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Préambule

Trois points de vue sur le “bruit”

1 Bruit = fluctuations aléatoires

2 Bruit = “ce qui n’est pas signal” (exemple du problème
“cocktail party”)

3 Bruit = nuisance (dont on cherche à s’affranchir) dans le cas
de systèmes linéaires

et un quatrième

Dans le cas de systèmes non linéaires, bruit et signal peuvent
coopérer ⇒ rôle bénéfique d’un ajout de bruit !
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Paléoclimatologie

Point de départ (Benzi et al., ’81)

1 Observation : alternance d’ères chaudes et froides avec une
période d’environ 105 ans

2 Modélisation : insuffisance des effets individuels

d’un forçage externe (soleil)
de fluctuations internes (circulations atmosphérique et
océanique)

3 Proposition : prise en compte simultanée des deux effets

4 Résultat : effet coopératif par couplage non linéaire

→ Résonance Stochastique
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Double puits

U(x) = −1

2
x2 +

1

4
x4

Équation d’évolution (avec forçage)

τ ẋ = −dU(x)

dx
+ F (t)
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Double puits

Trois cas de figure

1 F (t) = 0 : 2 positions d’équilibre stable (x = ±1)

2 F (t) = A cos(2πt/Ts), avec A < 1/4 (barrière de potentiel) :
la particule reste piégée dans l’un des deux puits

3 F (t) = A cos(2πt/Ts) + b(t), avec A < 1/4 et b(t) aléatoire
: la particule peut sauter d’un puits à l’autre, selon 3 régimes :

bruit faible : intermittence
bruit fort : sauts erratiques
bruit intermédiaire : transitions cohérentes
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Double puits

Résonance stochastique (McNamara & Wiesenfeld, ’89)

1 Système : y(t) = signe[x(t)]

2 Mesure de performance : rapport signal/bruit (SNR)

E{b(t)b(s)} = 2D δ(t − s)⇒ SNR ∝ 1
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Circuit électronique

Trigger de Schmitt (Fauve & Heslot, ’83)

Système à seuil et hystérésis

Première preuve expérimentale d’un effet de résonance
stochastique
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Trigger de Schmitt
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Systèmes séparables

Quels ingrédients pour la résonance stochastique ?

1 Système dynamique

2 Caractéristiques non linéaires

Cas particulier (Chapeau-Blondeau & Godivier, ’96)

Non-linéarité statique suivie d’un système dynamique linéaire

Possibilité d’une analyse exacte

3 Periodic SR in static nonlinear systems

SR in nonlinear dynamic systems as those based on Eq. (1) is usually difficult to theoretically
analyze, and deriving an explicit expression for the SNR in given conditions usually requires
to ressort to approximations (like those of a small or a slow coherent signal s(t)). There
exists another class of nonlinear dynamic systems where the theoretical analysis of SR can be
performed exactly in many conditions [6, 10]. This class consists of the nonlinear dynamic
systems for which the nonlinear and the dynamic characters are separated. These systems are
formed by the association of a static or memoryless nonlinearity followed by an arbitrary linear
dynamic system, according to Fig. 4, and they are amenable to a general theory [10, 7].

periodic signal
s(t)

noise n(t)

output

y(t)

linear
dynam.
system

static
nonlin.
g(.)

Figure 4: A general class of nonlinear dynamic systems exhibiting SR, and describable by the
theory of [10, 7].

We shall now expose an example of periodic SR in a simple instance of the class of Fig. 4,
with a complete theoretical description based on the approach of [10]. We shall deal with a
nonlinear electronic circuit involving one of the most common nonlinearities found in electronic
devices, i.e. the threshold nonlinearity of a PN junction diode [32].

We consider the circuit of Fig. 5, where the input voltage consists of the sum s(t) + η(t),
with s(t) a Ts-periodic signal and η(t) a stationary white noise with the probability density
function fη(u). The output voltage y(t) results as a nonstationary, yet cyclostationary [58],
random signal bearing correlation with the periodic input s(t).
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Figure 5: Diode circuit and its input–output static characteristics experimentally recorded
(solid line) and its simple piecewise-linear theoretical model (dashed line).

This correlation is quantified here by means of the output autocorrelation function [10]

Ryy(k∆t) =
1

N

N−1∑

j=0

E[y(j∆t)y(j∆t + k∆t)] , (5)

where, for comparing theory and experiment, we use a discrete-time formulation in which the
signals are sampled at a step ∆t $ Ts = N∆t.

5
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Systèmes séparables

Entrée

x(t) = s(t) + b(t), avec

s(t) périodique de période Ts

b(t) bruit blanc de densité de probabilité pb(u)

Sortie

y(t) = g(x(t))

cyclostationnaire

de fonction d’autocorrélation échantillonnée Ry (k∆t), avec
∆t � Ts = N∆t

de densité spectrale de puissance discrète Py (`∆ν), avec
∆ν = 1/(2MN∆t)
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Systèmes séparables

Densité spectrale

Py (`∆ν) = var{y}+ 2MN
∞∑

n=−∞

∣∣Y
∣∣2 δ(`− 2Mn),

avec

var{y} = 1
N

∑N−1
n=0 var{y(n∆t)}

var{y(t)} = E{y2(t)} − (E{y(t)})2

E{ym(t)} =
∫∞
−∞ gm(u) pb(u − s(t)) du; m = 1, 2

Forme explicite lorsque b(t) est gaussien, centré et
d’écart-type σ
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Systèmes séparables

Rapport signal/bruit

SNR

(
n

Ts

)
=

∣∣Y
∣∣2

var{y}∆t∆B

pour un intervalle de (faible) largeur ∆B autour d’une raie
spectrale d’ordre n

and Eq. (11) to

E[y2(t)] =
σ2

η

2

{
[1 + 2z2(t)] erfc[z(t)]− 2√

π
z(t) exp[−z2(t)]

}
, (14)

with z(t) = [Vth − s(t)]/(ση

√
2).

From Eqs. (13) and (14), the output SNR of Eq. (12) has been computed. Also, this
quantity has been experimentally evaluated on the circuit of Fig. 5 in the interesting regime
of a subthreshold coherent input s(t). Both results are shown in Fig. 6 (with ∆B = 1/Ts)
revealing very good agreement between theory and experiment, taking into account the simple
piecewise-linear model adopted for the static characteristics. The nonmonotonic evolution of
the output SNR with the input noise level, which culminates at a maximum value for an optimal
nonzero noise level, demonstrates the SR effect, by which here a subthreshold coherent input
s(t) is aided by noise to overcome the threshold.
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Figure 6: Experimental (circles) and theoretical from Eq. (12) (solid line) ouput SNRRout(1/Ts)
at the fundamental 1/Ts, as a function of the rms amplitude ση of a zero-mean Gaussian input
noise η(t), for the diode circuit of Fig. 5 with a sinusoidal input signal s(t) = A cos(2πt/Ts)
with A = 1 V.

The present electronic circuit stands for one of the simplest conceivable stochastic res-
onators. In particular, it comes here with a complete theoretical analysis, which is not always
feasible for more complex stochastic resonators. Other electronic circuits also shown to exhibit
SR, like a Schmitt trigger [23] or a chaotic Chua circuit [1], have more complicated nonlinear-
ities that hinder an exact theoretical treatment of the effect, which was essentially exhibited
through experiments or numerical simulations.

SR in our diode circuit relies here on the presence of a threshold and a subliminal signal
whose transmission is only possible in the presence of the noise, with maximum efficacy for
an optimum noise level explicitly predictable with the theory. Other situations exist where a
subliminal signal or a threshold are not necessary for SR [10, 3]. Also for SR, the periodic signal
s(t) can be replaced either by a high-frequency carrier modulated by a low-frequency message,
or by a broadband aperiodic signal [1, 13, 8].

4 Aperiodic SR in a nonlinear information channel

We shall now expose an example of aperiodic SR, i.e. SR with an aperiodic coherent signal
s(t) in the scheme of Fig. 1. At the same time, we shall introduce another measure of the

7
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Biologie

J.K. Douglas et al., 1993

Détection de prédateurs chez l’écrevisse par récepteurs sensibles
aux vibrations périodiques

Principe

Cellules ciliées de la queue : réponses entre 8 et 25 Hz

Expériences de stimulations périodiques entre 5 et 100 Hz,
trop faibles pour déclencher à elles eules une réponse

Rajout de bruit hydrodynamique environnemental comme
source extérieure

Patrick Flandrin Résonance stochastique



Motivation
Analyse

Applications

Biologie
'MJPB8KM@P a5KJA8AP5 @A c@J7J9C !"#$%&'"(' '$)("*+

!"#$%"&'!"#$ !""!( )( *+, - *./ !"M

-11=*5-$*0(4 *( 52#8*4$%3B 1234*54B -(9 $#52(0=0)*5-= 45*#(5#4
*(5=<9*() *$4 #L1=0*$-$*0( *( 9#A#=01*() (0A#= 4#(40%3 9#$#5$*0(
9#A*5#4C K2# -)# 0: DF *( /*0=0)3 4$-%$#9 7*$2 /#(528-%?
1</=*5-$*0(4 *( $2# #-%=3 HOOS4,P. 72#%#*( DF 7-4 9*450A#%#9 *(
4#(40%3 (#<%0(4 $2-$ 2-A# /##( 4</\#5$#9 $0 #L$#%(-= (0*4#C
D<52 4#(40%3 (#<%0(4 -%# *9#-==3 4<*$#9 $0 #L2*/*$ DF -4 $2#3 -%#
*($%*(4*5-==3 (0*43 -(9 90 01#%-$# -4 $2%#420=9 434$#84 E5081-%#
X*)<%# I -GC @( $2#4# (#<%0(-= 434$#84B - 1%01-)-$*() -5$*0(
10$#($*-= <10( %#-52*() $2# $2%#420=9 $%*))#%4 - :*%*() EA0=$-)#G
41*?#B :0==07#9 /3 - ;<*#45#($ $*8# *($#%A-= 9<%*() 72*52 (0
:*%*() #A#($4 055<%C K2#4# 1*0(##%*() 70%?4 2-A# /%0<)2$ DF $0
$2# -$$#($*0( 0: - 8<52 7*9#% 5088<(*$3C K2# #-%=3 :*(9*()4
*(41*%#9 4#A#%-= (0A#= #=#5$%01234*0=0)*5-= DF 4$<9*#4C @( - 4#%*#4
0: #L1#%*8#($4B X%-(? f044J4 )%0<1 %#10%$#9 DF %#4<=$4 0( $2#
239%093(-8*5-==3 4#(4*$*A# 8#52-(0%#5#1$0% 2-*% 5#==4 =05-$#9
*( $2# $-*=:-(4 0: 5%-3:*42C,O. K2#4# 5#==4 %#410(9 /#4$ $0 4$*8<=*
/#$7##( P -(9 Ia &WC K2# 2-*% 5#==4 7#%# 4$*8<=-$#9 /3 7#-?
1#%*09*5 7-$#% 1#%$<%/-$*0(4 -$ :%#;<#(5*#4 :%08 a $0 HSS &WC
K2*4 1#%*09*5 4$*8<=<4 -=0(# 7-4 :-% $00 7#-? $0 *(9<5# :*%*()
#A#($4 0( *$4 07(C U(A*%0(8#($-= (0*4# 7-4 $2#( -99#9
#L$#%(-==3 -4 $2# %-(908 40<%5#C K2*4 508/*(#9 4#$ <1 4*8<=-$#9
$2# -=804$ 1#%*09*5 7-$#% A*/%-$*0(4 )#(#%-$#9 /3 $2# $-*= 0: -
47*88*() 1%#9-$0% :*42 0( $2# /-5?)%0<(9 0: %-(908 7-$#%
$<%/<=#(5#C K2# D]F #L$%-5$#9 :%08 $2# 107#% 41#5$%<8 0: $2#
4$052-4$*5 41*?*() 93(-8*54B 4## X*)<%# I /B 5=#-%=3 %#A#-=#9 $2-$
DF *(9##9 50<=9 055<%Q K2# D]F @AP658K5O 7*$2 *(5%#-4*()B
#L$#%(-==3 -11=*#9 (0*4# *($#(4*$3B %#-52#9 $2# $31*5-= DF
8-L*8<8B -(9 4</4#;<#($=3 9#5%#-4#9B 4## X*)<%# cC g*?#7*4#B
$2# -(-=34*4 0: $2# 1#-? -%#-4 0: $2# *($#%41*?# 2*4$0)%-8 A#%4<4
$2# (0*4# *($#(4*$3 50(:*%8#9 $2*4 A#%3 DF /#2-A*0%C @( -(0$2#%
4#$ 0: #L1#%*8#($4 0( $2# 5#%5-= 434$#8 0: 5%*5?#$4 /3 g#A*( -(9
f*==#%B,HS. DF 2-4 /##( #4$-/=*42#9 -4 7#==C K2*4 =-$$#% 8#52-(0>
4#(40%3 434$#8 5-( %#50)(*W# 7#-?B =07 :%#;<#(53 9*4$<%/-(5#4
/#4$ /#$7##( PS -(9 HaS &WC K2*4 -==074 - 5%*5?#$ $0 4#(4# :%08 -
=0() %-()# -( -11%0-52*() 1%#9-$0% 7-41 $2-$ *($#(94 $0
9#104*$ #))4 7*$2*( $2# 5%*5?#$J4 /093C @($#%#4$*()=3 #(0<)2B $2#
$31*5-= :%#;<#(53 0: $2# 1#%*09*5 7*() /#-$4 =*#4 \<4$ 7*$2*( $2*4
:%#;<#(53 %-()#C Z1-%$ :%08 -11=3*() 7#-? 1#%*09*5 -*% :=074 $0
72*52 /%0-9>/-(9 (0*4# 7-4 -99#9B $2#4# -<$20%4 -=40 4</>
\#5$#9 $2# 5#==4 $0 7#-? /%0-9>/-(9 *(1<$ 4*)(-=4B $2<4
9#80(4$%-$*() #L1#%*8#($-==3 -1#%*09*5 DFC,HB NB eB HS. @( $2*4 =-$$#%
5-4#B $2# %-$# 0: 8<$<-= *(:0%8-$*0( A#%4<4 *(5%#-4*() (0*4#
*($#(4*$3 #L2*/*$#9 $2# A#%3 DF>=*?#B /#==>42-1#9 /#2-A*0%C X0%
4$%0() 4*)(-=4B $2#3 #4$-/=*42#9 $2-$ -99*() (0*4# 3*#=94 -
9#5%#-4*() %-$# 0: 8<$<-= *(:0%8-$*0(B 8#-(*() $2-$ $00 8<52
(0*4# 9#)%-9#4 4*)(-= #(509*()C f0%#0A#%B $2#3 50<=9 4207 $2-$
-99*() (0*4# $0 - 7#-? 4$*8<=<4 *81%0A#4 $2# $*8*()
1%#5*4*0( *( (#<%0(-= -5$*A*$3 -(9 $2-$ $2# 5#==4 -%#
-/=# $0 -9-1$ $2#*% *($%*(4*5 $2%#420=9 A-=<#4 $0 $2#
0A#%-== *(1<$ 4*)(-= 107#%C,HS/.

b#41*$# -== $2#4# 104*$*A# DF :*(9*()4B 1%08*(#($
;<#4$*0(4 %#)-%9*() DF *( 4#(40%3 /*0=0)3 %#8-*(
01#(C R2-$ *4 $2# %0=# 0: *($#%(-= (0*4# 0: $2# 4#(40%3
434$#8T f0%#0A#%B 90#4 $2# /*0=0)*5-= 434$#8 *($%*(4*>
5-==3 <4# (0*4#>#(2-(5#9 4*)(-= 9#$#5$*0(B $2%0<)2 DFB
$0 01$*8*W# *$4 :<(5$*0(T U-%=3 #L1#%*8#($4 0( *0(
52-((#=4 -(9 *( 2-*% 5#==4 0: 5%-3:*42 /3 50($%0==*()

#$%&'( +* '@9A873MJ3AJ@K5 68M@J Z'Ia\ @A P68CN@KB ;5PB8AJ65P5RMJ6K Z!\ NJ6 8
K@ALKJ@O87 KM@;L7LK 8M 8 N65[L5APC JN ,,G* "W PJ;R865O MJ K@;L78M@JAK JN 8
d@MWBL9B -I89L;J ;JO57 Z!\ 8AO 8 MB65KBJ7O3'a MB5J6C ZYY\Ge.f UB5 8<KP@KK8
65R65K5AMK MB5 @AM5AK@MC JN MB5 AJ@K5 X BCO6JOCA8;@P AJ@K5 @A MB5 P8K5 JN MB5
;5PB8AJ65P5RMJ6K( 575PM6@P87 AJ@K5 @A MB5 P8K5 JN MB5 A5L6JA ;JO57KG UB5 P68CN@KB
O8M8 OJ AJM 5VB@<@M MB5 MCR@P87 O5P658K5 NJ6 S58T AJ@K5 <5P8LK5 JN 65K@OL87
@AM56A87 AJ@K5 JN MB5 A5L6JAG d@9L65 R6JQ@O5O <C d68AT $JKKG

*($#%(-= (0*4# $2%0<)2 - A-%*-$*0( 0: $2# 4<%%0<(9*() $#81#%>
-$<%# 7#%# (0$ 50(5=<4*A#C Z 1%08*4*() *(*$*-= 1*#5# 0: #A*9#(5#
$2-$ DF 055<%4 7*$2 *($#%(-= (0*4# 2-4 /##( 4207( *( %#:C ,O5. B
72#%# $2# *($#%(-= (0*4# 8-3 /# A-%*#9 /3 -=$#%*() $2# =*)2$
*($#(4*$3 $2-$ :-==4 0( $2# 120$0%#5#1$*A# -%#- *( $2# 2-*% 5#==C K2#
%0=# 0: (0*4# :0% :<(5$*0(-= /#2-A*0% 7-4 %#5#($=3 50(:*%8#9 7*$2
#L1#%*8#($4 0( $2# :##9*() /#2-A*0% 0: 1-99=#:*42 E%J7CJOJA
KR8MBL78B X*)<%# `G /3 f044 -(9 50==-/0%-$0%4C,HH. "-99=#:*42 <4#
1-44*A# %#5#1$0%4 $0 9#$#5$ #=#5$%*5 4*)(-=4 #8*$$#9 :%08 $2#*%
1%#3 W001=-(?$0(C @( $2# #L1#%*8#($B $2# -<$20%4 50(4$%<5$#9 -
47*8 8*== 40 $2-$ 1=-(?$0( 7#%# 47#1$ $07-%94 - 47*88*()
1-99=#:*42C "=-$# #=#5$%09#4 7#%# *(4$-==#9 *( $2# :%0($ -(9 /-5?
0: $2# 1-99=#:*42 <10( 72*52 %-(908=3 #=#5$%*5 (0*4# 7-4
-11=*#9C K2# 8#-4<%#8#($ 50(4*4$#9 *( :*(9*() $2# 41-$*-=
9*4$%*/<$*0( 0: 4$%*?# =05-$*0(4 72#%# $2# 1-99=#:*42 5-<)2$ $2#
1=-(?$0(C K2*4 9*4$%*/<$*0( (-$<%-==3 /%0-9#(#9 72#( $2# :*42
7-4 -/=# $0 =05-$# 80%# 9*4$-($ 1%#3C [10( A-%3*() $2# #=#5$%*5-=
(0*4# =#A#=B $2#4# -<$20%4 :0<(9 $2-$ $2# 9*4$%*/<$*0( /#)-(
$0 7*9#(B %#-52#9 - 8-L*8-= 7*9$2 -$ -( 01$*8-= (0*4# 904#B
-(9 4</4#;<#($=3 4$-%$#9 $0 (-%%07 -)-*( 7*$2 4$*== *(5%#-4>
*() (0*4#C f0%#0A#%B -$ $2*4 01$*8-= (0*4# *($#(4*$3B $2# 5-1>
$<%# %-$# :0% :009 %-*4#9 *( 408# 5-4#4 /3 -/0<$ aS hC K2#

#$%&'( ,* Y R8OO75N@KB LK5K KMJPB8KM@P 65KJA8AP5 MJ 7JP8M5 WJJR78ATMJAG
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Bio-ingénierie 1.

N.G. Stocks et al., 2001

Amélioration d’implants cochléaires

Stocks, Allingham and Morse

characteristics of the hair cells and hence mimic the effect of ‘place coding’ in the
ear. However, the array in Figure(1) can be used to model the cochlear implant in
two possible ways. First, each electrode stimulates a (sub)population of nerve fibres
with the same signal. In this case the parallel array models information propagation
in this subpopulation. Second, in principle, it is possible to connect more than one
electrode to each filter channel - thus again stimulating a population with the same
signal. Thus, in effect, we are considering information transmission in only a sub-
population of the total number of nerve fibres that the cochlear implant stimulates.
We make the initial simplifying assumption that all neurones are identical.
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Fig 2. Schematic diagram of a cochlear implant.

To understand how noise may be used to improve speech comprehension in
cochlear implants it is important to first understand what gives rise to the SSR
effect. The SSR effect, over the range of noise intensities that displays an increasing
transinformation, can be understood as follows; if there is no internal noise, and
each unit is identical, then the response of all the units will also be identical (because
they each receive the same input signal). The implication of this in information-
theoretic terms is (rather obviously) that each unit will carry identical information
about the signal and, hence, the total information transmitted by the array will be
simply equal to the information transmitted by any one unit. However, this is not
the case if internal noise is taken into account. The presence of the noise results in
a desynchronization [2] of the individual responses that can lead to an increase in
the output entropy1 of the array. The increase in output entropy occurs because

1The output entropy is simply the total information (of signal and noise) and should not be
confused with the transinformation which is the information at the output about the signal alone.
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Bio-ingénierie 1.

Principe

Résonance stochastique “suprathreshold”

Mesure de performance par information mutuelle

I = H(x) + H(y)− H(x , y)

avec

H(x) = −
∫ +∞

−∞
p(x) log2 p(x) dx
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The application of suprathreshold stochastic resonance to chclear implant coding

−
(
−

∫ ∞

−∞
Ps(s)ds

∫ ∞

−∞
P (y|s) log2 P (y|s)dy

)
(5)

where H(y) is the information content (or entropy) of y(t) and H(y|s) can be
interpreted as the amount of encoded information lost in the transmission of the
signal. Py(y) and Ps(s) are the probability density functions (pdfs) of y(t) and s(t)
respectively and P (y|s) is the conditional pdf. All the relevant distributions can
easily be obtained from simulation of model(1)-(3).

In the absence of noise H(y|s) = 0 and hence I = H(y) and for sufficiently
large noise H(y|s) = H(y) and hence I = 0. Therefore, I can only increase in the
presence of noise if H(y) increases faster (with increasing noise) than H(y|s). This
is precisely what happens in SSR [2].
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Fig 5. Average mutual information vs noise intensity for arrays of neurones of various sizes, for
a signal strength (a) 8 and (b) 30 decibels above threshold. The signal strengths were chosen to
coincide with those typically employed in cochlear implants. The arrow indicates the approximate
average value of internal noise in the experimental data.

4. Results

All results presented in the section were obtained using an input signal that was
Gaussianly distributed and exponentially correlated with a correlation time of 0.2s.
The 0dB signal strength relative to threshold was defined as θ = 2σs where σs is the
signal strength measured at the output of one of the neurones i.e. it is the standard
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Bio-ingénierie 2.

A.A. Priplata et al., 2002

Aide au contrôle postural

Principe

Fonction sensorimotrice

Perte de performance dans ivers cas (diabète, attaque, âge)

Expériences de stimulations aléatoires sous la plante des pieds,
en-dessous du seuil de sensibilité
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Bio-ingénierie 2.

At the beginning of the testing session, investigators used
separate potentiometers on a control box to adjust the am-
plitude of the noise applied by the insoles to the soles of
the feet until the stimulation could just be felt by the sub-
ject. The stimulation level for the experiments was then set
to 90% of this sensory threshold level for each foot. Thus,
the noise signals were subsensory, and subjects were blinded
to the stimulus condition, that is, no noise (control) or
noise.

A reflective marker was attached to the right shoulder of
each subject to assess postural sway. A camera-based motion
analysis system (Vicon 512; Oxford Metrics, Oxford, United
Kingdom) was used to record the displacement of this
marker during each 30-second stance trial. This system and
associated protocol described earlier are well suited for quan-
tifying the small fluctuations observed during quiet standing
and can be viewed as an electronic version of the Romberg
test. In a previous study in our laboratory,51 we found that
displacement data obtained from markers attached to various
single points on the body (including the shoulder) were

highly correlated with foot center-of-pressure displacement
data (eg, the average cross-correlation coefficient between
shoulder and center-of-pressure data was 0.91) and accu-
rately quantify quiet-standing postural sway. Ten trials were
performed on each subject: five with mechanical noise and
five without noise. The presentation sequence, noise or con-
trol, was pairwise randomized. All subjects took a 2-minute
seated break midway through the experiment.

A plot of the anteroposterior (AP) and mediolateral (ML)
shoulder displacement, called a stabilogram, was analyzed for
each trial. To characterize balance during quiet standing, we
used both traditional stabilogram analyses and random-walk
analyses. Five traditional sway parameters were computed:
the mean stabilogram radius (measured in millimeters), the
area swept by the stabilogram over time (mm2), the maxi-
mum radius of sway (mm), and the range of the AP and ML
excursions (mm), respectively.42,43 We hypothesized that
with the application of mechanical noise to the feet, there
would be a reduction in postural sway, as indicated by de-
creases in these traditional measures.

Fig 1. The experimental setup with sample input noise and sample shoulder-marker stabilograms comparing the control and noise
conditions. AP $ anteroposterior; ML $ mediolateral.

6 Annals of Neurology Vol 59 No 1 January 2006
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Bio-ingénierie

Fig 2. Dimensionless values of the traditional and random-walk sway parameters for the control and noise trials for 15 subjects
with diabetic neuropathy, 15 subjects with stroke, and 12 elderly subjects. The group mean and standard error for the control and
noise trials, respectively, are shown. %&r2'c $ critical mean square displacement; AP $ anteroposterior; Drl $ long-term diffusion
coefficient; Hrl $ long-term scaling exponent; ML $ mediolateral.

8 Annals of Neurology Vol 59 No 1 January 2006
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Un exemple d’algorithme aidé par le bruit

EMD (Empirical Mode Decomposition)

Décomposition de signaux pilotée par les données

Extraction itérative de modes AM-FM par
1 identification du mode le plus rapide via les extrema locaux
2 soustraction et itération sur le résidu

Limitation

“Mode mixing” : pas de bijection entre modes et composantes

Amélioration (Wu & Huang, ’09)

1 Rajouter du bruit aux données

2 Calculer les décompositions correspondantes

3 Moyenner ⇒ EEMD (“Ensemble EMD”)
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Ensemble EMD
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Une variante de l’EEMD

Limitations de l’EEMD

1 Différentes réalisations de bruit peuvent conduire à des
nombres différents de modes ⇒ comment moyenner ?

2 Moyenne àtous les modes ⇒ pas de reconstruction exacte

Amélioration (Torres et al., ’11)

Ajouter du bruit “mode par mode” ⇒ CEEMDAN (“Complete
EEMD with Adaptive Noise”)

Moyennes cohérentes

Moins de modes par rapport à l’EEMD

Reconstruction exacte
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Exemple (impulsion de Dirac)
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Algorithme CEEMDAN 1.

Pré-traitement

1 Générer J réalisations de bruit blanc gaussien w j [n] ∈ N (0, 1)

2 Définir Ek(·) comme l’opérateur qui, pour un signal donné,
fournit son k−ième mode

3 Pré-calculer et stocker les J × K modes Ek(w j [n]) pour
j = 1, . . . , J et k = 1, . . . ,K

4 Fixer un niveau de bruit ε
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Algorithme CEEMDAN 2.

x j [n] = x [n] + εw j [n]1

r1[n] = x [n]2

ĨMF 1[n] = 1
J

∑J
j=1 E1(x i [n])3

for r = 2 : K do4

rk [n] = rk−1[n]− ĨMF k [n]5

ĨMF k [n] = 1
J

∑J
j=1 E1(rk−1[n] + εEk−1(w j [n]))6

Deux questions ouvertes

Comment choisir

1 le niveau de bruit ε ?

2 le nombre de réalisations J ?
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EMD
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Fig. 4. Results for increasing amplitude noise. No. of realizations: 5 (dotted), 10 (thin black),
15 (dashed) and 20 (dashed dotted). EMD performance is shown in thick gray for comparison

purposes.

minimum in this case seems to be not as low as CEEMDAN’s.
On the other hand, for CEEMDAN there is a similar behavior no matter the

input noise. The results for CEEMDAN have almost the same “shape” for different
kinds of noise, although for a little level of algorithm noise there is an oscillation in
the performance which deserves more attention in future investigations. Neverthe-
less, there is a robustness in CEEMDAN, for which the performance seems to be
not affected for the input SNR, and with a global optimum around the suggested
value of 0.2.

5. Conclusions (do we need this section?)
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