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CHAPTER 3

EMD EQUIV ALENT FIL TER BANKS,
FROM INTERPRET ATION TO APPLICA TIONS

Patrick Flandrin, Paulo Goncalvesand Gabriel Rilling

Huang's data-driv en technique of empirical mode decomposition (EMD)

is given a Iter bank interpretation from two complemertary perspec-
tives. First, a stochastic approach operating in the frequency domain
shows the spontaneous emergenceof an equivalent dyadic Iter bank
structure when EMD is applied to the versatile classof fractional Gaus-
sian noise processesSecond,a similar structure is observed when EMD is
operated in the time domain on a deterministic pulse. A detailed statis-
tical analysis of the observed behavior is carried out involving extensive
numerical simulations that suggesta number of applications. New EMD-

basedapproachesare usedto estimate the scaling exponerts in the case
of self-similar processesto perform a fully data-driv en spectral analysis,
and to denoise-detrend signals that contain noise.

3.1. Intro duction

Empirical mode decomposition (EMD) has been recertly pioneered by
Huang et al. (1998) for adaptively decomposing signalsinto a sum of \w ell-
behaved" AM-FM componerts consisting of natural \in trinsic" building
blocks that describe the complicated waveform. The technique has already
been employed successfullyin various applications (Coughlin and Tung
2004; Fournier 2002;Huang et al. 1998;Neto et al. 2004; Wu et al. 2001).

Although EMD is quite simple in principle, it still lacks a theoretical
foundation. Indeed, it is preserily de ned only asthe output of an iterativ e
algorithm, with no analytical de nition that could be usedfor performance
evaluation. The only way to better understand this technique is to resort
to extensive numerical simulations in well-cortrolled situations. Sudc an
\input-output” approad is adopted here, with the objective of obtaining a
detailed, yet empirical, statistical knowledge of the EMD behavior, just as
we might do for someunknown \ Iter" in signal processing.

Becausethe EMD algorithm is not uniquely de ned sinceit depends
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on a number of user-corirolled tunings such asthe particular interpolation
schemefor envelope extraction, the stopping criterion criterion usedin the
sifting process,and the manner in which border e ects are treated, we
assumethat its principle and the manner in which it is implemented are
known. More precisely the algorithm usedin this study was deweloped on
the basis on algorithmic considerations described in earlier publications
(seeRilling et al. 2003)and is available asa MATLAB code on the Internet
(http:/lp erso.ens-lpn.fr/patric k. andrin/emd.h tml).

3.2. A stochastic perspectiv e in the frequency domain

Our rst characterization of EMD is carried out in the frequency domain
from a stochastic perspective. The idea is to apply EMD to some broad-
band noisein order to understand how a full spectrum processis split into
its \in trinsic mode functions" (IMF). One versatile classof full spectrum
processess provided by saling processesfor which wavelets (unanimously
consideredas a naturally tted analysistool; seeAbry et al. 2000) can be
usedas a bendimark for performanceevaluation.

3.2.1. Model and simulations

Fractional Gaussiannoise (fGn, seeEmbrechts and Maejima 2002; Man-
delbrot and van Ness1968) is a generalization of ordinary white noise. It
is a versatile model for a homogeneouslyspreading broadband noise with-
out any dominant frequency band, is an intrinsically discrete-time pro-
cess,and may be described as the increment processof fractional Brown-
ian motion (fBm) sincefBm is the only self-similar Gaussianprocesswith
stationary incremerts. Consequetly the statistical properties of fGn are
ertirely determined by its second-orderstructure, which depends solely
upon one single scalar parameter, H, its Hurst exponert. More precisely
fxp[nl;n=":::; 1,0;1;:::gisafGn of index H (with 0< H < 1) if and
only if it is a zero-meanGaussianstationary processwhoseautocorrelation
sequenceay [K] := Efxy [n]xpy [n+ K]g is

2
ld= 5 gk 12 2k ks 2 (3.1)

It is well known that the special caseH = % reducesto (discrete-time,

uncorrelated) white noise, whereasother values induce non-zero correla-

tions, either negative when 0 < H < 1 or positve when 1 < H < 1

(long-range dependence). Taking the discrete Fourier transform of (3.1),
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we readily obtain the power spectrum density of fGn, or
X 1

— 2:42 f 12 .
Su(f)=C “je 1j i+ K

(3.2)
k=

with jfj 3. 1f H 8 1, we have Sy(f) C 2jfj* 2% whenf ! O.
It therefore follows that fGn is a corveniert model for power-law spec-
tra at low frequencies.From its spectral properties, the particular value
H = % delineatestwo domains with cortrasting behaviors. In the regime
O<H< % we have Sy (0) = 0, and the spectrum is high-pass(sometimes
referred to as an \ultra violet" situation). On the other hand, within the
range% < H < 1, we have Sy (0) = 1 with a \1=f"-type spectral di-
vergence(\infrared" catastrophe). In both situations, the power-law form
of the spectrum, although not exactly veri ed, is well approximated over
most of the Nyquist frequencyband. In other words, we have a quasi-linear
relation in log-log coordinates,

logSy(f) (1 2H)logjfj+ C;

for most frequencies % f

Nl

3.2.2. Equivalent transfer functions

Extensive simulations were carried out on fGn processeswith H values
ranging from 0:1 to 0:9. The presen study [whoseresultswere rst proposed
in Flandrin et al. (2004) with further extensionsin Flandrin and Goncalves
(2004)] generalizesthe study conducted independertly by Wu and Huang
(2004) for white noiseonly (H = %) and consistertly supports their ndings.

In all of our simulations, the data length was taken to be N = 512,
and, for eat value of H, J = 5000independert sample paths of f{Gn were
generatedvia the Wood and Chan (1994) algorithm. EMDs were computed
for all sample paths fxﬂ)[n]; n=1:::Ng (with j = 1;:::J), resulting in
a collection of IMFs referred to as,fdf(";)H [nl;n = 1;:::Njk = 1;:::Kj 0.
Although the number K; of IMFs varied from onerealization to the other,
none of the realizations generatedlessthan 7 modes. Therefore, K = 7 has
beentakenin this study asthe commonnumber of modesfor all realizations.

Given this dataset, a spectral analysis was carried out mode by mode
with the estimated power spectrum density (PSD) given by

1
S (F) = A m]wm]e 2 fm: jfj L.
m= N+1
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Figure 3.1:IMF power spectra in the caseof fractional Gaussian noise. The logarithm
of the estimated power spectrum densities (log-PSD) is plotted as a function of the
logarithm of the normalized frequency for the rst sewen IMFs. For H = 0:1;0:2;:::;0:9,
the spectral estimates have been computed on the basis of 5000 independent sample
paths of 512 data points. Theoretical PSDs of the full processesare superimp osed as
dashed-dotted curves. (Originally published in Int. J. Wavelets Multir esolut. Inform.
Process., 2, 477{496, c 2004 World Scientic.)
where w[n] is a Hamming taper, and
0 g 1
A [m] = Jlx @Ni di ldl, [+ jmjlA:  jmj N 1
j=1 n=1
is the ensenble average(over the J realizations) of the empirical estimates
of the auto-correlation function. The result of this spectral analysisis plot-
ted in Fig. 3.1, whosegraphs reveal a number of striking features:

(1) Regardlessof the value of the Hurst exponert H, the behavior of the
rst IMF (thick line) diers from that of the other modes. To a rst
approximation, it possessethe characteristics of a high-pass Iter while
higher order modesbehave similarly to a band-pass Iter. The (roughly
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half-band) high-pass character of the rst mode must be tempered,
howewer, by the fact that the maximum attenuation in the stop-band
is no more than 10 dB (as comparedto the maximum which occurs at
the Nyquist frequency % and there is a non-negligible cortribution in
the lower half-band in \ultra violet" situations H < %).

(2) As H varies from 0:1 to 0:9, the spectrum of the last IMF (k = 7)
progressiely ewlvesfrom band-passto increasingly low-pass,in accor-
dancewith the increasing predominance of low frequencies(\infrared
catastrophe").

(3) In a similar, but more generalmanner, the energy balance among the
di erent modesre ects the behavior of the global spectrum (superim-
poseddashed-dottedcurve) described by (3.2), the at spectrum when

= 5 (the caseof white noise), and the increasing(decreasing)power-
law spectrum whenH < 1 (H > 1).

(4) For modesk = 2 to 6 (band-passIMFs), all the spectra appear nearly
the same,with someshifts in abscissaand ordinate, and this nding is
surprisingly reminiscert of what is currently being obsened in wavelet
decompositions (seeFlandrin 1999; Mallat 1998).

This last obsenation suggeststhat we should examinein greater detail
how the di erent spectra are related to ead other for a given H. To this
end, we can usethe unique structure of IMFs: all extrema appear asan al-
ternation of local minima and maxima separatedby only one zero-crossing.
Finding the average number of zero-crossingsin a mode is, therefore, a
meaningful way of characterizing its mean frequency The average num-
ber of zero-crossings [K] is plotted in Fig. 3.2aasa function of the IMF
number k; this gure suggeststhe functional relation

k]! 5 (3.3)

where y very nearly equals2.

A more preciseched of (3.3) is shawn in Fig. 3.2b, wherethe estimated
scalingfactor  is givenby the slopefrom alinear t of a semi-logdiagram
of log, zy [K] vs. k for k = 2 to 6. The obsened decreasein the number of
zero-crossingsas the order of the IMFs increasesis nearly equal to 2 and
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Figure 3.2: (a) IMF average number of zero-crossingsero-crossing in the case of frac-
tional Gaussian noise. For clarity, only those curves corresponding to the extreme in-
dices H = 0:1 (circles) and H = 0:9 (squares) have been plotted in the diagram; the
remaining cases(H = 0:2;0:3;:::;0:8) lead to regularly intert wined similar curves. The
superimp osed solid lines correspond to linear ts within the IMF range k = 2 to 6. (b)
Corresponding decreaserate of zero-crossings (circles and dashed line), with the least-
squares quadratic t given by (3.4) superimp osed as a solid line. (Originally published
in Int. J. Wavelets Multir esolut. Inform. Process,, 2, 477{496, c 2004 World Scienti c.)

may be approximated by the quadratic expression:

. . 1 . 1 2.
Wo201+02 H 5 4012 H 3 (3.4)

Using (7.4), we canimprove our seard for self-similarity in the \ lter bank"
structure of Fig. 3.1. If we restrict ourselvesto the band-passiIMFs (k = 2
to 6), self-similarity meansthat

Sop (F) = & Osen (K ) (3.5)

The accuracy of this approximation is slightly dependent on the manner used to com-
pute the IMFs and, in particular, on the choice of the stopping criterion used for the
sifting process.Further studies will be necessaryto clarify this point.
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Figure 3.3: Renormalized IMF spectra in the case of fractional Gaussian noise. For
each value of H, the band-pass IMFs (k = 2 to 6) of Figure 3.1 are plotted according
to the renormalization given by (3.5) with = 2H 1, and the values of  are given
in Fig. 3.2b. (Originally published in Int. J. Wavelets Multir esolut. Inform. Process, 2,
477{496, c 2004 World Scientic.)

for some and any k> k 2. Consequetly, the power spectra of all
IMFs should collapseonto a single curve when properly renormalized. In-
deed, setting = 2H 1 veries this assumption as the corresponding
renormalizations convergeto the sametemplate (seeFig. 3.3). Evenif some
low frequency discrepanciesare presert (especially whenH < %), thesedi-
agramssupport our claim that, to a rst approximation, EMD acts on fGn
asa dyadic Iter bank of constart-Q band-pass Iters.

3.3. A deterministic perspectiv e in the time domain

Our secondapproad to the characterization of the lter-lik e structure of
EMD is constructed deterministically and in the time domain. Therefore,
we seekto obtain an equivalent impulse responseof the analysis.
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3.3.1. Model and simulations

Finding the impulse responseof a systemusually amounts to observingits
output when excited with a Dirac pulse (t) or, in discrete-time, a function

[n] that is zeroeverywhereexceptwhenn = Owith [0] = 1. Doing sois not
possible here since such an input signal would not consist of enoughlocal
extremato initiate the algorithm. An alternativ e is to consideran idealized
pulseasthe limit of a noisy pulseasthe signal-to-noiseratio goesto in nit .
From this point of view, we model the noisy pulse -[n]:= [n]+ " X1=5[n],
and the e ectiv e IMFs are de ned as

dy[n] = "!irrg+ Efdk.-[n]g;

where di.- [n] denotesthe k-th IMF of «[n].

In practice, we usedin our simulations zeromeanunit variance Gaussian
white noiseXx;-»[n], with " = 0:02 (corresponding to a signal-to-noiseratio
(SNR) of 34 dB, with SNR de ned as 10 log,q(1=varf " x;-,[n]g)). The data
length of ead realization hasbeen xed to N = 256, and simulations have
beencarried out on J = 5000independen realizations.

3.3.2. Equivalent impulse responses

The result of the simulation (averageEMD for our slightly noisy pulse) is
plotted in Fig. 3.4. Again, this gure shows a striking resenblanceto what
we would have obtained by using a wavelet analysis, the di erent averaged
IMFs apparertly all having the sameshape for ead order k.

To understand our results, we again seeka self-similar structure which
would reduceall of the IMFs to one universal waveform thanks to a well-
chosenrenormalization. Figure 3.5showsthat this reduction is indeedpossi-
ble. In constructing our waveform, we rst plotted the maximum amplitude
of the di erent IMFs as a function of their index. Doing so allowed us to
identify an exponertial variation of the form:

de[0] = 2¢ PK;

wherep  0:85. In the secondstep, we found that a dilation factor =
2°  1:80gave asuperposition of the di erent waveforms(and their spectra)
which we could expressas

1 1 onk

n
de[n] = — -

where (t) is a referencewaveform and analogousto a mother wavelet in a
multiresolution analysis. For our analysis, the interpolation schemeusedin
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Figure 3.4: Impulse response. The EMD equivalent impulse response was obtained by
averaging each IMF by using a large number of decompositions computed with a slightly
noisy pulse. Here, 5000 independent realizations from 256 data points were simulated
with a signal-to-noise ratio of 34 dB. The rst frame shows the average pulse and each
successie frame corresponds to the ensenble average of the rst six IMFs normalized in
amplitude mode by mode.

the EMD wasa cubic spline (seeHuang et al. 1998;Rilling et al. 2003;avail-
able online at http://p erso.ens-lpn.fr/patric k. andrin/emd.h tml). Note
how very similar (t) is to a cubic spline wavelet (third convolution power
of the Haar wavelet).

3.4. Selected applications

If we acceptthat EMD may be characterized in somecasesas a \sp onta-
neous" lter bank, then sewral potentially useful applications are immedi-
ately suggested.

3.4.1. EMD-b ased estimation of scaling exponents

Our rst application concernsthe estimation of the Hurst exponert H for
fGn basedon the EMD spectral analysis described in Section 3.2. Given



February 10, 2005 10:51 WSPC/T rim Size: 9in x 6in for Review Volume book

76 P. Flandrin, P. Goncalves and G. Rilling

the self-similar relation (3.5) for PSDs for band-passIMFs (index k > 1),
we can deducehow the variance should ewolve as a function of k. Assuming
that (3.5) holds for any k> k 2and =2H 1, wehave
Z 1=
VH [kOJ = var dko;H [n] = SkO;H (f ) o

1=2
Z -

A Skih ( EO Kf)d
1=2

0
.(4 DO vy [k;
which leadsto
Vhk]= Cc 2 Dk (3.6)

The IMF variance should be an exponertially decreasingfunction of the
IMF index with a decgy rate which is alinear function of the Hurst exponert
H. Experimental evidencefor this behavior is given in Fig. 3.6 where a
semi-log diagram (in base 2) givesthe (energy-based)empirical variance
estimate
" #
1% X ) o 2
Oy [K] = 3 — di4y [n] (3.7)
j=1 n=1
as a function of the index k. From a logarithmically linearized version of
(3.6), straight lines may be tted to the di erent curves.The slope y then
givesan estimated Hurst exponert H via

B =1+ (3.8)

H .
-
Figure 3.6 shaws that (3.6) holds only for IMF indicesk > 1. Furthermore,
the error increasesas H becomessmall (typically, the model ts the data
reasonablywell for H > 1).

To better understand our ability to estimate H from the slope of a \log-
energyvs. IMF index" diagram, one must considernot only the ewlution
of the varianceasa function of the modes,but alsothe possiblecorrelations
which may exist within and betweenmodes. To this end, we focuson band-
passIMFs (k > 1) and evaluate the two-dimensionalcorrelation function¥

Dy [k%n% := Efdyn [n]dis ko [n + n%g

YThe de nition of this quantity is based on the implicit assumption that IMFs are,
jointly, second-order stationary processes.
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Figure 3.5: Self-similarit y. The logarithm of the maximum amplitude of IMFs 2to 5in
Fig. 3.4 is given by a linear function of the IMF index (top left diagram). Renormalizing
these IMFs, either in time (top right) or in frequency (bottom left), yields an unique
curve. The \impulse response” is similar to a cubic spline wavelet (bottom right).

by using the averagegempirical estimate L
N Ky( K9 Ny nY% . .
Bulktin’= 3 O 40 60 g I+ n9IA 5 (39)
j=1 k=2 n=1
with jn§ N 1andjkj K 2. Here, K denotesthe largest IMF
index minus 1, and we have discarded the residual. This two-dimensional
correlation function of the full IMF matrix is plotted in Fig. 3.7 and shows
that modes with dierent indices are essetially uncorrelated. The only
signi cant valuesof Dy [k%n9 correspond to k°= 0, i.e., to intra-scale cor-
relations, with a correlation decey which becomesslower asH is increased.
The e ects of using our estimate of the Hurst exponert H given by (3.8)
and the slope y deducedfrom (3.7) on (3.9) are twofold. First, because
of the non-zerointra-scale correlations, the variance estimate Yy [k] given
by (3.7) would experience large uctuations, especially when the Hurst
exponerts H and IMF indicesk are large. Second,the negligible inter-scale

correlations should allow for an estimate of the slope y from a weighted
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Figure 3.6: Estimated IMF logz-variance in the caseof fractional Gaussian noise. The
values of the empirical (energy-based) variance estimates are given by dotted lines for
dieren t values of the Hurst exponent H. The error bars correspond to the standard
deviations asscaciated with the 5000 realizations run in the study. The mean value of the
estimated Hurst exponents is also given, based on a weighted linear t within the IMF
indices range k = 2 to 6. For clarity, all curves have been arbitrarily shifted along the
vertical axis to avoid overlapping. (Originally published in Int. J. Wavelets Multir esolut.
Inform. Process, 2, 477{496, c 2004 World Scierti c.)

linear regressionfrom a semi-logdiagram of log, Q4 [K] vs. k. Further results
from the e ectiv e performance of this EMD-based estimator of H (and
comparisonswith wavelet-basedapproades) can be found in Flandrin and
Goncalves (2003).

3.4.2. EMD as a data-driven spectrum analyzer

If oneacceptsthat EMD behavesasa homogeneouslter bank for processes
whose(full) spectrum varies monotonically, one can further investigate how
this method decomposesprocessesvith a lessregular spectrum. Figure 3.8
shows the preliminary results obtained for an auto-regressie (AR) process
of order 4. While EMD doesachieve a Iter bank-like decomposition in this
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3.7: Two-dimensional correlation function of the IMF matrix

Figure

fractional Gaussian noise. For each Hurst exponent H, the graph displays the quantity

iBu [K%nYj given by (3.9) as a function of time and scale (IMF index lag).

case,the interpretation of thesemodesrequires somecaution. With regard
to the rst IMF, the selectedmain frequencyband is fully data-driven and

automatically adapted to the highest frequency resonance.On the other

hand, as noted earlier with regards to the non-negligible capture of low

frequenciesby IMF 1

some cortributions at lower frequenciesalso occur.

These cortributions may include resonancesat lower frequencies;they can

also correspond to artifacts which must be compensatedby IMFs of higher
orders. These situations may be identi ed by examining intermodal corre-

lation coe cien ts: The larger the correlation is, the lesssigni cant is the

splitting into separatecomponerts. A quantitativ e evaluation of this inter-

modal correlation is plotted in Fig. 3.8
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Figure 3.8: EMD as a spectrum analyzer. In the case of an AR(4) process, whose
pole constellation in the upper half unit circle is plotted on the top left diagram, the
ensenble averaged spectral analysis (over 50 realizations) of the rst v e IMFs is given
in the right column of the gure. The bottom frame displays the cumulativ e spectrum
(solid line) obtained by summing up the v e spectra and compares it to the model's
spectrum (dotted line). The bottom left diagram is a schematic of the normalized IMF
cross-correlation (3.10) with the (unit) diagonal articially forced to be zero so as to
enhance the gray scale dynamic range (IMF indices grow from left to right and from top
to bottom).

and

X

(J)[k, k(ﬁ = d(kJ’,)_| [n] d(kjo);H [n]:

L
N n=1

By de nition, we have 0 [ k;k9 1. Figure 3.8 clearly shows that the
non-negligible values (as comparedto 1) of [ k;k9 correspond to index
pairs (k;k9 for which the IMF DSPs have a large amourt of frequency
overlap.
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Figure 3.9: Experimental \mo degrams" in the case of fractional Gaussian noise. For
three di eren t values of the Hurst exponent, the statistical characteristics (mean, median,
con dence intervals) of the logarithm of the estimated EMD variance have been plotted
as a function of the IMF index. The linear model (3.11) is also plotted. (Originally
published in Int. J. Wavelets Multir esolut. Inform. Process., 2, 477{496, c 2004 World
Scierti c.)

3.4.3. Denoising and detrending with EMD

A detailed knowledge of IMF statistics in situations where noiseis presen
can help in gauging the signi cance of a given mode. This idea, which has
beenpioneeredby Wu and Huang (2004), can be usedto separatea signal
from noise. Two possible methods, namely denoising (by removing those
modesidenti ed as noise) and detrending (by keepingonly them), can be
used.

With regardsto the variabilit y of the variance estimate, Fig. 3.6 givesa
rough, second-orderindication basedon the obsened standard deviation. A
greater appreciation can be gainedfrom Fig. 3.9, in which the experimental
mean, median and various con dence intervals are plotted for H = 0:2, 0:5
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and 0:8, aswell as
log, V4 [K] = log, OH [2]+ 2(H 1)k 2)log, w (3.12)

for k 2, which was derived from (3.6). This seriesof simulations (which
was carried out on 10000 realizations of 2048 data points in ead case)
shows increasingly larger uctuations for modes as the indices increase?
This nding agreeswith (and is a generalizationof) the ndings reported in
Wu and Huang (2004) for the caseof white noise.Figure 3.10also suggests
that we may parameterize Ty [k] by using the formula:

log; (Iogy(Th [K]=Wh [K])) = an k + by; (.12

where Wy, [K] denotesthe H-dependent variation of the IMF energy As
noted earlier, the bestlinear t occurswhenthe medianof the IMF's energy
is usedto compute Wy, [K] over the realizations. The parametersay and by

can be deducedfrom the simulation results in Fig. 3.9, and their valuesare
reported in Table 3.1. In practice, Wy [1] can be estimated from

X
Whl= &y ng; (3.13)
n=1
and subsequenh values of Wy [K] are given by
Whlkl=Cy ¢ ™% k2 (3.14)

where Cy = Wy [1= 1. The parameter  usedto compute Cy can, in
turn, be estimated from the data displayed in Fig. 3.9, and its valuesare
givenin Table 3.1.

Given theseresults, a possiblestrategy for denoisinga signal corrupted
by fGn (with a known H) is as follows:

Table 3.1: Con dence Interval Parametersfor the Linear Model (3.12).

H H @y (95%) Dby (95%) an(99%) by (99%)

0.2 0.487 0.458 2:435 0.452 1:951
0.5 0.719 0.474 2:449 0.460 1:919
0.8 1.025 0.497 2:331 0.495 1:833

2The skewed (marginal) distribution of these \mo degrams" yields better agreemernt if
the linear model (3.12) usesthe median rather than the mean of the realizations.



February 10, 2005 10:51 WSPC/T rim Size: 9in x 6in for Review Volume book

EMD Equivalent Filter Banks 83

25 — 25 ‘ 25 ‘

0.5 0.5 0.5

-05 -05 -05

relative confidence interval
o
T

relative confidence interval
o
T

relative confidence interval
o
T

) 5 10 o 5 10 o 5 10
IMF IMF IMF

Figure 3.10: Relativ e con dence intervals. The (base 2) logarithm of the relativ e con-
dence intervals given in Fig. 3.9, i.e., log, (log, (Ty [k]=WH [K])), behaves essertially
linearly as a function of the IMF index k, suggesting (3.12). For each of the three values
of H, the crosses(circles) correspond to a condence interval of 95% (99%), the dot-
ted (dashed) lines refer to the caseswhere the reference W [k] is chosen by using the
mean (median) of the IMF energiesover the realizations, and the solid lines indicate the
corresponding best linear t.

(1) Assumingthat the rst IMF captures most of the noise, estimate the
noiselevel in the noisy signal by computing Wi, [1] from (3.13).

(2) Estimate the \noise only" model by using (3.13) and (3.14).

(3) Estimate the corresponding model for a chosencon dence interval from
(38.12) and Table 3.1.

(4) Compute the EMD of the noisy signal, and comparethe IMF energies
by using the con dence interval as a threshold.

(5) Compute apartial reconstruction by keepingonly the residual and those
IMFs whoseenergy exceedsthe threshold.

An alternativ e strategy for detrending fGn-type noise processconsists
of computing the complemenrary partial reconstruction basedon only those
IMFs whoseenergyis below the threshold.
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Figure 3.11: Denoising and detrending. An example of an amplitude-mo dulated, low-
frequency oscillation embedded in fractional Gaussian noise with a Hurst exponent H =
0:3 is plotted in (b). The estimated energies of the seven IMFs are plotted in (a) as
the thick line, together with the \noise only" model (thin line) and the 99% con dence
interval (dotted line). The partial reconstruction obtained by adding the EMD residual
and IMFs 5to 7 [only those whose energies exceedthe threshold in (a)] is plotted in (c)
as a solid line and is superimp osed on the actual signal component (dotted line). The
partial reconstruction of IMFs 1 to 4 is plotted in (d).

A simple example of the EMD approadc to denoisingand detrending is
givenin Fig. 3.11, which presens the caseof an oscillatory, low frequency
waveform embedded in fractional Gaussiannoise. A companion example
cortaining actual data (heart-rate variability) is givenin Fig. 3.12.

3.5. Concluding remarks

We have showvn that EMD achievesa speci ¢ form of hierarchical Itering.

This result is in agreememn with the intuition assaiated with the EMD
principle. However, becauseEMD still lacks a sound theoretical founda-
tion, a careful and detailed analysis basedon extensive numerical simula-
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tions was necessaryfor assertingand quarntifying this behavior. In the cases
shown here, we obsened the \sp ontaneous" emergenceof an equivalernt |-
ter bank structure which hasthe advantage of being fully data-driven. Fur-
thermore, becauset is local in time, this structure canadapt automatically
to nonstationary situations with greater exibilit y than other approades
using a pre-determined decomposition scheme. Although somepossibleap-
plications have beenoutlined, their potential usefulnesswill require further
studies that compare EMD to alternative methods for speci ¢ tasks while
endeasoring to make the theory more rigorous.
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