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Abstract

We study the type checking and type inference problems for in-
tuitionistic linear logic: given a System F typed A-term, (i) for an
alleged linear logic type, determine whether there exists a corre-
sponding typing derivation in linear logic (type checking) (ii) pro-
vide a concise description of all possible corresponding linear logic
typings (type inference).

We solve these problems using a novel algorithmic type system
for linear logic whose typing rules carry arithmetic side conditions
describing essentially the nesting depth of (proof-net) boxes. By
understanding these side conditions as unknowns we then reduce
type inference to solving a system of arithmetic constraints. We
show that these constraint systems fall into a tractable class hence
leading to an efficient (polynomial-time) solution.

There are two important restrictions: first, our source language
is typed System F rather than untyped lambda calculus; this is
necessary because type inference for System F is known to be
undecidable. Second, we assume that sharing is made explicit in
the input, thus we do not try to automatically infer opportunities
for sharing identical subterms. Relieving the latter restriction is left
as a challenge for future work.

Categories and Subject Descriptors F.4.1 [Mathematical Logic
and formal languages]: Mathematical logic—lambda calculus and
related systems; F.3.3 [Logics and meanings of programs]: Stud-
ies of program constructs—type structure

General Terms algorithms, theory

Keywords Lambda calculus, Linear logic, Type inference, Type
systems

1. Introduction

Linear Logic has been invented by Girard [11] motivated by the
desire to model consumption of resources as modus ponens and
also by proof-theoretic considerations. It has subsequently been
advocated and successfully used [9, 15, 20, 21] as a type system for
programming languages. The idea behind such linear type systems
is that they are capable of tracking whether a variable or a reference
will be used at most once. In this case, it is safe to deallocate it after
that usage has happened [13, 20]; it is also sound to alter the type of
that variable after an update has happened (“strong update”) [10].
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These type systems based on linear logic restrict the occurrence
of the !-operator to the left-hand side of function spaces, possi-
bly using a different syntax, because then type checking and lin-
earity inference essentially reduce to tracking the number of uses
of variables which can be done by augmentation of standard type
checking algorithms such as Hindley-Milner [3, 18]. The results of
this paper constitute a step towards the removal of such restrictions
which would allow the general syntax of linear logic with exponen-
tials to be used in practical type systems.

In this paper we study type checking and in particular linearity
inference for (intuitionistic) linear logic in its standard form, where
the !-operator is allowed anywhere. This poses interesting new
challenges as can be seen from the following example: Suppose
that 2:!(I1B — C),y:!/(A — B), z:!A and we are to check that
t = z(yz) can be typed !C. A priori, this might not be true
since x returns results of type C' only. Since, however, all the
free variables of ¢ have !-type the promotion rule allows one to
improve t’s type to !C'. Note that this reasoning is also required for
typechecking the application of x to yz since x expects arguments
of type ! B. Furthermore, if the !-annotations of the variables are not
or only partially given then we have many more possibilities and
there does in particular not exist a “best” one in the sense of the
subtyping induced by ! A<: A. Note also that if the !-annotations of
the variables are not given, a particular (but uninformative) solution
is obtained by using the standard translation of intuitionistic types
into linear logic: (A — B)* =1A* — B™.

So, rather than computing a minimal type, we compute a sys-
tem of arithmetic constraints of polynomial size whose solutions
correspond to the possible typings of a term. Moreover, the con-
straint systems fall into a class for which satisfiability is feasible in
polynomial time.

We assume, however, that we are given a valid system F typing
and only consider decorations with ! of that given typing. This is
because type inference for system F is undecidable and the study
of restricted fragments for which it is decidable, e.g. the standard
ML type system, is orthogonal to the interests of this paper.

Outline. We define in Sect. 3 the linear system F we will be
considering and the type checking (resp. type inference) problems.
We then provide in Sec. 4 an algorithmic typing system. We turn
this into a type inference algorithm in Sect. 5 and prove that it runs
in polynomial time.

2. Preliminaries

The types of system F are given by the grammar
Aui=al| A — Ay |Va.A

where o ranges over a set of type variables. The variable « is bound
inVa. A.

We write A[B/qa] for the (capture avoiding) substitution of B
for cin A.



Church-style lambda terms are given by the grammar
tu=ax | tite | Ax:Ad | t[A] | Aact

The set F'V (t) of free variables of term ¢ is defined as usual with
the understanding that Ax.t binds z in ¢. Similarly, we define the
set FTV(T') (resp. FTV (t)) of type variables occurring free in
the type 7" (resp. in the term ¢).

A typing context I' is a mapping of (term) variables to types.
We denote dom(T") the set of variables bound, i.e. assigned a type,
by I'. If T" is a context and x ¢ dom(T") then I',x: A denotes
the extension of I' with the binding of = to A. Whenever this
notation is used it is presumed that x is not already bound in I'.
Likewise, I', A denotes the union of two disjoint contexts (in the
sense that dom(I') N dom(A) = 0). We define FTV(I') =
UwEdU’m(F) FTV(F(:‘B))

The typing judgement takes the form I" - ¢ : A; its definition is
given in Figure 1.

The following rules of weakening, contraction and substitution
are easily seen to be admissible.

F'kFt: A
Iz:BFt: A
I'z1:A,20:A-t: B
oAb tx/z1,x/z2]
Iz:A+-t: B -t:A
T'Htt'/z]: B

(WEAK)

B(CONTR)

(Cur)

3. Linear System F
Now we consider the types of linear (affine) system F (LLF), which
are given by the following grammar:
Tio=al|Ti —Ts |Va.T |IT

If " is an LLF context, the context !I" is defined by: (IT")(z) = T
ifT(z) =T.

The erasure |T'| of LLF type T is the system F type defined by
the following clauses:

la| = «
Ty — To| = [Ti] — |T2|
Va.T| = Vea.|T|
' = |7

If T" is an LLF context, the system F context |I'| is defined in the
expected way.

The typing judgement I' F ¢ : T where this time I' binds
variables to LLF types is defined by the rules in Figure 2. Note the
splitting of context in the binary rules LLF-APP and LLF-CuT,
and the fact that contraction and weakening are given by explicit
rules.

It can be shown that whenever I', 2:S + ¢ : T and z occurs
more than once in ¢ then S is of the form !7”. If we did not have
the side condition on number of occurrences in the rule LLF-CUT
then this would not hold. For example, we would then be able to
derive the judgement

z:f —o lo,y:B, fila —o la —o v F f(zy)(zy) : v

In our presentation this judgement is not derivable, however, the
related judgement

x:f —o la,y:0, f:la —o la —o vy Flet z:la =zyin fzz 7y
where
let x:A =t1int2 := (Ax:A.t2)tr

is derivable. We are aware of the fact that subject reduction with
respect to full 8 reduction does therefore not hold for our pre-
sentation. An alternative would be to introduce an explicit sharing
operation in our term syntax which again would block reduction.
The point is that we would like to separate the problem of type re-
construction from the problem of discovering sharing opportunities
which might be more difficult.

We also note that the rule LLF-CUT is no longer redundant; this
is one of the reasons why the type checking problem which we will
consider is nontrivial.

Here are a few examples of derivable LLF typing judgements
for the term z(yz):

z:1(!1B—C),y: (A — B),z:1AF z(yz) : IC
z:1(B—C),y:1(A— B),z:1AF z(yz) : IC
z:1(B—C),y:(A— B),z: A z(yz) : C

Fig. 3 gives an example of derivation for the first of these judge-
ments.

To automatize the search for such derivations, we consider the
following type checking problem:

Type checking for LLF: Given¢,7,T"isI' - ¢ : T a valid
LLF-judgement?

Observe that this problem is not trivial because the rules are not
syntax-directed. In particular it is not obvious when to apply rules
LLF-Curt, LLF-PrROM, LLF-DER and LLF-DIG. Actually there
is also no obvious way to guess beforehand how many LLF-PROM
occurrences will be needed in the derivation.

In order to attack this problem we will now introduce an algo-
rithmic version of LLF whose rules are (almost) syntax-directed
and thus admit a constraint-based type checking algorithm. In this
way we also obtain a solution to the type inference problem:

Type inference for LLF:

Given a system F type A, context A and term ¢, find a
concise description of the set of LLF types T and contexts
TwithT'F¢:Tand |T| = A, |T| = A.

4. Algorithmic LLF

The algorithmic system will remove some of the non syntax-
directed rules. First, LLF-CONTR and LLF-WEAK will be inte-
grated into other rules. Second one wants to avoid the need for
the LLF-CuUT rule. A key point for that will be to “decompose”
the LLF-PROM rule into two more basic rules, that we will call
ENTER and LEAVE.

A possible intuition for this approach comes from linear logic
proof-nets [11], where the LLF-PROM rule corresponds to a box: in
some sense we will here keep with rules ENTER and LEAVE the in-
formation about the doors of boxes, but leave implicit which doors
correspond to the same box. In order to be able to reconstruct the
boxes or LLF-PROM rules, we will need to carry in the judgements
an extra piece of information, a natural integer associated to each
variable of the context.

4.1 Algorithmic typing contexts

An algorithmic typing context I' is a finite map on both term and
type variables. To a term variable in its domain it assigns a pair
(T,m) with T an LLF type and m a natural number. To a type
variable « it assigns a pair (x, m) where x is a dummy value that
can be thought of as the type of all types. For convenience, we
let X,Y,... range over both term and type variables and we let
U,V, ... range over types and x. If ['(X) = (U, m) then we write



Akl x: A(F-VAR)
I'e:A+-t: B (F-LAM) I'Ft;:A— B I'Fto: A(F-APP)
I'FXz:At: A— B T'Ftite: B
'Ht: A a g FTV(T) (F-TLAM) I'kt:Va.A (F-TAPP)
I'-Aat:Va.A '+ t[B]: A[B/a]
Figure 1. Typing rules for system F
D,z:SkHt:T Akt S
2 has at most one free
occurrence in ¢
Tk x: T(LLF-VAR) T,AR it /x): T (LLE-CUT)
ae:SHt:T (LLF-LAM) 'kFt1:5 —T AFts: S(LLF—APP)
Tk Az:|S|t: S —T IAFtite: T
r-t:T a¢ FTV(T) (LLE-TLAM) I't:Va.T (LLF-TAPP)
I'-Aat:VaT L ¢S] : T[S/a]

I'Ht:T

T T !T(LLF—PROM)

Tkt T 'kt T
Tre T (LLF-DER) TEi T ”T(LLF—DIG)
xS, z2:!SHE: T 'kt T
L,z:\S F tlz/x1, x/x2] T(LLF_CONTR) xSkt T(LLF_WEAK)

Figure 2. Typing rules for system LLF

zAFz: A VAR

yA—-oBlFy:A—B
APP

y:A— B,zzAFyz: B

z:(1B—-C)Fx:

(!IB—C) VAR y:!l(A — B),z!Atyz: B PROM

APP

y!(A— B)Fy: (A — B) z:(!B — C),y:(A — B),z:!AF z(yz) : C
Py — \I;AR vI(A—=B)ry:I(A—B) z1(1B — O), y:l(A — B), 21A F z(yz) : IC Z‘;‘ZM
ZIAF 2 1A O #(1B — 0),yl(A — B), 2lAF alys) :\C
UT

(1B — C),y:l(A — B), z:!A F z(yz) :

IC

Figure 3. Example of LLF type derivation

I'[X] = U and T'{X} = m. An algorithmic LLF context is well-
formed only if whenever x € dom(I") and @ € FV (I'[z]) then
a € dom(T") too and I'{a} > I'{z}.

If T is an algorithmic typing context and ¢ € Z then I't¢ ok
means that '{X} 4+ ¢ > 0 for all X € dom(T").

In this case, I'"° denotes the algorithmic typing context defined
by dom(T¢) = dom(T') and (I'"°)(X) = (U,m + ¢) when
I'(X) = (U, m). Note that for ¢ > 0 one always has I'" ok.

We denote ! A the algorithmic typing context defined by (A)(z)
(1AL, Afe}) and (1A)(a) = (x, Afa}).

If T is an ordinary typing context then I' denotes the algo-
rithmic typing context given by dom(I'°) = dom(T") U FTV(T)
and T%(x) = (T'(x),0) for z € dom(T") and T°(a) = (x,0) for
a € FTV (D).

We will often need the algorithmic typing context to bind some
type variables that appear in the type 1" of the subject. So, given
an ordinary typing context I" and a set £ of type variables, we will

denote by (I" + £)° the algorithmic typing context A defined by:

>

(X)) if X € dom(T'°),
(x,0)ifa € &.

(X)
Aa)

If the intersection dom (") N dom(A) contains only type vari-
ables and I'(a) = A(a) for all @ € dom(I") N dom(A) then T’
and A are compatible. In this case we denote I'; A the union of T’
and A maps. Whenever this notation is used it is presumed that "
and A are compatible.

An algorithmic typing judgement takes the form I' F, ¢ : T
where I is an algorithmic typing context and is given by the rules
in Figure 4. The bindings of type variables in particular prevent
ENTER immediately after (bottom-up) TLAM and thus the (illegal)
derivation of i, t : Va.!T' — Wa. T for some 1" which is not in
general provable in LLF, e.g. when T' = (o — ) —o a.

We can observe the following property:




I'(z) = (T,0)
Tz T (AR
D,z:(S,0) ko t: T (LaM)
Dhko Az:|S|t: S — T
Thot1:S =T Thate:S x€FV(t)NFV(ts) = 3IT.T[x] = !T(APP)
Thotity: T
Dyo:(x,0) Fat: T a¢ FTV (D) (TLAM) I'ket:Va.T FTV(S) C dom(T") (TAPP)
T'kq At : Va.T 'k, t[S]): T|S]/a]
Dhot:!T (ENTER) Pket:T I'71 Ok(LEAVE)
I A e T I ihet:IT
F}—at:!TD F}—at:!TDG
Tr,t:7 PER Tr, ¢ >0
Figure 4. Algorithmic typing rules
LEMMA 1. IfT' ko t : T and if o € FTV(I') U FTV(T) U If m = 0 then applying ENTER we obtain Tj' A° 2

FTV(t), then we have a € dom(T).

Proof : It can easily be proved by induction on the derivation,
and essentially follows from the fact that the algorithmic typing
contexts in VAR rules are well-formed and from the side condition
on the rule TAPP. a

This algorithmic system is similar to Pfenning and Wong’s “im-
plicit” presentation of the modal logic S4 [17] and also to Martini
and Masini’s presentation of linear logic [16]. It can also be moti-
vated by Baillot and Terui’s decomposition [2] of boxes into open-
ing and closing doors required to obey some bracketing conditions.
In fact, it arose as a judgemental version of that work; the relation-
ship to Pfenning-Wong and Martini-Masini was only discovered
afterwards. An important difference to [17] is that applications of
rules ENTER and LEAVE are not recorded in the terms thus mak-
ing type checking and decoration more challenging but also more
useful.

4.2 Soundness and completeness of algorithmic LLF

We start by proving that certain rules are admissible in algorithmic
LLE, which will then be useful to prove completeness of the system
w.r.t. LLF.

LEMMA 2 (contraction). If ', z1:(!A,m), z2:(!A,m) ko t : C
then also T, z:(1A, m) b4 tlx/z1,x/x2] : C.

Proof : By induction on derivations. The interesting case is when
the assumption has been derived by rule APP, ie., t = tito,
and when z1 € FV(t1) and z2 € FV(t2). In this case, z
becomes a shared variable of ¢1[z/x1,x/x2] and t2[x/x1, x/x2]

so that the additional side condition (I',z:(1A))(z) = !(...)
arises. Fortunately, it is satisfied since (I, z:(1A4))[x] = !A.
The other cases are straightforward. g

LEMMA 3 (weakening). I. If I' o, t : T then we also have
D,z:(A,m) ko t: T.

2IfT ko t @ Tand « ¢ FTV(L), then we also have
L,a:(x,m)bFqt:T.

Proof :For 1. we proceed by induction on derivations. Consider
the case of ENTER. Then T is of the shape I' = T'J*, A, and the
premise is of the form I'g k4 ¢ : !T".

If m = mo + 1, by IH we can derive I'o, z : (A, mo) Fq ¢t : T
and conclude using ENTER.

(A,0) ko ¢t : T, as required.
The other cases are straightforward. The proof of statement 2.
is analogous. O

LEMMA 4 (strengthening). If ', z:(A,m) Fq t :
FV(t), thenT ko t: T.

T and x ¢

Proof : By induction on derivations. Consider the case of ENTER.
We have T, z:(A,m) = T'g !, A® and the premise is Tg b4 ¢ : !T".

First, if + € FV(A"), then m = 0. Take ©° such that
A% = ©° z : (A,0). Then by applying ENTER to I'g o t : IT
we get Tg', 00 b, ¢ : T, as required.

Second, if x € FV(T'$") thenm = mo +1andTo = O, :
(A, mo). By applying the IH we get © +, ¢ : T Then with ENTER
we obtain ©11, A% |-, ¢ : T, as expected.

Consider the case of LEAVE. The premise is of the form
'Yz : (A,m+1) Fo t: To, and T = !Tp. Then by TH we
get I, ¢ : Ty and we conclude with LEAVE.

The other cases are easy. O

LEMMA 5 (cut). If T,x:(S,c) bo t : Tand A o t' : S and
x occurs at most once in t, and T and AT are compatible then
LA b, tt x] : T.

Proof : First, if z ¢ FV(t) then t[t'/z] = t; by applying Lemma
4onT,z:(S,¢) Fq t: TwegetD 4 t: T, and then with Lemma
3wededuce I, AT, t: T.

We thus only need to prove the claim in the case where
x € FV(t). We proceed by induction on the derivation of
L,z:(S,c)Fat:T.

VAR: By assumption we have ¢ = z, thus ¢ = 0 and using
Lemma 3 we get I, A b, t' : T, as required.

APP: since x occurs once in ¢ it cannot occur in both ¢; and ¢o.
Applying the IH to the term containing = followed by APP yields
the result.

ENTER: Here I' = I'7',T'%, and as 2 € FV(t) we have ¢ =
co + 1. The premise is I'1,x : (S,c0) Fo t : !IT, and by IH
we get 'y, A +, ¢[t'/z] : T. By applying ENTER we then get
It Act T b, t[t'/x] : T, as required.

The case of LEAVE is handled in a similar way, and the other
cases are straightforward. O



LEMMA 6. IfT,z:(S,m) bo t : Tthen T, z:(1S,m~+1) o t : T.

Proof : This is not an immediate consequence of the previous
lemma because we do not require that x occurs at most once in
t. Instead, we prove the lemma by an induction on derivations.
The only significant case is that of the VAR rule. In that case if
t = y # x then the result is trivial, otherwise if y = x we have
m = 0 and we have: by VAR we get = : (15,0) ko = : 1S, then
ENTER yields z : (1S,1) ko = : S, and we conclude with the
weakening Lemma 3. a

LEMMA 7. If T, a:(x,m) ko t : T then T, c:(x,m+ 1) o t : T.
Proof : Straightforward induction on derivations. O

THEOREM 8 (Completeness of algorithmic LLF).
IfT' Ft: Tand € = FTV(T) U FTV (t), then we have
T+ & Fot:T.

Note that as a particular case, if FT'V (T) U FTV (t) C FTV(T')
thenT” ot : T.

Proof : We prove this statement by induction on derivations. Rule
LLF-CuUT is dealt with by Lemma (5), LLF-CONTR by Lemma
(2) and LLF-WEAK by Lemma (3).

Consider the case of rule LLF-TAPP. By induction hypothesis
we have (T +&)° F, t : Va.T. Take &' = EUFTV(S). By using
Lemma 3(2) we get (T + &£')° k. ¢ : Va.T. The side condition
for applying rule TAPP with S is then fulfilled, and thus we get
(T 4+ EN° 4 t[S] : T[|S|/ ).

For LLF-PROM suppose that I' = !A and T = 7Ty and
A+t : Tp. The induction hypothesis yields (A + £)° F, t : To,
with & = FTV(Tp) U FTV(t). By applying Lemmas 6 and 7
we get ((!A + &))" -, t : Ty, and with rule LEAVE we have
(A+E)° k. t: Ty,

All other rules are straightforward applications of the induction
hypothesis. a

In order to prove soundness of algorithmic LLF by induction on
derivations we must ascribe a meaning in terms of LLF to sequents
that are not of the form T'° -, ¢ : T for some T'. We do this now.

Suppose that I" k- ¢ : T and write dom(I") = {X1,..., X}
such that ¢ < j implies I'{X;} < T{X;} and if in addition
I'{X;} =T{X;} and X; is a type variable then so is X;. In other
words, as the index decreases the level never goes up and at any
level the type variables come first.

Call such an ordering of the variables in I' compatible. We
associate with the judgement I" -, ¢ : T an LLF judgement "T" | ¢ :
T recursively by the following clauses. In order for the recursion
to go through we have to simultaneously translate judgements of
the form A +, ¢’ : T' where dom(A) = { Xk, ..., X, } for some

k> 1.
Tlt: T = +¢:T
TA,z:(S,0) [ t:T7 = TA|Azp:|T].t: S — T when
Xi; € dom(A)=i>k
CAap:(%,0) | t:T7 = TA|Aag.t: Vo T" when
Xi; € dom(A) =i >k
CAT [T = At T

Note that in the third clause well-formedness of A, ay : (x,0)
and the conditions on the variable numbering ensure that o ¢
FTV(A) so that A itself is well-formed. See Figure 5 for an
example.

This translation is essentially the same as Guerrini, Martini and
Masini’s [12] (—)* translation of their 2-sequents. However, since
they only consider provability and not typability, we cannot use it
directly. Furthermore, they prove soundness only with respect to a

different translation (—)b which in our notation would amount to
simply removing all the indices. They then circumvent the diffi-
culty that LEAVE is not sound for that translation using syntactic
considerations which do not seem to apply here.

LEMMA 9. If 'T" | v[(Az:|S|.t)y/z] : T then we also have

T | v[tly/x]/z] : T

Proof : We note that "T" | w : T is a judgement of the form
F AZu @ U for u € {v[(Az:|S|.t)y/z],v[t[y/z]/z]} with U
depending only on I' and 7. The claim then follows from the
fact that LLF is closed under (-reduction of redexes of the form
(Az.t)y, where y is a variable. It is in fact also closed under
arbitrary linear 3-reduction but we do not need this here. O

LEMMA 10. If T | v[Ac.t[a]/z] : T then T | v[t/z] : T

Proof : As in the previous lemma this follows from the fact that
LLF judgements are preserved by reduction of a term of the form
v[Aa.t|a]/z] into v[t/z] . O
Now, the following substitution lemma will be a key to prove
afterwards the soundness theorem of algorithmic LLF.

LEMMA 11. Suppose that "T'; | t; : T;" fori = 1,...n and
A t: T where A = x1:T1,...,24:T,. Suppose furthermore
that each x; occurs at most once in t and that the I'; are compatible.
Then "T1,...,Un | tlt1/x1, ... tn/zn] : T

Here the translations of I'; 4 ti; : Ty are understood w.r.t.
the ordering of the variables that arises as the restriction of a
fixed ordering of the variables in I'1, ...,y used to compute the
translation of U1, ..., T F t[t1 /21, ... tn/xn] : T.

Proof : We proceed by induction on the quantity:
D D (X}
=1 Xedom(T';)

First, if this quantity is O then Vi € {1,...}, T'; = 0. In this
case "I'; | t; : T; " gives k- ¢; : Tj, and we can conclude by using
the rule LLF-CUT.

Otherwise, fix a compatible ordering on I'y, ..., T, and sup-
pose w.l.o.g. that the first variable X in this ordering is bound in
T.

Case X = xand I'1{z} = 0. We then write I'y = Ay, z:(U,0)
and we have

rl‘l | tl . T1j = I’Al ‘ AI:lU‘.h . U —0 le

Wealsohave y1:U —o T, x2:T5, ..., 0 Tn F Az:|U|.t{y12/z1]
U —o T thanks to the rule LLF-CUT.

The induction hypothesis furnishes (we write Ax.t; instead of
Az : |U|.t1 and T' =T'a, ..., T, for readability):

CALT | Az |ULt[(Azt1)x /21, t2 /T2, . oot /2n] : U —o T
So, by Lemma 9,
TALT | Az |U|t[t1 /21, ta /T2, . .
and, finally by the definition of "— | — : =7
Ty, o, ..., Dy | t[tr /21, ta /22, ..

Case X = aand I'1{a} = 0. We then write I'y = Ay, a:(x,0)
and we have

rF1 | tl . le = rAl ‘ Aa.t1 :VO&.Tl—l,
Using rules LLF-CUT and LLF-TLAM we get:
o onTh B Aatiyi[a]/z1] : Va.T.

Stnfon] U — T,

tnfzR] T

Y1 :VCM.Tl, :L'QZTQ, ..



Tx5:(Ts, 3), aa:(*,2), 23:(T3,2), x2:(T2,2), z1:(T1,0) | t : T7
2

(
Tx5:(T5, 3), aa:(*,
(

), x3:(T3,2),x2:(T2,2) | Azr:|Th|.t : Ty — T
Txs5:(Ts, 1), aa:(*,0),23:(T3,0), x2:(T2,0) | Ax1:|Ti|.6 : W(Th — T')7
Cx5:(Ts,1) | AcaAxs:|Ts|. Az2:| T | Az | T L :
F Azs:|T5|. Aaa Azs:| Ts | Axo: | T2 | Az | T .t

VO(4.T3 —0 T2 —0 ”(Tl —0 T)—l
T5 —0 !(VCX4.T3 —0 T2 —0 ”(Tl —0 T))

Figure 5. Example of judgement translation from algrithmic LLF to LLF

By IH we then get:
TA1, Do, .., Ty | Aact[(Aati[a] /21, ta /T2, . .« tn /2] : Vo T
So, by Lemma 10,

TA1,To, ..., Ty | Aactlts/z,t2 /22, . . tn/Tn] - Vo T

and, finally by the definition of "— | — : =7

T, Lo, ..., Tn | tfta/x1,t2 /22, o tn/an] : T

If the previous cases do not apply then we must have:
CaseI'; = A;rlfori =1,...,n. We then have
Ty |t T ="A |t 17
by definition. On the other hand, rule LLF-PROM furnishes
ri:ltr, . anT E T
The induction hypothesis then shows
TA1, LA |ttt ] 2 1T
but the latter judgement is equal to
T, ...,Tn | tt1 /21, .. tn/xn] : T

as required. m|

THEOREM 12 (Soundness of algorithmic LLF).
If I' Fo s : T then there exists a compatible ordering of the
variables for which "T" | s : T is a valid LLF judgement.

Proof : We proceed by induction on derivations.

Case VAR: We have s = z and I'(z) = 0. Let dom(I") =

{Xn,...,X1,z}. Wehave "T' | z: T7 =k AX,, .. . AX1. a:|T|.x

T', where:

e \X,, stands for A\zp:|T,| if X,, = z,, and T'(z,) = T, and
for Ao, if X, = ap,

e T is obtained from T by suitable construction steps of the form
Tn —o (.), Van,.(.) and !(.).

The judgement = AX,, ... AX1.\z:|T|.z : T" is derivable in LLF
by using rule LLF-VAR, followed by a sequence of LLF-WEAK,
LLF-LAM, LLF-TLAM and LLF-PROM. The validity of the steps
LLF-TLAM relies on the fact that I' is a well-formed algorithmic
context.

Case APp: It is convenient here to proceed in two steps:

1. first show that the restricted case of APP where the typing
judgements for ¢; (¢ = 1, 2) have disjoint contexts I'; is sound;

2. then prove that the contraction rule stated in Lemma 2 also is
sound.

It is then easy to check that the general APP rule is derivable from
these two rules.

Letus examine step 1. Wehave s = t1toand'1 Ht1 : S — T,
Tobkts: S.

By IH we have:
My [t1:8 —T"
and
Ty | ta: S
On the other hand, the following judgement is derivable in LLF:
z: S —oTy:Stay:T.
AsT'i and I'> are compatible, by using Lemma 11 we get:
T, Ty | tita : T,

which is what we wanted.
Consider now step 2. Here I' = A, z:(1S, m) and we have

A, z1:(1S,m), z2:(1S,m) Fq s0 : T,

where s = so[z/x1, x/x2]. We have

A, z1:(1S,m), z2:(1S,m) | so : T =

A’ 21:(18,0), 22:(15,0) | sp: T'7 =

A" | Am1:] S| Az2:]S].86 : 1S —o 1S — T/
and also

TA z:(1S,m) | s: T ="A 2:(15,0) | s : T =
TA" | Ax:|S].s" 1S — T
where s’ = sy[z/x1, 1 /x2]) and T" is obtained from T by prefixing
with I’s, —o’s and V’s.
The induction hypothesis says that the following holds:

A" | Ax1:|S|. Aza:|S|.50 : 1S —o IS — T'7.
Now apply Lemma 11 with the following LLF-derivable judge-
ment:

18 — 1S — T’ x:1S - (Oy:!S. fyy)a:T.
We get

FA" z: (18,0) | (Ay:!S.(Az1:1S Az2:1S.80)yy)z : T
from which by Lemma 9 and the previous remarks we deduce:
CA 2z :(18,0) |s: T ="T|s:T7.

This finishes step 2 and we have thus completed this case.

Case DI1G: we use the derivation of z:!U + z : U in LLF and
Lemma 11.

Cases DER and TAPP:  Analogous.

Case LAM: Wehave T'=T1 — Ty and I', 2:(71,0) k¢ to : T
with t = Az:|T1|.to. Place x before all the variables in I to obtain a
compatible ordering of the variables in I", z: (7%, 0). The induction
hypothesis gives "T", z:(71,0) | to : T2 but this latter judgement
equals "T" | ¢ : T by definition.

Case TLAM: Here s = Aa.so, T = Va.Tp and we have I, o :
(%,0) Fq so:To. Let 21, ..., , be the term variables in dom/(T")
such that I'{z;} = 0and I" = 'y, zp, : (T,0),...,21 : (11,0).
We know by assumption that o« ¢ FTV(T;) fori € {1,...,n}.



We can take for I, : (%,0) an ordering of the form: 'y, o :
(%,0),zn : (Tn,0),..., 21 : (11,0).
By IH we have:
'_Fha : (*, 0),13" : (Tn70), A 5 (Tl,O) ‘ So T()—'7
o)
T | Ao Azy, ..
On the other hand, the following judgement is derivable in LLF:

z:Va.(T, —o ... o Ty — Tp) F Az ..

. )\1’1.80 : VO((Tn —0 ... —0 T1 —0 To)j.

(Tn — ... — Ty —o Ya.Tp).
Using Lemma 11 and then Lemmas 9 and 10 we get:
T | Azn ... Ax1.Aaeso : (T —o ... — T1 —o V. Tp) ™.
which by definition is equal to
T | Aa.so : V. Tp ™,
so we have proved what we wanted.

Case ENTER: T is of the form I'*! A and the premise is
I 4 t : !T. By Lemma 1 we know that FTV (!T) C dom(T"),
so w.l.o.g. we can assume that: if a € dom(AP), then o ¢
FTV(T). Let us assume for instance A° = 2:(, 0), a:(x, 0) (the
general case can anyway be handled in a similar way). By induction
hypothesis we have: "T" | ¢ : 1T, so "I"" | ¢ : T7. Moreover
one can derive in LLF y:!IT' b Aa.Az:|S|.y:Va.S — T. So by
applying Lemma 11 we get

T A Aaz:|S|t VoS —o T
Hence

T (%, 0), 2:(S,0) | £ T,

which is what we wanted.

Case LEAVE : it follows directly from the definition.

O

COROLLARY 13. Let T be an LLF type and I" an LLF context. If
IMF,s:TthenT bk s:T.

Proof : As I'° -, s : T, with the the soundness Theorem 12 we
get T | s : T7. Moreover, this judgement is of the form

o | s:T7=F Aok ... A\a1 ATy ... AT1.5:

Vozk ...Val.(Tn —© ...—° T1 —0 T)
On the other hand, the following judgement is derivable in LLF:
— Ty —T)F

z1:Th, ... 2n  Tnyy s Vag .. Vor (T, —o ...

ylow] .. Joa]zn ...x1 T
By applying the rule LLF-CUT on these two judgements we get:

xy:Th, ..., xn:Th F

(Aag ... Aar Axp ... Az1.8) o] - .- [oa]@n o1 T
By using closure properties in LLF we obtain:

1 :Th,...,xn: Ty Fs:T.

5. Type checking and type inference

In this section we describe the main contribution of this paper,
efficient constraint-based algorithms for the type checking and type
inference problems.

Az Aal(zlo)z, ..o x)

5.1 A generic !-rule

The algorithmic system is not quite ready for type checking and
type decoration, in particular because of the rules dealing with the
! connective, which are not syntax-directed: ENTER, LEAVE, DER,
DiaG.

For this reason we will consider a new generic rule, (ALL-!),
which will represent any possible sequence of applications of these

The new rule is given in Fig. 6, where condition (x) is as
follows.

T is not of the form !T”,
p=>0,g=>0

(*) e ok
(T ok) V (p #0) V(g =c=0)

Note that ALL-! represents in fact a family of rules, depending on
the values of p, ¢ and c. Also note that ALL-! allows weakening
with an arbitrary algorithmic context A, not only of the form A°.

LEMMA 14. The rule ALL-! is derivable in algorithmic LLF.

Proof : Consider a valid instance of ALL-! with values ¢, p, ¢. In
view of the derived rule WEAK we may assume that A is empty.
We want to find a sequence of rules ENTER, LEAVE, DER, DIG
allowing to derive it. We know that condition (*) is satisfied and
FV(T') = FV(t). Let us examine the various possibilities:

o if p#0:
As p > 0 this means that p > 0. Let us first show that we can
derive from I" I, ¢ : !PT the judgement ¢ -, ¢ : IPT. We
distinguish two subcases:

1. ifc > 0:

By applying c times the rule DIG we get T' k-, ¢ : [PT°T.
Then by using ¢ times the rule ENTER we obtain '™ -, ¢ :
P

2.ifc<0:

We apply in this case (—c) times rule LEAVE and (—c)
times rule DER, which yields the same judgement.

Then, from judgement T +, t : IPT, if ¢ < p (resp.
p < q) by repeated instances of DER (resp. DIG) we derive
the judgement TF¢ -, ¢ : 197,

e otherwise, if (I' "' ok) holds:
We can apply an instance of the rule LEAVE and we obtain the

judgement: =% b, ¢ : 1PY1T. We are then in the situation of
the previous case and proceed as described there.

e otherwise, if (¢ = ¢ = 0) holds:
Assuming that the previous assumptions do not hold we thus

have p = ¢ = ¢ = 0 and the instance of the rule leaves the
judgement unchanged.

O

LEMMA 15. Any sequence of rules ENTER, LEAVE, DER, DIG in
algorithmic LLF can be represented by one instance of rule ALL-!.

Proof : Since rule ALL-! allows weakening with arbitrary algorith-
mic contexts we may assume without loss of generality that none
of the rules in the sequence uses weakening, i.e., A® is empty in
each case.

We then proceed by induction on the length of the sequence of
rules considered.



Tk, t:1PT

FV(t) = FV(D)

condition (*)

T Abgt: 9T

(ALL-1)

Figure 6. Generic ! rule

In the base case, that of the empty sequence, we use the instance
with ¢ = 0 and p = ¢ = 0, which is valid (both if p = 0 and if
p # 0).

Consider a valid sequence of length (n + 1) with n > 0.
By IH the sequence can be represented by an instance of ALL-!
with certain values ¢, p, q. Let us then examine the various cases,
depending on the nature of the (n + 1)-th rule of the sequence:

¢ Rule LEAVE: By applying successively rules ALL-! and LEAVE
we get:

Thet:"T FV(I)=FV(t)

ey t: 9T

et g, ¢ 19t

condition (*)

r+e-1 ok

We need to check that the corresponding instance of (ALL-!)
with values (¢ — 1), p, (¢ + 1) satisfies the condition (*). Now,
=1 okisan explicit side condition. The first premise yields
p > 0,q > 0, hence in particular p > 0,q + 1 > 0. Let us
consider the different cases of condition (*) in the first premise.
If ™! ok or p # 0 then we are clearly done. So suppose that
g = ¢ = 0. But in that case, we have I'"! ok and we are also
done.

e Rule ENTER: By applying successively rules ALL-! and ENTER
we get:

Dhat: !PT FV(I)=FV(t)
[ g t: 19T
rrett g et

condition (*)

q>0

The values to satisfy (*) are (c+1), p, (¢—1). Here, DT (+1) ok
follows from I'"™° ok. From p > 0,q > 0 and ¢ > 0 we get
hence in particular p > 0, — 1 > 0. Now let us consider the
different cases of condition (*) in the first premise. If I'!okor
p # 0 then we are clearly done. But the third case ¢ = ¢ = 0 is
impossible in view of ¢ > 0.

e Rule DIG
Thot:""T FV(I) = FV(t)
ey t: 19T
e kgt oty

condition (*)

ALL-!
qg>0

The values to satisfy (*) are (c + 1), p, (¢ + 1). Here, ¢ ok
has been assumed. The rest is like the previous case ENTER.

e Rule DER
Tk, t:PT FV(I)=FV(t)
byt 19T
Iteb,t: 19t

condition (*)

ALL-!
q>0

Here, I'"° ok is part of the assumption. Again, the rest is like
case ENTER.

DiG

DER

5.2 Constraints generation

Solving the type checking problem is now a matter of solving
a system of arithmetical constraints which arises from backward
applications of the algorithmic rules using unknowns instead of
actual values for the numerical parameters contained in those rules.

5.2.1 Type schemas

To describe this procedure in some more detail let us introduce
LLF-type schemas by the following grammar where ¢ ranges over
integer unknowns.

Tu:=A|TH —Ts |Va.T | 19T

With each system F type A we can associate a type schema A7
by replacing — with —o and inserting !? in front of every sub-
type-expression of A (choosing fresh unknowns each time). For
example, if A is Va.ao — a then AT is 1%(Va.!*(I°a — 1%q))
where a,b,c,d are integer unknowns. It is clear that any LLF
type T with |T'| = A arises from A” by substituting nonnegative
integers for the unknowns.

We gloss over the fact that A — AT is not strictly speaking
a function because it depends on the choice of the unknowns and
their freshness.

Now suppose that we are given an instance (I', ¢, T') of the type
checking problem with I an LLF-context, ¢ a term, and 7" an LLF
type.

5.2.2 Skeleton derivation

We begin by forming the type schemas |T'|” and |T'(z)|” for each
xz € dom(T). Let TT be the schematic LLF-context given by
I'"(z) = |T(x)| and £ = FTV(T) U FTV(t). We now con-
struct a schematic “skeleton” derivation of the algorithmic judge-
ment (T7 + £)° k. t : |T|" by backwards application of the
algorithmic rules with an instance of the generic rule ALL-! be-
fore and after each of the syntax-directed rules VAR, APP, LAM,
TAPP, TLAM which in turn are applied according to the structure
of ¢t. We introduce a fresh set of unknowns after/before each ap-
plication of rule ALL-! and use appropriate equality constraints to
relate premise and conclusion of each rule instance.

We also introduce constraints which restrict the parameters in
the bottom judgement (T7 + £)° -, ¢ : |T'|” in such a way that it
corresponds to (I' 4 £)° k-, t : T. However, instead of stipulating
the precise number of !-s it suffices here to distinguish between !°
and ! for a # 0. This is because in LLF in view of rules DER and
DIG, 1A and 1A for @ # 0 and b # 0 are equivalent by rules
DER, DIG and CUT.

We explain below how the side conditions (*) translate into
additional constraints on the unknowns. Rather than continuing to
describe the construction of the skeleton derivation abstractly, we
refer to the concrete example shown in Fig. 7. In this example, the
type checking problem is I' = z:!(!B — C),y:!(A — B), z:!A
and t = z(yz) and T' = !C. Herein, A, B, C are base types that
are neither declared in the algorithmic typing contexts nor further
decomposed. We omit here for simplicity the declarations cv:(x, m)
for type variables in the contexts since they do not play any rdle in
the example.

‘ T



The constraints are shown in Figure 8. They comprise nonneg-
ativity constraints on all the unknowns appearing as “exponents”
to ! and as level annotations in algorithmic LLF-contexts. The con-
straints marked “initial” make sure the bottom judgement has the
required form (up to equivalence). The remaining ones stem from
the side conditions of the generic rule ALL-! as we describe now.

5.2.3 Transformation of condition (*) into arithmetic
constraints

The unknowns contained in a skeleton derivation must be chosen
in such a way that the side conditions (*) arising from instances of
rule ALL-! are met. Moreover, the unknowns are constrained to be
integers not arbitrary rationals or even reals.

We now show how these conditions can be transformed into a
tractable fragment of quantifier-free rational arithmetic and more-
over that solutions to those constraints are invariant under scaling,
so that satisfiablity over the rationals is equivalent to solvability
over the integers. This is crucial because the usual decision proce-
dures work over the rationals rather than over the integers and in
general satisfiability of arithmetic constraints over the integers is
NP-hard.

The parameter c in the rule ALL-! is represented by an addi-
tional unknown not subject to a nonnegativity constraint. In the ex-
ample, these additional unknowns are C'y;, ... 5} corresponding to
five rule instances.

The condition “T" is not of the form 7" is implicit in the ex-
ponential notation for iterated !-s. The conditions “I" ™ ok” are im-
plicit in the nonnegativity constraints for the unknowns appearing
in the conclusion of the rule.

The condition T™! ok can be represented as a conjunction of
inequalities of the form a # 0 with a subject to nonnegativity.
This is acceptable since all unknowns range over integers and
I''!ok <= I'“okforallc > —1.

After distributing disjunctions over conjunctions we then end
up with a polynomially-sized conjunction of disjunctions of the
forms a > 0 (nonnegativity) a + b = c (coupling of premise and
conclusion) anda 0V b # 0V c=0.

Finally, we remark that the unknowns corresponding to vari-
ables that do not occur in the term can be left unconstrained since
rule ALL-! allows arbitrary weakening.

Fig. 8 shows the set of constraints in the running example prior
to distributing.

5.3 Efficient decidability of type checking

Since the resulting system of constraints does not contain nonzero
constants, it is stable under scaling, i.e. multiplying a solution by
a constant yields a solution. As a result, integer satisfiability is
equivalent to satisfiability over the rationals.

Regarding satisfiability over the rationals we then note that the
system of constraints falls into the class of “Horn-DLR” introduced
and shown to be decidable in polynomial time in [14]. More pre-
cisely, a Horn-DLR is a conjunction of disjunctions where each
disjunction comprises disequations (#) and up to one inequality
(<). Summing up, we can therefore deduce:

THEOREM 16 (Decidability of LLF type checking). Let I' be an
LLF-context, t a term, T an LLF-type. It is decidable in polynomial
time whether I' =t : T holds.

Proof : By soundness and completeness of algorithmic type check-
ing it is enough to decide whether T'° I, t : T This, however, is
equivalent to the satisfiability (over the rationals by scaling) of the
constraint system arising from the corresponding skeleton deriva-
tion. This in turn is possible to decide in polynomial time by the
decision procedure for Horn-DLR. a

In our example, we have, however, not used the polynomial-time
algorithm from [14] but rather the practical implementation Yices
[8] which copes with arbitrary boolean combinations of rational in-
equalities, equations, and disequations (albeit without polynomial-
time guarantee).

The Yices solver outputs the following solution:

la b ¢ d e f g h i j k I C
1/1 101 0 1 0 1 1 1 0 1 =2
2 2 2 2 0 0 1 2
3 1 1 1 1
4 0 0 1
5 1

we remark that although the “exponents” to ! can be restricted to
0,1 this is not so for the unknowns appearing in context levels.
Indeed, there is no integer solution of the constraint system that
would set g2 to 0 or 1. As a result, it is not obviously possible to
reduce type checking to propositional logic.

5.4 Type inference problem

Given a system F typing judgement I" - ¢ : A, we note that the
system of constraints arising from the skeleton derivation ending
in (7 4+ £)° , t : AT yields a concise description (polynomial-
sized) of all possible LLF-annotations of that judgement, so that the
constraints system may be regarded a solution of the type inference
problem.

6. Conclusion and related work

We have solved the type checking and type inference problems for
LLF, a version of intuitionistic, affine linear logic with connectives
—o, 1.V, Our type checking algorithm accepts a well-typed Church
style system F term and decides, for an alleged typing in LLF
refining the given system F typing, whether it is indeed valid.
Our algorithm uses an algorithmic presentation of LLF that uses
levels in contexts and is similar to an algorithmic system for the
modal logic S4 [17] and a system also for linear logic developed
by Martini and Masini [16]. The algorithmic system can also be
seen as a judgemental version of the type inference algorithms
by Baillot and Terui [1, 2]. The former was for elementary linear
logic which has a somewhat simpler proof theory resulting in a
constraint system without any disjunctions; the latter was for a
restricted version of light linear logic with ! appearing to the left
of implication only. It would be interesting to see whether the
judgemental version used here could be used to simplify constraint
generation in those algorithms as well.

We also mention [6] and [4] where constraint-based algorithms
for type inference for elementary linear logic are given which
are, however, not polynomial time. In [5] a proposal to decorate
simply typed lambda-terms in intuitionistic linear logic is also
described, but it does not lead to a polynomial time procedure
either. The related notion of “linear decoration” was introduced and
pioneered by Schellinx and his coauthors [7, 19]. Here, the task
was to determine which of the !-operators introduced by Girard’s
translation from intuitionistic to linear logic can be omitted. This
has applications to the study of cut elimination, but does not solve
the type checking problem where a particular typing is prescribed.

It should be straightforward to adapt our algorithm to the S4
type system studied in [17] since the only difference is unrestricted
duplication which makes the system easier if anything. In partic-
ular, the somewhat annoying restriction on the cut rule LLF-CUT
could be relieved in that case.

We remark that the type checking algorithm contained in [17]
does not subsume that version since it requires usages of rules (in
our notation) LEAVE, ENTER to be explicitly marked in the term
whereas we can infer their placement.



It would be interesting to investigate to what extent the restric-
tion on rule LLF-CUT can be lifted in the linear system as well.
This would require the type inference to discover opportunities for
sharing identical (up to a-equivalence) subterms. Preliminary ex-
periments with a representation of terms with maximal sharing look
promising but are left for future work.
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