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IV. THE Po1ssoN MODEL

Consider the number of defectives in a given interval N.
Suppose that we partition N into »n equally spaced subintervals
such that the probability of each subinterval containing a defec-
tive is p and containing more than one defective is zero. Then
Theorems 1 and 2 also apply to this case. If we let n — 00 and
np — A, then we have Theorems 1 and 2 when the number of
defectives is a Poisson variable.

The Poisson model has been widely used in the analysis of the
capacity of a multiple access channel. In particular, Mikhailov
and Tsybakov [2] proved a special case of Theorem 1 e), i.e., for
b=1 or 2 and a, =2, and used it to obtain an upper bound (the
best so far) for the capacity. In a recent paper of Tsybakov,
Mikhailov, and Likhanov [3], Theorem 1 b) was proved for the
special case a;=k for a fixed k. This inequality was then
crucially used to obtain upper bounds for the capabilities of
channels which can simultaneously transmit up to & —1 mes-
sages.

V. THE CASE OF INDEPENDENT RANDOM VARIABLES

In this section N = (X, -, X,) is a set of indeperident non-
negative integer-valued random variables with probability density
function (pdf) P,---, P,. We first show that Theorem 1 b)—e)
are no longer true even if P, = P for all i.

Let X and Y be independent identically distributed (i.i.d.) and

P(X=1)=P(X=9)=0.30
P(X=2)=P(X=8)=015
P(X=3)=P(X=17)=0.04
P(X=4)=P(X=6)=0.01.
Then '
P(X22|X+Y=7) =§§<1=P(X22|X+ Y=6)
2003
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All inequalitiés in Theorem 1 b)-e) are reversed.

Next we show that Theorem 2 remains true under the current
probability model. Let x = (x;,-- -, x,) where x, is the random
value of X,. Let

xVy=(min{x;,y}, -
xAy=(max{x;,p},

Let P(x)=(P,(x))," -
P(x)P(y) =P(xAy)P(xVy)

where the multiplication stands for inner product. Furthermore,
E and F are both increasing in x. Hence the FKG inequality still
applies.

This proof can be extended to the continuous variable case by
a standard “limit” argument.

,min{x,,y,})
,max {x,, y, }).
, P,(x,)). Then it is easily seen that

V1. CONCLUDING REMARKS

Theorems 1 and 2 provide an interesting contrast in appreciat-
ing the power and the limitations of the FKG inequality. While
the FKG inequality proves Theorem 2 effortlessly, saving a

lengthy and painstaking argument of the type used in proving
Theorem 1 a), there does not seem to be an easy way of applying
it to those similar inequalities in Theorem 1 b) to e).
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Measures of Mutual and Causal Dependence
Between Two Time Series

JORMA RISSANEN AND MATI WAX, MEMBER, IEEE

Abstract —New measures are proposed for mutual and causal depen-
dence between two time series, based on information theoretical ideas. The
measure of mutual dependence is shown to be the sum of the measure of
unidirectional causal dependence from the first time series to the second,
the measure of unidirectional causal dependence from the second to the
first, and the measure of instantaneous causal dependence. The measures
are applicable to any kind of time series: continuous, discrete, or categori-
cal.

1. INTRODUCTION

In areas such as econometrics, engineering, medicine, ecology,
biology, education, and psychology it is frequently of interest to
measure dependence between two time series. For example, we
may wish to measure, in some way, the amount by which the
prime interest rate influences unemployment, or, as another
example, the amount by which the existence of a death penalty
influences the number of severe crimes.

For the special case that the variables of the two time series are
continuous, Geweke [5] proposed certain measures that are based
on autoregressive (AR) and autoregressive with external inputs
(ARX) modehng of the two time series. The unemployment rate,
for example, is modeled first as an AR process and then, using
the values of the prime interest rate, with an ARX model. The
measures were defined by Geweke in terms of the variances of
the two associated innovation processes. This approach is based
on the framework developed by Granger [6], who built on an
earlier work of Wiener [14]. Related work on the problem of
testing whether some sort of causal dependence exists between
two time series is presented in Sims [12], Caines and Chan [1],
and Caines et al. [2].

In this correspondence we propose new measures for mutual
and causal dependence which are applicable to any kind of time
series, be it continuous, discrete or categorical. Our measures are
based on a class of probabilistic models which includes the AR
and ARX classes of models used by Geweke as a particular case.
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We measure dependence by predictability, with predictability
interpreted in terms of the codelength required to encode the
time series with predictive coding. The idea of using predictive
coding to measure predictability or, equivalently, stochastic com-
plexity was introduced by Rissanen [10], which in turn was
inspired by the complexity theory of information developed by
Solomonoff [13], Kolmogorov {7], and Chaitin {4].

II. MEASURE OF UNIDIRECTIONAL CAUSAL DEPENDENCE

We plan to introduce a measure for the amount of unidirec-
tional causal dependence from one observed time series y = y”" =
Yis* 5 Y, to another x=x"=x, -+, x, relative to a selected
class of models. By unidirectional causal dependence we mean
the difference in predictability of x from its past samples pro-
vided by the added knowledge of the past samples of y. We
interpret predictability in terms of the codelength required to
encode the time series. Intuitively, the more predictable a time
series is, the smaller will be the number of bits required to
describe it using predictive coding. Predictive coding is a coding
scheme whereby the “next” sample x,,; is encoded using the
“past” samples x’=x;, -, x,. Let Pyno(x,,,|x’) denote the
probability distribution of x,,, given the past samples x’, where
6%) denotes a k-dimensional parameter vector that parameter-
izes this distribution. It is well-known (see Shannon [11]) that the
ideal codelength for encoding x,,; from its past is given by
~log Pom(x,ﬂlx ). Thus the total codelength for encoding the
time series x from its past is given by L72¢ —log Pyon (X, 11%).
Similarly, let Pyn(x,,1|x’, ') denote the probability distribution
of x,,, given the past samples of x and the past samples of y.
The codelength required for encoding the time series x using its
past and the past of y is given by Z'=1 —log Py (x,, 1|X", ¥)).

The parameter vectors of the probability distributions are
unknown and hence have to be estimated from the data. One
would like to pick 84 so as to minimize the codelength of the
encoded sample: mingw { —log Py (x,,]x")}. However, such a
minimization would make the solution dependent on the value of
X,41, which in turn would make decoding impossible, since it
would mean that the parameter vector used for decoding the
value of x,,, would depend on this value. Thus, to enable
decodability, the parameter vector must depend only on the past
samples. Assuming ergodicity, the probability distribution
governing the behavior of the next sample is like that governing
the past samples. Thus, instead of minimizing the codelength
required to describe the next sample, we may choose to estimate
the parameter vector so as to minimize the sum of codelengths
required to encode the past samples, i.e.,

-1
min{ Y —logP9<k)(xi+1ixi)} = max log Py (x' 1),
0 ;=0 /183

which is the maximum likelihood estimator of #©) from the past
samples, to be denoted by §¥)(z). Notice that we apply here a
principle of inductive inference—we pick that value which has
worked best in the past, hoping it will work for the future as well.

The codelength required to encode x with predictive coding
using the maximum likelihood estimator is therefore, with a slight
abuse of notation, given by

n—i

L(xz+1|x,’k) = Z

t=0

¢y

—log Pﬁ(")(t)(xhtllx’)'

The index ¢ in the left-hand side is dummy and is introduced to
denote the way the -coding is done. Notice that (1) requires
calculating @ (¢) for ¢ <k, which leads to an ill-conditioned
optimization. To avoid this we can either determine 09 (¢) from
prior knowledge or alternatively, when no such knowledge is
available, never estimate more parameters than there are data
points; that is, we begin by predicting the first sample by a
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Then, having seen the first sample we can either estimate one
parameter or, if not, we continue predicting the next sample by
the initial constant. In this way we gradually increase the number
of estimated parameters one by one until all the k parameters are
estimated.

The codelength (1) was conditioned on knowing the dimension
k of the parameter vector. However, k is unknown in general
and thus has to be estimated from the data and then encoded as
well. The code for k will be placed as a preamble in the code
string. Since the preamble must be a prefix code, it follows from
Rissanen [9] that it requires log* k +log ¢ binary digits, where
log* k =log k +loglog k + - - -, the sum including all the positive
iterates, and ¢ is a constant, about 2.865. Thus, to minimize the
total codelength, we should pick k& so as to minimize
L(x,.,|x", k)+log* k. With this choice, the total codelength re-
quired to encode x is given by

L(x,+1|x’)=1r}(in{L(x,+1|x’,k)+log*k}. (2)

Similarly, the total codelength required to encode x using the
past samples of y is given by

L(x,+1[x’,y’) = min { L(x,H[x’,y’, r) +log*r} (3a)
where L(x,.,|x’, y',#) is the predictive codelength conditioned
on the parameter vector having dimension r

n-1

Z —log Pg‘(r)(,)(xH.llxls }") .
t=0 ’

L(xr+1|xt9y”r) = (3b)
The minimization in (3) is over an index set which includes that
of (2), implying that

L(x, 05" y') < L(x,4)x"). (4)

The codelengths (2) and (3) measure, respectively, the predict-
ability of x from its past and the predictability of x from its past
and the past of y. Their difference, therefore, is a measure of the
added predictability of x provided by the knowledge of the past
of y, and consequently, of the unidirectional causal dependence
between the past of y and the present of x. In this light we
define the measure of unidirectional causal dependence between
y and x to be

By x=1/n[ L(x,fx") = L(x0lx!, y7)]. )

Notice that it follows from (4) that this measure is always
positive.

III. EXAMPLE

To demonstrate the applicability of our measure we apply it to
the special case where the two time series are continuous and
modeled by AR and ARX models. We then compare it with the
measure proposed by Geweke for this special case.

Let x and y be two continuous time series. To measure the
causal dependence between y and x we have to compute the
codelength required to encode x from its past and then compare
it with the codelength required to encode x from its past and the
past of y. To encode x from its past, we use an AR model

k~1

Xey1 = Z a;x,_ 1+ut+1
i=0

(62)

and then, to take advantage of the past of y, we use an ARX
model

p-1 g-1

E a;x,_ :+ Z bYt 1+Ut+1
i=0 i=0

(6b)

Xer1 ™

where {u,} and {v,} are modeled as independent zero mean
— . .1 . - 1 2 B |
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The predictive codelength required to encode the time series x,
from (2), is given by
L(x,+1|x’)=n}cin{L(x,+1|x’,k)+log*k} (7a)

where L(x,,|x, k) is straightforwardly computed from (1) and
(6):

L(x, 1%, k) = Z (108 8,(£) + (411 = £1,(0)2/282(1)).
(7b)

Here

t+1 Z a, k(t)xt i (7C)

and

(0 =1/1% (-3) (79

with 8, ,(¢) denoting the maximum likelihood estimates ob-

tained by fitting an AR model of order k to the past data x'.
Notice that the order of the AR model is obtained as an integral
part of the computation. The codelength required to describe x
by using the ARX modetl (6b) is obtained analogously.

It is of interest to investigate the asymptotic behavior of the
measure when the sample size grows. It can be shown (see [9])
that asymptotically the mean of the codelength is given by

EL(x,,,|x',k) > nloga, +1/2(k +1)logn. (8)

Thus the mean of the causality measure is asymptotically given
by

Ep,. . .—loga,/o,+(k—p~q)logn/2n. 9

The first term is the measure proposed by Geweke (Pierce [7]
proposed a measure that is simply a one-to-one transformation of
this measure into the unit interval), while the second term, which
approaches zero as the sample size grows, can be interpreted as
reflecting the difference in the complexities of the AR and ARX
models.

In the studied case our measure approaches asymptotically the
measure proposed by Geweke. However, the two measures are
fundamentally different. Ours admits its own interpretation and
is well defined regardless of the stochastic mechanism that gener-
ated the data. In contrast, Geweke’s measure relies on the as-
sumption that the generating processes are jointly stationary,
purely nondeterministic, have autoregressive representations, and
that the orders of the models are correctly estimated.

IV. MEASURES OF INSTANTANEOUS CAUSAL DEPENDENCE

We shall now extend the ideas we have already introduced to
measure the instantaneous causal dependence between two time
series. We want the measure of instantaneous causal dependence
to reflect the dependence between the present of x and the
present of y. It should therefore be symmetric in terms of x and
y and should reflect both the added predictability of the present
of x offered by the present of y and the added predictability of
the present of y offered by the present of x. Let L(x,,,|x%, y)
denote the codelength required to encode the present of x from
the past samples of x and the past samples of y, and let
L(x,,4]x", y"*!) denote the codelength required to encode the
present of x from the past samples of x and the past and present
samples of y. The difference L(x, {ix’, y")— L(x,,|x’,y'*})
reflects the added predictability of the present of x offered by

the present of y. Similarly, let L(y,,,|y’, x*) denote the code-
Icug el 1cyulicd W CHCUUT LLIC PIresclil O Y [TOMl UIC PAst samples

of y and the past samples of x, and let L(y,,|y’, x'*!) denote
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the codelength required to encode the present of y from the past

samples of and the past and present samples of x. The
difference L(y,,1ly', )= L(y1ly’s 1) reflects the added
predictability of the present of y offered by the present of x. We

therefore d/ fine the measure of instantaneous dependence to be
iy =1/2n { [ L(xt+1|x sy )_ L(xt+1|x ’yH—l)]

+ [L(yt+1D7', xt) - L(y,+1|y’, x’+1)] } (103.)
where L(x,,,]x', y") is given by (3a) and

L(x,,4ix", y'*1)

n—1
=min{ Y —logP(;(q>(,)(x,+1|x’,y’+1)+log*q}. (10b)
9 t=0

V. MEASURE OF MUTUAL DEPENDENCE

So far we have introduced two measures of causal dependence,
measuring different aspects of the dependence. Now we intro-
duce yet another measure, which tries to capture the whole
mutual dependence, and point out its relation to the two previ-
ously defined measures.

We want the measure of mutual dependence to reflect the
predictability of each of the two time series from the other.
Interpreting predictability in terms of codelength, we define the
measure to be the saving in the codelength obtained in encoding

‘x and y using the added knowledge of each other. Now, the

encoding of x and y using the added knowledge of each other
can be done in two different ways. Assuming that we have
encoded the past samples of both x and ¥, we can either first
encode x, ., from the past samples x’ and y* and then encode
Yi4qp from y and x'*!, for which the resulting codelength is
L(x,,q]x, y N+ L(y,+1|y x'*1) or, alternatively, f1rst encode
Yyo1 from x' and y' and then encode X+ from x' and y’+1
for Wthh the resulting codelength is L(x,,q|x', y )+
L(y41]y', x'*1). Since we want the measure to be symmetric in
terms of x and y, we take the average of the two codelengths to
represent the codelength required to encode x and y with the
added knowledge of each other. Now, since the codelength re-
quired to encode x and y separately is given by L(x,,|x") and
L(y,,1]y"), respectively, our measure of mutual dependence is

given by
oy =1/n{ [ L(xe1)x") + L(piaaly"))]
~1/2[ L( %4105, ) + L3y, x41)
+ L(yealy's ) + L(x,00x, )] ). (10)

Intuitively, we would expect the measure of mutual depen-
dence to be decomposed, in some way, into the measures of
unidirectional and instantaneous causal dependences. Indeed, it
can be readily verified from (5§) and (11) that the following
decomposition holds:

(12)

that is, the measure of mutual dependence between x and y is
the sum of the measure of unidirectional causal dependence from
y to x, the measure of unidirectional causal dependence from x
to y, and the measure of instantaneous causal dependence.

In the special case that x and y are continuous and modeled
by AR and ARX models, it can be shown, in complete analogy to
the measure of causal dependence, that both the measures of
instantaneous and mutual dependence approach asymptotically
those proposed by Geweke [5] for which the decomposition (12)
holds as well. Notice, however, that all the fundamental dif-

ferences between our measures and those of Geweke, mentioned
In 1n€ aiscussion of ine measure oI unidirecuonal causal depen-

dence, hold for these measures as well.

Bay =HyoxFlheny t e,
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The measure of mutual dependence we propose is similar in
spirit to the measure of statistical dependence proposed by Fine
[3] on the basis of the Solomonoff-Kolmogorov—Chaitin com-
plexity measure. However, Fine’s measure is not computable and
hence not operational.

VI. CONCLUDING REMARKS

We have presented a conceptually new framework for measur-
ing dependence between two time series. Unlike the framework
developed by Geweke, which is limited to the AR and ARX class
of models, and the framework developed by Fine, which is not
operational, our framework is both very general in its applicabil-
ity and straightforward operationally. All one needs to compute,
say, the measure of unidirectional causal dependence from y to x
are the two predictive densities P(x,,|x") and P(x,,,|x’, y").
These densities need not be fully specified in advance; the
parameters of these densities and even the number of parameters
is determined as an integral part of the computation of the
measure. Obviously, the value of the resulting measure depends
critically on the class of predictive densities selected. A good
selection gives a sharp measure of causal dependence while a bad
one masks a possible causal dependence, which of course is just
as it should be.
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Abstract —1t is proven that 100-percent efficient fixed-rate codes for
run-length-limited (RLL) (d, k) and RLL charge-constrained (d,k; ¢)

channels are possible in only two cases, namely (d, k; ¢) = (0,1;1) and.

(1,3;3). Specifically, the binary Shannon capacity of RLL (d, k) con-
strained systems is shown to be irrational for all values of (d, k),0 <d < k.
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For RLL charge-constrained systems with parameters (d, k; c), the binary
capacity is irrational for all values of (d,k;¢),0<d<k,2¢c2k+1, ex-
cept (0,1;1) and (1,3;3), which both have binary capacity 1/2.

1. INTRODUCTION AND BACKGROUND

In this correspondence we show that 100-percent efficient
fixed-rate codes are impossible for most run-length-limited (d, k)
and run-length-limited charge-constrained (d, k; ¢) channels.
More precisely, we prove that, among these channels, only the
(0,1;1) and (1,3;3) have Shannon capacities which permit 100-
percent efficient codes.

Run-length-limited (RLL) codes are widely used in magnetic
and optical data recording channels. These constrained codes are
characterized by two parameters (d; k),0 < d < k, which specify
the ‘minimum and maximum allowable run-lengths of zeros be-
tween consecutive ones in the constrained binary sequences.

RLL charge-constrained systems combine run-length con-
straints with the bounded running digital sum (RDS;) constraint
to ensure a spectral null at dc, as we now describe in more detail.

In data recording, constrained sequences { b;}, j > 0, with sym-
bols {0,1} are typically converted to a two-level channel input
signal {s;}, j > 0, via a precoding convention called non-return-
to-zero-index (NRZI), defined by

s;=5 (-1, 6

assuming s_, =1. The average power spectrum of the constraint
is given by :

2

Jz0,

N Sl_e—iZw/]

J=0
o(f)=lm E\"—— %/, i=/-1 2
N—-
where the expected value is taken with respect to the measure of
maximal entropy on the ensemble of allowable sequences, and
the limit is interpreted in the distribution sense. The power
spectrum of maxentropic RLL sequences can be expressed in a
simple closed form. See Immink [6]. Specificaily, for the RLL
(d, k) constraint, let A be the largest real root of the polynomial

p(x)=xk*'—xk=d— ... —x—1 Then the spectrum (2) is
given by
1 1-1G(27f))?
o = - 3
() sin(nf)’L L+ G2nf)[? )
where
k1
L= Y 7 (4)
j=d+1
and
k+1
GRuf)= Y Alexp(2wmif), i=V-1. (5)
j=d+1

From (3)-(5), it can be seen that ®(0) # 0 for all (d,k),0<d
< k. In certain applications, however, it is required that the code
power spectrum ®( f) have a null at f =0 (dc), that is (0) =0.
1t is well-known that the code spectrum has a null at dc if for
each finite code sequence {by, by, -, by} the running digital
sum of the associated channel input sequence {sy,8," ", Sy}
denoted RDS;(s,, 5, *, Sy), 1s bounded by a fixed constant.
That is,

N
RDSO(SO’SI""’SN)= Z Sj SB, (6)
Jj=0

for some constant B, and all finite allowable input strings {s;}.
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