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Abstract. In this presentation we give an overview of Dual Light Affine
Logic (DLAL), a polymorphic type system for lambda calculus ensuring
that typable lambda terms are executable in polynomial time. We stress
the importance of proof-nets from Light linear logic for the design of this
type system and for a result establishing that typable lambda-terms can
be evaluated efficiently with optimal reduction. We also discuss the issue
of DLAL type inference, which can be performed in polynomial time for
system F terms. These results have been obtained in collaborations with
Terui [1], Atassi and Terui [2], and Coppola and Dal Lago [3].

Implicit Computational Complexity (ICC) is concerned with the study
of computation with bounded time or memory. It has emerged from early works
such as those of Leivant [4], Bellantoni and Cook [5], Jones [6], Leivant and
Marion [7]. Lambda calculus and functional programming play a key role in this
field. A particular interest is attached to feasible computing, by which we mean
computing in polynomial time in the size of the input (PTIME).

Instead of seeing execution time simply as a result of observation, the driving
motivation here is to shed some light on the nature of feasible computing, by
unveiling some invariants or some programming methodologies which can in a
modular way ensure that the resulting programs remain in the feasible class.
Challenging goals in this area are to obtain manageable programming languages
for feasible computing or to delineate some constructive proof systems in which
extracted programs would be certified to be of polynomial time complexity.

An important issue is that of intensional expressivity: even if all polynomial
time functions are representable, not all ICC systems have the same expressive
power when it comes to implement concrete algorithms.

Linear logic. Here we focus our attention on the linear logic (LL) approach
to ICC, which is based on the proofs-as-programs correspondence. By giving a
logical status to the operation of duplication linear logic provides a fine-grained
way to study and control the dynamics of evaluation. Indeed various choices of
rules for the modalities (ezponential connectives), regulating duplication, result
in variants of linear logic with different bounds on proof normalization (cut
elimination).
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This approach lead in particular to Bounded (BLL) [8], Soft (SLL) [9] and
Light linear logics (LLL) [10] (or its variant Light Affine Logic LAL [11]), which
correspond to PTIME computation. The language used is that of proof-nets, a
graph syntax for proofs. Using the Curry-Howard correspondence the system
LAL for instance gives a calculus for polynomial time computing in the ICC
approach (see e.g. [12]).

Types. We will describe a type system for lambda calculus obtained from
Light linear logic, called Dual Light Affine Logic (DLAL). If a term acting say,
on binary lists, is well typed in DLAL, then it runs in polynomial time. The
advantage here with respect to LAL is that the source language, lambda calculus,
is a standard one and the discipline for ensuring polynomial time bounds is
managed by the type system. A nice aspect also w.r.t. other type-based ICC
systems such as e.g. [13] is that the lambda calculus does not contain constants
and recursor, but instead the data types and the corresponding iteration schemes
are definable, as in system F. Indeed, DLAL, as other type systems from Light
logics can be seen as a refinement of system F types.

Proof-nets and boxes. Essentially a DLAL type derivation corresponds to
an LAL proof-net. The main extra information with respect to the underlying
system F term lies in the presence of bozes, corresponding to the use of modali-
ties. Boxes are a standard notion in the proof-net technology. They are usually
needed to perform proof-net normalization. We emphasize here a double aspect
of boxes in Light logics:

— from a methodological point of view: boxes are a key feature in Light logics
(and thus in the design of Light type systems) because they allow to enforce
some invariants which guarantee the complexity bound;

— from an operational point of view: boxes can somehow be forgotten for eval-
uation of (typable) terms; this can be achieved either by using the DLAL
type system and ( reduction, or by using optimal reduction, that is to say
graph rewriting.

We will illustrate this double aspect of boxes and the interplay between lambda
terms and proof-nets (Fig 1) by discussing the DLAL type assignment system,
optimal reduction of typable terms and finally DLAL type inference.

1 Type System DLAL and Proof-Nets

Dual Light Affine Logic (DLAL ) is a type system derived from Light Affine
Logic [1]. Its type language is defined by:

ABi=a|A—B|A= B|§A|Va.A,

where —o (resp. =) is a linear (resp. non-linear) arrow connective. An integer
called depth is attached to each derivation. The main property of DLAL is:

Theorem 1. If a lambda term t is typable in DLAL with a type derivation of
depth d, then any B reduction sequence of t has length bounded by O(|t\2d).
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Fig. 1. Lambda terms and Light proof-nets.

DLAL can be translated in LAL using (A = B)* = |A* — B*. Consequently
any DLAL type derivation corresponds to an LAL proof-net. These proof-nets
have two kinds of boxes: !-boxes, which are duplicable, and §-boxes which are
not. The depth of a DLAL derivation corresponds to the maximal nesting of
boxes in the corresponding proof-net.

All polynomial time functions can be represented in DLAL . However its
intensional expressivity as that of other Light systems is actually quite weak
(some simple PTIME system F terms are non typable). On the other hand
testing if a term is typable can be done efficiently, as we will see in Section 3.

2 Evaluating without Boxes: Optimal Reduction

Boxes are an important information in proof-nets and are needed for their nor-
malization (see e.g. [14]). However it turns out that DLAL typable lambda terms
can be evaluated with a local graph-rewriting procedure (without the boxes):
Lamping’s abstract algorithm for optimal reduction. The advantage of this ab-
stract algorithm with respect to Lamping’s general algorithm [15, 16] is that no
bookkeeping is needed for managing the indices, which makes it particularly
simple.

The fact that Lamping’s algorithm is correct for LAL or EAL (Elementary
Affine Logic) typed terms was actually a main motivation for the study of these
systems for quite a while [17]. However a recent result [3] is that Lamping’s ab-
stract algorithm applied to DLAL or LAL typable terms is of similar complexity
as proof-net reduction, that is to say polynomial in the size, if the depth is fixed.
This has been achieved by using as tools proof-nets and context semantics ([18]).



3 Recovering Boxes : Type Inference by Linear
Programming

We stressed that typable lambda terms can be evaluated efficiently without the
typing information. So, why would we need types anyway then ? Actually the
typing can be important: (i) to get an explicit complexity bound for the reduction
(Theorem 1); (ii) for modularity: to be able to combine terms together and stay
in the typable class.

The specificity of DLAL type inference is the inference of modalities, so we
consider as input a system F typed lambda term. Concretely type inference in
DLAL for this term can then be performed by decorating the syntax tree of the
term with boxes and the types with modalities, that is to say by constructing
a proof-net.An algorithm searching for such decorations by using constraints
generation and solving has been given in [2] (Fig. 2), after works on related
systems, e.g. in [19-21].
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Fig.2. DLAL type inference.

The algorithm relies on two ingredients:

— analysing where non-linear application (and hence !-box) is needed: this is
expressed by boolean constraints;

— searching for a suitable distribution of boxes (! or § boxes): the key point
here is to assign integer parameters for the number of (box) doors on each
edge, and to search for instantiations of these parameters for which valid
boxes can be reconstructed.

In this way a set of constraints on boolean (b;) and integer (n;) parameters is
associated to a term, expressing its typability. It contains:

boolean constraints, e.g. bi1=bs, b1 =0

linear constraints, eg. »,m<0

mixed boolean/linear constraints, e.g. by =1=>".n; <0.

A resolution method for solving the constraints system is given by the fol-
lowing two-step procedure:

1. boolean phase: search for the minimal solution to the boolean constraints.
This corresponds to doing a linearity analysis (determine which applications
are linear and which ones are non-linear).

2. linear programming phase: once the constraints system is instantiated with
the boolean solution, we get a linear constraints system, that can be solved
with linear programming methods. This corresponds to finding a concrete
distribution of boxes satisfying all the conditions.



This resolution procedure is correct and complete and it can be performed in
polynomial time w.r.t. the size of the original system F term. Any solution of
the constraints system gives a valid DLAL type derivation.
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