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1. The Framework : Fractal analysis

2. The Problem : Existence of moments

3. A Solution: Existence test of moments

4. Some Applications:

o fractal analysis

o estimation
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Fractal analysis

Typically, a process will possess many different singularity
strengths. Multifractal spectra measure the frequency (in t) of
occurrence of a given «

Legendre spectrum: Based upon a “Large Deviation
Principle”, Legendre spectrum

provides us with a statistical
description of the singularities

distribution
partition function 7(g) s. t.: E|W[z](t,a)|? ~ a @
a— 0t
Legendre spectrum: fi(@) := inf[ga — 7(q)]
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Existence of moments

Legendre spectrum relies on finite moments of

Q,OQ:\ random variable W [z] (¢, a)
&\2\ E|W[.CU] (ta a’)|q < oo, for q < (Qmina Qmax)
For finite length data sets, the sample mean
\cfo estimator used to compute the partition
S function
&

log SN |[W(x](t, a)|?/N
() = 1im 1995 Wt )1/
a—0+ log a
does not account for the divergence of 7(q)

Example of a self-similar v-stable process (Abry et al. ICASSP’2000)

e ~-stable distributed wavelet coefficients
E[W(z](t,a)|? = cqa®™, —1<q<~

e monofractal process
a(t) = H, Vi

Estimated partition function Estimated Legendre spectrum

0.5F

8(a) = 1+q(H-1A)




Problem:

Existence of moments

Given a finite length data set of i.i.d. random
variables
xi,t=1,---,N,
with unknown distribution f(x),

find an empirical test asserting finiteness of

E{z?} = /quf(a:) < 4+ o0

for gmin < ¢ < gmax




Existence test of moments

Characteristic function of a R.V. x
@) = B¢} = [ v i)
calculated using the sample mean estimator:

P(s) = F Ly

Lemma: 1) Moment generating function

E{z7} = »D(s) -

2) under technical assumptions

IE{z?} exists for ¢ < gmax

& WP](s,a) ~ O(aiMmax)

Wavelet decomposition of ®(s) Estimation of gmax
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Existence test of moments

Fractal analysis: Allows for determining the range of the
partition function 7(q)

Signal = (self-similar ~-stable process)
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Existence test of moments

Estimation: Allows for estimating certain indices of some
probability density functions::

® ~-stable laws: IE{xz%} exist for g < ~
e 3-symmetric distributions: IE{xz?} existforq > —p

e parameterized heavy-tail distributions, ...

~-stable law - Estimation of ~
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Statistical performances still need to be evaluated



Conclusions

Existence of moments: a widespread issue
A simple test: conceptually and experimentally
Efficient procedure when ran on small data sets

Yields an estimate for certain stability indices



