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Département de Mathématiques M1 - Analyse avancée

TD 11: SOBOLEV SPACES

EXERCISE 1.
1. Let K : R?2® — C be a continuous function. Assume that there exists A > 0 such that

sup/ |K(z,y)|dy <A and sup/ |K(z,y)|dz < A.
zeR" JRn yeRn JRn

For all u € C§°(R"), we set

(Pu)(z) = RHK(:c,y)u(y) dy, = €R"™

Schur’s lemma: prove that P can be extended as a bounded operator LP(R™) — LP(R™) for
any p € [1,4+o0], with an operator norm smaller than A.

2. Application: Let ¢ € C§°(R™) and N > 1 be a positive integer. We define the Fourier
multiplier o(N~'D,) by

O(N'Du:=F Y o(N"1)) xu, ue CRM).

Prove that the operator ¢(N~'D,) can be extended as a bounded operator LP(R™) — LP(R™)
for any p € [1,4+00], and that there exists a positive constant A > 0 not depending on the
integer N such that for all u € LP(R"),

lo(N ™' Dy )ul| porny < Allull 1o @n)-

EXERCISE 2.
1. Show that H*(R") embeds continuously into H*2(R") for s; > sa.
2. Check that §g € H*(R") for s < —n/2.
3. When s € N* is a nonnegative integer, the Sobolev space is also given by

H¥(R") = {u € L*(R") : V|a| < s, 0%u € L*(R")}.

EXERCISE 3.

1. Prove that if s > n/2, the space H*(R") embeds continuously to C%,(R"), the space of
continuous functions u on R" satisfying u(xz) — 0 as || — +o0.

2. State an analogous result in the case where s > n/2 + k for some k € N. Deduce that
Nser H°(R™) € C(R™).
3. Let us now consider s € (n/2,n/2+1).
(a) Show that for all & € [0,1] and all z,y,{ € R™:

‘eim-é . eiy-é‘ < 21704|‘r . y‘a’ﬂa.
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(b) Deduce that for all a € (0,s — n/2), there exists a constant C'(«) > 0 such that for all
ue P (R") and z,y € R,

[uz) = uly)|

< Cla)l|lu s(R™) -
|J,‘—y|a = ( )” HH (R™)

(c¢) Conclude that H*(R™) embeds continuously to C“(R"), the space of a-Holder functions.

EXERCISE 4. Assuming that s belongs to [0,n/2), the purpose of this exercice is to prove that
H*(R"™) < LP(R™), where p = 2n/(n — 2s). To that end, let us recall that for all u € LP(R"),

o0
lull gy = /0 A {lul > A} .

Considering u € #(R") and Ay > 0, we set u; ) = 9*1(]1|€|<Akﬂ) and ug ) = 9*1(]1‘52&@).
1. Prove that
—25)/2
Vo € R, Jua(x)] < CAL 2l oy

Deduce that there exists some Ay such that [{|u; x| > A/2}| = 0.
2. Show that for this choice of Ay,

[l gy < 40 [ Nl O

3. Conclude.

EXERCISE 5. Prove that there exists a positive constant ¢ > 0 such that for all u € & (R3),

1/2 H H1/2

HUHLOO(]R?’ < CHUHHl (R3) H2(R3)"

Hint: Considering R > 0, use the following decomposition
~ v dE 21~
e = [ ©R@IE+ [ (@R
®) €|<R & Jiesr (€)?
EXERCISE 6 (Trace on an hyperplane). Let us consider the function
0 : (@, x0) € CE°(R™) = (2, 2, = 0) € CEO(R™).
Prove that for all s > 1/2, the function vy can be uniquely extended as an application mapping
H*(R™) to HS~1/2(Rn1).
Hint: For all o € C§°(R™), begin by computing the Fourier transform of the function yo¢.

EXERCISE 7 (An estimate). Let 0 < a < 1 and p > 1 be positive real numbers. Show that there
exists a positive constant Cy , > 0 such that for all u € C§°(R"),

p 1/p
u(x Y dzdy o
(// R <‘ |z — y\c(v )‘> |z — y!d> =G ’pHu”L” r) IVl 2o ey -
nx n

Hint: Consider the two regions {|z — y| > R} and {|z — y| < R}, where R > 0 is to be chosen.




