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Département de Mathématiques M1 - Analyse avancée

TD 10: FOURIER TRANSFORM AND TEMPERED DISTRIBUTIONS

EXERCISE 1. Let A € S;F(R) be a definite positive real matrix. Prove that the function u defined
on R” by u(z) = e~ 4%} belongs to the Schwartz space & (R™) and that its Fourier transform is

given by
nG(E) =4/ ™ —l(a7leg)
Ve e R",  u(§) Jot A © 1 .

Hint: Begin by considering the case n = 1, and diagonalize the matrixz A to treat the general case.

EXERCISE 2.

1. Let A C R"™ be a measurable subset with finite measure. Prove that 14 belongs to L2(R™)
but not to L'(R").

2. Are there two functions f,g € & (R"™) not being identically equal to zero and satisfying the
relation fx g =0 7 Same question for some functions f et g with compact supports.

3. Prove that the equation f * f = f has no non trivial solution in L!(R"), but has an infinite
number of solutions in L?(R™).

EXERCISE 3. By computing the Fourier transform of the functions f = 1|_; /3 1/9] and f* f, show

that
sint\ 2
/() dt = .
R t

EXERCISE 4 (Heisenberg’s uncertainty principle). Prove that for all f € #(R™) and j € {1,...,n},

ot 12y = ) ey o 1665 =07 ey = 2711
acR 17 L2(R™) peg 1117 L2Rm) = 4 L2(Rm)
When is this inequality an equality ?
EXERCISE 5. Let us consider the interval I = [~1,1] and the following subspace of L?([)

BL%(I) = {ue L*(R) : 4 = 0 almost everywhere on R\ I}.

1. Prove that BL?(I) is a Hilbert space.
2. Check that BL?(I) C C%,(R) and that the corresponding embedding is continuous.
3. Let us consider the continuous extension of x +— sinz/z, denoted sinc.
(a) Prove that the family (7~ '/27y,, sinc)rez is a Hilbert basis of BL2(I).
(b) Prove (sampling theorem) that any element u € BL?(I) can be decomposed as follows

u(z) = Z u(27k) sinc(z — 27k),
keZ

the convergence being uniform in R, and also holds in L?(R).



EXERCISE 6. Give the example of a function f € C*°(R) such that
(¢) There is no polynomial P such that |f| < |P|.

(73) The linear form
eI @) [ fla)olz)da,
R

defines a tempered distribution.

EXERCISE 7. Prove that the following distributions are tempered and compute their Fourier trans-
form:

1. do 3. H (Heaviside), 5. |z| in R.
2. 1, 4. p.v.(1/x),

Indication : p.v.(1/x) is an odd distribution, so its Fourier transform is also odd.

EXERCISE 8. The aim of this exercice is to compute the Fourier transform of the following tempered
distribution on R?

(T, = /R o(e,z)dr, o€ S (R).

1. Let ¢ € #(R?). Prove that

~

<T7 ¢>3)’9 = lim I ou I.= / 675:]62{/;(33,2@ dx.
’ e—0t R

2. By using the expression of 12;(3:, x), show that

=27 /R (e, 2VEC — € ded.

3. Deduce the expression of T.

EXERCISE 9. We consider the Schrédinger equation

(1)

iOu+Au=0, (t,x)eR*xR"
Ut=0 = UQ.

1. For up € S(R™), solve the equation (1) in C°(R, S(R™)) N CH(R*, & (R™)).
2. Justify that the Fourier transform of the function etl€l” is well defined.
3. Show that for a € C with negative real part,

g_l(eamz) - e%f
(—4amr)d/2 ‘

4. Check that this formula also holds in §’'(R™) when « € iR.
5. Deduce that there exists a constant C' > 0 such that for all ¢ > 0,

c
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