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TD 1: SOBOLEV SPACES AND ELLIPTIC EQUATIONS ON THE WHOLE SPACE

EXERCISE 1. Let us consider the function
0 (e, x0) € CRPR™) = (2, 20 = 0) € CRP(R™ 1),
Prove that for all s > 1/2, the function vy can be uniquely extended as an application mapping

HS(RTL) to Hs—l/Q(]Rn—l)'
Hint: For all ¢ € C§°(R™), begin by computing the Fourier transform of the function ~yo¢.

EXERCISE 2.
1. Show that H'(R?) is not included in L>(R?).
Hint: Consider a function of the form x — x(|z|) |log |z||
2. Show that there exists a positive constant ¢ > 0 such that for all u € S(R?),

1/3

el zoe vy < 1+ lullzn ey log (1 + ullsr2ee)) )-
EXERCISE 3. Let A > 0. Prove that for any s > 0, the differential operator —A + X is an
isomorphism from H**t2(R") to H*(R").

EXERCISE 4. Let p be a compactly supported C* function on R3. We are looking for a function
u € C%(R3) satisfying
— Au=p, (1)

under the following decreasing conditions at infinity
z +— |z|u(z) is bounded, z — |z|*Vu(z) is bounded. (2)
1. Check that the function  +— 1/|z| is of class C? on R3\ {0} and compute its Laplacian.

2. Let Q be a smooth open subset of R®. We denote by n(z) the unit normal vector exiting at
x € 0Q and do the measure surface on 0§2. We consider two functions w,v of class C? on €.
By using Stokes’ formula, prove Green’s formula for the Laplacian:

/Q(vAu —uhv)de = /m (van - u8n> do(z).

3. For 0 < a < B, we define the following sphere and annulus
Sa={zeR’:|z|=a} and A,p={reR’: a<|z|<p}.

Let 0 < ¢ < R. We consider u € C%(R3) satisfying (2). For all x € R3, prove the following

identity
5% / u(z +y) do(y) = /AE’R (_A“fy(f Y 4y + 0 <11%) +0().



4. Prove that the unique solution of (1) satisfying (2) is given for all z € R? by

_ 1 p(y)
u(z) = 47 /Rs |z —y| dy.

5. Let p € [1,3). Check that there exists a constant C, independent of p, such that

3 1 3
Vel o gy < Collolhtgn 1] L0

Hint: Consider the domains {|x —y| < r} and {|x — y| > r}, and optimize with respect to r.

6. Prove the following formula:

1 p(z)p(y)
Vul2 - — PIRI) qe dy.
el = 55 [, [ Sy aos

EXERCISE 5. The purpose of this exercice is to prove with a variational method that given a
positive real number p > 1 and a function f € L?(R), there exists a unique function u € H%(R)
satisfying

u’ +u+|uftu=f in L*(R). (3)

1. In this question, we prove that there exists a unique u € H'(R) such that

1
Vv € HY(R), /0 (u/ (z)V (x) + w(z)v(z) + [u(@) P u(z)v(z) — f(z)v(z))dz =0.  (4)

To that end, we introduce the functional J : H*(R) — R defined for all u € H'(R) by

1
T =5 [ (@) + W@ e+ — [ @l o= [ s

a) Check that the functional J is well-defined, strictly convex and coercive.

b) Prove that the functional .J is differentiable on H'(R) and give the expression of its
derivative.

¢) Deduce from the preliminary question that the variational problem (4) admits a unique
solution u € H'(R).

2. Prove that the unique function u € H'(R) satisfying (4) belongs to H?(R) and is also the
unique function that satisfies (3).

3. When the function f is continuous on R, check that u € C?(R) is a strong solution of (3), in
the sense that
Vo €R,  —u"(z) +u(2) + u(@)P " u(z) = f(2).



