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1 Introduction

The chromatic number of a graph G, denoted by χ(G), is the smallest
number k such that we can partition vertex set of G into k stable sets. The
clique number of G, denoted by ω(G), is the maximum number of mutually
adjacent vertices in G. For every graph G, we have χ(G) ≥ ω(G), but the
converse inequality is false in general. It was known even from the early
days of graph theory that there are triangle-free graphs with arbitrary large
chromatic number. For instance, Tutte’s construction (for the definition and
more examples see Section 2 of [9]). The study of the graphs satisfying several
variants of the converse inequality was the object of many researches, and led
to defining perfect graphs (see [11] for more details), and a generalization,
χ-bounded classes (see [5]). A class C of graphs is called χ-bounded with a
binding function f if for every G ∈ C, we have χ(H) ≤ f(w(H)) for every
induced subgraph H of G. A function f is a χ-binding function for a class
C of graphs if for every G ∈ C, χ(H) ≤ f(w(H)) for every induced subgraph
H of G. A class C is called χ-bounded if there is a χ-binding function for it.
See [9] for more details.

For a graph H, a graph not including H as an induced subgraph is called
H-free. Erdös showed in [4] that for any given integers g and k, there
are graphs with girth larger than g and chromatic number larger than k.
Therefore for any given H with cycles, we can find graphs of arbitrary large
chromatic number and with girth larger than the size of the biggest cycle in
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H. Hence if the class of all H-free graphs is a χ-bounded class, then H must
be a forest. Gyárfás [5], and Sumner [10] conjectured the inverse which is
still open.

In [8], Scott proved (Theorem 1) a weakening of the Gyárfás-Sumner
conjecture. Let Forb∗(H) denote the class of all graph who do not contain
any subdivisions of H as an induced subgraph. Scott proved that for every
tree T , the class Forb∗(T ) is χ-bounded. Notice that if H has cycles, then
subdivisions of H can have arbitrary large cycles, and therefore the previous
idea cannot be applied here, and Forb∗(H) might be χ-bounded even if H
is not a tree. In [8], it was also conjecture (Conjecture 8) that Forb∗(H) is
χ-bounded for every graph H.

However, in [7], Pawlik et. al disproved Scott conjecture, using a class
of graph called Burling graphs which are one of the main concerns of this
report. Burling graphs where first defined by Burling in [1]. In [7], they were
rediscovered as the intersection graphs of some line segments to answer a
problem of Erdös. The way that we introduce Burling graphs in this report
is based on [2] (see Appendix B of [2]).

Let (G,S) be a pair where G is a graph and S is a set of stables sets of G.
We define a function next that associate to each such (G,S) a pair (G′,S ′)
as follows:
• Let S = {S1, . . . , Sk}.
• Take a copy of G.
• For each stable set Si, take a new copy of G and denote it by Gi. Note

that in Gi, there is a set of k stable sets as the one in G. Denote it by
S i = {Si

1, . . . , S
i
k}.

• For each 1 ≤ i, j ≤ k, add a new vertex vij complete to Si
j

• Denote by G′ the obtained graph (observe that it is disconnected).
• Consider every stable set of the form Si ∪ Si

j and Si ∪ {vij} where
1 ≤ i, j ≤ k, and call S ′ the set of all these stable sets.

The pair (G′,S ′) is defined to be next(G,S), and we call G′ the the
successor of G in the Burling construction.

If we start with G1 = v, and S1 = {v}, and apply the
function next iteratively to get the sequence {Gk}k∈N in which
(Gk+1,Sk+1) = next(Gk,Sk), then this sequence is called the sequence of
Burling graphs. When we talk about the class of Burling graphs, we mean
the class consisting of all graphs in this sequence and their induced subgraphs.

In [7] it is proved that this sequence of graphs has unbounded chromatic
number (see Theorem 1 of [7]). For the sake of completeness we include the
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sketch of the proof here. By induction, we prove the following statement: In
every proper coloring of Gk, one of the stable sets in the family Sk receives
at least k colors. This is obvious for k = 1, so suppose it holds for some fixed
k. Color Gk+1 properly. In the first copy of Gk in Gk+1, there is a stable
set Si ∈ Sk which receives at least k colors. In the copy Gi

k also there is a
stable set Si

j ∈ S i
k receiving k colors. Now either the k colors of Si are the

same as the k colors of Si
j, in which case vij has a new color, and therefore

Si ∪ {vij} ∈ Sk+1 receives k+ 1 different colors, or the colors in Si and Si
j are

different, in which case Si ∪ Sj ∈ Sk+1 receives k + 1 different colors.
The class of Burling graphs is contained in Forb∗(G) for any graph G

which is obtained from a planar graph by subdividing each edge at least
once. This disproves Scott conjecture for a large family of graphs.

Nevertheless, even after that Scott conjecture was disproved, deciding
which graphs are examples and which are counterexamples to this conjecture
remained of interest.

In [2] another class of graphs, called restricted frame graphs, is studied.
This class includes the class of Burling graphs. Studying restricted
frame graphs more carefully, led to finding more counterexamples to Scott
conjecture. However, it was not known whether every restricted frame graph
is a subdivision of a Burling graph or not.

In this report, we give a new view of Burling graphs and their subdivisions.
We introduce the class of derived graphs, and show that it is equal to the
class of Burling graphs. This new view enables us to understand Burling
graphs better and prove the main results of this report.

In particular, in Section 3 we study a subclass of Burling graphs, called
2-Burling graphs, and use this study to answer to an open question in [3].

We also show that the class of Burling graphs is a proper subclass of
restricted frame graphs, and therefore these graphs are much more powerful
that restricted frame graphs in finding counterexamples to Scott conjecture.
In particular, wheels, and some subdivisions of K5 are restricted frame
graphs, but as will be shown in Section 3 and 4, they are not a subdivision
of Burling graphs.

Finally, one can easily notice that Forb∗(K3) is the class of all bipartite
graphs, which is χ-bounded. Moreover, it is proved (Theorem 1.6 of [6]) that
Forb∗(K4) is chi-bounded. It was, however, not known whether Forb∗ (Kn),
n ≥ 5, is χ-bounded or not. We use this new understanding of Burling graphs
to show that Kn is a counterexample to Scott conjecture when n ≥ 5.
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2 Derived graphs

In this section, we introduce the class of derived graphs, and we will show
that this class is the same as the class of Burling graphs.

The triple T = (U, r, last-born) in which
• U is a tree,
• r is a vertex of U , called the root of U , and
• last-born is a function which to any vertex v of U which is not a leaf,

associates one child of v which is called the last-born of v
is called a Burling tree. By abuse of notation we may use V (T ) to refer
to V (U) and we say the root of T instead of the root of U if there is no
ambiguity.

In a rooted tree, each vertex v other that the root, has a unique parent
which is the neighbor of v in the unique path from v to the root. In this
report, we denote the parent of a vertex v by p(v). Moreover, we denote by
distr(v) the distance between v and the root of the tree.

A descending path in a rooted tree, is a path v1, v2, . . . , vk such that for
each 1 ≤ i < k, vi = p(vi+1).

If T is a rooted tree, the descendants of a vertex v are all the vertices that
are on a descending path starting at v. Notice that a vertex is descendant of
itself. The ancestors of v are the vertices on the unique path from v to the
root of T .

A couple B = (T, choose-path) in which
• T is a Burling tree, and
• choose-path is a function associating to each non-last-born vertex v

other than the root of T a descending path in T starting at the last-born
of p(v)

is called a Burling structure.
An oriented graph G = (V,E) is fully derived from a Burling structure

B = (T, choose-path) if the vertex set of G is exactly V (T ) and uv ∈ E if
and only if v is a vertex in the path choose-path(u). A non-oriented graph
G is fully derived from a Burling structure B if it is the underlying graph of
some oriented graph fully derived from B. A graph (resp. oriented graph) G
is derived from a Burling structure B if it is an induced subgraph of a graph
(resp. oriented graph) fully derived from B. For simplicity, we sometimes
say that a graphs G is derived (resp. fully derived) from a Burling tree T ,
in which case we mean that there is a function choose-path such that G
is derived (resp. fully derived) from the Burling structure (T, choose-path).
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Figure 1: Two derived graphs. The vertices of G are denoted by bold vertices. The
last-born of each vertex in denoted by bold edge. The edges of G are in blue. Left: v is
the only top-left vertex. Right: v1 and v2 are the top-left vertices.

The graph G is called a derived graph if there exists a Burling structure B
such that G is derived from B.

Let G be an oriented graph derived from a Burling tree T . A vertex v
in G is a top-left vertex if its distance d in T to the root of T is minimum
among all vertices of G, and one of the followings holds:
• v is not a last born.
• v is the only vertex of G whose distance in T to the root is minimum.

Notice that there might be more than one top-left vertex in a graph. See
figure 1.

Lemma 1. Every oriented derived graph has at least one top-left vertex which
is a source (possibly isolated vertex) in the graph.

Proof. By the definition of top-left vertex, it always exists in an oriented
derived graph. Let G be an oriented derived graph, and let v be a top-left
vertex of G. We show that v is a source in G. Suppose for the sake of
contradiction that uv ∈ E(G) for some vertex u. Thus v is a vertex in
choose-path(u), which means that v is a descendant of a brother of u. Hence
distr(u) ≤ distr(v). Since v is a vertex that minimizes the function distr(.),
we must have distr(u) = distr(v). So v is not the unique minimizer of the
function distr(.). On the other hand, v is a last-born because u cannot be
connected to one of its non-last-born brothers. This contradicts the definition
of a top-left vertex.

Let B = (T, c) be a Burling structure. A principal branch of T is any
vertex set of a descending path in T from its root to one of its leaves. The
principal set of B is the set of all principal branches of T . In this report we

5



denote the set of leaves of a tree T by L(T ). Notice that there is a one-to-one
correspondence between the principle set of B = (T, c) and L(T ).

Definition 2. Let B = (T, c) be a Burling structure, and let S denote the
principle set of B. We build a Burling structure B′ = (T ′, c′) with principle
set S ′ as follows:
• Take a copy of B.
• For each principle branch P ∈ S ending in the leaf l, pend a leaf lP to
l, and define last-born(l) = lP . Then put a copy BP on lP , identifying
its root with l′. Denote the principle set of BP by SP .
• For each copy BP , corresponding to a leaf l ∈ P , for each Q ∈ SP , add

a new leaf lP,Q to l.
• Let the resulting tree be T ′.
• Notice that the principle branches of T ′ are of the form
P ∪ Q or P ∪ {lP,Q} for P ∈ S and Q ∈ SP . Thus
S ′ = {P ∪Q,P ∪ {lP,Q} : P ∈ S, Q ∈ SP}.
• To obtain c′, first extend the function c naturally to the copies of B,

and then also define c′(lP,Q) = Q for P ∈ S and Q ∈ SP .
We denote B′ by next(B).

If a graph G is derived from a Burling structure B = (T, c), and S is a
principle branch of T . Then S ∩ V (G) form a stable set in G. Therefore the
principle set of B, restricted to G, is a set of stable sets of G.

Lemma 3. Let B = (T, c) be a Burling structure with principle set S. Let G
be the graph fully derived from B. If (G′,S ′) = next(G,S), then G′ is the
graph fully derived from B′ = next(B).

Proof. Suppose G and B are given as in the statement of the lemma, and let
G′ be the graph fully derived from B′ = next(B). We show that G′ is the
successor of G.

Fix P ∈ S. We can see the copy GP of G as a graph fully derived from
the copy BP of B. Then adding the leaves lP,Q as in definition 2 is equivalent
to adding vertices vP,Q to the copy GP for building G′, because we have
c′(lP,Q) = Q. Moreover, S ′ = {P ∪ Q,P ∪ {lP,Q} : P ∈ S, Q ∈ SP} which
completes the proof that (G′, S ′) = next(G,S).

Theorem 4. Every Burling graph is a fully derived graph.
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Proof. Let {Gk}k∈N be the sequence of Burling graphs. We show that each
Gk is a derived graph by induction on k. First notice that G1 is fully derived
from the Burling structure on a single vertex. Now suppose that Gk is fully
derived from a Burling structure B, then since Gk+1 is the successor of Gk,
by using lemma 3 we can see that Gk+1 is also a fully derived graph.

Theorem 5. Every derived graph is an induced subgraph of some Burling
graph.

Proof. Let H be derived from a Burling structure B = (T, c). We prove the
following statement by strong induction on the number of the vertices of H:

Statement 1. If H is derived from a Burling structure B = (T, c), then H
is an induced subgraph of some Burling graph (G,S), such that the root of T ,
which is an isolated vertex in H, is the vertex of the copy of the first Burling
graph, i.e. the unique vertex

⋂
S∈S S.

If H has one vertex, then it is a subgraph of the first Burling graph with
the mentioned condition. Assume that the statement holds for graphs on
at most n ≥ 1 vertices, and suppose |V (H)| = n + 1. Let {v1, v2, . . . vd} be
the children of r, where r is the root of T . Assume vd = last-born(r). For
1 ≤ i ≤ d denote by Hi the subgraph of H induced on the descendants of vi
in T . Notice that V (H) =

⋃d
i=1 V (Hi) ∪ {r}. Moreover, notice that by the

definition any edge in H is either inside some Hi or between some Hi and Hd

where 1 ≤ i ≤ d − 1 because for each 1 ≤ i ≤ d − 1, all neighbors of vi are
among the descendants of vd, and therefore in Hd, and for any vertex v in
V (Hi) \ {vi}, all the neighbors of v are among the descendants of its parent
p(v) which is itself a descendant of vi. Therefore all the neighbors of v are
in Hi.

Let (Gk,Sk) denote the k-th Burling graph. By induction hypothesis, for
each 1 ≤ i ≤ d, Hi is a subgraph of some Burling graph Gki , such that vi
is identified with

⋂
S∈Sk S. Let k = max{k1, k2, . . . , kd, d}. Notice that if a

graph is an induced subgraph of the Burling graph Gt, then it is an induced
subgraph of Gs for any s ≥ t. Thus for every 1 ≤ i ≤ d, the graph Hi is
an induced subgraph of Gk and Gk+1. We will show that H is an induced
subgraph of Gk+2, and that r can be identified with

⋂
S∈Sk+2

S.

By Lemma 10 and Theorem 5, for i ∈ N, the Burling graph (Gi,Si) is
fully derived from the Burling structure Bi = (Ti, ci), where B1 is the Burling
structure on one vertex and Bj+1 = next(Bj). Consider Gk+1 which is the
graph fully derived from Bk+1, and notice that Sk+1 is the principle set of

7



u1 lud−1

u

Gk

Gk+1,Q1
Gk+1,Qd−1

Gk,P

Figure 2: A part of the structure of Gk+2

Bk+1. Recall the construction of Bk+1 = (Tk+1, ck+1) from the copies of Bk.
Let P be a principle branch of Tk, with the leaf l. In building Gk+1 we add
some leaves to u and pend a copy Gk,P of Gk to the last-born of u. Find
Hd in Gk,P such that vd is the root of Gk,P , i.e. vd = last-born(u). Now
choose {u1, u2, . . . , ud−1} among the children of u such that c(vi) ⊆ ck+1(ui)
for 1 ≤ i ≤ d−1, i.e. the function ck+1 associates a path to ui which includes
all the neighbors of vi in H. Notice that this will give us all the edges of H
between Hi and Hd for 1 ≤ i ≤ d− 1. See figure 2.

Then for building Gk+2, we will add some leaves to each ui, 1 ≤ i ≤ d−1,
and then we pend a copy Gk+1,Qi

of Gk+1 to the last-born of each ui where
Qi is the principle branch of T corresponding to ui. For 1 ≤ i ≤ d − 1 find
Hi in Gk+1,Qi

such that vi = last-born(ui).
Consider the Burling graph Gk+2 now. Let rk+2 denote the root of Gk+2.

Consider the vertices V = {rk+2} ∪
⋃d

i=1 V (Hi). The graph induced on this
vertex set is exactly H, and it has the condition of the statement.

Theorem 6. The class of derived graphs is the same as the class of Burling
graphs.

Proof. If G is in the class of Burling graphs, then it is an induced subgraph
of some Burling graph which in turn is a fully derived graph by lemma 4.
Thus G is a derived graph.

The converse follows immediately from lemma 5.

Theorem 6 enables us to interchangeably use the words Burling graphs
or derived graphs for referring to this class.
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3 2-Burling graphs

In this section, we study a class of graphs, called 2-Burling graphs. This
is a subclass of Burling graphs which includes all the Burling graphs without
full star cutset.

Lemma 7. Suppose G is an oriented graph derived from a Burling structure
B = (T, c). Let v and w be two vertices appearing in this order along a
principle branch in T . Then every neighbor of w in G is either an in-neighbor
of v or a descendant of it.

Proof. Let u be a neighbor of w in G. If wu ∈ E, then p(w) is a ancestor of u.
However, p(w) is a descendant of v (possibly v itself). So u is a descendant
of v. If uw ∈ E, then p(u) is an ancestor of w, and therefore it is on the
unique path between w and the root. This path includes v as well. There are
two cases: either p(u) is a descendant of v in which case u is a descendant of
v, or p(u) is an ancestor of v, in which case u is an in-neighbor of v because
u is connected to every vertex in the path between w and the last-born of
p(u), and v is on this path.

Lemma 8. Suppose G is an oriented graph derived from a Burling structure
B = (T, c). Let v and w be two vertices appearing in this order along a
principle branch in T . If u is a common neighbor of v and w, then it is an
in-neighbor of both.

Proof. First we show that u is an in-neighbor of w. Suppose not. then u is
a descendant of t = last-born(p(v)). On the other hand, any out-neighbor
of w is a descendant of p(w) which is in turn a descendant of v. Now since
v and t are brothers, they cannot have a common descendant. So u cannot
be an out-neighbor of w. Thus u is an in-neighbor of w. Therefore w is a
descendant of p(u) which in turn is a descendant of p(v). So w is a descendant
of p(v). Notice that w is not p(v) because it is deeper than v in T . Thus
w and v are in different branches rooting in p(v). So they cannot be on a
common branch: contradiction.

So u is an in-neighbor of w, and by lemma 7 it is an in-neighbor of v as
well.

Lemma 9. Suppose G is an oriented graph derived from a Burling structure
B = (T, c). Let u, v, and w be three vertices appearing in this order along a
principle branch in T . Then every path (not necessarily directed) in G from
u to w goes through a neighbor of v in G.
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Proof. With the conditions of the lemma, let P be a path in G from u to
w. We use induction on the length (number of vertices) of P to prove the
theorem. First notice that len(P ) cannot be 2, because every branch in T ,
restricted to the vertices of G, is a stable set. So for the induction basis, let
len(P ) = 3, i.e. there is a vertex t such that t is adjacent to both u and w.
Therefore by Lemma 8, it is a common in-neighbor of both, so it is also an
in-neighbor of any vertex in the path between u and w, including v.

Now suppose that the lemma holds for any path with length k ≥ 3. Let P
be a path of length k+1. Let t be the neighbor of w on this path. By Lemma
7, either t is a neighbor of v or t is a descendant of v. In the former case,
there is nothing to prove. In the latter case, u, v, and t have the conditions
of the lemma, and, P ′ = P \{t} is a path of length k in G, from u to t. Thus
by induction hypothesis, P ′ includes a neighbor of v and so does P .

A star cutset in a graph G is a set S consisting of a vertex v and some
(possibly none) of its neighbors such that G \ S is disconnected. In this
case v is called the center of the star cutset. Let N [v] denote the closed
neighborhood of v, which consists of v and all its neighbors. If S = N [v],
then it is called a full star cutset.

Lemma 10. Suppose G is a graph derived from a Burling tree T . Let u, v,
and w be three vertices appearing in this order along a principle branch of T .
Then N(b) is a cutset of G that separates a from c. In particular, b is the
center of a full star cutset in G.

Proof. The proof follows from lemma 9.

Lemma 10 motivates us to study the graphs G which are derived from
a Burling tree T such that no three vertices of G are on a same principle
branch of T . In general, we define the k-Burling graphs as follows:

Definition 11. Let G be a derived graph. We call G a k-Burling graph if it
can be derived from a Burling tree T such that on each principle branch of
T , at most k vertices belong to G.

A class C of graphs is said to be d-degenerated if for every graph G ∈ C,
every induced subgraph of G have some vertex of degree at most d.

Notice that if the class C is d-degenerated, then every graph G ∈ C has
chromatic number at most d + 1. One can show this by induction on the
number of vertices of G. If |V (G)| = 1 it is obviously (d + 1)-colorable. Let
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G be a graph on at least 2 vertices, and assume that statement holds for
any subgraph of G. Let v be a vertex of G of degree at most d. The graph
G \ {v} is (d + 1)-colorable. The neighbors of v use at most d colors, thus
we always have a free color for v.

Lemma 12. The class of k-Burling graphs is k-degenerate.

Proof. Let G be a k-Burling graph derived from a Burling tree T . Let v be
a top-left vertex in G. Notice that v is a source, so all its neighbors are on
a common principle branch of T . Therefore v has at most k neighbors. To
complete the proof we just need to notice that any subgraph of a k-Burling
graph is also a k-Burling graph.

Corollary 13. Any k-Burling graphs has chromatic number at most k + 1.

Now we can answer to the following open question asked in [3]:

Question 1. Is there a constant c such that if a graph G is triangle-free and
all induced subgraphs of G either are 3-colorable or admit a star cutset, then
G is c-colorable?

The answer is negative. Derived graphs are triangle-free, and by lemma
10 each induced subgraph of G either has a start cutset, or is a 2-Burling
graph, which is 3-colorable by Corollary 13. However, the chromatic number
of G can be arbitrary large.

3.1 Structure of 2-Burling graphs

Notice that Lemma 10 implies that if a derived graph has no full star
cutset, then it is a 2-Burling graph. But the contrary is not true in general.
See figure 3. In this section, we give another structure of the 2-Burling
graphs which enables us to study the 2-Burling graphs which have no full
star cutsets. In particular, this will give us the specific orientation of cycles as
oriented derived graphs, which will be used in the next section in disproving
Scott conjecture for K5.

For understanding the structure of 2-Burling graphs, we need to first
study 1-Burling graphs.

Lemma 14. Every oriented derived graph G can be derived from a Burling
structure B = (T, c) such that L(T ) ⊆ V (G).
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Figure 3: A two Burling graph with star cutset. The vertex a is the center of a full star
cutset. Notations and colors are as in Figure 1

Proof. Among all choices of B = (T, c) that G is derived from B, choose
one which minimizes the cardinality of the set L(T ) \ V (G). For the sake
of contradiction, suppose that |L(T ) \ V (G)| ≥ 1. Choose l ∈ L(T ) \ V (G).
Let T ′ = T \ {l}, and define c′ to be the restriction of c to T ′. The graph G
is derived from B′ = (T ′, c′), but |L(T ′) \ V (G)| < |L(T ) \ V (G)|, which
contradicts with the choice of B. Therefore |L(T ) \ V (G)| = 0. Thus
L(T ) ⊆ V (G) as required.

An in-tree is an oriented tree T with a root r such that each edge is
directed toward the root, i.e. uv ∈ E(T ) if and only if v is on the unique
path in T between u and r.

An in-forest is an oriented forest all whose connected components are
in-trees.

Theorem 15. An oriented graph G is a 1-Burling graph if and only if it
is an in-forest. Moreover, every 1-Burling graph G can be derived from a
Burling structure B = (T, c) such that V (G) = L(T ).

Proof. First suppose that G is a 1-Burling graph. We use induction on the
number of vertices of G to prove the only if part of the theorem.

If G has one vertex, then it is obviously an in-forest. Now suppose that
the statement holds for every graph on at most n ≥ 1 vertices and suppose
that |V (G)| = n + 1. Let v be a top-left vertex of G. So v is of degree at
most 1. The graph G \ {v} is a 1-Burling graph with n vertices, so it is an
in-forest. If degree of v is 0, then obviously G is also an in-forest. Assume
that the degree of v is 1, and denote the unique out-neighbor of v by u.
Adding v to G \ {v} does not create a cycle, so G is a forest. Moreover, v
is a leaf. Therefore u is on the unique path between v and the root of the
component of G containing v, and since the arc between them is directed
from v to u, the graph G is an in-forest.
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Conversely, let G be an in-forest. We show the converse by strong
induction on the number of vertices of G. If |V (G)| = 1 it is obviously a
1-Burling graph. Suppose that the statement hold for all graphs with at most
n ≥ 1 vertices, and let G be an in-forest with n+1 vertices. If G has no edge,
then G is derived from T where T is K1,n+1 and we consider the non-root
vertices of T as the vertices of G. Otherwise, let L(G) = {v1, v2, . . . , vd}
denote the set of all leaves of G, and suppose that the neighbor of vi in G
is ui for 1 ≤ i ≤ d. The vertices ui are not necessarily distinct. Notice
that for every 1 ≤ i ≤ d, ui is an out-neighbor of vi. Now consider the
graph H = G \ L(G). This is also an in-forest and it has less than n + 1
vertices. Thus by induction hypothesis, it is a 1-Burling graph. Suppose G
has derived from a Burling structure B = (T, c) such that on each principle
branch of T at most 1 vertex belong to G. Define another Burling structure
B′ = (T ′, c′) as follows: Let r be the root of T . Add d vertices {v1, v2, . . . , vd}
as children of r, to obtain T ′. For defining c′, define c(vi) to be the path from
the last-born of r to ui. Notice that ui is the only vertex of this path which
belong to G. For the rest of the vertices c′ is the same as c. Notice that G is
the graph induced by V = V (G \ L(G)) ∪ {v1, v2, . . . , vd} in the graph fully
derived from B′, and each branch of T ′ contains at most one vertex of V .
Therefore G is a 1-Burling graph.

For proving the moreover part, we notice that G can be derived from a
Burling structure B = (T, c) such that L(T ) ⊆ V (G). Consider this Burling
structure. Since G is a 1-Burling graph, it cannot contain any vertex other
than the leaf on each principle branch of T . So we also have V (G) ⊆ L(T ),
and the equality concludes.

Now we introduce a construction which gives exactly the 2-Burling
graphs.

Construction A: We construct a graph G as follows:
• Take an in-forest F . We call it the base forest of G.
• For each v ∈ F take an in-forest Fv, possibly empty.
• Connect each v ∈ F to at most one vertex in Fp(v). Orient this arc

from v to its neighbor.
• Call the obtained graph G.

Theorem 16. An oriented graph is a 2-Burling graph if and only if it is
obtained from Construction A.

Proof. First suppose that G is obtained from Construction A. We will use the
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notations of the construction. By Theorem 15, F can be seen as a 1-Burling
graph derived from a Burling structure B = (T, c), such that V (F ) = L(T ).
In addition, for every v ∈ V (F ), the forest Fv, being an in-forest, can be seen
as a 1-Burling graph derived from a Burling structure Bv = (Tv, cv) such that
V (Fv) = L(Tv).

For every v ∈ L(T ) = V (F ), identify the root of Tv with v in T to obtain
a new tree T ′. Now we define a function c′ on T ′. Consider v ∈ V (F ), and
let u be the parent of v. We know that in T , c(v) contains u and does not
contain any other vertex of V (F ) because F is a 1-Burling graph. Notice
that v is adjacent with at most one vertex in the forest associated to its
parent, i.e. Fu. If v is not connected to any vertex of Fu, define c′(v) to
be the same as c(v). Otherwise, let w ∈ Fu be the unique neighbor of v
in Fu. Notice that w is a descendant of u in T ′. There is a unique path
between w and u in T ′ which includes no other vertex of G. Extend c(v)
to this unique path to obtain c′(v). The graph G is the graph induced by
the vertex set V (G) = V (F ) ∪

⋃
v∈F V (Fv) in the graph fully derived from

(T ′, c′). Moreover, on each principle branch of T we have at most 2 vertices
belonging to G. Hence G is a 2-Burling graph.

Conversely, suppose G is a 2-Burling graph derived from a Burling
structure B = (T, c) such that on each principle branch of T at most two
vertices belong to G.

Let VF ⊆ V (G) be the set of vertices in G for which non of their parents
in T are vertices of G. Let F be the subgraph of G induced by VF . This
is a 1-Burling graph. Therefore, by theorem 15 it is an in-forest. We will
consider F as the base forest of G as a graph obtained from Construction A.
For each v ∈ VF , let Tv denote the subgraph of T induced on the descendants
of v, and let cv denote the restriction of c to Tv. The graph Fv derived from
(Tv, cv) is a 1-Burling graph and therefore an in-forest. We will see Fv as the
in-forest associated to v ∈ V (F ) = VF in Construction A.

Now it remains to prove that each v ∈ VF is connected to at most one
vertex of the forest associated to u = p(v), the parent of v in F . We already
know that vu ∈ E(G). So c(v) includes u, and u ∈ VF . Hence from the
definition of VF if there is another vertex of G in c(v) it must be a descendant
of u, and because G is a 2-Burling graph, there is at most one such a vertex,
and it is in Fu: the forest associated to the parent of v. So G can be obtained
from Construction A.

Now we can proceed to finding the structure of the derived graphs without
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star cutset. We first need a definition. Luxury chandelier has been defined
in [2] (in section 3). Definition 17 can be seen as an oriented version of that.

Definition 17 (Luxury Chandelier). A luxury chandelier is any graph that
can be built as follows:
• Pick an in-tree T with k ≥ 2 leaves v1, v2, . . . , vk (equivalently, the root

of T has in-degree at least 2).
• For each leaf vi of T , add a vertex ui and an arc from ui to vi.
• Add a vertex u and all the arcs uiun.

Notice that in an in-tree T , we consider a vertex v as a leaf only if it has
out-degree one, meaning that its unique neighbor is an out-neighbor.

Lemma 18. Suppose G is a triangle-free graph without full star cutset. If G
is disconnected, then it is either 2K1, 2K2, or K1 +K2.

Proof. Suppose G is a disconnected triangle-free graph without full star
cutset. If at least one connected component of G has at least one vertex
v which is not connected to all the other vertices of the component, then v is
the center of a full star cutset: contradiction. Therefore, each component of
G must be a clique. Since G is triangle-free, each component of G must be a
K2 or a K1. If G has more than 2 connected components, then any vertex is
the center of a full star cut set. Therefore G has two connected components
which are either K2 or K1. This completes the proof.

Lemma 19. A tree has no full star cutset if and only if it is a path on at
most 4 vertices.

Proof. It is easy to observe that a path on at most 4 vertices has no full star
cutset. Now suppose T is a tree which is not a path on at most 4 vertices.
If it has a vertex with degree at least 3, then any of its neighbors will be
the center of a full star cutset disconnecting the other neighbors. If T has
no vertex of degree more than 2, then it is a path on at least 5 vertices. Let
this path be v1v2v3 . . . vk, then v3 is the center of a full star cutset which
disconnects v1 from vk.

In [2] the following theorem is proved:

Theorem 20 ([2]; Theorem 3.3). Suppose H is a connected triangle-free
graph with no full star cutset and H∗ is a subdivision of H. Then H∗ is a
restricted frame graph if and only if H is either a path on at most 4 vertices
or a luxury chandelier.
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The following theorem can be viewed as an oriented version of this
theorem for Burling graphs.

Theorem 21. If G is a connected oriented derived graph on at least 3
vertices, then one of the following holds:

(i) The underlying graph of G is a cycle on 4 or 5 vertices.
(ii) The underlying graph of G is a path on 3 or 4 vertices.

(iii) G has a full star cutset.
(iv) G is a luxury chandelier.

Proof. Let G be an oriented derived graph. Suppose that G is constructed
from Construction A. We use the same notations as in the construction.

If G is one of the graphs in cases (i)-(iii), then there is nothing to prove.
So suppose that G is a connected graph on at least 3 vertices, which is not
a path P4 or P3, and is not a cycle C4 or C5. Moreover suppose that G has
no full star cutset. We prove that G is a luxury chandelier.

First of all, if the base forest F is disconnected, then the whole graph G
will be disconnected. So the base forest F is a tree. Moreover, for every v in
F , we must have Fv is a tree. Because otherwise removing N [v] will remove
all the children of v (if it has any), and Fv will have no neighbors outside Fv.
So v will be the center of a full star cutset: contradiction.

Moreover, notice that G cannot be a tree because otherwise by lemma 19
it is a path on at most 4 vertices which contradicts the assumptions.

In addition, F is not a one vertex tree. Because if F = {u}, then either
G is disconnected (if Fu 6= ∅) or it is a one vertex graph (if Fu = ∅). Both
cases are impossible.

Now we claim that Fv = ∅ for any vertex v ∈ F other that the root of F .
Suppose that v is a vertex of F other that the root such that Fv 6= ∅. If v is a
leaf, then Fv is disconnected from F . So G is disconnected: contradiction. If
v is not a leaf, then it has some children v1, v2, . . . vd, d ≥ 1, in F . Moreover,
since v is not the root of F , it has a parent p(v) in F . First notice that
if F has any vertex w other than {v, p(v), v1, . . . , vd}, then removing N [v]
will disconnect Fv from w: contradiction. So V (F ) = {v, p(v), v1, . . . , vd}.
Furthermore, we have Fp(v) = ∅. Otherwise removing N [p(v)] will disconnect
any vertex in Fp(v) from v1: contradiction. In addition, for each 1 ≤ i ≤ d,
we have Fvi = ∅ because otherwise removing N [v] will disconnect p(v) from
Fvi . Moreover, if d > 1, then v1 is the center of a full star cutset. Because
removing N [v1] disconnects v2 from p(v). So v only has one child. So G
consists only of Fv, which is a tree, and of F , which is a directed path on
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three vertices v1, v, p(v), and v1 is connected to one vertex in F (v). So G is
a tree: contradiction. So the claim is proved.

From now on, denote by u the root of F . We proved that for any vertex
v 6= u, Fv = ∅. Now we show that Fu 6= ∅. Suppose for the sake of
contradiction that Fu is empty. Hence G = F which is a tree: contradiction.

Now we show that F is a star. If F has a vertex v which is neither the
root of F , nor a leaf of it, then it has a child in F , say w. Removing N [u], the
closed neighborhood of the center of F , does not remove w, and disconnects
it from Fu: contradiction. So any vertex of F is either a leaf or the root.
Equivalently, F is a star.

We denote the leaves of F by u1, u2, . . . , ud. We have d > 1. Because we
already know that F is not a one vertex tree, and if d = 1, then the whole
graph G consists of F which is isomorphic to K2 and a tree Fu, and an edge
between them. So G is a tree: contradiction.

Now we prove that Fu is not only one vertex. For the sake of contradiction,
let Fu = {v}. If no ui is connected to v, then the graph G is disconnected.
Thus without loss of generality, assume u1v ∈ E(G). If there are no other
vertices among {u2, u3, . . . , ud} which are adjacent to v, then G will be a
tree: contradiction. Thus there is at least one more vertex uj, j 6= i, which
is adjacent to v. Again without loss of generality we may assume j = 2. If
d = 2 then G is a C4, which contradicts the assumptions. So d is at least 3.
Now if we remove N [u1] it disconnects u3 from u2: contradiction.

Now let uiv ∈ E(G) for some v ∈ Fu and some 1 ≤ i ≤ d. We claim that
v is a leaf of Fu. Suppose not. Without loss of generality, we may assume
i = 1. Then either v is the root of Fu, or it has a child c and a parent
p = p(v) in Fu. In the latter case, removing N [u1] disconnects c from p so
it is not possible. In the former case, if v has at least two children c1 and
c2, then again removing N [u1] will disconnect c1 from c2. So v has at most
one child. But if v has no child, then Fu = K1 = {v} which is not possible.
Hence v has exactly one child c. Let A,B ⊆ {u1, u2, . . . , ud} be the set of
vertices of F \ {u} which are connected to v and c respectively. Notice that
if |A| ≥ 2, then any vertex a ∈ A is the center of a full star cutset which
disconnects another vertex of A from c: contradiction. Similarly |B| ≤ 2
leads to a contradiction. So |A| ≤ 1 and |B| ≤ 1. Furthermore, if we have a
vertex ui /∈ A ∪ B, then any vertex a ∈ A disconnects ui from c. Therefore
A ∪ B = {u1, u2, . . . , ud}. Notice that d > 1. Hence if A = ∅, then |B| ≥ 2.
So |A| = 1. Similarly |B| = 1. Therefore G is a C5 which contradicts the
assumptions.
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Now we show that each ui has a neighbor in Fu for 1 ≤ i ≤ d. Suppose
not. So for some i, ui has no neighbor in Fu. Choose j 6= i such that uj has
some neighbor in F . Notice that this vertex exists because G is connected.
We showed that Fu has more than one vertex. Thus uj is the center of a
full star cutset. Because removing N [uj] disconnects ui from everything, in
particular Fu \ {vj} where vj is the neighbor of uj in Fu: contradiction.

Now we prove that if v is a leaf in Fu, then there is at least one ui which
is connected to it. Suppose that v ∈ V (Fu) but it is not adjacent to any
ui. Let L′ ⊆ L(Fu) be the set of leaves of Fu which have some neighbor
among ui’s. Notice that L′ 6= ∅ because the graph G is connected and all
the neighbors of ui’s are among the leaves of Fu. Now let A ⊆ V (Fu) be the
set of all vertices of Fu which are on a path from the leaves in L′ to the root
of Fu. We know that v /∈ A. Let p be the first ancestor of v (the closest one
to v) which is in A. Based on the definition of A, p has at least one child c
in A. Removing N [c] disconnects v from u: contradiction.

We finally prove that for any leaf v of Fu, there is a unique ui which is
adjacent to v. We know that Fu has at least 2 vertices. Suppose there exists
two distinct ui and uj such that uiv, ujv ∈ E(G). Now removing N [ui], will
disconnect uj from Fu \ {v}: contradiction.

So G consists of Fu, an in-tree, in which each leaf vi is connected to some
vertex ui, and the arc between them is directed from ui to vi, and all ui’s
have a common out-neighbor u, and finally the number of ui’s and so the
number of leaves of Fu are at least two. So G is a luxury chandelier.

Lemma 22. If G is the underlying graph of a luxury chandelier, then it has
a vertex v which is contained in every cycle of G. In particular, G does not
have a pair of vertex disjoint cycles.

Proof. The proof is immediate from the definition of luxury chandelier. The
vertex u in Definition 17 has the requiered property because if a cycle does
not pass from u, then it does not pass any ui, so it is entirely inside the tree
T which is a contradiction.

The following lemma precises the structure of holes in derived graphs. As
we will see, this will be useful in proving some certain graphs are not derived
graphs.

Lemma 23. Let G be an oriented derived graph, and let C be a hole in G.
Then C is oriented in a way that
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• C has exactly 2 source vertices.
• C has exactly 2 sink vertices.
• The two source vertices of C have a common neighbor (which is

necessarily a sink).

Proof. Let G be an oriented derived graph and let C be a hole in G. The
graph C is an oriented derived graph. Moreover C has no full star cutset.
So by Theorem 10 it is a 2-Burling graph, and by Theorem 21 it is either a
C4, a C5, or a luxury chandelier.

First suppose C is a cycle on 4 or 5 vertices, and suppose it is derived
from a Burlung tree T . Notice that by Lemma 1 C has a top-left vertex
which is a source. Call it a. If b and c denote the neighbors of a, then b and
c are on a common principle branch of T .

Now if C = C4, then it has another vertex d which is the common neighbor
of b and c. By Lemma 8 it is an in-neighbor of both b and c. Hence a and
d are sources and b and c are sinks who have a common neighbor which is a
sink. See Figure 4.

If C = C5 there are two more vertices d and e in C which are the the
neighbors of b and c other that a respectively. Since e is not a neighbor of b
by lemma 7 it is a vertex in a common branch with b. Now d is a common
neighbor of b and e, so by lemma 8 it is an in-neighbor of both b and e. Now
if ce ∈ E(C), then a and d are the sources, and b and e are the sinks, and
the two sources have the sink b as their common neighbor. See Figure 4.
Similarly if ec ∈ E(C), we have the required result.

If C is a luxury chandelier. Every vertex should have degree 2. Using
the notations of Definition 17, u is a sink because we have uiu ∈ E(C),
for i = 1, 2. The two vertices u1 and u2 are two sources, and they share a
common sink which is u. Finally, T is a path and is an in-tree, so it has a
unique sink which is the sink of C too. The rest of the vertices are neither a
sink, nor a source.

Let C be a hole in a derived graph. We call a vertex v of C an extremum
of the cycle if it is either a sink or a source for C. Theorem 23 implies that
each cycle has exactly 4 extrema such that at least 3 of them are consecutive
and the middle one among these 3 is a sink.

A graph G is called a wheel if it contains of a cycle C and a vertex c
which is adjacent to at least 3 vertices of C. The vertex c is called the center
of the wheel. Wheels can be restricted frame graphs (see Theorem A.1. and
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Figure 4: Left: Cycle of length 4. Right: Cycle of length 5.

Figure 7 in [2]). It was already claimed by Scott and Seymour in private
communication that wheels are not derived graph. We conclude thus section
with the proof of this fact. In particular, this theorem shows that the class
of Burling graphs is a proper subclass of restricted frame graphs.

Theorem 24. Wheels are not derived graphs.

Proof. Let W be a wheel. If it has triangles, it is obviously not a derived
graph. So we may assume that W is triangle-free.

Let c denote the center of the wheel, and let v1, v2, . . . , and vd denote
the neighbors of c. Let Vi denote the set of vertices between vi and vi+1 on
the cycle where 1 ≤ i ≤ d and d + 1 is considered to be 1. Moreover, let C
denote the hole in W induced by all vertices but the center of W , and let Ci

denote the hole cviVivi+1c. Moreover, notice that every v ∈ Vi is a extremum
for some Ci if and only if it is a extremum for C. Suppose for the sake of
contradiction that W is a derived graph. Every Ci, for 1 ≤ i ≤ d, is a hole
in a derived graph. So by theorem 23 it has exactly 4 extrema. Therefore
at least one of these extrema is among the vertices of Vi. Denote the set of
these type of extrema (in Vi’s) by U . All these vertices are extrema for C
too. Note that |U | ≥ d. Therefore we cannot have d ≥ 5. Now we consider
two cases:

Case 1: The center of W has degree 4.
The set U includes at least 4 vertices which are the extrema of C. But

we know that the two sources of C, and the sink which is their common
neighbor, must be consecutive vertices of C. Though this is not possible,
because it is not possible to find neighbor in two different Vi’s. So this case
is not possible.

Case 2: The center of W has degree 3.
At least 3 extrema vertices of C are among Vi’s. We must have two

sources and one sink as consecutive vertices on C. So the only possibility is
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Figure 5: A wheel with a center of degree 3.

that each Vi has exactly one extrema, and one of the vi’s is a sink for C and
two vertices adjacent to it on C are sources. Without loss of generality, let
us assume that the sink is v1 and the two sources are the neighbors of v1 on
C which are in V1 and V3. Call them s1 and s2 respectively. The extrema
in V2 is a sink then. Call it t. Now notice that except t, s1, s2, and v1, any
other vertex on C is not a extrema. Now consider C2. No other vertex of
U2 can be an extrema for C2, otherwise C would have more than 4 extrema.
So the only possibility for the three consecutive extremas in C2 is that c be
a sink and v2 and v3 be sources for C2. Especially, notice that v2c ∈ E(W ).
Now consider C1. No vertex in V1, other than s1 can be an extrema for C1.
Moreover v2 is also not an extrema for C1. So the three extrema of C1 other
than s1 must be among {c, v1} which is impossible. See figure 5.

4 Subdivisions of K5

In the last section of this report, we show that K5 is a counterexample
to Scott conjecture. We first need some lemmas:

Lemma 25. If G is a subdivision of K4 which is not one of the following
types:
• S2: Exactly two non-adjacent edges of K4 are subdivided at least once,

and the rest of the edges are not subdivided.
• S3: Exactly the edges of a a P4 in K4 are subdivided at least once, and

the rest of the edges are not subdivided.
• S4: Exactly two adjacent edges of K4 are not subdivided, and the rest

of the edges are subdivided, each at least once.
Then G is not a derived graph.
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Proof. It is proved in [2] that the only subdivisions of K4 that are restricted
frame graphs are S2, S3, S4, and the subdivision in which the edges of a
vertex are not subdivided at all, and the three other edges are subdivided at
least once. Since derived graphs are a subset of restricted frame graphs, we
only need to show that this latter subdivision of K4 is not a derived graph.
But this subdivision is a wheel. So the result follows from theorem 24.

Let G be a subdivision of Kn. The main vertices of G are the vertices of
degree grater than 2. Let v be a main vertex of G. Remove this vertex. Then
as far as there are degree 1 vertices, remove them. The obtained subgraph is
a subdivision of Kn−1 with main vertices V (G) \ {v}. We call this a partial
subdivision of G, and denote it by PSv.

Lemma 26. Let G be a triangle-free subdivision of K5. If the partial
subdivisions of G are either S2, S3, or S4, then G is of one of the following
types:
• Type A: Edges of a 4-cycle in G is not subdivided at all, and any other

edge is subdivided at least once.
• Type B: Edges of a 5-cycle in G is not subdivided at all, and any other

edge is subdivided at least once.

Proof. In this proof the subdivisions of K4 in which exactly 5 and 6 edges are
subdivided are denoted by T5 and T6 respectively. Moreover, T4 denotes a
subdivision ofK4 in which exactly two non-adjacent edges are not subdivided,
and the rest are subdivided. Finally T3 denotes the subdivision of K4 in
which 3 edges adjacent to a common vertex are not subdivided, and the rest
are subdivided. Notice that these, along with S2, S3, and S4 form all the
triangle-free subdivisions of K4. By assumptions, all partial subdivisions of
G are among {S2, S3, S4}. Let V (G) = {a, b, c, d, e}. We consider three cases:

Case 1. PSe = S2. Without loss of generality, let ac and bd be the
subdivided edges of PSe.

Among the four edges adjacent to e, at least 2 of them are subdivided,
otherwise we will have a triangle in G.

If exactly two of the edges adjacent to e are subdivided, then up to
symmetry either the two subdivided edges are ea and ec, in which case PSb

is of type T3 which is not possible, or the two subdivided edges are ea and
eb, in which case aed is a triangle and this case is not possible either.

If there are three subdivided edges among edges adjacent to e, then
because of symmetry we may assume the are ea, eb, and ec. Then PSb
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is a T3: contradiction.
Finally if all the edges adjacent to e are subdivided, then G is the Type

A subdivision of K5.
Case 2. PSe = S3. Without loss of generality, let ac, ab, and bd be the

subdivided edges of PSe.
If ec is not subdivided, then eb and ed must be subdivided, otherwise ebc

or ecd will be triangles in G. So ec must be subdivided. Similarly, ed must
be subdivided.

Now consider ea and eb. If they are both subdivided, then PSc = T5:
contradiction. If ea is subdivided, but not eb, then PSc = T4: contradiction.
If eb is subdivided, but not ea, then PSd = T4: contradiction. Therefore
they are both not subdivided. Hence G is the Type B subdivision of K5.

Case 3. PSe = S4. Without loss of generality, let ac, bc, bd, and cd be
the subdivided edges of PSe.

First of all notice that if ea is not subdivided, then eb and ed must
be subdivided, otherwise ebc or ecd will be triangles in G. So ea must be
subdivided.

Now if eb is subdivided, PSd will be T4 if ec is not subdivided, or will be
T5 if ec is subdivided. Therefore it is not possible, and eb is not subdivided.
By symmetry one can conclude that ed is not subdivided.

Finally if ec is not subdivided, then PSa is a T3: a contradiction.
Therefore ec is subdivided and G is the Type A subdivision of K5.

Lemma 27. If a graph is a type A subdivision of K5, then it is not a derived
graph.

Proof. If a graph is a type A subdivision of K5, it does not contain full star
cutsets and is not a luxury chandelier (because for each vertex there is a
cycle not containing it), so by theorem 21 it cannot be a derived graph.

Remark 28. Type A subdivision of K5 is a restricted frame graph, as shown
in figure 6. For the definition of restricted frame graph, see [2] (Definition
2.2).

Lemma 29. If a graph is a type B subdivision of K5, then it is not a derived
graph.

Proof. Let G be a type B subdivision of K5, and let {a, b, c, d, e} denote the
main vertices of G. In addition, let Vuv denote the set of vertices on the
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Figure 6: A type A subdivision of K5 and its presentation as a restricted frame graph.

subdivided edge uv for u, v ∈ {a, b, c, d, e}, u 6= v. We will denote the holes
in G only by their main vertices when there is no ambiguity.

For the sake of contradiction, consider that there is a presentation of G
as a derived graph. This applies an orientation on G. The cycle C = abcdea
using the non-subdivided edges is a hole in G. By Lemma 23 we know that
it has two sinks, two sources, and a non-extremum vertex. Without loss of
generality let a and c be the sources and b and e be the sinks.

Now consider the hole ecde. The vertex d is not a extremum for this hole,
and c also cannot be a sink of it. Therefore the two sinks of ecde are among
Vce∪{e}. Call them t1 and t2, and without loss of generality assume t1 ∈ Vce.

Then consider the hole abca. For this hole, a and c cannot be sinks, and
b is a sink. So there is exactly one sink in Uac, call it t3.

Finally consider the hole acea. Notice first that t1 and t3 are sinks for
acea. If t2 ∈ Vce then it will be a third sink for acea: contradiction. If t2 = e,
let f be the neighbor of e on the subdivided edge between c and e. Then
fe ∈ E(G), and since we also have ae ∈ E(G), then again e will be a third
sink for acea: contradiction.

So G is not a Burling graph.

Theorem 30. The family of derived graphs has no subdivision of K5.

Proof. Let G be a subdivision of K5. If it contains triangles, it obviously
is not a derived graph. Therefore we may assume G is triangle-free. If
the partial subdivisions of K5 include anything but S2, S3, or K4, then by
lemma 25 G is not a derived graph. Otherwise, by Lemma 26, G is either a
type A or a type B subdivision ofK5. Thus the result follows from Lemmas 27
and 29.

Corollary 31. Every Kn, for n ≥ 5, is a counterexample to Scott conjecture.
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Proof. Every subdivision of Kn, n ≥ 5, includes a subdivision of K5. Thus
Theorem 30 implies that no subdivision of Kn, n ≥ 5, is a derived graph,
and the proof concludes.
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