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ũ
N

w
ith

N
term

s
su

ch
th

at

‖u
−
ũ
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−
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−
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Λ
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Λ
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−

U
   ||n

−
2

−
3

−
5

−
6

−
4

−
1

F
ix

ed
n
u
m

b
er

of
iteration

at
each

step
j
→


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=
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+
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−
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‖‖V
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∑
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‖
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p
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b
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P
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=
P
n
−
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=
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∈

Γ
j

d
iscretisation

of
a

fon
ction

u
on

Γ
j ,
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p
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⊂
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recon
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−
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p
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−
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p
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Û
j
∈
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b
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∈
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p
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⇔
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⇔
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⇔
(U

0 ,D
0 ,···

,D
J
−

1 )
=
M
U
J

=
(d
λ
)
λ
∈
∇

J

P
h
y
sical

grid
Γ
J

M
u
ltiscale

grid
(p

oin
t

valu
es)

∇
J

C
om

p
lex

ity
of
M

an
d
M

−
1:
O

(C
ard

(Γ
J
))

2
4



'&

$%

C
om

p
ression

T
h
resh

old
in

g:
given

a
level

d
ep

en
d
en

t
th

resh
old

η
=
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racy

for
low

ord
er

sch
em

es.

(ii)
ex

act
com

p
u
tation

of
T

Λ̃
n
+

1
η

E
J
V
nJ

b
y

lo
cal

ad
ap

tive

recon
stru

ction
on

fi
n
e

grid
:

m
ore

accu
rate

b
u
t

m
ore

costly.
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N
u
m

erical
illu

stration

In
1D

:
com

p
arison

of
A

M
R

an
d

lo
cal

recon
stru

ction
on

S
o
d

tu
b
e

test.
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L
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ref
M

R
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F
or

a
low

ord
er

referen
ce

sch
em

e,
on

ly
lo

cal
recon

stru
ction

p
reserves

th
e

accu
racy

w
ith

a
su

b
stan

tial
red

u
ction

of
C

P
U

tim
e

an
d

m
em

ory
sp

ace
(1/20

at
b
est).3
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E
rror

A
n
aly

sis

R
em

ark
:

ad
ap

tive
evolu

tion
w

ith
lo

cal
recon

stru
ction

is
given

b
y

V
n
+

1
J

=
T

Λ
n
+

1
η
T

Λ̃
n
+

1
η

E
J
V
nJ
.

C
om

p
are

U
n
+

1
J

=
E
J
U
nJ

w
ith

V
n
+

1
J

=
T

Λ
n
+

1 T
Λ̃

n
+

1 E
J
V
nJ
.

C
u
m

u
lative

error
an

aly
sis

b
etw

een
b
oth

solu
tion

s:

‖U
n
+

1
J

−
V
n
+

1
J

‖
≤
‖E

J
U
nJ
−
E
J
V
nJ
‖

+
d
n
,

w
ith

d
n

=
‖V

n
+

1
J

−
E
J
V
nJ
‖
≤
t
n

+
c
n

w
h
ere

t
n

:=
‖T

Λ
n
+

1 T
Λ̃

n
+

1 E
J
V
nJ
−
T

Λ̃
n
+

1 E
J
V
nJ
‖,

c
n

:=
‖T

Λ̃
n
+

1 E
J
V
nJ
−
E
J
V
nJ
‖,

d
en

ote
th

e
th

resh
old

in
g

an
d

refi
n
em

en
t

errors.
T

h
e

an
aly

sis
of

refi
n
em

en
t

an
d

th
resh

old
in

g
strategies

sh
ou

ld
allow

to
con

trol
b
oth

term
s

w
ith

a
p
rescrib

ed
p
recision

ε.
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C
on

trolin
g

th
e

th
resh

old
in

g
error

A
n
aly

sis
b
ased

on
u
n
d
erly

in
g

con
tin

u
ou

s
w

avelet
sy

stem
(ψ

λ
):

‖U
J
−
T

Λ
U
J
‖
≤

∑λ
/∈
Λ

‖d
λ
ψ
λ
‖.

F
or

th
e
L

1
n
orm

,
th

is
gives

‖U
J
−
T

Λ
U
J
‖
≤
C

∑
λ
/∈
Λ

2
−
d
|λ
||d

λ
|,

an
d

th
erefore

w
ith

η
j

=
2
djη

0 ,

‖U
J
−
T
η U

J
‖
≤
C

∑

2
−

d
|λ
||d

λ
|<
η
0

2
−
d
|λ
||d

λ
|

-
C

ru
d
est

estim
ate:

η
0 #

(∇
J
)
∼
η
0 2
d
J
⇒

take
η
0

=
ε2
−
d
J
.

-
B

etter
estim

ate:
η
0 #

(Λ̃
n
+

1)
⇒

take
η
0

=
ε/#

(Λ̃
n
+

1).

-
E

ven
b
etter:

take
largest

η
0

s.t.
∑

2
−

d
|λ
||d

λ
|<
η
0
2
−
d
|λ
||d

λ
|
≤
ε.
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C
on

trolin
g

th
e

refi
n
em

en
t

error

H
arten

’s
refi

n
em

en
t

ru
le

for
h
y
p
erb

olic
eq

u
ation

s
(assu

m
in

g
C

F
L

con
d
ition

for
th

e
referen

ce
sch

em
e

∆
t
≤
C

2
−
J
):

-
If
|d
λ
|
>
η
|λ
|
in

clu
d
e

in
Λ̃
n
+

1
η

th
e

n
eigh

b
ors

of
λ

at
th

e
sam

e
level.

-
If
|d
λ
|
>

2
r
−

1η
|λ
|
also

in
clu

d
e

th
e

ch
ild

ren
s

of
λ

at
th

e
fi
n
er

level.

H
ere

r
rep

resen
ts

th
e

ord
er

of
accu

racy
of

th
e

p
red

iction
op

erator.

N
ot

su
ffi

cien
t

to
p
rove

th
at
|d
λ
(E

J
V
nJ
)|
<
η
|λ
|
if
λ
/∈

Λ̃
n
+

1
η

.

T
h
is

can
b
e

p
roved

b
y

a
m

ore
severe

refi
n
em

en
t

ru
le:

refi
n
e

of
n

level
if

2
n
(s
−

1
)η
|λ
|
≤
|d
λ
|
<

2
(n

+
1
)(s
−

1
)η
|λ
| ,

w
ith

s
th

e
H

öld
er

sm
o
oth

n
ess

of
th

e
u
n
d
erly

in
g

w
avelet

sy
stem

.

In
p
ractice,

h
ow

ever,
w

e
ob

serve
th

at
H

arten
’s

ru
le

is
su

ffi
cien

t
an

d

th
at

th
e

th
resold

in
g

error
d
om

in
ates

th
e

refi
n
em

en
t

error.
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A
cru

d
e

error
estim

ate

A
ssu

m
in

g
stab

ility
in

th
e

p
rescrib

ed
n
orm

‖
·‖

for
th

e
referen

ce

sch
em

e
in

th
e

sen
se

th
at
‖E

J
U
−
E
J
V
‖
≤

(1
+
c∆
t)‖U

−
V
‖,

th
is

y
ield

s
th

e
cu

m
u
lative

(to
o

p
essim

istic)
estim

ate

‖U
n
+

1
J

−
V
n
+

1
J

‖
≤

(1
+
c∆
t)‖U

nJ
−
V
nJ
‖

+
ε
≤
···

≤
C

(T
)n
ε
∼

ε∆
x

M
ain

d
efects

of
th

is
an

aly
sis

:

-
In

m
ost

p
ractical

cases,
w

e
ob

serve
th

at
th

resh
old

in
g

an
d

refi
n
em

en
t

error
d
o
es

n
ot

accu
m

u
late

lin
early.

-
N

o
error

b
ou

n
d

availab
le

in
term

s
of

th
e

n
u
m

b
er
N

.
of

w
avelet

co
effi

cien
ts

w
h
ich

is
u
sed

to
rep

resen
t

th
e

ad
ap

tive
solu

tion
(w

e
are

n
ot

en
su

red
th

at
N
<
<

#
(Γ
J
)).

S
u
ch

a
b
ou

n
d

w
ou

ld
req

u
ire

th
at

th
e

relevan
t

B
esov

-S
ob

olev
sm

o
oth

n
ess

w
h
ich

govern
s

th
e

n
on

lin
ear

ap
p
rox

im
ation

error
in
‖
·‖

is
p
reserved

u
n
d
er

th
e

action
of

evolu
tion

an
d

th
resh

old
in

g.
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