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Département de Mathématiques M1 - Analyse avancée

TD 9: DisTRIBUTIONS (II)

EXERCISE 1. Let p € Cg°(R™) be such that 0 < p < 1, suppy = {z € R" : || < 1} and [z, p = 1.
For all € > 0, we set p.(z) = "p(x/e).
1. Prove that for all ¢ € C§°(R"),

sup [(pe * p)(x) — p(z)] — 0.

zER" =07
2. Check that for all f € LP(R"), lim._,o+ ||pe * f — fllzrmn) = 0.

EXERCISE 2. Let 2 be an open subset of R™.
1. Let ¢ € C®(Q x R") and T € @'(R"™). Assume that there exists a compact K C € such that

Yy € R", supp(p(-,y)) C K.
Prove then that the function y € R" — T'(¢(+,y)) is in C*°(R™), with moreover
Va e N, 9/(T(¢(y)) = T ¢())-

2. Let o € C(Q2 x R™) and T € 9'(Q2). Prove that

[ retanar=1( [ etaa)
EXERCISE 3.

1. Let 6 € C§°(R) such that §(0) = 1. For all ¢ € C§°(R), prove that there exists ¢ € C§°(R)
such that

Vo e R, p(x) — p(0)0(x) = zi(a).

2. Solve 2T =0 in 9'(R).
3. Solve 2T =1 in 9'(R).
4. Solve (x — 1)T = &g and (x — a)(z — b)T = 1 with a # b in 9’ (R).

EXERCISE 4. For all z € R and € > 0, we set
fe(z) = log(z + ic) = log |x + ic| + i Arg(x + i),

the argument being taken in (—m, 7).
1. Prove that as € goes to zero, the sequence (f.) converges in %’(R) to the locally integrable
function fy € L} (R) defined by

loc

log(z) when = > 0,
folz) = .
log |x| +im when z < 0.
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2. Compute f} in 9'(R).
3. Deduce that the following equality holds in 9'(R)

1 .
x40

i = —imd v.(1/x).
J, oo = i+ p v (1)

4. Show similarly that
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EXERCISE 5.
1. What can be said about a distribution 7" € %’(R) which satisfies T € C(R) ?
2. Same question with a distribution 7' € 9’(R) such that T = 0 for some integer n € N.

3. Let 2 be a measurable subset of R”, p € [1,4+00) and B), be the unit ball of LP(2). Prove that
if a distribution 7' € %’(R") is bounded on B, N D(Q), then T € LI(Q), where g € (1, 4]
satisfies 1/p+1/q = 1.

EXERCISE 6.
1. Let T € 9'(R) and f € Li (R). For all ¢ € R, we set

loc

x
F.(z) = c—l—/ f(t)dt, z=eR.
0
Prove that T" = f if and only if there exists ¢ € R such that T' = F,.
2. Check that for all T € 9’(R), the following convergence holds in 9’(RR)

7'_hT—T_> ,
h h—0

where 7_j, denotes the translation operator.

3. Prove that a distribution 7' € %’(R) is a Lipschitz function if and only if 7" € L*(R).
Hint: Use the question 8 of the previous exercice.

EXERCISE 7. Let E, € L}, .(R") be the function defined by

log(|z|) when n = 2,
Bl :{ g(|zl)

|z|>~™  when n > 3.

1. Let u € C?(R™\ {0}) be a radial function, i.e. u(x) = U(|x|) where U € C?(R*). Prove that

n

— L0 (a)).

]

Vo e R"\ {0}, (Au)(z) =U"(lz]) +
2. Let o € C3°(R™). Justify that

(AEL)(p) = lim [ En(z)(Ap)(x)dz,

e—=0T Jq,

where Q. = {z € R" : |x| > ¢}. By using Green’s formula, conclude then that there exists a
constant ¢, € R such that AE,, = ¢,dp in 9'(R")



