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TD 11: Sobolev spaces

Exercise 1.

1. Let K : R2n → C be a continuous function. Assume that there exists A > 0 such that

sup
x∈Rn

∫
Rn
|K(x, y)| dy ≤ A and sup

y∈Rn

∫
Rn
|K(x, y)|dx ≤ A.

For all u ∈ C∞0 (Rn), we set

(Pu)(x) =

∫
Rn
K(x, y)u(y) dy, x ∈ Rn.

Schur’s lemma: prove that P can be extended as a bounded operator Lp(Rn) → Lp(Rn) for
any p ∈ [1,+∞], with an operator norm smaller than A.

2. Application: Let ϕ ∈ C∞0 (Rn) and N ≥ 1 be a positive integer. We define the Fourier
multiplier ϕ(N−1Dx) by

ϕ(N−1Dx)u := F−1(ϕ(N−1·)) ∗ u, u ∈ C∞0 (Rn).

Prove that the operator ϕ(N−1Dx) can be extended as a bounded operator Lp(Rn)→ Lp(Rn)
for any p ∈ [1,+∞], and that there exists a positive constant A > 0 not depending on the
integer N such that for all u ∈ Lp(Rn),

‖ϕ(N−1Dx)u‖Lp(Rn) ≤ A‖u‖Lp(Rn).

Exercise 2.
1. Show that Hs1(Rn) embeds continuously into Hs2(Rn) for s1 ≥ s2.
2. Check that δ0 ∈ Hs(Rn) for s < −n/2.
3. When s ∈ N∗ is a nonnegative integer, the Sobolev space is also given by

Hs(Rn) =
{
u ∈ L2(Rn) : ∀|α| ≤ s, ∂αu ∈ L2(Rn)

}
.

Exercise 3.
1. Prove that if s > n/2, the space Hs(Rn) embeds continuously to C0

→0(Rn), the space of
continuous functions u on Rn satisfying u(x)→ 0 as |x| → +∞.

2. State an analogous result in the case where s > n/2 + k for some k ∈ N. Deduce that⋂
s∈RH

s(Rn) ⊂ C∞(Rn).
3. Let us now consider s ∈ (n/2, n/2 + 1).

(a) Show that for all α ∈ [0, 1] and all x, y, ξ ∈ Rn:∣∣eix·ξ − eiy·ξ∣∣ ≤ 21−α|x− y|α|ξ|α.
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(b) Deduce that for all α ∈ (0, s − n/2), there exists a constant C(α) > 0 such that for all
u ∈ S(Rn) and x, y ∈ Rn,

|u(x)− u(y)|
|x− y|α

≤ C(α)‖u‖Hs(Rn).

(c) Conclude that Hs(Rn) embeds continuously to Cα(Rn), the space of α-Hölder functions.

Exercise 4. Assuming that s belongs to [0, n/2), the purpose of this exercice is to prove that
Hs(Rn) ↪→ Lp(Rn), where p = 2n/(n− 2s). To that end, let us recall that for all u ∈ Lp(Rn),

‖u‖pLp(Rn) =
∫ ∞
0

pλp−1
∣∣{|u| > λ}

∣∣dλ.
Considering u ∈ S(Rn) and Aλ > 0, we set u1,λ = F−1(1|ξ|<Aλ û) and u2,λ = F−1(1|ξ|≥Aλ û).

1. Prove that
∀x ∈ Rn, |u1,λ(x)| ≤ CA

(n−2s)/2
λ ‖u‖Hs(Rn).

Deduce that there exists some Aλ such that |{|u1,λ| > λ/2}| = 0.
2. Show that for this choice of Aλ,

‖u‖pLp(Rn) ≤ 4p

∫ ∞
0

λp−3‖u2,λ‖2L2(Rn) dλ.

3. Conclude.

Exercise 5. Prove that there exists a positive constant c > 0 such that for all u ∈ S(R3),

‖u‖L∞(R3) ≤ c ‖u‖
1/2
H1(R3)

‖u‖1/2
H2(R3)

.

Hint: Considering R > 0, use the following decomposition

‖û‖L1(R3) =

∫
|ξ|≤R

〈ξ〉|û(ξ)| dξ
〈ξ〉

+

∫
|ξ|>R

〈ξ〉2|û(ξ)| dξ
〈ξ〉2

.

Exercise 6 (Trace on an hyperplane). Let us consider the function

γ0 : ϕ(x
′, xn) ∈ C∞0 (Rn) 7→ ϕ(x′, xn = 0) ∈ C∞0 (Rn−1).

Prove that for all s > 1/2, the function γ0 can be uniquely extended as an application mapping
Hs(Rn) to Hs−1/2(Rn−1).
Hint: For all ϕ ∈ C∞0 (Rn), begin by computing the Fourier transform of the function γ0φ.

Exercise 7 (An estimate). Let 0 < α < 1 and p > 1 be positive real numbers. Show that there
exists a positive constant Cα,p > 0 such that for all u ∈ C∞0 (Rn),(∫∫

Rn×Rn

(
|u(x)− u(y)|
|x− y|α

)p dxdy

|x− y|d

)1/p

≤ Cα,p‖u‖1−αLp(Rn)‖∇u‖
α
Lp(Rn).

Hint : Consider the two regions {|x− y| > R} and {|x− y| ≤ R}, where R > 0 is to be chosen.
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