Ecole Normale Supérieure de Lyon Année 2023 - 2024
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TD 6: INTRODUCTION TO DEFECT MEASURES

EXERCISE 1. Let K = [—m,7].
1. Let p: R — R be a continuous function supported in the interval [—1, 1] such that

/Rp2(x) dz =1.

Consider the sequence (wy,),, defined by
wy(z) = Vnp(nz), xe€ K, n>1.

Prove that (w,,), converges weakly to zero in L?(K) and that for all f € C(K),

n—oo

lim [ f(@)hwa(2)]* dz = f(0).
K

Is the sequence (wy,), converging strongly ?

2. Let (un)n be a sequence in L?(K) which converges weakly to zero. Prove that there exists
a sub-sequence (U () )n Of (un)n and a continuous linear form I € CY(K)* such that for all

f € CUK),

n—oo

Deduce that (u,())n converges strongly if and only if [ = 0.
3. Consider the sequence (vy,)n, defined by

vp(x) =sin(nz), =z € K,n>1.

Check that (v,,), converges weakly to zero in L?(K). Prove then that there exists a continuous
linear form [ € CO(K)* such that for all f € C°(K),

lim | f(2)lon(2) do = U().

n—oo

Compute the numbers [(1) and [(cos(5x)).



