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Differential Reassignment
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Abstract—A geometrical description is given for reassignment Il. GEOMETRIC PHASE AND LEVEL CURVES

vector fields of spectrograms. These vector fields are shown E ti 1 ts that . t t foll th
to be connected with both an intrinsic phase characterization quation (1) suggests that reassignment vectors follow the

and a scalar potential. This allows for the generalization of the level curves of some two-dimensional (2-D) function related
original reassignment process to a differential version based on a to ¢(¢,w). However, whereas such level curves are expected

dynamical evolution of time-frequency particles. to be covariant to shifts of the signal in the time-frequency
Index Terms—Reassignment method, time-frequency distribu- plane, care has to be taken in the selection of this 2-D function
tions. since, by itself, the phase of the STFT appears to depend on

the choice of an origin in the time-frequency plane. Indeed,
if we denote[T f](x) = f(x — s) the time shifted version of

a signal f, we get
HE reassignment method has been introduced first to

improve the readability of time-frequency representations Fr, p(t,w) = Fy(t — s,w)e™™?,
[1], [2]. It can be considered as a postprocessing based
the definition of a time-frequency displacement vector fiel
r(t,w) = (Ht,w) —t,o(t,w) —w)*, wheret(t, w) and(t, w)
stand for the coordinates of the reassignment point associ
with the time-frequency pointt,w) where the distribution

has been computed. In the spectrogram case,.this vectprf Aﬂ geometric phased, .., (tw) is the phase we would
can be related to the phagét,w) of the short-time Fourier have observed, if we had chosen our origir(fat wo), at the

transform (STFT). Precisely, it admits the quaSisymme"{ﬁne-frequency point with coordinatef#, «) with respect to

form this new frame. Moving the origin in time from zero tg
r(t,w) = (=t/2 = 0¢/0w, —w/2 + dp /)" (1) means that the function value ¢fat a distance fromthe new
. - origin will be given by f(t+to) = [W(—to,0)f](¢). Similarly,
provided that the definition of the STFT m.akes use of tr}ﬁovmg the time frequency origin téf,wo) corresponds to
Wey! operator[W (¢, w)h|(z) = h(z — t)exp i(wz — tw/2) replacing f by W(—to, —wo)f. So

according to
) ) (I)(to,wo)(tv w) = arg{(W(—to, —wo)f, W(t,w)h)}
Fy(t,w) = (f,W(t,w)h) = / Fl@)h* (= t)ere'/2 dy. = arg{(f, W (to, wo)W (t,w)h)}.

What we propose in this letter is to focus on a geometrical Since we have
desc_ription of the reas_signment vector field. We show iy (¢, wo)W (¢, w)h](z)
Section Il how the reassignment vector field can be expressed Wit b Y it 2
in terms of an intrinsic “geometric phase,” the reassignment ~ (to, wo)(h(z - )ere )
vectors being tangent to level curves of this phase. The same = h(z — (t — to))¢/Pletwo)a—wtwo)(t4to)+(twn —tow)]/2
vector field is shown in Section Ill to be connected 10 @  — [17 (¢, + ¢, wy + w)h|(z)c/l(tow0) (1)l/2
scalar potential, which relates the reassignment process to ' _
a steepest descent method. This interpretation allows fowg can expres®,, .,)(t,w) with the help of the symplectic
differential generalization of the original reassignment methd@rm [(to, wo)(t,w)] = two — tow as
based on a dynamical evolution of time-frequency particles, o _
with possible applications to problems such as the partitioning Pty ) (8 @) = ¢t + to,w + wo) — [(fo, wo) (¢, )]
of the time-frequency plane. This shows in a straightforward manner that the reassign-
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I. INTRODUCTION AND NOTATIONS

fth the result thatp(t,w) is not covariant to shifts in time
the signal. Similar equations can be written with frequency
shifts. This shows that the choice of the origin in the time-
uency plane influences the phage,w). To address this
@roblem, we introduce a new functichy,, ..)(t,w) that we
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Ill. SCALAR POTENTIAL AND STEEPESTDESCENT when analyzing with a Gaussian window of arbitrary variance

2 2 -

Let us rewrite the STFT (we will now denot&(t,w) for % h(f) = 7r_1_/4/\/56_t /24, the additional term can be
short) in a Bargmann-like way [3] wittF a function of the Written analyticallyG(t, w) = —(a — 1/a)F(t/a, aw), with 7
complex variablez = w + it and of its complex conjugate e reassignment vector obtained with a unit variance Gaussian
2*, as follows: window. G(t,w) vanishes whem = 1, i.e., when returning

to the Bargmann case.
F(t,w) = F(z,2*) exp(—|2*/4). (2)

The phases of” and F are obviously equal. Thus, by noticing V. DIFFERENTIAL REASSIGNMENT

thatlog F(¢,w) = log | F(¢,w)| +i¢(t,w) and using (1), itis  The fact that a link exists between the reassignment vector
possible to express the reassignment vectors with the parfield and a scalar potential suggests to look at the system whose
derivatives of F dynamical behavior is governed by this potential. From this
N perspective, let us consider that the reassignment vector field
tt,w) =t =t/2 = Im{d.F/F} is the velocity field that controls the motion of each time-
=—t/2 = Im{(9.F +0.-F)/F}, (3) frequency contribution’(,w) considered as a particle, with
Ot,w) —w=—w/2+ Im{G,F/F} (t,w) as its starting position. We obtain the following motion

=—w/2+Re{(8.F —8..F)/F}. (&) equations:

The differentiation oflog £'(¢,w) tEO; =t
w(0) =w
OP[F ==t[2+(i0.F = i0.. F)[ F dt(s)/ds =(t(s),w(s)) — t(s)
QEIE =24 (0.F = 0= F)F dio(s)ds = D(#(5),0(5)) = w(s) ©®)
gives rise to another couple of equations, as follows: which define a process referred to diferential reassign-
Re{OF/F} =—t/2 — Im{(0.F — 8.- F)/ F} ment In the unit variance Gaussian case, (6) describe a fully
=a,|F|/|F|, dissipative system so that each particle converges to some

_ maximum oflog | F|. Differential reassignment can be viewed
Re{d F[F} =—w/2+ Re{(0.F + 0. F) [ 7} as a PDE-based processing of time-frequency “images,” or
=0u|F|/|F| as a generalization of the fixed point algorithm used by the
from which, when mixed with (3) and (4),0ne can deduce thAfi9& and skeleton approach [4]. (Let us briefly recall that
such an algorithm is looking for maxima lines of Gabor (or
r = Vlog |F| — 2(Im{d.- log F}, Re{d.- log F})* wavelet) transforms by exploring the time-frequency (or time-
scale) plane along a direction that is necessarily parallel to the
frequency or time axes, whereas we have shown here that, in

result can be interpreted in the following way. Given th91e unit Gaussian case, differential reassignment always uses

Bargma_nn factorization (2) of th? STFT, its reass'gnmeme shortest way to reach the ridge.) Taking into account the
vector flefld can be decomposeq in two terms, one which dbove derived properties of the reassignment vector field, it
the .gradlent of a scglar potential (namalys |£°|) a_n(_j an pecomes natural to describe a signal in the time-frequency
additional one which is a measure of the nonanalyticity-of plane in terms of attractors, basins of attraction and water-

l.f the_observatlon W.meWh IS a Gau5_3|an fP”C“O” _Of sheds. A variety of signal characterizations can be deduced
unit variance (whose isocontours are circles in a W|gnﬂr

; . it deri he B om such a parametrization. For instance, a partitioning [5]
representat!on), f"e'“’ Ih we are COPS' ering the argmag e time-frequency plane in distinct signal components can
representation of a “coherent states” space f3]s an entire be obtained this way, each component corresponding to the

function of z, and thusd..7 = 0 (Cauchy equations). We (o ¢ o)) time-frequency particles that converge to the same
conclude that attractor

where the equality holds oveR?\{(t,w)|F(t,w) = 0}. This

7(t,w) = Vlog |F]| (5)
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