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Abstract | A statistical test is described for determining if
scaling exponents vary over time. It is applicable to divers e
scaling phenomena including long range dependence and ex-
actly self-similar processes in a uniform framework, witho
the need for prior knowledge of the type in question. It is
based on the special properties of wavelet-based estimates
of the scaling exponent, strongly motivating an idealised
inference problem: the equality or otherwise of means of
independent Gaussian variables with known variances. A
uniformly most powerful invariant test exists for this prob -
lem and is described. A separate UMPI test is also given for
when the scaling exponent undergoes a level change. The
power functions of both tests are given explicitly and com-
pared. Using simulation the e ect in practice of deviations
from the idealisations made of the statistical properties o f
the wavelet detail coe cients are analysed and found to be
small. The tests inherit the signi cant robustness and com-
putational advantages of the underlying wavelet-based est i-
mator. A detailed methodology is given describing its use
in practical situations. The use and bene ts of the test are
illustrated on the Bellcore Ethernet data sets.
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I. Introduction
Stochastic processes exhibitingscaling behaviour such as

computational complexity.

There is another key di culty however which, although
raised from time to time [7], has as yet received little atterr
tion and no satisfactory solution. It is the fact that the ver y
high variability inherent in scaling processes is very ea$y
confused with non-stationarity. This di culty a ects both
the fundamental issue of the choice of model class, and
the reliable estimation of model parameters in the pres-
ence of polluting non-stationarities. It is entirely possible
for example that, by using an inappropriate statistical tool
to detect self-similarity and measure its Hurst parameter
H, results will be obtained which seem to indicate scaling
behaviour, when in fact the data is not scaling but is non-
stationary (in a non-scaling sense). Conversely, the large
excursions in sample paths of stationary scaling processes
can be erroneously taken as evidence of non-stationarity.
This could lead for example to the attempted removal of
deterministic trends which do not in fact exist.

The main contribution of this paper is the description of
a simple yet optimal (in an idealised sense to be detailed)
statistical test for the central problem of determining the
constancy or otherwise in time of the scaling exponent. It
is based on a wavelet domain estimator described in [2],
[24], [4] which enables many of the statistical di culties
due to scaling and non-stationarity to be avoided in a nat-
ural way. Essentially the test consists of splitting the data
into m non-overlapping blocks, and separately estimating
the exponent over each. Under well motivated idealisations

exact self similarity or long-range dependence, have beenthe wavelet based estimates can be taken as uncorrelated
recognised in many elds as relevant models of time series Gaussian variables with unknown means but known vari-

data with scale invariance features. A prominent new ex-
ample of the latter is telecommunications network tra c,
the extraordinary scaling properties of which have stimu-
lated much new work in the area [27], [17].

An interest in modelling data necessarily leads to is-
sues of measurement and statistical estimation. One of the
di culties in the analysis of data with scaling features is
the poor and non-standard performance of many statistical
tools, which rely typically on stationarity of the model or
on a short range correlation structure, or both. It has been

ances. It turns out that there exists a test which is Uni-
formly Most Powerful Invariant for this problem. A second
test, also UMPI, is provided for the special case when the
scaling exponent undergoes a level shift. A second aim is
to provide a methodology to allow the test to be meaning-
fully applied in practical situations. To this end a detailed
discussion is given on the vital question of the choice af,
and a global analysis procedure is providetl

[l. The Wavelet Approach to Scaling Analysis

recently shown however how estimation approaches basedA. Scaling phenomena

on wavelet analysis [2], [3], [24], [4] can overcome many

of these disadvantages. Notably, e cient semi-parametric
estimates of the scaling exponent the key parameter de-
scribing scaling, are possible with negligible bias, an@®(n)
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Under the term scaling we gather several dierent
phenomena. We rst consider Long-Range Dependence
(LRD), a long-memory property of second-order station-
ary stochastic processes. Its simplest de nition is given
the power-law divergence at the origin of the spectrum:

3 Matlab code for the estimation and test available upon reque st.



fx() O: 1)
This asymptotic de nition involves two parameters, the di-
mensionlessscaling exponent , and the “power parameter'
G which has the dimensions of variance (see [24] for a de-
tailed discussion of the role ofg ).

An important class of scaling processes which are non-
stationary are the exactly self similar processes, charac-
terised by the famous scaling exponenH, the Hurst pa-
rameter. A processx = fx(t); t 2 Rg is self-similar with
parameter H > 0 (H-ss) if x(0) = 0 and fx(at); t 2 Rg
and fa" x(t); t 2 Rg have the same nite-dimensional dis-
tributions. For H < 1, such processes may hav&ationary
increments, and if so, for 1=2< H < 1 the increment pro-
cesses are LRD processes, with=2H 1. We also con-
sider self-similar processes whose increments of order 1
(i.e., increments of increments,p-times) are stationary [4].

In what follows we let denote generically the second
order scaling exponent of the procesg(t) under study, re-
gardless of the exact kind of scaling it describes, and denet
by scaling processesither a LRD process or a self-similar
one with stationary increments of orderp. There are other
kinds of scaling processes, such dmactal, 1=f, and multi-
fractal (see [21], [10], [17]), for which the test procedure
developed here could be straightforwardly applied, at leats
for moments of second order, but for simplicity we do not
do so here.

ejj g

B. Wavelets: essential properties

The coe cients dy (j; k) of the discrete wavelet transform
(DWT) [8], [15] result from the comparison, by means of
inner products, of the process to be analysed and a fam-
ily of functions f j« g, called the wavelet basis:dy (j; k) =
hx; jx i. The wavelet basisf jx g consists of shifted and
dilated templates of a single reference pattern o, usually
called the mother-wavelet The mother-wavelet has a time
support and frequency support which are strongly concen-
trated: it therefore acts as an elementary atom of informa-
tion. From it the time-shift operator and the dilation (or
change of scale) operator together generate the full, two
parameter set of basis functions:

2k
2

t

1
ik (1) = P?—] 0

centred on a sparse set of points in the time-scale plane
known as the dyadic grid, that is the points f(scale =
2:t=2k); ik 22g.

The mother-wavelet is moreover characterised by an in-
teger N, called the number of vanishing moments, de ned
as: Z

k=0;1;2:::;N 1, tX o(t)dt O:

Consider rst self-similar processes, which are scaling at
all scales. The wavelet coe cients satisfy the following two
key properties.

P1: Provided N ( 1)=2, the sequences
fdg(j;k);k 2 Zg are stationary, and their variances re-

produce precisely the power law underlying the scale in-

variance of the process:
Edy(jk)?=C2 ;

where C is a constant which can be calculated [4].

P2: Any two wavelet coe cients exhibit a correlation
that is asymptotically controlled by N such that the larger
N, the weaker the correlation:

Eck(k)ck(i%KY  Cij2k 2°k3 TN (2
i2k 2°k§ 1! 1 , whereC; is a constant. Thus, the
non-stationarity of x is reduced to short-range dependent
stationarity of each dyx (j; ) in the wavelet domain provided
N  =2. These correlations are not only short-range, but
are weak. It is therefore useful to consider the following
idealised property:

{ ID1: The dy(j; k) are strictly uncorrelated.

Remarks. Properties P1 and P2 exactly hold for self-
similar processes with stationary increments of some order
p 1[12], 9], [22], [2], [4]- In the LRD caseP1 does not
hold identically, but holds approximately over a range of
large enough scalesj 2 [j1;1 ]. Thej dependence thereby
introduced in C by the scales outside of this range is weak
and can be ignored, as shown numerically in [2], [24], [5].
For LRD processes (2) does not hold strictly, however the
key result that the dy(j; ) are short range dependent pro-
vided N = 2 remains valid, and is heuristically summa-
rized asP2, see [5] for a complete discussion. Finally, it
is worth noting that (2) does not hold, in any case, when
2k = 21°k% or more generally when the two wavelet coef-
cients are within their so-called cone of in uence, where
the time support of the wavelets i and joyo overlap
signi cantly. It is known however that for self similar pro-
cesses one then has an exponential decrease in correlation
along lines of constant time [12]. In this respect,ID1 ,
which overlooks such correlations, may appear unrealistic
In the sequel, it will be shown from numerical simulations
that the constancy tests inspired by the idealisation have a
statistical performance close to the theoretical predictons
assumingID1 .

C. Estimation of the scaling exponent

De nition of the estimator From P1, one can think
of estimating the scaling exponent from a linear t in a
log, Edy (j;k )? vs log,(2)) = j plot or Logscale Diagram
The wavelet based estimator reads [2], [3], [24]:

P .
Ipg, 1=n; | dx(j;k)?
i WiV
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(3)

where the sum is overj 2 [j1;]2], the range of octaves over
which the scaling phenomenon is observed and the linear
regression performed. Theg, are deterministic quantities
that account for the fact log, Edx (j; k )2 6 Elog , dy (j; k )?,
see [24], [4] for details and complete expressions. The
weightsw; follow the standard formulae for weighted linear
regression using the variances of thg; .

The choice of the cuto scalesji, j2, is an important
issue, discussed in detail in [4], which is beyond the scope



of the paper. In the case of LRD, where onlyj; need be
chosen, [5] provides a rigorous way to de ne it for a given
model. We use this method below when estimating from
synthetic data. In section 5, a robust method based on a
goodness of t statistic was used to selecf; from data [25].

Statistical performance of The following properties
have been established in [2], [24], [4]. We assume th&l
and ID1 hold. The e ect of deviations from these are small

as documented in the references above. We also assumdndto 3 forfGnwith n =

that fj1;j29 have been well chosen.
1. Procedure: the estimation and its statistical perfor-

mance are the same regardless of the precise nature of the

scaling existing in x.

2. Bias: the estimator is unbiased.

3. Variance: the Cramer-Ra lower-bound of the corre-
sponding idealised estimation problem is attained [24], [&],
with a known variance.

4. Robustness: i) It is semi-parametric, so does not re-
quire a priori knowledge of the model, ii) Via N, it is in-
sensitive to superimposed deterministic trends [3], [4], O
even to smooth time evolution of the variance ofx itself
[20].

5. Computational load: ~ complexity of order O(n), and
can be implemented in real-time [19].

We now require that two additional properties be ad-
dressed: the Gaussianity of 2 and the independence of
estimates obtained from adjacent non overlapping blocks.

D. Gaussianity of the estimator

If we assume (D1 ), we have exact decorrelation of the
y; that enter in the de nition of ~ in equation (3). For
all processesx such that the y; have nite variance, and
this includes many with in nite variance [4], [6], one can
apply a generalised central limit argument (see e.g., [11],
theorem 3, section VII) to suggest that » is asymptoti-
cally normally distributed. To test the e ect in practice
of residual correlation between wavelet coe cients on the
asymptotic gaussianity of », numerical simulations were
performed.

We studied fractional Gaussian noise (fGn), whose
LRD is deeply related to self-similarity, and a particu-
lar fractional AutoRegressive Integrated Moving Average
(fARIMA) process, whose LRD has no relation to self-
similarity. More precisely, a so-called fARIMA(1;d;1)
model with g = 1, = 0:3, = 0:7 was chosen for its
strong short range dependence [5], requiring; = 6, in
contrast to the j; = 3 for fGn. For simplicity these val-
ues are used in all cases, although they are in fact func-
tions of n and , and may vary slightly (see [5] for a com-
plete discussion). In what follows fARIMA denotes the
speci ¢ process with the parameters given above. We syn-
thesized, by the so-calledspectral synthesismethod (see
[16] for one implementation) K realisations for both types
of processes, for di erent values of and of various lengths
n, and recorded an estimate of for each (for unifor-
mity we use rather than the customary choice of H:

=2H 1). For eachf ;n g pair the empirical prob-

ability distribution function of ~ given by the K inde-
pendent estimates was compared with that of a Gaus-
sian random variable in quantile-quantile plots. For the
results shown in gure 1 we haveK = 10000, f ;n g =
f0:5;217g;f0:5;2%g;f 0:5;2%g;f 0:5; 2% for the f{Gn, and
f:ng = f0:527g;f0:5;2'%g;f 0:5;2'7g;f 0:5;2%2g for
the fARIMA, and (here and later) Daubechies3(N = 3)
wavelets were used. The agreement is not only excellent
for long data sets, being close in the range correspond-
' 217 but also for much shorter
data sets: between 2 for n =29 for fGn. Similar conclu-
sions hold in the fARIMA cases where, sincg; is 3 octaves
larger, the smallestn used is also: 2? rather than 29, to
maintain the same minimum range of scales for estimation.
This numerical study reveals that asymptotic Gaussianity
for » remains valid under realistic departures fromID1 ,
and also that it can hold even when the scaling range is
very narrow.
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Fig. 1. Distributional comparison of A against Gaussian.

Quantile-quantile plots of » against a standard Gaussian vari-
able, obtained from 10000 realisations of fGn (4 top plots), and
fARIMA (4 bottom plots) for various values of f ;n g.



E. Correlation between adjacent blocks

If estimates on adjacent blocks are computed using a
time domain estimator, they will be strongly dependent

because of the non-stationarity or long-range dependence

of the original process. In contrast to this, exact de-
correlation (ID1) would imply that wavelet-based esti-
mates were mutually uncorrelated.

Using the spectral synthesis techniqueK realisations of
fGn and fARIMA (as previously de ned) were synthesized
for each of various lengthan, with a common value of cor-
responding to strong LRD: =0:6 (H =0:8). Each series
was split in half and an estimation of performed indepen-

these series of estimates. For each the Fischer z-statistic
[18] is computed, and the corresponding test applied to
examine the null hypothesis of complete decorrelation. In
the numerical simulations performed: K = 2000, N = 3,
for both processes, anch = £2°;2%0: :2%q j, = 3 for
the fGn, n = 212,213, ;218qg, j; = 6 for the fARIMA.
Again, in the fARIMA case smaller n cannot be explored
because of the large ARMA components. Figure 2 shows,
as a function of the length of the original seriesn, that
the z values all fall well within the 95% con dence inter-
val (dashed lines) corresponding to zero correlation: we
accept the hypothesis of decorrelation. Experiments for
other values of , not reproduced here, yielded identical
conclusions. Although the details of residual correlatiors
are model dependent, they tend to be stronger for larger

. The example given here shows them to be small even

then.

0.05

Fisher Statistic
o
T

Fig. 2. Testing for correlation between adjacent estimates.
Fisher's z-statistics (fGn: , fARIMA: ) computed from es-
timates from pairs of adjacent blocks, as a function of n (block
length equals n=2). For each n the z-values fall within the 95%
con dence interval (dashed lines) indicating that there is  no rea-

son to reject the exact decorrelation idealisation.

I1l. Two Inference Problems, Tests and
Properties

In this section we discuss optimal tests pertaining to two
idealised parametric inference problems inspired by the at
tractive properties, discussed above, of wavelet-based es-

timates made over m adjacent blocks. In each problem
there are m independent Gaussian variablesX = fX;g
with unknown means = f ;g taking real values, and
known common variancef 2= 2g,i=1,2, :::;m. By
we denote the mean of the components of , and similarly
for the vectors X and Y below. Our main focus is on the
“general' problem where no structure is assumed between
the unknown means. Thus the null hypothesisHy is that
the means share a common (unknown) value, against the
alternative hypothesis H; that they are not all the same.
The second problem has the saméiy but considers that
the unknown means must obey the structure of devel shift,
so that H1 is more restrictive. Note that in each case both
the null and alternative hypotheses arecomposite that is
that they are sets in parameter space with more than a
single element, so that they are a priori di cult problems.

The tests given below can be shown to bdJniformly
Most Powerful Invariant (UMPI) [13]. Essentially this
means they have optimal power, that is their probability
of acceptingHq, if true, is greater than that of any (rea-
sonable) alternative test, regardless both ofwhich speci c
H1 is true, and of the signi cance level . The reader is
referred to [23] and speci cally [13] for more details on in-
variant tests in general and their application to the presernt
inference problems.

A. An UMPI test for the constancy of means

The UMPI test can be de ned as rejection of Hg in the
critical region V > C, where

X
Ho : = (i )%= ?2=0 (means equal)(4)
Hi: > 9( (means unequal)
Critical Region: V= (Xi X)?=2>C (one-sided),

where measures the distance of from Hg. Due to the
cylindrical symmetry [13], a m dimensional problem has
been reduced to one dimension, both the statisticv and
the (unknown) parameter are scalars, andHg is now
simple, being just the point =0.

The distribution of V under Hy is just that of a Chi-
squared variable with m 1 degrees of freedom [23], and
is thus independent of the common mean . The constant
glis therefore determined from the signi cance level via

c fm 1(v)dv= , wherefy 1(v) is the density function
of the Chi-squared variable.

In the case of di erent variances

egalises ([23], p.377) toV > C
E Xj = J-Z

1= 2 i
UnderJHo we still have = 0 with C determined e)1<actly
as before. For clarity we will continue to concentrate on

the simpler case.

2, the testyeadily gen-

where V = L X
X P,
E J i

=2

2
- 1

2
, and becomes = =

The power of the test Under H; the distribution
of V becomes that of anon-central Chi-squared variable
with m 1 degrees of freedom and a non-centrality pa-
r;glmeter equal to The power is therefore given by
c fm 1, (v)dv, wherefp 1, (v) is the non-central Chi-
squared density. This integral can be readily evaluated in



practice as a sum of central Chi-squared distributions ([1]
equation 26.4.25, p.942.). Exactly the same facts hold in
the case of general 2, provided the generalised de nition
of above is used. Although the above test is optimal with

2)= and variance Var[V,] = m=(mimy) =( (1 ) 1,
where = mj;=m. Again the null hypothesis, originally
composite, has become simple through the symmetry.

Note that it is , the relative number of points in the

respect to the power of competing tests, actual values of rst group, but not their order, that determines the dis-
power depend on the closeness of the unknown parameterstribution of V,, so the same analysis applies to situations

to Ho, and can be very poor, in fact arbitrarily close to .
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Fig. 3. Power fungtions. Power functions for di erent
a function of , corresponding to the distance of

Figure 3 give&_power functions for several values ofn
as functions of Note however that for eachm the
parameter is really a separate quantity ,, identied in
the plot for ease of display, corresponding to separate in-
ference problems. Thus, in gure 3, it does not necessarily
follow that “increasing m results in a lower power'. Com-
parisons acrossm can only be made in a context where
further details/assumptions of the experimental situation
allow the specication of the dependence of ,, on m:

m = (m; i(m); i(m)), including how the dierent
can be meaningfully compared. As power is not de ned
under Hy there is no question of how it varies withm, but
only of chosingC( ) = C( ) to x the signi cance level.
Since m is zero underHy, independently of m, it fol-
lows that C, () is a function of m only , and can always
be found.

B. An UMPI test for the two-level problem
An important special case of non-constant scaling is that

other than level shift. When applying the test however
which are in which group must be speci ed.

Because of the form of Varl,]( ), at xed m the power
functions are uniformly (in ) monotonically increasing
inmy =1,2 bm=2c. Power between the tests can be
compared when obeys a two-level scenario, where one
can show that the two-level test has the higher power, the
more $o for higherm. In such a comparison, note that
2 = Var[V;] =m. The exception is the trivial case of
m = 2 where the tests are identical. Finally, note that
this test can also be generalised to allow for dierent ;,
which for m = 2 would again be identical to the general
test (with dierent ;). This m =2 di erent- ; testis used
in section 4.3 to give an upper bound on the power of the
more practical constant tests.

Tests in simple hypothesis cases It may be required to
perform tests against specic values of . Optimal tests
for these simpler situations are also available.

IV. A Wavelet Test for the Constancy of
Scaling

A. De nition of the test

Let x denote the series to be analyzed of lengtm.
Compute the estimatesf ~q;:::; ;11 *m@, according to
the de nitions given in section 2, for each of m adjacent
blocks with, possibly, unequal lengthsn;, using a common
scaling range [1;j2]. From section 2, we know that the

variables, with unknown means, but known, possibly dif-

ferent variances, that is

A N( iy ,2), and (5)
2 = 2v Y1 2 %=(n?2(1 27@%+4)+2 P)) =n

to an excellent approximation, n; being the number of sam-
ples in theith block, and J = j, ji1 +1 the width of the
scaling range (see [24] for the exact expression). We wish
to test the null hypothesis Hp: the means are identical,

behaviour of this type in data, or if there is compelling
empirical evidence, then it may be desirable to exploit the
additional structure and test directly for it. Let the rst

m, variables, denoted byf X;g, i =1, :::;m;, each have
mean 1, and the remainingm, = m my variablesfY;g,
i =1, :::;my have common mean »,. The UMPI two-level

test can be de ned as

2)= =0 (means equal)
(means unequal)

(one-sided)

Ho: 2 (1
Hyp: > > 0
Critical Region: V, X Yj=>C

where C is chosen from the signi cance level
fact that V, is normally distributed with mean

using the
2=( 1

apply immediately upon making the identi cation ; = ;.
Note that this choice of Hg, which in fact puts a priority
on high con dence in decisions toreject rather than accept
the proposition that scaling is constant, allows us to accep
a simple constant model whenever this is reasonable, in
keeping with the principle of parsimonious modelling.

B. Statistical properties

The idealised tests from the previous section are based
on the central axiom of a well de ned set of m random
variables, with known variances. In this section we examine
only the e ect of residual correlations among the wavelet
coe cients on the corresponding wavelet tests (both the
general and two-level tests with constant ;), and so it



is essential to satisfy this axiom, which corresponds to
values being constant on each block.

To study the type | error (reject Hg when true), K sam-
ple paths of fGn and fARIMA of length n and constant
parameter were synthesized. Each sample path was split
into m blocks of equal length and the above tests applied
to each, counting the number of times that VV fell within
the critical region V > C( ), with a signi cance level of
100(1 ) =95%. In the results presented in gure 4 (top
plots), we have K = 2000, m = f2;4;8;16g, = f0:6;0:89
(H = f0:8;0:99), and n = 22 for the fGn, but n = 216
for the fARIMA, so that the range of octaves [j;j2] are of
identical width. The plot shows that the two wavelet tests
closely reproduce the theoretical 5% rejection rate, so we
conclude that residual correlations only slightly a ect the
type | error probability.

To study the type Il error (accept Ho when false), K
sample paths of f{Gn and fARIMA of length n were synthe-
sized with  abruptly changing from to + at sample
n=2+1. The samples were then split intom blocks of equal
length and the above tests applied to each as described
above, again with a signi cance level of 95%. In the re-
sults presented in gure 4, (lower plots), we haveK =400,
m =10, = f0:6;0:8g (H = f0:8;0:9g) and n = 214 for
the fGn, n = 217 for the fARIMA, and was set to four
di erent values: =f 01, 017, 0:23 0:3g, corre-
sponding to four evenly spread values of power. Figure 4
shows that, for both tests, the resulting values of the power
for the four di erent values of are close to those derived
theoretically (solid curves), as well as being insensitiveo
the initial  values. Note that the fact that the change
point occurs at samplen=2+1 is only a convenient way to
achieve the targeted power values and is in no way a simpli-
cation of the test. A di erent situation will be addressed
in the next subsection.

This study reveals that, despite residual correlations
(i,e., departures fromID1 leading to asymptotic gaussian-
ity, non-zero correlations between blocks, and only approx
imate expressions for estimation variances), the properés
of the wavelet-based hypothesis tests are very close to thes
of the idealised problem for which exact theoretical resuls

Proportion of rejection of H,
Proportion of rejection of H,

3 0 B g T 2 3
2 2
q q

Fig. 4. Statistical properties of the wavelet-based constancy
tests. Left plots: General test, Right plots: Two level test.
Top plots { Type | error : the proportion of rejections of Hyg
(when true) in simulations using fGn ( 's) and fARIMA ( 's) as
a function of the number of blocks m, is very close to the chosen
target of 5% (horizontal solid line), independently of m and the
value (= f0:6;0:8g given by fsolid; dashedg lines). Lower
plots { Type Il error : for each of four values the actual power
of four wavelet tests (for = f0:6;0:8g; with fGn: f ; g; with
fARIMA: f+; g) are compared against the idealised tests (solid
curves). They are very close despite the residual correlati ons
between the wavelet coe cients.

applied rigorously in essentially the same way as in the
idealised context.

To begin, rst note from 6 that for a given m the com-
mon variance 2 of the estimates % are roughly inversely
proportional to the number of analyzed samples. Hence

' 2m, where 2= 2 is the variance of the estimate
over the full series.

Under Ho the assumption of scaling over each block is
clearly satis ed, so the discussion at the end of section IH
A applies: there is no preferred value oim. To understand
the role of m under H1, consider the following simple toy
problem: the data to be analysed consists of 4 concatenated
subseries, each exhibiting scaling with scaling parametar

are available. The tests can therefore be regarded as close! A: 8: A; sgover ashared scaling range.

to UMPI in practice.

C. Choosing the number of blocken

When applying the test to a set of data of lengthn, one
has to select the numberm and sizesf n;g of the blocks
into which the data is split. For simplicity we will mainly

If one choseam = 2, scaling is not constant over each
block, violating the assumptions of the test and yielding
estimatesf "1; ~,g which do not in fact correspond to any-
thing meaningful. Nonetheless, the two estimates are sta-
tistically identical, and via the test procedure one is there-
fore very likely to accept Hp, as it is not possible from
looking at m = 2 alone to determine if scaling is constant

discuss the general test in the case where the blocks areover each block or not. Essentially the number of blocks

of equal size, leading to the question, how isn to be cho-
sen? An essential di erence from the ideal situation is that
here, in order to use the test for anm xed, it is neces-
sary to assumethat scaling is constant over each of the

is not large enough to seeor follow precisely enough the
variation in time of

If one choosesm = 4 one obtains f *1; ",; *3; M40,
estimates which are meaningful, and the assumptions of

blocks separately. Such an assumption must of course bethe test are satis ed, as the scaling is constant over each

tested, and this can only be done by increasingn to ex-
amine the data at a higher time resolution. Only if m is
high enough so that scaling is e ectively constant over each
block { and this may never be the case { can the test be

block with exponentsf A; g; a; Q. The variances are
2=4 2yielding 4=( a B)?=(4 ?). Inthis case, the

power of thﬁtest (probability of accepting H1 when true)

is Ps( 4) = (;'41 fs. ,(X)dx and can be read 0 them =4



curve of gure 3.

If one now choosesn = 8, we obtain the estimates
fr1; Mo g Mg M Ne; M7, N80, Which again are meaning-
ful, the exponents beingf A; A; B; B: A} A; B, BG
The variances are 3 =8 2, yieldinga g which from equa-
tion (4) can be shown to be g =2, 4=2 = 4. In this case
the power of the test isPg( g) = gsl f7. s (X)dx and can
be read o the m = 8 curve of gure 3. Since g= 4, itis
valid to compare the two power functions using a common

coordinate, and so from gure 3 one sees that for any
xed value of > 0, the power of the test decreases when
m is increased from 4 to 8. This is valid in general:there
is no benet in increasing m beyond a givenmg, provided
that the assumptions of the test are valid ain = my.

Trade-o We see that the choice ofm is subject to
trading-o the need for m to be large enough to resolve
time variations of the scaling parameter; but small enough
to retain useful power. The optimal choice is therefore that
the data be split into the largest possible (unequal) blocks
within which the scaling parameter is not varying. This of
course can not be achieved in practice as it depends on the
speci ¢ unknown Hj, imposing an experimental methodol-
ogy wherem is varied. Thus, if the decision isacceptHg
for all m, then the nal decision is acceptHy. Under Hq,
the recommendation of the test may beacceptH for small
m (because the blocks are too wide to see the variations
of ), then reject Ho for a given set of median values of
m as the time variation of is resolved, then againaccept
H, for large values ofm because the statistical uctuations
of the estimates have become so high that they mask that
variation. In other words, the power has become so low
that one can no longer reliably detect that H; is true. In
this case, the nal decision should bereject Hy. We resist
the urge to o er a de nitive algorithm for the determina-
tion of the optimal m. We believe that so many factors are
involved in practice that any simple criterion could lead to
erroneous conclusions. Instead we continue to explore the
basic factors that must be taken into account.

The above argument overlooks the fact that vary-
ing m implies varying the range of octaves of analysis
[ 2(m);j2(m)], which implies a maximum m in practice to
ensure su cient scales per block for a reasonable estimate,
another reason whym should be chosen as small as pos-
sible. A limitation intrinsic to the semi-parametric natur e
of the underlying estimator is that this maximum m may
not be su cient to resolve the time variation.

To illustrate the above issues, gure 5 gives a measure
of how the tests behave in a more realistic context. As
in section 4.2, the full wavelet tests are applied to fGn
series generated according to a level change scenario for
However, the change point is no longer in the middle, but at

n , chosen to be 27% into the series, a value which ensures

that it does not fall on a block boundary for any m used.
Again, for simplicity a uniform value of j; = 3 is taken
for eachm. The range of m chosen is the largest possible
satisfying the constraint that there be at least 4 scales, tle
minimum practical number. Thus, sinceji; = 3, we require
j2 6which, with n =2 resultsinm=2,3 ,43. Two

sets of values are used each with =0:2: f 1; 20=
f0:6;0:8g and f 0:4; 0:6g. Very similar results are obtained
for both scenarios, as required, since they share the same

, even though the second crosses the white noise frontier
of =0:5.

Figure 5 plots the percentage of rejections inK = 500
realisations. This (estimated) empirical measure of power
is lower bounded by the signi cance level of @05, and up-
per bounded by the power of the optimal test (topmost
line), obtained by splitting the data about n into m =2
unequal blocks, with constant in each, and calculating
analytically the power of the test with unequal variances
(see section 3.2). By inspecting Logscale Diagrams and
estimates for severalm values, one is led to suspect a
change point around 4 into the trace, motivating the
use of the two-level test. Thus we give results (using equal
sized blocks) both for the general test, and the two-level
test with the change point as near as possible tan=4 (in
fact m1 = max(1; bm=4c)). Between the bounds, the power
varies with m according to the discussion above: low power
when insu cient resolution mixes and hides changesin , a
peak at the minimum m value when resolution is adequate,
and then a steady decline as variance increases (though
with some uctuations at very large m due to the small
amount of e ective data available). The oscillatory nature
of the curves is an integer arithmetic e ect, corresponding
to when a block boundary passes patrticularly close ta .
In particular, power is relatively higher at the “harmonics'
of m = 4, where power peaks. The general test has lower
power than the two-level test, consistent with the fact that
the “guessed' change point ofi=4 is close ton . In conclu-
sion, despite the “di cult' choice of n , the wavelet tests
can successfully detect the lack of constancy in over a
reasonable range ofn values (together with a reasonable
choice of change point in the case of the two-level test),
with power a good fraction of the theoretical maximum.

—— optimal power
general: a, = 0.4
o 2-level: a; = 0.4
—4 general:a, =0.6
% 2-level: a = 0.6
— - significance level

Proportion of rejections

Fig. 5. Practical example: rejection rate as a function of
m. The empirical power, estimated with 500 realisations, for
the general (solid lines) and two-level tests (dotted lines ). Two
scenarios are given at constant =0:2. 1=0:4("'s), 1=
0:6 ( 's) which agree closely.



D. The practical test procedure

To analyse the existence, and check for the constancy of,
scaling in data, one can proceed as follows:

Initial Step  Perform a global analysis of the data as pro-
posed in [3], [4]. The choice of wavelet is not crucial but the
number of vanishing momentsN of the wavelets should be
chosen to ensuréN = 2, and as high as necessary to elim-
inate possible trends. >From the Logscale Diagram (they;
vs | plot) of the full data set, determine an initial scaling
range [1;j2] and estimate according to equation (3).

If scaling is found the question is: is the observed "
meaningful? and if no scaling range is found, it is: can
the data be split into sub-blocks over some or all of which
scaling exists?

Procedure on blocks

1. Choose a signi cance level .

2. Choose an> 1, but not so large as to exclude the scales
of interest from each block (four is a practical minimum).

3. Examine the Logscale Diagrams for each block, and se-
lect a range of scalesjf(m);j2(m)] common to each where
scaling is observed. If no common range can be chosen
scaling is not constant and the test at this m is not de-
ned. Go to step 5.

4. Compute and compare the thresholdCp, ( ) and the
test statistic V,, and record the test outcome at thism.

5. If valid m values remain go to step 2.

6. Analyse the set ofm dependent test outcomes to draw
the nal conclusion as discussed above.

V. Application to Ethernet Data

To illustrate the use of the test on actual data, we apply
it to some of the celebrated Bellcore Ethernet data sets.
Recall brie y that these consist in lists of arrival times and
Ethernet frame lengths recorded on a local area computer
communications network. For a thorough description the

pAug (1=7 j2=15) pAug

(1=7j2=12)

X Not Rejected
08
04|
04
o2
o
0 0 2

0 is 2 0 G
Octave | Block

Fig. 6. pAug. Left: the LD of the whole time series with N = 3.
Top right: the time series of bytes per 12ms intervals. Botto m
right: the estimates from 12 adjacent blocks with[ j1;j2]=[7;12],
and the test outcome: Accept Hgp. One then has » =0:64.

OuEx(l=72=1s) ¢ odExt

Fig. 7. OctExt. Left: the LD of the whole time series with N = 3.
Top right: the time series of bytes per 1000ms intervals. Bot tom
right: the estimates from 12 adjacent blocks with [ j1;j2]=1[7;12],
and the test outcome: Reject Hgp: one cannot estimate  over the
whole series.

and pOct it was observed (not shown) that there is accept-
able evidence that scaling is present in the same scaling
range over each block, so that the assumptions of the test
are satis ed and can be applied. In both caseH, was
accepted. One can therefore return with con dence to the
full series to estimate its value. For the times series OctEk
and OctExt4 it was also observed, albeit less convincingly,

reader is refered to [14] (see also [3]). From each of the that scaling is present in the same scaling range over each

data sets \pAug", \pOct", \OctExt" and \OctExt4" we
have extracted an aggregated rate process of arriving work,
that is a discrete time series corresponding to the number of
bytes transmitted during contiguous constant length time
intervals, here of length 12, 10, 1000, and 10 milliseconds

respectively, values chosen for convenience so that the se-

ries would have approximately the same length. The time
series for pAug and OctExt are plotted in the middle plots
in gures 6 and 7 respectively.

For each time series the Logscale Diagram (LD) (top
plot) is rst computed with N = 3, and evidence for LRD
(0 < ~< 1)is seen in all but OctExt4. We then split into
blocks. For pAug, pOct, and OctExt we are interested
in checking that the evidence for LRD observed over the
whole series is conrmed as being valid and constant in
time, and for OctExt4 we wish to see if clear evidence of
scaling appears over subsets of the series.

The m =12 estimates, made in each case withjf;j2] =
[7; max-possible], are shown in the bottom right plots of
the gures together with their con dence intervals and the
outcome of the test with a signi cance level of 95%. The
observations were robust to changes ah. For each of pAug

block. In both cases the test strongly indicated thatHg be
rejected.

It is instructive to examine a little further the case of
OctExt. Since Ho was rejected, we must consider in hind-
sight that the LD of the entire series, shown in gure 7, is
meaningless from the point of view of measuring a scaling
exponent. This alignment in the LD is merely an unde-
sirable artifact resulting from the “averaging' of the non-
stationarity across the series. The fact that in reality the
scaling is not constant is graphically illustrated in the ex-
treme variability of the #; in the lower plot of gure 7, as
detected in the negative test outcome.

VI. Conclusion

Two statistical tests were provided to investigate for-
mally the question of the constancy in time of scaling expo-
nents of scaling processes, the rst in the general case and
the second for changes following a level shift. The prop-
erties of the tests are very close to those of corresponding
idealised inference problems, for which they are uniformly
most powerful invariant, with explicitly known power func-
tions. The reduction to such elegant tests is due the many



advantageous properties of the wavelet based estimator of [24] D. Veitch, P. Abry, \A wavelet-based joint estimator of
scaling exponents which underlies the test design. In addi-
tion a methodology was developed for the use of the tests

in practical situations, which involves non-trivial compl i-

cations, and examples are given using real data. A key
outcome is an ability to determine if an apparent scaling
observed across a time series is in fact meaningful, and the

corresponding estimate reliable.

References

[1] M. Abramowitz, I. A. Stegun, Handbook of Mathematical func-
tions, Dover Publications Inc., New York, 1970.

[2] P. Abry, P. Gorcahes and P. Flandrin, \Wavelets, spec  trum
estimation and 1 =f processes", in A. Antoniadis and G. Oppen-
heim, eds, Wavelets and Statistics , Lectures Note in Statistics
103, pp. 15{30. Springer-Verlag, New York, 1995.

[3] P. Abry, D. Veitch, \Wavelet analysis of long-range depe ndent
trac", |EEE Trans. on Info. Theory , 44(1) pp 2{15, 1998.

[4] P. Abry, P. Flandrin, M.S. Tagqu and D. Veitch, \Wavelets for

the analysis, estimation and synthesis of scaling data”, in  \Self
Similar Network Tra ¢ Analysis and Performance Evaluation
K. Park and W. Willinger, Eds., Wiley, pp. 39{88, 2000.

[5] P. Abry, P. Flandrin, M. S. Taqqu and D. Veitch, \Self-sim ilarity

and long-range dependence through the wavelet lens", a chap ter
in Long range dependence: theory and applications , G. Oppen-
heim, M. Taqqu, P. Doukhan editors, Wiley 2001.

[6] P. Abry, L. Delbeke, P. Flandrin, \Wavelet-based estima tor
for the self-similarity parameter of -stable processes", |IEEE-
ICASSP99, pp.lll, 1581{1584, Phoenix, USA, May 1999.

[7]1 J.Beran, N. Terrin. \Estimation of the long-memory para  meter,
based on a multivariate central limit theorem. Journal of Ti  me
Series Analysis", Vol.15, No.3, pp.269{277, 1994.

[8] I. Daubechies, Ten Lectures on Wavelets . SIAM, Philadelphia
(PA), 1992.

[9] R. Dijkerman, R. Mazundar. \On the correlation structur e of the
wavelet coe cients of the fractional Brownian motion", IEEE
Trans. on Info. Theory , 40(5), pp.1609{1612, 1994.

[10] A. Feldmann, A.C. Gilbert, W. Willinger, \Data network s as
cascades: Investigating the multifractal nature of Intern et WAN

trac", Proceedings of the ACM/SIGCOMM'98, Sept. 1998,
Vancouver, Canada.

W. Feller, An Introduction to Probability Theory and its Appli-
cations, Wiley, second edition, 1971.

(11]

[12] P. Flandrin, \Wavelet analysis and synthesis of fracti  onal Brow-
nian motion", IEEE Trans. on Info. Theory , 38, pp. 910-917,
1992.

[13] E.L. Lehmann, Testing Statistical Hypotheses , Wiley, second
edition 1986.

[14] W. E. Leland, M. S. Taqqu, W. Willinger, and D. V. Wilson,

\On the self-similar nature of Ethernet trac (Extended ver -
sion)", IEEE/ACM Trans. on Networking , 2, pp. 1{15, 1994.

[15] S. Mallat, \A Wavelet Tour of Signal Processing”, Acade mic
Press 1998.

[16] V. Paxson, \Fast, Approximate Synthesis of Fractional =~ Gaussian
Noise for Generating Self-Similar Network Trac". Computer

Communications Review , V. 27 No. 5, pp.5-18, October 1997.
K. Park and W. Willinger, Eds., \Self Similar Network Tr ac
Analysis and Performance Evaluation”, Wiley, 2000.

W.H. Press, B.P. Flannery, S.A. Teukolsky, W.T. Vetter
Numerical Recipies in C, The art of scienti c computing
edition. Cambridge University Press.

M. Roughan, D. Veitch, P. Abry, \On-line estimation of L RD
parameters”, Proceeding Globecom '98, Sydney , Vol.6, pp.3716-
3721, Nov 1998.

M. Roughan, D. Veitch, \Measuring Long-Range-Depende nce
under Changing Tra ¢ Conditions", proceedings of IEEE Info-
com99, NY, NY, pp.1513{1521, March 1999.

R.H. Riedi, \An Improved Multifractal Formalism and Se If-
Similar Measures”, J. Math. Anal. Appl , 189, pp.462{490, 1995.
A.H. Tewk, M. Kim, \Correlation structure of the discr ete
wavelet coe cients of fractional Brownian motion", IEEE Trans.
Info. Theory , 38, pp.904{909, 1992.

[23] S.D.Silvey, Statistical Inference , Chapman & Hall 1975.

(17]

[18] ling,

, second

(19]

(20]

(21]

[22]

the pa-
rameters of long-range dependence”, IEEE Trans. on Info. The-
ory , Special Issue on Multiscale Statistical Signal Analysis a nd
its Applications, April, Vol 45, no.3, pp.878{897, 1998.

[25] D. Veitch, P. Abry and M. S. Tagqqu \On the automatic selec -
tion of scaling range in the semi-parametric estimation of s caling
exponents", in preparation.

[26] G.W. Wornell, A.V. Oppenheim, \Estimation of fractal s ignals

from noisy measurements using wavelets", IEEE Trans. on Sig-

nal Proc. , 40(3), pp.611{623, 1992.

W. Willinger, M.S. Taqqu, A. Erramilli, \A Bibliograph

Guide to Self-Similar Trac and Performance Modeling for

High-Speed Networks", in Stochastic Networks: Theory and A p-

plications, F.P.Kelly, S.Zachary, |.Ziedins, editors, Ro yal Statis-

tical Lecture Notes, Vol. 4, pp.339-366, Clarendon Press, O xford,

UK, 1996.

[27] ical

Darryl Veitch was born in Melbourne, Australia
in 1963. He completed a Bachelor of Science Hon-
ours degree at Monash University, Melbourne in
1985, and a mathematics doctorate in Dynamical
Systems at the University of Cambridge, England,
in 1990.

In 1991 he joined the research laboratories of Tele-
com Australia (Telstra) in Melbourne where he
became interested in long-range dependence as
a property of tele-trac in packet networks. In
1994 he left Telstra to pursue the study of this
phenomenon at the CNET in Paris (France Tele-
com). He then held visiting positions at the KTH

in Stockholm, INRIA in the south of France, and Bellcore in Ne w Jersey,
before taking up a three year position as Senior Research Fel low at RMIT,

Melbourne. He is now a Senior Research Fellow the Ericsson fu nded EM-
Ulab in the Department of Electrical Engineering at the Univ ersity of
Melbourne. His research interests include scaling models o f packet traf-

¢, parameter estimation problems and queueing theory in a | ong range
dependent context, and the statistical and dynamic nature o f Internet

tra c. His email address is: d.veitch@ee.mu.oz.au

Patrice Abry Patrice Abry was born in Bourg-
en-Bresse, France in 1966.

He received the degree of Professeur-Agrege de
Sciences Physiques, in 1989 at Ecole Normale
Superieure de Cachan and completed a PhD in
Physics and Signal Processing, at Ecole Nor-
male Sugrieure de Lyon and Universie Claude-
Bernard Lyon I, in 1994.

He is, since October 95, a permanent CNRS re-
searcher, at laboratoire de Physique from Ecole
Normale Superieure de Lyon.

Patrice Abry received the AFCET-MESR-CNRS

prize for best PhD in Signal Processing for the
years 93-94 and is the author of a book "Ondelettes et Turbule nces -
Multiesolution, algorithmes de dcompositions, invar iance déchelle et
signaux de pression”, published in october 97, by Diderot, editeur des
Sciences et des Arts, Paris, France.

His current research interest include wavelet-based analy
scaling phenomena and related topics (self-similarity, at
fractal, 1/f processes, long-range dependence, local regu
ini nitely divisible cascades...). The applications of cu
physics of turbulence and analysis and modelling of packet t

sis and modelling
able processes,
larity of processes,
rrent interest are
rac.



