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Abstract. Let 7(n) be the minimum number of arithmetic operations
required to build the integer n € N from the constants 1 and 2. A
sequence x,, is said to be “easy to compute” if there exists a polynomial
p such that 7(z,,) < p(logn) for all n > 1. It is natural to conjecture that
sequences such as |2"In2] or n! are not easy to compute. In this paper
we show that a proof of this conjecture for the first sequence would imply
a superpolynomial lower bound for the arithmetic circuit size of the
permanent polynomial. For the second sequence, a proof would imply a
superpolynomial lower bound for the permanent or P # PSPACE.
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1. Introduction

Let 7(n) be the minimum number of arithmetic operations (4, — or X) re-
quired to build the integer n € N from the constants 1 and 2. For instance,
7(22") = n by “repeated squaring.” A sequence z,, of integers is said to be
“easy to compute” if there exists a polynomial p such that 7(x,) < p(logn) for
all n > 1 (one can show for example that 2" is easy to compute; De Melo &
Svaiter 1996). Otherwise the sequence is said to be “hard to compute”. The
sequence is said to be “ultimately easy to compute” if there exists another se-
quence a, € N such that the sequence a,x, is easy to compute. It is natural
to conjecture that n! is not ultimately easy to compute. Shub and Smale have
shown that if this conjecture holds true then P # NP over the field of complex
numbers (Shub & Smale 1996; Blum et al. 1998). Unfortunately, the conjecture
is still open and it is not even known that n! is hard to compute. It is very easy
to come up with other examples of sequences which seem hard to compute. For
instance, it is tempting to conjecture that the sequences |2™In 2], |2"7 |, [2"€¢],
12"v/2] and [(3/2)"] are all hard to compute, but proofs seem to be elusive.
It was shown in De Melo & Svaiter (1996) that for every ¢ > 0, almost all
integers have the property 7(n) > (logn)/(loglogn)'*c. The improved lower
bound 7(n) > (logn)/loglogn, which holds again for almost all integers, was
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established in Moreira (1997). These bounds are reminiscent of Shannon’s lower
bound in boolean complexity theory (see e.g. Vollmer (1999) for a textbook
exposition). We conclude that most integers have a high 7 complexity, but
proving good lower bounds for specific sequences seems to be quite difficult.
This situation is again reminiscent of computational complexity theory. In
this paper we argue that for some sequences, proving good lower bounds on
7 is difficult because they would lead to the solution of major open problems
in complexity theory (for instance to a superpolynomial lower bound for the
circuit size of the permanent polynomial).

Main results. A quarter of century ago, Valiant proposed an algebraic ver-
sion of the P versus NP problem (Valiant 1979). His well-known completeness
result for the permanent implies that the class VNP of “easily definable” fam-
ilies of polynomials is equal to the class VP of “easily computable” families
if and only if the permanent family is in VP, i.e., can be computed by poly-
nomial size arithmetic circuits. In this paper we establish relations between
Valiant’s model and the cost of computing integers. The basic idea is quite
simple: if an integer polynomial can be evaluated efficiently, its values at in-
teger points are integers of low cost. One difficulty is that in Valiant’s model
circuits may use arbitrary constants from the underlying field, but we are in-
terested in computing integers “from scratch”. It is therefore natural to work
with a constant-free version of Valiant’s theory. Fortunately, such a theory has
recently been studied in Malod’s (2003) PhD thesis (see Section 2 for a quick
introduction).

The first relations between Valiant’s model and the cost of computing in-
tegers are established in Section 3. For instance, we show in Theorem 3.5
that there exists a polynomial p such that 7(|2%" In2]) < p(n) for all n under
the assumption VP? = VNP? (the subscript 0 is used to denote constant-free
classes). By the completeness property for the family HC of Hamilton cycle
polynomials, this assumption holds true if and only if HC is in VP°.

In Section 4 we show that the same results holds true under the (pre-
sumably) weaker assumption Permanent € VP°. In a very different direction
(derandomization of algebraic algorithms), we note that some consequences of
the hypothesis that the permanent can be computed by arithmetic circuits of
polynomial size have been studied recently in Kabanets & Impagliazzo (2004).
We show in Theorem 5.1 that k! is ultimately easy to compute if VP = VNP
and P = PSPACE. The conjunction of these two equalities is an extremely
strong assumption, but a refutation seems to be currently out of reach (more
on this in Section 5).
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Finally, we give in Section 6 a “generalized Valiant criterion” which makes
it possible to obtain polylogarithmic bounds on the 7 function. Namely, we
show that [2"In 2] is easy to compute if the permanent is in VPY, and with the
additional assumption that P = PSPACE we show that n! is easy to compute.

2. Preliminaries

2.1. Integer computations. A computation of length [ of an integer n is a
sequence (n_1,ng,nq,...,n;) of integers such that n_; = 1, ng = 2, n = n; and
for each ¢ > 2 there exist j,k < [ and o € {+, —, x} such that n; = n; o ny.
One sets 7(0) = 7(1) = 7(2) = 0 and for n > 3, 7(n) is by definition (De Melo
& Svaiter 1996) equal to the length of a shortest computation of n. In Blum
et al. (1998) the number 2 is not allowed as a “starting number”, but the two
corresponding complexity measures differ by at most 1 since 2 can be obtained
from 1 in one arithmetic operation. As a side remark, note that if — and x
are dropped from the set of allowed operations one obtains the classical topic
of additions chains (Scholz 1937; Thurber 1999).

We now list some well-known properties of the 7 function (proofs can be
found for instance in De Melo & Svaiter (1996)). For any n, we have loglogn <
7(n) < 2logn (use the binary expansion of n for the second inequality), and
7(22") = n by repeated squaring. Moreover, the sequence 2" is easy to compute
since 7(2") < 2logn. The sequence 2" is hard to compute for a trivial reason
(it grows too quickly as n increases).

It seems very plausible that n! is not easy to compute: if it is then “factoring
is easy” (see for instance Blum et al. (1998), p. 126, and Cheng (2003)). Note
however that if division (computing remainder and quotient) is allowed, n!
becomes easy to compute (Shamir 1979). There are also connections between
factoring and the computation of polynomials with many rational roots (Lipton
1994). We are not aware of any nontrivial lower bound on 7(n!). A nontrivial
upper bound on the arithmetic complexity of computing certain multiples of n!
has been published recently in Cheng (2003). This upper bound falls short of
showing that n! is ultimately easy to compute, however.

2.2. Valiant’s theory without constants. Valiant’s complexity classes are
defined relatively to a given field K. Throughout the paper we will take K = Q.
We first recall the notion of an arithmetic circuit. In such a circuit all gates
except the input gates have fan-in 2, and are labelled by +, x, or —. The
input gates are labelled by variables from the set {Xi, Xs,..., X,,...} or by
constants from K. If all these constants belong to the set {—1,0,1}, the circuit
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is said to be constant-free. We will assume that there is a single output gate,
so that the circuit computes a polynomial in the input variables defined in
the usual way. We also define by induction the notion of formal degree.! The
formal degree of an input gate is equal to 1. The formal degree of an addition
or subtraction gate is the maximum of the formal degrees of its two incoming
gates, and the formal degree of a multiplication gate is the sum of these two
formal degrees. Finally, the formal degree of a circuit is equal to the formal
degree of its output gate. This is obviously an upper bound on the degree of
the polynomial computed by the circuit.

DEFINITION 2.1 (Malod). A sequence (f,) of polynomials belongs to VP if
there exists a polynomial p(n) and a sequence (C,,) of constant-free arithmetic
circuits such that C,, computes f, and is of size (number of gates) and formal
degree at most p(n).

The size constraint implies in particular that f,, depends on polynomially
many variables. The traditional (“non-constant-free”) class VP is easily defined
in terms of VP’. Indeed, one can show that a sequence (g,) of polynomials is
in VP iff there exists a sequence (f,,) in VPY such that g, is obtained from f,
by replacing some of the variables by constants from K.

VNP is another important class in the constant-free theory. It is defined
from VP in the natural way.

DEFINITION 2.2. A sequence (f,,(X1, ..., Xym))) belongs to VNP? if there ex-
ists a sequence (g, (X1, ..., X)) in VP? such that

fn(X17>Xu(n)) = Z gn(Xla-”;Xu(n)vE)-
ec{0,1}v(n)—u(n)

Next we give a criterion which makes it easy to recognize many VNP families
of polynomials. This result basically goes back to Valiant (1979), Remark 1.

THEOREM 2.3 (Valiant’s criterion). Suppose that n +— p(n) is a polynomially
bounded function, and that f : Nx N — N is such that the map 1"0j — f(j,n)
is in the complexity class P /poly. Then the family (f,,) of polynomials defined

by
(2.4) X X = S fGmX X

je{0,1}p(m)
is in VNP.
IThe formal degree is called degré formel complet in Malod (2003).
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Note that we use a unary encoding for n but a binary encoding for j (ji de-
notes the bit of j of weight 2¢71). In the usual statement of this criterion the
conclusion is that the family (f,) is in VNP rather than VNP". However, an in-
spection of the proof (e.g., Proposition 2.20 of Biirgisser (2000)) shows that the
corresponding construction is constant-free, so that (f,,) is indeed in the smaller
class VNP?. Note also that Theorem 2.3 covers more families (f,,) than Propo-
sition 2.20 of Biirgisser (2000), which only deals with the case where f depends
only on its first argument and p(n) = n. The proof is essentially unchanged,
however. Finally, note that Theorem 2.3 is a consequence of Theorem 6.1 of
Section 6.

Recall that the Hamilton cycle polynomial HC,, is a function of n? variables
x;; and is defined by the formula

HC, = Z H Tio(i)s

o =1

where the sum ranges over all cycles o of the symmetric group S,,. If X = (z;5)
is the adjacency matrix of a directed graph G, this polynomial counts the
number of Hamilton cycles in G. The following result from Malod (2003) gives
a “concrete” consequence of the hypothesis VP? = VNP?,

THEOREM 2.5. VP = VNP iff the Hamilton family (HC,,) is in VP°.

PROOF (sketch). The Hamilton family is in VNP by Theorem 2.3 (the cor-
responding function ¢ is polynomial-time computable). It is therefore in VP if
VP? = VNP°. The converse follows from the completeness property of (HC,,):
any family (f,) of VNP? can be expressed as a projection

fn - HCp(n) (yla cee ayp(n)Q)v

where p(n) is polynomially bounded and the y; are either variables or constants
from the set {—1,0,1} (Malod 2003). Hence (f,) is in VP° if (HC,,) is in VP°.
[l

In this theorem we use Hamilton polynomials rather than permanents because
the completeness proof for the permanent uses divisions by 2 (this is exactly
the reason why its completeness proof fails in characteristic 2). It is nonetheless
possible to give a somewhat weaker result for the permanent: see Theorem 4.3
in Section 4.
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3. An algebraic hypothesis

In this section we explore some consequences of the hypothesis VPY = VNP
for the cost of computing integers.

PROPOSITION 3.1. Let (a,) be an integer sequence such that for some integer
b and some polynomially bounded function p(n) one can write

op(n) _q

where the map 1705 — f(j,n) is in 4P /poly.? If VP® = VNP then 7(a,) is
polynomially bounded.

Proor. Consider the family of polynomials

gn(Xl,...,Xp(n)) == Z f(]) n)X{Ing)f?(s)

j€{0,13p(m)

This is a VNP family by Theorem 2.3. This family is therefore VP under the

the assumption VP? = VNP?, and the result follows from the observation that

an = gn(T1, ..., Tpm)), Where z; = b2 O

Here is an immediate application.

COROLLARY 3.3. Let a, = Y o 271 If VP® = VNP then 7(ay,) is polyno-
mially bounded.

PROOF. Set b =2 and p(n) = 2n. Let f(j,n) be the bit of a, of weight 27
f(j,n) = 1if and only if j < 22" — 1 and j is of the form k? — 1. This function
is polynomial-time computable, so it is in f£P. [l

The applications that follow are a little more involved.

LEMMA 3.4. There is a polynomial time algorithm which takes as inputs three
integers k, u and j (j < u) and computes the bit of |2"/k| of weight 27.

?Peter Biirgisser and Bruno Poizat (personal communications) have suggested calling
such a sequence an “easily definable” sequence. This is the terminology used in Section 8.3
of Biirgisser (2000) for sequences of univariate polynomials.
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PrOOF. Let N = [2%/k|. The difficulty is of course that the bit size of N
may be exponential in the input size, so we cannot afford to compute all the
bits of N.

We are looking for the bit of weight 271 of 2°/k, where s = u—j—1. This is
also the bit of the same weight of r/k, where r is the remainder of the euclidean
division of 2° by k. We are therefore done if r can be computed in polynomial
time. For this we use the fact that 7(2%) < 2logs (De Melo & Svaiter 1996)
and we perform modulo k all the arithmetic operations in the corresponding
computation of 2°. O

THEOREM 3.5. Letl, = |2%" In2]. If VP° = VNP, then 7(l,,) is polynomially
bounded.

PROOF. We start from the formula In2 = "7 (1/2)*/k, which implies

2n 2n
d o2 <2 m2< 14 22 F/k
k=1 k=1

It follows that a, — 1 < I, < a, + 2" + 1, where a, = >.o [2%"F/k]. A
polynomial bound for 7(l,) would therefore follow from a polynomial bound
for 7(ay). Let f(j,n) be the number of indices k € {1,...,2"} such that the bit
of weight 27 in the radix-2 expansion of |22"~*/k| is equal to 1. By Lemma 3.4,
the map (j,1") — f(j,n) is in fP. We can therefore put a, in the form (3.2)
with b = 2 and p(n) = n. The result then follows from Proposition 3.1. g

One can obtain the same result for several other sequences. For instance,
to deal with the sequence |22" In3], observe that In3 = 21In2 + In(3/4), where
In(3/4) = — 572 (1/4)*/k. Similar results can be obtained for expansions in
radix different from 2. For instance, to deal with the sequence |3%" In(3/2)],
observe that In(3/2) = >3 ,(1/3)*/k. In order to apply Proposition 3.1 with
b = 3 we then use a version of Lemma 3.4 where the radix-3 digits of |3“/k]
are computed in polynomial time. More surprisingly, our technique can also
be applied to the sequence [2%"7]. This follows from the beautiful Bailey—
Borwein—Plouffe formula (Bailey et al. 1997):

*ii 4 2 11
S 416 \8i+1 8i+4 8i+d 8i+6)

For sequences such as [22"¢|, [22"v/2] or [(3/2)*" | we do not know whether
a polynomial complexity bound can be established under the hypothesis VP? =
VNP,
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4. Hamiltonian versus permanent

We denote by Per, the n x n permanent

Pern = Z ﬁxia(i)-

oc€eSy, i=1

The results of the previous section rely on the hypothesis VP® = VNP, which
by Theorem 2.5 is equivalent to the hypothesis that the Hamilton family is in
VP’. This hypothesis implies that the permanent family is in VP, since it
is in VNP, The goal of this section is to show that the weaker hypothesis
Permanent € VP? implies the same results. We just need to adapt Proposi-
tion 3.1 as follows.

PROPOSITION 4.1. Let (a,) be an integer sequence such that for some integer
b and some polynomially bounded function p(n) one can write

op(n) _q

(4.2) a, = Z fG,n)v,

where the map 1"0j +— f(j,n) is in 4P /poly. If the permanent family is in VP°
then 7(ay,) is polynomially bounded.

The remainder of Section 3 is unchanged. For instance, to obtain the counter-
part of Theorem 3.5 one just has to invoke Proposition 4.1 instead of Propo-
sition 3.1. The proof of Proposition 4.1 relies on one theorem and one lemma.

THEOREM 4.3. Assume that the permanent family is in VP°. For every family
(f,) in VNP, there exists a polynomially bounded function p(n) such that the
family (2P™ f,)) is in VPP,

PROOF. By the completeness property of the permanent, any family (f,) of
VNP can be expressed as a projection

fn = Pergo) (W1, -, Ygn)?)

where g(n) is polynomially bounded and the y; are either variables or constants
from Q. An inspection of the completeness proof (see for instance Biirgisser
(2000)) reveals that the constants may all be taken from the set {—1,—1/2,0,
1/2,1}. Assuming that the permanent family is in VP, we can therefore write
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Jn = Cu(y1,- -, Ygn)2), where C, is a constant-free circuit of size and formal
degree bounded by a polynomial function of n.

We will now construct a circuit D, which computes 27 f,, where p(n)
is the formal degree of C,. In order to construct D, from C,, we replace
each gate g of C,, by a subcircuit C, which will output 2?g, where d is the
formal degree of g. This construction goes by induction, starting from the
input gates. For such a gate the formal degree is equal to 1 by definition, so
that Cy needs to output 2x;; if g is labelled by the variable z;;, or a constant
from the set {—2,—1,0,1,2} if g is labelled by a constant. Assume now that
g is a computation gate with inputs g; of formal degree d;, and gs of formal
degree dy. We first consider the case where g is a multiplication gate. In this
case C, is made of a single multiplication gate with inputs from Cy, and Cy,
since (2%g;)(2%gy) = 2%g. If g is an addition gate, then d = max(d;,ds).
Assume for instance that d = da. Then Cj needs to output 2%2-%C, + C,,.
Assuming that we have already computed all the powers of 2 up to 2P we
only need one addition and one multiplication gate. The case of subtraction
gates is similar. The resulting circuit D, is of polynomial size, and one shows
easily by induction that the formal degree of the output gate of Cy is equal
to the formal degree of ¢ (for a multiplication gate, use the fact that the gate
which outputs 292~% is of formal degree dy — d;). We have therefore shown
that the family (2P f,) is in VP, O

LEMMA 4.4. The inequality 7(u) < (2logv + 3)7(uv) holds true for any pair
of integers u,v > 1.

PrROOF. Let w = wv and let (1,2,z4,...,2;) be a computation of w (hence
x; = w). We will explain how to compute the sequence (g;) of the quotients
of the euclidean division of x; by v. Let r; be the remainder of this division.
Since xy = 2, we have ¢y < 2 and 79 < 2. For ¢ > 1, we have x; = z; o xy,
where j, k < iand o € {+, —, x}.

Consider first the case o = +. We have ¢; = ¢; + ¢ if r; + 7, < v and
¢ = ¢; + qr + 1 otherwise. If o = —, then ¢; is equal either to ¢; — g or to
¢; —qr — 1. In both cases, we need at most 2 arithmetic operations to compute
q; from the preceding quotients.

If o = x, then x; = z;z, = p;v + 11K, where p; = qqv + q;7e + qir;
and ¢; = p; + |rj76/v]. Since |[rjrp/v| < v, |rjri/v]| can be computed from
scratch in at most 2 log v arithmetic operations. In this case ¢; can be computed
from the preceding quotients in at most 2 log v + 3 arithmetic operations. This
completes the proof since u = ;. O
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PROOF OF PROPOSITION 4.1. Consider again the family of polynomials

gn(Xla-'-vxp(n)) = Z f(ja n)X{Inggs)

j€{0,13p(m)

We have seen in the proof of Proposition 3.1 that this is a VNP? family. As-
sume that the permanent is in VP’ By Theorem 4.3, there exists a poly-
nomially bounded function ¢ such that the family (2¢Mg,) is in VPY. Since
an = gn(T1, ..., Tp)), where z; = b2 ", it follows that 7(29™a,,) is polynomi-
ally bounded. Now apply Lemma 4.4 with u = a,, and v = 290", [l

It is probably possible to obtain the same results under even weaker hypotheses
than Permanent € VP°. For instance, one might try to allow rational constants
of controlled bit size in arithmetic circuits for the permanent.

5. Boolean and algebraic hypotheses

The results of the previous two sections were obtained under hypotheses from
algebraic complexity theory (VP® = VNPY, or Permanent € VP?). In this
section we show that n! is ultimately easy to compute by adding a hypothesis
from boolean complexity theory.

THEOREM 5.1. If VP® = VNP° and P = PSPACE the sequence k! is ulti-
mately easy to compute, and in fact (2")! has polynomially bounded complex-

ity.

ProoF. Let a, = (2")!. If 7(a,) < ¢(n) for some polynomial ¢, it is clear
that k! is ultimately easy to compute: given k let 2™ be the smallest power of
2 greater than or equal to k. Then a, is a multiple of k!, and 7(a,) < g(n) <
q(log k).

Let us therefore assume that VP = VNP and P = PSPACE. It re-
mains to show that a,, has polynomially bounded complexity. We would like to
apply Proposition 3.1 with f(j,n) equal to the bit of a, of weight 27, just
as in Corollary 3.3. In order to do this it suffices to show that the map
1"05 — f(j,n) can be computed in polynomial time, or even in polynomial
space since P = PSPACE. We sketch below a parallel algorithm for computing
a, in time polynomial in n (with exponentially many processors). The required
polynomial space bound then follows from the equivalence between space and
parallel time (see for instance Vollmer (1999), Corollary 2.33).

The parallel algorithm is quite straightforward. We construct a multiplica-
tion tree of depth n, where the 2" leaves are labelled by the integers between
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1 and 2". Each node is supposed to compute the product of the values com-
puted by its two children. The root, which will contain the final result, can be
evaluated in n parallel stages. The size of the numbers involved will grow ex-
ponentially, but the whole algorithm still runs in polynomial time because the
product of two M-bit numbers can be computed in parallel in time (log M)°®)
(see for instance Vollmer (1999), Theorem 1.23). O

This technique can be applied to other sequences, and in particular to the
sequence u, = [(3/2)?"| (note that the bit of u, of weight 27 is equal to the
bit of 32" of weight 27+2").

The hypothesis that VP? = VNP° and P = PSPACE is extremely strong,?
but apparently cannot be refuted with the known methods of complexity the-
ory. To understand just how strong this hypothesis is, note that VP? = VNP°
implies NC/poly = PH/poly. This follows from Theorem 4.5 and Corol-
lary 4.6 in Biirgisser (2000). These results as stated in Biirgisser (2000) as-
sume Riemann’s hypothesis (it is needed in order to eliminate constants). Here
we do not need to assume Riemann’s hypothesis since we are already work-
ing in a constant-free model. Taking into account the additional hypothesis
P = PSPACE, we conclude that NC/poly = PSPACE/poly. Note that if we
worked with a uniform version of Valiant’s model we would conclude instead
that NC = PSPACE, an equality which is in contradiction with the space
hierarchy theorem.

6. From polynomial to polylogarithmic bounds

The first result of this section is a “generalized Valiant criterion”. This name
is justified by Remark 1, which shows that Valiant’s criterion as stated in
Theorem 2.3 indeed follows from Theorem 6.1.

THEOREM 6.1 (generalized Valiant criterion). Let f : NxN — N be such that
the map (j,n) — f(j,n) is in the complexity class P /poly. Let

p(n) )
(6.2) Fo(Xs s Xgm) = Y FG )X Xt
=0
where j; denotes the bit of j of weight 271 q(n) = 1+ |logp(n)| and p(n) > n

3Tt is clear from the proof that we can replace the hypothesis P = PSPACE by the
somewhat weaker hypothesis P/poly = PSPACE/poly.
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for all n. There exists a VNP° family (¢.(X1,..., X, Ni,...,N,, Pi,..., P))
with the following property: for any n,

(63) fn(Xla s >Xq(n)) = gq(n)(Xh s 7Xq(n)7n17 < Ng(n)> P1y - - - 7pq(n))7

where n; denotes the bit of n of weight 2°=1, and p; denotes the bit of p(n) of
weight 201,

In contrast to Theorem 2.3, we use here binary encoding for j and n. To
be completely precise, we fix the following encoding: a pair (j,n) of integers is
represented by a binary string of the form j; - - - j.nq - - - n, (i.e., j is represented
by the first half of the string, and n by the second half).

REMARK 6.4. Theorem 2.3 follows from Theorem 6.1.

PRrROOF (sketch). Let (f,) be a family of polynomials of the form (2.4). We
will assume without loss of generality that p(n) > n + 2 (if not, we can reduce
the problem to this situation by adding dummy variables and coding the actual
value of p(n) in the advice function). Let F(j,n) = f(j, [logn]). The map
(J,n) — F(j,n) is in §P/poly because the map 1"0j +— f(j,n) is in §P/poly.
Let P(n) = 2¢(een) — 1 and Q(n) = 1 + |log P(n)] = p|logn]). Note that
the assumption p(n) > n + 2 implies that P(n) > n. Finally, let

P(n) ,
Fo(X1, .o Xomy) = > FG )X - X5,
j=0

and let (G,) be the VNP family associated to (F,) by Theorem 6.1. Since
F(Xa, o, Xpmy) = Fon(Xy,. .., Xp), it follows that the family (f,) is in
VNP?: £, appears as a projection of Gp(n)- O

PROOF OF THEOREM 6.1. The assumption that the map (j,n) — f(j,n) is
in §P/poly implies that there exists a polynomially bounded function m(r) and
a family (p,) in VP? such that for all j,n € {0,1}",

G = pliny)

y€{071}7n(7')

(here we identify the strings j,n € {0,1}" with the integers they represent).

This is shown for instance in the proof of Valiant’s criterion in Biirgisser (2000),

whose outline we shall follow. Let X be a tuple of r additional variables, and
H.(X,J,N,Y) =p,(J,N.Y) [[(J:iX; + 1= Jy).

i=1
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Note that when jq,..., ., n1,...,n, take binary values,
f(.]?n)Xle7Z7: Z HT(X7j7n7y)'
ye{0,1}m)

We will also need the existence of a family (C,(Jy,...,J., Pi,..., P,)) in VP°
such that C.(j,p) = 1if j < p, and C,(j,p) = 0 if j > p. This can be shown
by induction on r, using the fact that for boolean values of the variables and
r > 1, C,(j,p) is equivalent to

(pr =1 /\jr = 0) \ (pr = jr A Crfl(.jh s 7.jT717p17 v 7pr71))-

Then one represents boolean operations by polynomials in the standard way
(for instance u A v is represented by UV, and u Vv by U +V — UV).
Let G.(X,J,N,Y,P) = C.(J,P)H,(X,J,N,Y). The family

WX, N, P)= > Y GJ(X,JN)Y,P)

7€{0,1}7 y{0,1}m(")

is in VNP? since G, is in VP’ By construction, we have g,.(X,n,p) =

Vo f(G,n)X{ - XJr and (6.3) follows immediately by setting p = p(n) and
r = q(n) (here we use the assumption p(n) > n to ensure that the binary
encoding of n fits within r bits). O

COROLLARY 6.5. Let (f,) be the family of polynomials defined by (6.2), and
assume additionally that n +— p(n) is a polynomially bounded function. If
VPY = VNP, then (f,) can be computed by a family of constant-free circuits
of size (logn)°M).

If we assume only that the permanent is in VP? then there exists a poly-
logarithmically bounded function s(n) such that 2°(™ f,, can be computed by a
family of constant-free circuits of size (logn)°M.

Proor. If VP? = VNP, the family (g,) of Theorem 6.1 is in VP°, and can
thus be computed by a family of constant-free circuits of size r®M. In view
of (6.3), we obtain a family of constant-free circuits of size (logn)°® for f,.
Let us now assume only that the permanent is in VP. By Theorem 4.3
there exists a polynomially bounded function p such that the family (27("g,)
is in VP, and the result follows again from (6.3). O
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PROPOSITION 6.6. Suppose that n +— p(n) is a polynomially bounded func-
tion, and that p(n) > n for all n € N. Let (a,) be an integer sequence such
that for some integer b one can write

p(n)

(6.7) an =Y fj.n),

=0
where the map (j,n) — f(j,n) is in P /poly. If the permanent family is in

VP then (a,) is easy to compute.

PROOF. It is a variation on the proof of Proposition 4.1. Let (f,) be the
family of polynomials defined by (6.2). If the permanent is in VP, by Corol-
lary 6.5 there exists a polylogarithmically bounded function s(n) and a family

(C,,) of constant-free circuits of size (logn)°" which compute 2°® f,. Since
an = ful@1, ..., T40m), where z; = b2, we have 7(2°™a,) = (logn)°®. Now
apply Lemma 4.4 with u = a,, and v = 25", ]

Finally, we give two results which respectively improve Theorem 3.5 and The-
orem 5.1.

THEOREM 6.8. If the permanent is in VP?, then the sequence L, = |2"1In2]
is easy to compute.

PROOF. It is a variation on the proof of Theorem 3.5. Now we use the fact
that

k<2 in2< 14 ) 2"k
k=1 k=1

It follows that 4, — 1 < L, < A, +n+ 1, where 4, = >} |2"%/k]. Let
f(j,n) be the number of indices & € {1,...,n} such that the bit of weight
27 in the radix-2 expansion of [2"7*/k| is equal to 1. This is a P function
by Lemma 3.4. We can therefore write A,, in the form (6.7) with b = 2 and
p(n) = n. It follows from Proposition 6.6 that (A,) is easy to compute, and
the same is therefore true of (L,). O

THEOREM 6.9. If the permanent is in VP and P = PSPACE, then n! is easy
to compute.

PrRoOOF. By Proposition 6.6, it suffices to show that the bit of n! of weight
27 can be computed in space polynomial in the bit size of the pair (j,n). This
is done essentially as in the proof of Theorem 5.1. O
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