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Univariate Approximation
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Univariate Approximation

- -

® f(x),r€]0,1]

# Approximate f by piecewise constants
o Types of approximation: , Nonlinear
# Select a metric/norm || - || to measure distortion

£l = /Q H@P AP, 0<p< oo

® || fllr ) =supgeqlf(@)], p=o0
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Linear approximation

-

# Divide [0, 1] into n equal length intervals
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# Divide |0, 1] into n equal length intervals
o I, ={[E &L k=0, .,n-1}

n’> n

® S, :={5:95isconstant on each I € 11,,}
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Linear approximation

-

# Divide |0, 1] into n equal length intervals
o I, ={[E &L k=0, .,n-1}

n’> n

® S, :={5:95isconstant on each I € 11,,}
® S, isalinear space
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Typical functionin §,,
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Linear approximation

-

# Divide [0, 1] into n equal length intervals
.

-

® S, isa space

® Given f € L,|0,1], define error

En(f)pi= inf |If =S,
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Nonlinear: Free Knot Splines

o .

# Divide [0,1] into n intervals I; = [&;, &i41],
O=¢ <& < <&, =1
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Nonlinear: Free Knot Splines

o .

# Divide [0,1] into n intervals I; = [&;, &i41],
O=¢ <& < <&, =1

9

® Y isnota space: 51,59 € X, but S1 + Sy € Yo,
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Nonlinear: Free Knot Splines

o .

# Divide [0,1] into n intervals I; = [&;, &i41],
O=¢ <& < <&, =1

o
® Y isnota space: 51,59 € X, but S1 + Sy € Yo,
® Given f € L,|0,1], define error

ou(f)p = inf |If =Sl
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Nonlinear: Adaptive

o .

® For each interval I, £(I) the local L, error in
approximating f by constants

B(1) = inf || = ell,
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Nonlinear: Adaptive

f ® Foreachinterval I, £(I) the local L, error in T
approximating f by constants

B(1) = inf || = ell,

# Given error tolerance ¢ > 0 generate partition 7. such
that for all

o -

Cargese — p.7/4¢€



Nonlinear: Adaptive

f ® Foreachinterval I, £(I) the local L, error in T
approximating f by constants

B(1) = inf || = ell,

# Given error tolerance ¢ > 0 generate partition 7. such
that for all

® Tis if B(I) < e
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Nonlinear: Adaptive

=

For each interval I, £(/) the local L, error in
approximating f by constants

B(1) = inf || = ell,

Given error tolerance ¢ > 0 generate partition 7. such
that for all

Tis if B(I) < e
Tis bad if E(I) > ¢
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Nonlinear: Adaptive
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# |[nitially if £(]0,1]) < e then algorithm terminates and
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Nonlinear: Adaptive

f # |[nitially if £(]0,1]) < e then algorithm terminates and T

o if £(|0,1]) > ethen set B, := {|0,1|} and

#® Recursion: Foreach I € B, putchild Jof I'In g, ifitis
good, put itin B, if it is bad. Remove I from B,
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Nonlinear: Adaptive
-

Initially if £(]0,1]) < e then algorithm terminates and

if £(]0,1]) > ethen set 5, := {[0,1]} and

Recursion: Foreach I € B, putchild Jof I in ¢, ifitis
good, put itin B, if it is bad. Remove I from B,

Stop when B, = 0, ,
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Nonlinear: Adaptive
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o best approximation to f by piecewise constants
on
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Nonlinear: Adaptive

o .

o best approximation to f by piecewise constants
on

® a,(f)p :=inf{e: N. <n}
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Adaptively generated partition
_ o
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Tree associated to adaptive partition
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[0,1]

[0,1/2] [1/2,1]
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Comparison

o .

# Approximation classes: a > 0
define A% (L,, linear splines) as the setof all f € L,[0,1]
such that
En(f)p<Cn™ @, n>1
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Comparison
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# Approximation classes: a > 0
define A% (L,, linear splines) as the setof all f € L,[0,1]
such that

En(f)p S Cn_aa n > 1

o Similarly define A“(L,) for the other forms of
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Comparison

o .

# Approximation classes: a > 0
define A% (L,, linear splines) as the setof all f € L,[0,1]
such that

En(f)p <Cn ™, n2>1

o Similarly define A“(L,) for the other forms of
approximation

® A7 (Ly) finer scaling: same approximation order «

©.@)

Flager,) = Q_InEa(£)pl)"*

n=1
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Approximation Classes. Linear
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» Fix the L, space to measure error

o -

Cargese — p.13/4¢€



Approximation Classes. Linear

o .

» Fix the L, space to measure error
® A°(Lp, linear) = B3 (L)

o -

Cargese — p.13/4¢€



Approximation Classes. Linear

o .

® Fix the L, space to measure error
® A°(Lp, linear) = B3 (L)
#® Proved by Scherer +
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yproximation: A’ _(L,) Besov space of smq
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(1/p, 0)(L,)
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Approximation Classes: free knot splines
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» Fix the L, space to measure error
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» Fix the L, space to measure error
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Approximation Classes: free knot splines

-

» Fix the L, space to measure error

® AJ(L,, nonlinear) = B3(L;), % s + zl?

# Petrushev, DeVore-Popov (splines);
DeVore-Jawerth-Popov (wavelets)

=
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Approximation class: freeknot splines

-

B

Sobolev Embedding Line

ﬂ.r:\”-JJ 000D0000000000000000000000000000000000000000000000000000000000000000000000000000004
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Adaptive approximation

4
Sobolev Embedding Line
L \‘ p
Adaptive 7 1
\\“ . — =+ —
(L] o r P
. 1 .
(1/1{), 0) (LP) —
.
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Example: Approximation in L.
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® p = oo approximation order O(n™1)
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® p = oo approximation order O(n™1)
# Linear approximation f’ € L

# Nonlinear approximation (free knot splines) ' € L, or
f e BV

o -

Cargese — p.18/4¢€



Example: Approximation in L.
f ® p = oo approximation order O(n™1) T
# Linear approximation f’ € L

# Nonlinear approximation (free knot splines) ' € L, or
f e BV

® Adaptive approximation f’ € LiogL: for example f' € L,
for some p > 1
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Example: f(z) =2 0<a<1—1/p

| .

En(f)p & Cn~(o+1/p) on(f)p < Cn™!

Break points/ wavelets concentrate near singularity at 0
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Example: piecewise smooth

o .

En(f)y = Cn= P an(f)p < Cn7!

Breakpoints/wavelets concentrate near singularities
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Wavelets. Haar Wavel et

H(z) :{ -1, z€l0,1/2)

+1, zel1/2,1],

VY-H —
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Wavelets. Haar Basis

B o

® Hi(x):=2"2H2x —k), I =[k277,(k+1)277]
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Wavelets. Haar Basis

B o

® Hi(x):=2"2H2x —k), I =[k277,(k+1)277]
® D, ={leD:|I| <1}
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Wavelets. Haar Basis
- o

® Hy(z):=2"2H2x—k), [ =[k277, (k+1)27]
® D ={IcD:|I|<1)}

® {Xj0.1} U{Hr}1ep, IS @ complete orthonormal system in
LQ[Ov 1]
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Haar Basis

LIJ[0,1/2) lIJ[1/2,1)
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Wavelet tree

L)
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Linear Approximation with Haar Basis

o .

# Natural ordering of dyadic intervals
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Linear Approximation with Haar Basis

o .

# Natural ordering of dyadic intervals
#® X, span of first n Haar functions
#® X, Is alinear space

® EJ(f)p =infgex, [[f — gHLp[O,l]
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Linear Approximation with Haar Basis

-

=

Natural ordering of dyadic intervals
X, span of first n Haar functions
X, Is a linear space

B(f)p = infgex, [|If = gllz,0.

This iIs linear approximation because X, is a linear
space

© o o o @

-
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Linear Approximation with Haar Basis

-

© o o o @

°

=

Natural ordering of dyadic intervals
X, span of first n Haar functions
X, Is a linear space

B(f)p = infgex, [|If = gllz,0.

This iIs linear approximation because X, is a linear
space

The approximation classes for linear approximation with
Haar wavelets are identical to those with piecewise
constants.
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(1/p, 0)(L,)
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n-term approximation

L)
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Nonlinear Approximation with Haar Basl
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# n-term approximation
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& n-term approximation
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Nonlinear Approximation with Haar Basl

o .

# n-term approximation

® >, = {S — ZIEAC[H[ ; #(A) < n}
#® ), Isnota linear space
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Nonlinear Approximation with Haar Basl

o .

& n-term approximation

o >, = {S — ZIEAC[H[ ; #(A) < n}
® 3, isnota linear space

® 0,(f)p:=infgen, |f - SHLP[O,l]
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Nonlinear Approximation with Haar Basl

o .

n-term approximation

Y =S =) rencrHr: #(A) <n}
>, IS not a linear space
on (f)p :=nfgex, [|f — SHLP[O,l]

This is nonlinear approximation because decisions are
made dependent on f

© o o o @
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Nonlinear Approximation with Haar Basl

-

© o o o @

°

-

n-term approximation

Zn = {S = ZIGA C[H[ : #(A) § n}

>, IS not a linear space

on (f)p :=intses, |[f =S|z 01
This is nonlinear approximation because decisions are
made dependent on f
The approximation classes for nonlinear approximation
with Haar wavelets are to those with piecewise

constants.
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roximation class n-term Haar approxime

-

-

Sobolev Embedding Line

ﬂ.r:\”-JJ 000D0000000000000000000000000000000000000000000000000000000000000000000000000000004
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So Why Wavelets??
-

# Simplicity of numerical implementation
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© o o o

So Why Wavelets??
-

Simplicity of numerical implementation
How can we find best n-term approximation??
In Lo take n terms with largest coefficients

DJP: Same strategy works in L,, 1 < p < oo, and other
spaces (Sobolev)
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Greedy Approximationin X = L,

o .

® Write f =) ,.pcr(f)drwith |[¢r||x =1
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#® A,(f) Indicies of n largest coefficients |c;(f)|
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Greedy Approximationin X = L,

o .

o Write [ = ZIED C[(f)wj with H¢1||X =1
#® A, (f)Indicies of n largest coefficients |c;(f)]

®  Galf) = 2ren,p crlH)Yr

o -

Cargese — p.31/4¢€



Greedy Approximationin X = L,

o .

o Write [ = ZIED C[(f)lﬁ[ with HZﬂjHX =1
#® A, (f)Indicies of n largest coefficients |c;(f)]

®  Galf) = 2ren,p crlH)Yr

® Temlyakov:.

|f = Ga(/)llx < Cxon(f)x

o -
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-

Greedy Approximationin X = L,

® Write f =) ,.pcr(f)drwith |[¢r||x =1

<

©

9

-

A, (f) Indicies of n largest coefficients |c;(f)|

( ) EZIGA ( )¢7

Temlyakov:

|f = Ga(/)llx < Cxon(f)x

Greedy strategy is near optimal

-
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Thresholding isnear optimal in L,

o .

(fsm) ==L |er(f)] > n}y N = #(A(f,n))
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Thresholding isnear optimal in L,

o .

® A(f,n)=A{I:|ei(f)] >n}t, N :=#(A(f.n))
® Ty(f) = Drencry cr()v
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Thresholding isnear optimal in L,

- ® A(fim) =L |er(f)| >n} N :=#(A(f,n)) -
® Ty(f) = Drencry cr()v
N

| -
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Generalizations
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# X a Banach space: {v;} basis
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Generalizations
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# X a Banach space: {v;} basis
® f=3 "¢y
o A\,(f)setofindices of n largest |c;(f)]

® Gu(f) =2 jen.p (N
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Generalizations

-

# X aBanach space: {vy;} basis

® f=> "¢

® A, (f) setofindices of n largest |c;(f)|
o

o

Gn(f) =2 jen. () G ()Y
When do we have || f — G (f)|[x < Cxon(f)x?
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Generalizations

-

# X a Banach space: {v;} basis

® f=3 "¢y

o A\,(f)setofindices of n largest |c;(f)]
.

-

.

Gn(f) =D jen.(p) ¢i(N);

Konjagin-Temlyakov: Near optimal equivalent to the
basis is unconditional and democratic

o -
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K
K
K
K
9
K

Generalizations

X a Banach space: {v;} basis

f= Z(J); ci(f);

A, (f) set of indices of n largest |c;(f)]

Gn(f) =D jen.(p) ¢i(N);

Konjagin-Temlyakov: Near optimal equivalent to the

basis Is unconditional and democratic

Democratic

| Srentrllx _
IS ren llx

whenever #(A) = #(A)

C

-
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Wavelet Bases

o .

o Wavelet bases are democratic in L,, 1 < p < oo, IN Hy,
p=1
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Wavelet Bases

o .

o Wavelet bases are democratic in L,, 1 < p < oo, In H),
p=1

® | X enrlr, = #(M)VP
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Wavelet Bases

o .

# Wavelet bases are democratic in L,, 1 < p < oo, IN Hy,
p=1

® |3 cptrlln, &~ #(A)VP

©

Crmine;(FI#A)P <113 e (s,

ceA
/ JEA
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When doweget o,(f), = O(n™*)
- o

® Lot |[(eh)lle, = (272 e )YT
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When doweget o,(f), = O(n™*)
- o

® Lot |[(eh)lle, = (272 e )YT

# rearrangement of (c;):
c; the n-th largest of |¢;|, j € {1,2, ..., }
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When doweget o,(f), = O(n™*)
. bl (eplle, == (S5 lesI )M N

# rearrangement of (c;):
c;, the n-th largest of |¢;|, j € {1,2,...,}

» weak-/,:
¢t < Mn~HT
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When doweget o,(f), = O(n™*)
. bl (eplle, == (S5 lesI )M N

# rearrangement of (c;):
c;, the n-th largest of |¢;|, j € {1,2,...,}

» weak-/,:
¢t < Mn~HT

# smallest M gives |(c;)|ue.
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When doweget o,(f), = O(n™*)
. bl (eplle, == (S5 lesI )M N

# rearrangement of (c;):
c;, the n-th largest of |¢;|, j € {1,2,...,}

» weak-/,:
¢t < Mn~HT

# smallest M gives |(c;)|ue.

® X =17L,1<p<oo,{¢;} greedy basis.
(cj) ewlr, 1/T=a+1/p <

on(f)p If = Gu(f)llL, CMn™, n=12,...
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When doweget o,(f), = O(n™*)
. bl (eplle, == (S5 lesI )M N

# rearrangement of (c;):
c;, the n-th largest of |¢;|, j € {1,2,...,}

» weak-/,:
¢t < Mn~HT

o smallest M gives |(¢;)|yue.
® X =17L,1<p<oo,{¢;} greedy basis.
(cj) ewlr, 1/T=a+1/p <

on(f)p If = Gu(f)llL, CMn™, n=12,...

8 0l — Gal( DL )E ~ (IR -
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Tree Approximation with Haar Basis

o .

# n-term approximation not numerically implementable:
wavelet positions scattered and uncontrolled

o -

Cargese — p.36/4¢€



Tree Approximation with Haar Basis

o .

# n-term approximation not numerically implementable:
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# Require that the wavelet positions chosen in the
approximation lie on a tree with n-nodes
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Tree Approximation with Haar Basis

o .

# n-term approximation not numerically implementable:
wavelet positions scattered and uncontrolled

# Require that the wavelet positions chosen in the
approximation lie on a tree with n-nodes

® Xt ={S=>, acrHr: Natree #(A) <n}
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Tree Approximation with Haar Basis

o .

# n-term approximation not numerically implementable:
wavelet positions scattered and uncontrolled

# Require that the wavelet positions chosen in the
approximation lie on a tree with n-nodes

® Xt ={S=>, acrHr: Natree #(A) <n}

® 0, (f)p = infgesy [If = Sllz, 0]
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Tree Approximation with Haar Basis

o .

# n-term approximation not numerically implementable:
wavelet positions scattered and uncontrolled

# Require that the wavelet positions chosen in the
approximation lie on a tree with n-nodes

® Xt ={S=>, acrHr: Natree #(A) <n}
® 0, (f)p = infgesy [If = Sllz, 0]

o Numerical algorithm A, (f) as before - complete A, (f) to
atree A}

THf) = Y el

TeAL(f)

o -
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Tree Approximation with Haar Basis

-

9

=

n-term approximation not numerically implementable:
wavelet positions scattered and uncontrolled

Require that the wavelet positions chosen in the
approximation lie on a tree with n-nodes
Y= {S=> " cacrHr: Natree #(A) <n}

on(f)p = nfsesy [If = SllL, 0,

Numerical algorithm A, (f) as before - complete A, (f) to
atree A}

THf) = Y el

TeAL(f)

Approximation properties analogous to adaptive J

approximation
Cargese — p.36/4¢€



Tree approximation

Sobolev Embedding Line

L \‘ ,

ﬂ.r:\”-JJ 000D000000000000000000000: p000000000000000000000000000000000000000000000000000000

Adaptive
“\*} P ¢

e

-
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Extensions

o .

# Can replace Haar wavelets by biorthogonal wavelets
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Extensions

o .

# Can replace Haar wavelets by biorthogonal wavelets

# Approximation results now hold provided o < r where v
has r vanishing moments and smoothness C",

o -
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Multidimensional results

=

» Multidimensional: Results hold in R¢ with basis ¢
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Multidimensional results

» Multidimensional: Results hold in R¢ with basis ¢

# Wavelet Tree Approximation equivalent to adaptive
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# Wavelet Tree Approximation equivalent to adaptive
triangulation with isotropic partitioning
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Multidimensional results

» Multidimensional: Results hold in R¢ with basis ¢

# Wavelet Tree Approximation equivalent to adaptive
triangulation with isotropic partitioning

® A*U(L,) = B%(Ly)
#» Nonlinear Approximation?
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Multidimensional results
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Multidimensional: Results hold in R¢ with basis ¢

Wavelet Tree Approximation equivalent to adaptive
triangulation with isotropic partitioning

Aa/d(Lp) — Bgo(Lp)
Nonlinear Approximation?
No analogue of free knot splines: general triangulation
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Multidimensional results

=

Multidimensional: Results hold in R¢ with basis ¢

Wavelet Tree Approximation equivalent to adaptive
triangulation with isotropic partitioning

Aa/d(Lp) — Bgo(Lp)
Nonlinear Approximation?

No analogue of free knot splines: general triangulation

n-term approximation using multivariate wavelets the
same
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Multidimensional results

=

Multidimensional: Results hold in R¢ with basis ¢
Wavelet Tree Approximation equivalent to adaptive
triangulation with isotropic partitioning

Aa/d(Lp) — Bgo(Lp)

Nonlinear Approximation?

No analogue of free knot splines: general triangulation

n-term approximation using multivariate wavelets the
same

Ag/d(wavelets, Ly,) = BX(Ly),

T

A=

:%4_

=

-

Cargese — p.39/4¢€



Compression/Encoding

-

® How can we evaluate encoders

o -

Cargese — p.40/4¢



Compression/Encoding

-

® How can we evaluate encoders
#® EXxperimental:

Encoders designed on heuristics

o -

Cargese — p.40/4¢



L I

Compression/Encoding

How can we evaluate encoders
Experimental:

Encoders designed on heuristics

Precise Mathematical Formulation

Understand rules of game; what it means to be a winner

-

Cargese — p.40/4¢



.

L I

Compression/Encoding

How can we evaluate encoders
Experimental:

Encoders designed on heuristics

Precise Mathematical Formulation

Understand rules of game; what it means to be a winner

Two essential ingredients
a. metric p to measure distortion

b. Precise definition of classes K, to be compressed J
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# Distortion: p(S, D, E,(5))
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® Evaluate Performance on a set i of surfaces

SeK

#® Given bit budget n

5u(K) = inf §(K, DpEn(S))

o -

Cargese — p.41/4¢€



M athematical Formulation

o .

# Distortion: p(S, D, E,(S))
® Evaluate Performance on a set K of surfaces

SeK

# Given bit budget n

5u(K) = inf §(K, DpEn(S))

# smallest distortion for the given bit budget

o -

Cargese — p.41/4¢€



(Near) Optimal Encoding for K

o .

# optimal
0(K, DnEn(S)) = 0n(K)
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# optimal
0(K, DnEn(S)) = 0n(K)

#® near optimal

O(K, Dy lin(5)) < Con(K)

o Typically: 9, (K) ~ n~° for some s > 0
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(Near) Optimal Encoding for K
-

optimal
0(K, DnEn(S)) = 0n(K)

near optimal

O(K, DpEn(5)) < Con(K)

Typically: §,,(K) ~ n~* for some s > 0

Game: Find encoder/decoder E/D: for all values of n
and all classes K, encoder is near optimal

-
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Description of Optimal Encoding: Kolmc

o .

® Givene >0
#® Minimal e cover: K c U B(S;, ¢)
o Kolmogorov Entropy H.(K) := logy N¢(K)
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Kolmogorov Entropy

-

® Givene > 0
» Minimal € cover: K c U< B(S;,¢)
o Kolmogorov Entropy H.(K) := logy N¢(K)

® 0,(K)=infle: H(K) <n}

o -

Cargese — p.46/4¢



Description of Optimal Encoding: Kolmc

o .

® Givene >0

® Minimal ¢ cover: K C U< B(xz;, e)

o

# Kolmogorov entropy of K gives our benchmark
# Usually not practical encoder

o -
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Thelssues

1. The metric: least squares
2. The classes
3. Determine Entropy of Classes

4. Build near optimal Encoders/Decoders

-
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# Tree approximation can be turned into an encoder
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Wavelet Encoding
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# Tree approximation can be turned into an encoder

® Tree with n nodes can be encoded with n bits

o

This encoder
IS optimal on all Besov classes compactly embedded
INto Lo
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Wavelet Encoding
-

Tree approximation can be turned into an encoder
Tree with n nodes can be encoded with n bits

This encoder
IS optimal on all Besov classes compactly embedded
INto Lo

EZW, Said-Pearlman,

-
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