorithm which, given a finite number of invertible matrices, computes the
Zariski closure of the group generated by these matrices.
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1. Introduction

The development of the theory of computation has led to the study of various models of
computation, e.g., finite automata, boolean circuits, Turing machines, cellular automata
Due to the recent interest in quantum qautation, quantm counterparts of the main
classical models of computation (including the four models listed above) have been
defined. It is especially fruitful to compare #@models to their probabilistic counterparts.
The best known result in this direction is Shor’s quantum factoring algorithm, which runs
in polynomial time despite the fact — or rather the belief — that no classical algorithm,
deterministic or probabilistic, cdactor integers in polynomial time.
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In this paper we show that several problems which are known to be undecidable
for probabilistic automata become decidable for quantum finite automata. We work
with the “measure once” ndel of quantum automata dfloore and Crutchfield2000.

The main other model is the “measure many” modelKaihdacs and Watrou€l997).
Further comparisons between probahitisand quantum automata can be found in
Bertoni and Carpentieri2001). The main focus of these three papers is the study of the
languages recognized by quantum finite automata. Our main tool is an algebraic result
of independent interest: we give an algorithm which, given a finite number of invertible
matrices, computes the Zariski closure of the group generated by these matrices. The
problem of finding the Zariski closure of matrix groups also appears naturally in other
areas. For example, it is well-known that the Zariski closure of the monodromy group of
a Fudisian system of ifferential equations is the differential Galois group (&=kers

(1992 for an introduction to differential Galois theory).

2. Probabilistic and quantum automata

In this section we recall the definitions of probabilistic and quantum automata, and
obtain our decidability results. The remaindéthe paper is devoted to our group-theoretic
algorithm.

2.1. Probabilistic automata

Formally, a probabilistic automaton is a tuplé = (Q, qo, Q+, X, (Xa)acy) Where
Q ={1,...,q}is afinite set of stateg)p € Q is the initial stateQf < Q is the set of
final states, and’ is a finite alphabet. Each matri, is aq x g stochastic matrix¢Xa)ij
is the probability of going from stafeto statej whena is the input letter. For instance, if
the rows of allX contain exactly one 1 (argl— 1 zeros) we recover the familiar model of
determnistic finite automata. Another degenerate case is obtained \Whiea: 1. In this
case, our probabilistic automaton is essentially a finite state Markov chain.

In order to define the language accepted lpya@babilistic automaton, we need to fix a
thresoldx € [0, 1]. Aword w = w1 ... wn € X* is accepted if the probability of ending
up in Q¢ upon reading is at leasth. This condtion can be conveniently expressed in a
matiix formalism. Letzr be the column vector of sizg suchthatz; = 1if i = gp and
i = 0 otherwse. Letn be the column vector of sizg suchthaty; = 1ifi € Q¢ and
ni = 0 otherwise. ially, let ACC,, = =T X,,n whereX,, = Xy, - - - Xy,,. The wordw is
accepted ifACC,, > A. Note hat the row vectorr " X,, can be interpreted as a probability
distribution overQ.

It turns out that one cannot decide whether the set of accepted words is empty, even if
A and the entries of th&X are rational numbers. In fact, the following problems are all
undecidableBlondel and CanterinR003 Paz 1971).

(1) Is therew € X* suchthat ACC,, > A?
(2) Is therew € X* suchthat ACC,, < A?
(3) Is therew € X* suchthat ACC,, = A?
(4) Is therew € X* suchthat ACC,, > A?
(5) Is therew € X* suchthat ACC,, < A?
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A threshold 1 is said to be isolated if there exists> 0 such hat
|[ACC, — A| > €

for everyw € X*. This definition is motivated in particular by the fact that probabilistic

automata with isolated thresholds accept dydhe same languages as deterministic finite
automataRabin 1963. Unfortunately, the following two basic problems are undecidable
(Bertoni, 1975 Bertoni et al, 1977 Blondel and Canterin2003.

(6) GivenA anda, decide whethek is isolated.
(7) GivenA, decide whether there exists a thresholhich is isolated.

2.2. Quantum automata

After reading a wordv, aprobabilistic automaton is in a probability distribution of the
form ZiEQ ajg where(ey, .. ., €,) isthe canonical basis dR9. In quantum autmatathis

probability distribution is replaced by auperpositionziEQ ;g of unit 2 norm. Instead
of stochastic matrices we musierefore work with matriceX; which conserve the norm,
i.e., with orthogonal matrices. More generally, one could allow matrices with complex
coefficients (i.e., unitary matrices) but we shall stick to orthogonal matrices throughout
the paper. The definition cACC,, is changed accordingly: in a quantum automaton the
probability of accepting a wordw is ACC,, = ||z " X, P||2 where P is the matrix of
orthogonal projection on the subspace spanned by the final states fhencé ifi € Qf+,
and the other entries & are null). The other definitions are unchanged.

Problems (1) through (7) clearly make sense for quantum automata. The first three
problems remain undecidablizéndel2002 Blondel et al.submitted for publication As
far asquantum automata are concerned, the main result of this paper is that the last four
problems become decidable.

Theorem 1. Problems(4) through(7) are decidable for quantum automata.

For this heorem to make sense, one must explain how the entries of the mafdcee
finitely represented. One may for instance assume that they are algebraic numbers, which
can be represented by their minimal polynomial and an isolating interval. More general
solutions argossibé: seeRemark 4at the end of this section.

Notealso that there is nothing quantum about our decision algorithms: they are classical
algorithms about a quantumatdel of computation. The detability of problems (4) and
(5) has also been obtainedJeandel2002 andBlondel et al(submitted for publicatiop
by a slightly different method. It is known that problems (1) through (5) are undecidable
for the measure-many modele@ndel 2002, but the status of problems (6) and (7) is
unknown.

Let (Xa)aes; be the group generated by the matriees and letG(A) be the ¢tosure

(for the Euclidean topology oﬁqz) of this group. ThusG(A) is a conpact group of
orthogonal matrices. This groygays a crucial role in our proofs. We now illustrate this
point on problem (6). First, we need an easy lemma.

Lemma 2. The goup G(A) is equal to the closure of the monoid generated by the
matrices X%.
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Proof. The inclusion from right to left is obvious. For the converse, note that there exists
(by compactness) for each mattig a s@uence(ny)k=1 suchthat Xg¥ converges to the

identity matrix ak — +oo. Herce Xa‘1 = limy- 400 ng_l and the result follows. O
Proposition 3. The two followingoroperties are equivalent.

(i) The thesholdx is isolated.
(i) There exists > Osuchthat| ||z gP||? — A | > € for every ge G(A).

Proof. By Lemma 2 the set{||z"g =R g € G} < [0,1] is the closure of
{ACC(w); we X*}. O

Instead of checking property (i) directly,enmay tterefore check property (ii). It is not
immediately clear how this can be done algorithmically. Here, two miracles happen. The
first miracle & that he groupG(.A) is algéraic (in other words, the Euclidean closure of
(Xa)aex is equal to its Zariski closure). This follows from the general fact that a compact
group of real matrices is algebrai®©fishdik and Vinberg 1990. The second miracle
is that there is an algorithm — presented in the next section — which from the matrices
Xa computes a system of polynomial equations defining the Zariski closup€0fc »;.
Checking (ii) then amounts to deciding whether a first-order sentence of the language of
ordered fields is true in the field of real numbers. It has been known since Tarski that this
can be done algorithmically (more efficient algorithms and further references can be found
in Basu efal. (1996 or Rengyar(1992).

The algorithms for problems (4), (5) and (7) are almost identical. We leave it to the
reader to write down the corresponding first-order sentences.

Remark 4. As menioned aboveTheorem lapplies to matriceX, with entries in a field

K C R bigger than the field of real algebraic numbers. For instance we may give a (finite)
transcendence bask of K, and reresent the entries 0X5 as algebraic numbers over

B. This purely algebraic information is sufficient to compute the gr@&). Onee the

group is computed we have to decide a first-order sentence of the field of real numbers,
and we therefore have to compute the sign of polynomial functions of the elemesits of

In order to do this we only need to assume that we have access to an algorithm which for
any elemenk of B and anye > 0 conputes a rational numbey suchthat|x — q| < e.

We use the algebraic information to determine whether a polynomial takes the value zero,
and if not we use approximations to determine its sign.

3. Algebraic groups

Let K be a field and leK be its algebraic closure. Suppose thét, . .., Xk} is a finite
set of invertiblen x n matrices. LetG = (X1, X, ..., Xk) be the subgroup of Gl(K)
generated byXj, Xo, ..., Xk. In this section we Wl present an ajorithm to compute
G, the Zarisk closure of G in GL,(K). For the @plications to quantum automata we
may assume thaX, ..., Xk are orthogonal. It is therefore possible for a reader interested
primarily in qguantum atomata to skip case 1 d&ection 3.2and the case of unipotent
matiices inSection 3.3If the enties of the matricex(s, ..., Xk are algebraic numbers,
one may also skip case 3 8éction 3.2
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The ring of polynomial functions on GI(K) is generated by the coordinate functions
Xi,j» 1 <1, j < nand the functiorxg = 1/ detx; j). The mordinate ring of Gk(K) can
therefore be identified with

Rg = K[X1,1, X1,2, . . ., Xn,n, Xol/(det(xj j )Xo — 1).
To conpute the Zariski closure dd means that we have to find generators of the ideal
g ={f e R | f(X)=0forall X € G}.
SinceG is a subgroup of Gla(K) ¢ GLp(K), I% is generated by polynomials in
Rk = K[Xy,1, X1,2, - .., Xn,n, Xol/(det(xi j )Xo — 1).
If we define
Ik ={f e Rc | f(X)=0forall X € G}

then I will be just the ideal inRg- generated by k. We will discuss an algorithm that
produces a finite number ofg@eratdiis fo, ..., fr oftheideallk. If X € GL,(K) then
it is easy to check whethet € G, narely

XeGe fi(X)= fa(X)=---= f(X) =0.

Without loss of generality we may assume that the fi€lés finitely generated as a field
over@Q or over a finite fidd. In fact, we may takék as the smallest field that contains all
entries of all matrices ifXa}acx;- After some peparation, we will first discuss the case
whereG is generated by only one matrix. This then will be used to describe an algorithm
for the Zariski closure of a matrix group with an arbitrary (finite) number of generators.

3.1. Grobner bases techniques

We briefly summarize the main results we will need from Grébner bases theory. We
assume that the field is finitely generated (as a field) ovp for some prime number or
overQ.

Suppose thaf andB are affine varieties over a field, andy : A — B is a mophism
of affine vareties. If H C A is a Zariski clogd subset, then one can comptjteH ), the
Zariski closure of the image, using Grébnesis elimination techniques. The morphism
¥ : A — B corresponds to a ring homomorphigi : K[B] — K[A] of the coordinate
rings. Given the generators of the vanishing idgat K[A] of H, one can compute
generators of the ideal/*)~1(h) which is thevanishirg ideal of (H).

One dtuation where we will apply this is the following. Suppose thatand B are
Zariski dosed sibsets of GL(K). Let A- B be the Zariski closure of

A-B={XY|XeAYeB}.

Since the multiplication mam : GL,(K) x GLn(K) — GLn(K) is @ mophism of affine
varidies, we will be able to compute

A-B=m(Ax B).
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If Sis a ring of finite type ovelK, anda is an ideal inS given by its generators,
then generators of the radical idegh can be computed. The first radical ideal algorithms
assumed characteristic 0. However, in recent publications algorithms have been suggested
that compute radical ideals over base fields which are finitely generated over a finite field
or overQ (seeFortuna et al.2002 Kemper 2002 Matsumote 2007).

This can be applied to compute the integral closureSaf S is a domain using
De Jong’s algorithm (seele Jong 1998 Derksen and KempgR0039. Following Becker
and Weispfenning, one can also compute the primary decomposition of andiddal
S (seeBecker and Weispfennind993. We emphasize that thesgorithms (using the
radical ideal algorithms mentioned before) will work over any fikldas general as our
assumptions.

If a andb are ideals in a ring of finite type overK, then te colon ideal

(a:0)={f eS| fbCa}

can also be computed with Grébner basis techniques (see for exaamlgen and Kemper
2002 1.24).

3.2. Findingmultiplicative relations

Let K be afield that is finitely generated over the rational numbers or over a finite field.
Suppose thaki, A2, ..., An € K*. Consider the group homomorphism: Z" — K*
defined by

p(ay, ay,...,an) = kil)»gz---kﬁ“,

We will discuss an algorithm that finds generators of the kernel. &fe dstinguish three
cases.

Casel. K is a finite field. The field K* is then a finite cyclic group. It is elementary to
compute the kernel of a homomorphism betw&Erand a finite cyclic group.

Case 2. K is anumber fielda finite algéraic extension of) of degreed. A polynomial-

time algorithm for this casefoour problem was given byce (1993 in his Ph.D.
thesis. Unfortunately, his result has apparently remained unpublished. For the reader’s
convenience we sketch below a simple but inefficient solution.

Fora= (a1, az,...,an) € Z", we define
la] = max{|aa], |a2], ..., |anl}.

Recall that an absolute valyg, is said to be normalized if:

e |X|, =Xxif X € Q,x > 0and|.|, is archimedean.
e |ply =1/pif |.|, is p-adic.
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The other absolute values are obtained by multiplication by a constant. In the following
we only consider normalized absolute values (for all these matters we refer the reader to
Waldsdmitt (2000). The heighh()) of A is defired by

1
hG) = 5 ) maxiog i, O},

where the sum»dends over all normated absolute values ok. For A € K we have
h(x) = 0 if andonly if A is a oot of unity.
One gproach to find the kernel @f is to observe that

aj 4 &
APt ASZ A
is a oot of unity if and only if
aplog|rily +azloglrzly + -+ -+ anlog|inly =0

for all absdute values. We will not work out the details here. Instead we will give an
explicit bound by Masser. From this bound it is clear that the generators of the kerpel of
can be found constructively.

We definen to be the infimum oh(1) over allx € K that are notoots of unity. We
also definew to be the largest integen suchthat K contains arm-th root of unity. We
also define

h = max{h()"l)s h()"z)v BRI h()\,n), 77}'
Theorem 5 ((Masser 1988). The kernel ofy is generated by elementsaaZ" with
lal < n"toh/mnh

We still have to show that all the constants in the inequality can be effectively computed.
If K contains anw-th root of unity then the degree of the extenskon Q must be at least
¢ (w) whereg is Euler’s function. From this follows that one can easily bounith terms
of the degree of the extensiaon

Estimatingn is more difficult. If« is not an ajebraic integer, theh(e) > (log2)/d
because«|, > 2 for some vluationv. Lower bounds on the height of algebraic integers
are not so easily obtained, and several bounds have been proposed in the literature
(Waldstmitt, 200Q Section 3.6). For our purpose any effective bound will do, for instance
the recent bound

1 (loglogd)?
hw)zﬁ( logd )

due to Voutier Youtier, 1996.

Case 3. K has transcendental elemenithe fieldK contains a field= whereF = Qor F
is the finite fieldF, for some prime numbep. Note hat F is a perfect field. Let be an
indeterminate and consider the ring

S= F[A1t, Aat, ..., Ant, t] © K][t].
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The reason that we consider this rigs that the quotient field df contains the elements
A1, A2, ..., Ap and that the only invertible elements 8fre constant functions (as we will
prove below). This allows uken to think geometrically. We would like to viewy, .. ., A
as divisors on the affine variety correspondingXdn order todo so, we need to be
integrally closed. With De Jong’s algorithm we can compute the integral cloSwkeS
(seede Jong1998§. This algorithm works for any domain of finite type over a perfect field
(seeDerksen and KempgR002 Sectons 1.6, 1.5). Sinc& [t] is integrally closedS is
contained irK [t]. Let L be the integral closurgcﬁ within S. It follows from Vascortelos
(1998 Theorem 6.7.3) that the intersection 8fandK is equal toL. Now L is again a
field, andL is a finite algebaic extension of. This means that is anumber field, ol

is a finite field. We have tha*, the set of invetible elements | irSis equal toL*.

Divisorson Spe(:S) correspond to height 1 prime ideals$nFor everyp we danote its
zero set (which is a divisor) bRy, Wheneverp is a heght one prime ideal, the localization
Sp is a discrete valuation ring (s&gsenbud1995 Theorem 11.5). We have a valuatlmg
on the quotient field of suchthatvp(f) > Oif andonly if f € S,. The valationvy is
normalized such that, reaches exactly all values i For any f in the quotient field of
S, we defindts Weil divisor & the famal sum

div(f) = vp(F)[Dyl.
P

wherep runs over all height one prime ideals. Let 08 be the group of Weil divisors
on S. For any ational functionf, div(f) = O ifandonlyif f € S* = L* (becausesis
the intersection of all localizations of height 1 prime ideals,EBisenbud 1995 Corollary
11.4)).

We have a natural homomorphism of abelian groups

7: 7" — Div(S)
defined by

(b1, ..., bn) > bdiv(rqt) + - - - + bpdiv(int) — (b1 + b2 + - - - + bp)div(t).
We have that

Fbr, ..., b =0 o eS =L

Generators ofhe kernel ofp can be computed as follows. Lgt, . . ., pr be all the height
1 prime ideals corresponding to the divisors appearing irfxddiy, . . ., div(int), div(t).
These prime ideals can be found by compgtine primary decompositions of the ideals
(A1t), ..., (Ant), (1). We will write vj instead ofu, . If f € S, thenv;j () can be computed
because

w(f) =1 & p[S, 1§,
& gpl C (f)forsomeg € S\ pi

& () :p)) Z i
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In particular, we can compute ali(xjt) and allvj (t) for all i andj.
Note thatvi (Aj) = vi (Ajt) — vi (t). Now@(ag, ay, ..., an) = 0 if andonly if

avi (A1) + agvi(A2) + - - - +anvi(An) =0

fori = 1,2,...,r. Wecan solve these equations and we find generators ¢f kelret
a®,a@, ... a® be generators of kéF). The kenel of ¢ is contained in the kernel Gf.
To find gererators of kefy) we proceed as follows. Let; = (@) e L*,i =1,2,...,s.
Then

b
pa® + -+ bsa®) = ugt - u. (1)

We already have seen how to compute a set of generators of the module of all
(b1, by, ..., bs) € Z° such that the ghthandside ofJ) is equal to 1. This then gives us
explicit generators of the kernel of.

3.3. Zariski closure of cyclic groups

We will now discuss howone can compute the Zariski closure of a group generated
by a single inertible matrixX € Mnp(K). Usinglinear algebra, one can find a matrix
Y € GLn(K) suchthat Y XY~! is in Jordan normiaform. (We mayhave to replace
K by a finite algebraic extension of ité¢lWithout loss of generality we may assume
that X is in Jordan normal form. We can effectively write down the multiplicative Jordan
decomposition

X == X5Xu

whereXs is semisimple aniy, is unipotent. In factXs is just the dagonal part ofX, and
Xn is equal toXs‘lx. SinceXs and X, commute, we ave that

(X) = (Xs) - (Xn).

Because ofection 3.1this reduces the problem to computing the Zariski closuréof
whereX is either semisimple or unipotent.

Suppose now thaX is aunipotent matrix. If the characteristic of the fietdis positive,
then X will have finite order. In that caseX) is equal to its Zariski closure and it easily
can be computed. Let us assume fanament that the ltaracteristic oK is equal to O.
DefineZ by

00 i
Z =log(X) = 2<_1)i—1M.

i=1

Note that the infinite sum actually only runs upite= n — 1 sinceX is unipotent. The
mattix Z is nilpotent. Definey : K — GL(K) by

o0 tIZI nflti i

i=0 i=0
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For any irtegerk we havep(k) = XK. Sincethe integers ar&ariski dense inK , we see

that the Zariski closure ofX) is the Zariski cloare of the image of. Againthe Zariski

closure of the image af can be computed using a Grébner basis elimination.
Assume thaK is diagonal, say

Al
A2

An
(and K can again be of arbitrary characteristic). The group of diagonal matrices is

isomorphic toT = (K")". The mordinate ring ofT (over K) is isomaphic to the ring
of Laurent polynomials

U =KXt s X X 5o X7
The ideall of the Zariski closure ofX) is generated by alf € U suchthat
FOK K ) =0

for all k € Z. Define (as intie previous subsection) a group homomorphisnZ" — K*
by

p(@, @, ..., an) = ATA52 . a8,
Let J be the ideal of all
al ., a;
X" Xt = 1
with (a1, a, ..., an) € ker(p). If (az, ..., an), (by, ..., bn) € Z", then we have

x2nthn _ x[fl . xPn (X$X52 - XA — 1) + (xi’lxg2 a1 e

X3 xE — 1, XDz 1y,

ai+bg
Xl e

From this it is easy to see that 8 is a set ofgenerators of ké€p), then te idealJ is
generated by all

a,, a2 an _
X X5 e Xph =1

with (a3, a2,...,an) € S. In theprevious subsection we have seen how to find a set of
generators of the kernel ¢f. This givesus a way to find generators of the idehlWith

the lemma belowwe obtain in this way a set of generators of the ideathe vaishing
ideal of the Zariki closure of(X).

Lemma 6. Wehave J= 1.

Proof. ClearlyJ C I.1f J # | then one can choosk € | \ J suchthat

f = Xr:bimi
i=1
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with by, by, ...,by € K andmg, ..., m; Laurent monomials. Choosé suchthatr is
minimal. Let i = mi(Ay,...,An). Note hatpuj # wj fori # j, because otherwise

m; m;l —1leJandf —bim;j(m mj*1 —1) e I\ J would have fewer terms thah. Now

)
0=fok ... =) biuf
i=1

for all k. Sincethe vectors

1 1 1
1258 n2 Mr
N
i)\t it
are linearly independent, it follows thay = b, = --- = by = 0 which leads to a

contradiction. O

3.4. An algorithm for the Zariski closure of matrix groups

We are nowable to present the algorithm which computes the Zariski closure of the

group generated by givenx n invertible matrices<y, Xo, ..., Xk.
Algorithm 1.

1. input: matices X1, Xo, ..., Xk € GLp(K).

2. H:={I}

3. S:={l,Xq, Xo,..., Xk}

4. repeat

5. H :=H

6. S:=S

7. for Y in S do

8. H:=H 'MO

9. H:=H.-YHY

10. G=S-H

11 for Z in S do

12. if YZ¢ G then S:=SuU{YZ}
13. until H'=H and S =S

14. output: G

Throughout the algorithr® andH are Zariski closed subsets of @K ), andSis a finite
subset of Gly(K). The reader should be aware titaandH are represented by an ideal
in the coodinate ring of Gl,(K) throughout the algorithm. We clarify some of the steps.

Line 8: Here we compute the Zariski closui®) of the group(Y) generated by the matrix
Y as discgsed inSection 3.3Using analgorithm for primary decomposition, we can find
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the connected component of the identity(N). This component is denoted @Y),. We

compute the Zariski closure of the productidfand(Y)y and assign it tdd .

Line 9: We mnjugateH with Y. Conjugation withY induces an autaorphism of Gl

and also an automorphism of the coordinate ring of,GE we gpply conjugation with
Y~1 to the vanishing ideal o, then we get theanishing ideal oY HY~. We conpute
the Zariski closure of the product dfl andY HY~1 and assign it tdH .

Line 10: G is a finite union of cosets oH. For each coset oH we can compute the
vanishing ideal since left multiplication in GLinduces an automorpé of the oordinate
ring of GL,. Then he vanishing ideal o6 is the intersection of the vanishing ideals of all
cosets. This can be computed using Grobner basis techniques.

Let G be the Zariski closure of the group generatedggy X2, ..., Xk. Ourgoal is to
prove thatthe algorithm terminates and that the outpu@isin order to dothis, we first
give various invariants.

Lemma 7. Throughout the algorithm we have

(a) H is anirreducible variety containing the identity |.
(b) S- H contains |, X1, Xp, ..., Xk. _
(c) S- H is contained in the Zariski closur& of (X1, Xo, ..., Xk).

Pr oof.

(a) If AandB are irreducible, then so i& - B (sinceit is the Zariski closure of the image
of an irreducible variety under a morphism). Note thaBife GL, then(B) is an
algebraic group andB), is a cnnected algebraic group. Any connected algebraic
group is always irreducible. At the beginning in linel2,is irreducible. Throughout
the algorithmH remains irreducile, since it remains irreducible in lines 8 and 9.

(b) After execution bline 3 we have thaS- H containsl, Xi, Xo, ..., Xk. Throughout
the algorithmSandH never get smaller.

(c) This is certanly true after execution of line 3. It is easy to check that after execution
of lines 8, 9 or 12,S - H remains to be contained in the Zariski closure of
(X1, X2, ..., Xk). O

Lemma 8. In eachiteration of therepeat-until loop just before the execution of line
13, the following statements are true:

(a) Forevery Y, Z € H wehave Y Ze H.

(b) Forevery Y, Z € S wehave Y Ze S- H.

(c) Forevery Y e S wehave YHY 1 C H.

(d) For every Y € S, some postive power of Y liesin H.

Pr oof.

(a) From the for atement withy = | we see thaH containsH’ - H’ because of lines 5
and 9.

(b) This is clearly true after the execution of lines 11 and 12.
(c) This is clearly true after execution of lines 5 and 9.
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(d) Some positive power of lies in the connected component of), becausgY) is an
algebraic group. Now (d) follows from lines 5 and 81

We now pove the maintieorem of this section.

Theorem 9. The algorithm termmates and the output iS5, the Zaiski closure of
<X1’ X2’ AR Xk)'

Proof. Let H; andS be the values off andSrespectively atthe end of thepeat-until
loop, just before line 13. We have thdt is an irreducible Zariski closed subset of Gy
Lemma {a) and that

HiCHyCHzC -
Hence ve must have
H=Hi=Hi2=---

for some | because Gk has finite dimension. We writed = H;. We daim
that H is a normal subgroup ofG. It suffices to_show thatH |s closed under
conjugation byX1, Xz, ..., Xk. For everyi we haveXi H X, = XiHIX;* € Hiy1 = H
by Lemma &c). SinceH is anormal subgroup o6 we can form theyuotient groupS/H
which is again a linear algebraic group. Consider the sequence

S§/HCSi1/HCSs/HC -

Note that every inclusion is a strict inclusion. For ang / H consists of elements of finite
order |nG/H by Lemma &d). Let Sbe the union of al, Si1,-- ThequoUentS/H is
a goupsince it is stable by multiplication (this follows froIIemma gb)) and stable by
inverse (this follows fronbemma &d)). This group must be finite bjyheorem 11below,
and the loop therefore terminates.

After termination it is clear thatG = S . H is closed under multiplication by
Lemma &a),(b),(c). NowG is a Zariski closed subgroup of GLby Lemma 10below.
Also G is contained inG. ThegroupG containsl, X1, X, ..., Xk, o this impies thatG
containsG. We onclude thaG = G. O

Lemma 10. Let H be a nonempty Zariski closed subseBaf, such hat H-H is contained
in H. Then H is an algebraic subgroup &Lp.

Proof. We have teshow thatH contains the identity and thatH is closed under inverse.
Letg € H. For evenyi we have that) *1H is a Zariski cbsed subset af' H. We get

H2gHD2g?’HD2gHD -

By the Noetherian propertg' H = g'*1H for somei. But then weget alsog~H = H.
Sinceg € H we havel = g~'g e H.Becausd € Hwehaveg™l =g leH. O

Theorem 11. Suppose that K is a field and G GL,(K) is a subgroup. If every element
of G has finite order, then G must be finite.

A periodic group is a group for which every element has finite order. The general
Burnsideproblem asks whether every finitely generated periodic group is necessarily finite.
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Although there are counterexamples now, Schur proved that the general Burnside problem
is true for subgroups of GI(C) (seeSdchur, 1911). Kaplansky generalized Schur’s result
to subgroups of Gk(K) whereK can be an arbitrary field (séeplansky 1972.

Remark 12. We did not attempt to optimalize the running time of the algorithm for the
Zariski closure of matrix groups. Instead, we described an algorithm that will work in the
most general setting. In characteristic 0, one might repkhdey its tangent space at the
identity. The algorithm should then be moddiaccordingly. This way one might avoid
Grobner basis computations in the algorithm and one might end up with an algorithm that
is actually practical.

Remark 13. A related easier problem is to decide whether a given finitely generated
matrix group is finite. Some efficient algorithms for this are known Bagleai et al(1993,
Rockmoreet al.(1999 andlvanyos(2001).
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