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ABSTRACT

We defineandstudystochasticdiscretescaleinvariance(DSI), a
propertywhichrequiresinvarianceby dilationfor certainpreferred
scalingfactorsonly. We prove that the Lamperti transformation,
known to mapself-similarprocessesto stationaryprocesses,is an
importanttool to studytheseprocessesandgivesa moregeneral
connection:in particularbetweenDSI andcyclostationarity. Some
generalpropertiesof DSI processesaregiven. Examplesof ran-
domsequenceswith DSI arethenconstructedandillustrated.We
addressfinally theproblemof analysisof DSI processes,first using
the inverseLamperti transformationto analyseDSI processesby
meansof cyclostationarymethods.Secondwe proposeto re-write
thesetoolsdirectly in a Mellin formalism.

1. DISCRETE SCALE INVARIANCE

Scaleinvariance,also called self-similarity, is frequently
calledupon. Its centralpoint is that the signal is scalein-
variantif it is equivalentto any of its rescaledversions,up
to someamplituderenormalization[1]. More precisely, a
function

�������
is scale-invariantwith exponent� , or � -ss,

if for any �
	�� :
��� � ����
 ��� ���������

This definition is given herefor a deterministicsignal.
Theconceptcanbeextendedto stochasticsignalswhenone
thinks of the previous equality in a probabilisticway: the
equality of the finite-dimensionalprobability distributions

[1]. We will write �
 this equality.
The strict notion of scaleinvariance,valid for all dila-

tion factorsabove, is in somecasestoo rigid; the middle-
third Cantorset is for exampleinvariantonly by dilations
of a factor3 (or a power of 3). Severalweakenedversions
of self-similarity have beenproposedto enlarge scalein-
variance’s relevanceandoneis of specialinteresthere:it is
to requireinvarianceby dilation for certainpreferredscal-
ing factorsonly, asit is thecasefor theCantorset. This is
known asdiscrete scale invariance (DSI), a conceptwhich
asbeenstresseduponby SornetteandSaleur[2, 3] asan
efficient model in many situations(fracture,DLA, critical
phenomena,earthquakes).

They studiedDSI asapropertyof deterministicsignals,
and provided generalargumentsas why shouldDSI nat-
urally occur: classicalscenariiinvolve the existenceof a
characteristicscale,the apparitionby instability of a pre-
ferredscaleor moregeneralargumentsin non-unitaryfield
theories[4]. They alsofoundwaysto estimatethepreferred
scalingratio in thiscontext, basedonclassicalspectralanal-
ysis(Lomb periodogram).

As farasweknow, thispropertyhasnotbeenenvisioned
for stochasticprocesses,a framework which is often fruit-
ful to disposeof whendealingwith realmeasurements,asit
allows to usestatisticalsignalprocessingmethods.Theex-
tensionof DSI propertyto stochasticprocessesis straigth-
forward.We proposethefollowing definition.

A process � ����������� 	������ has discrete scale invari-
ance with scaling exponent � and scale � if��� � ��� �
 � � ����������� 	 � � � (1)

Wewill referto thispropertyas
� � � � � -DSI. Theequal-

ity hereis the probabilisticequality. In the following only
wide-sensepropertywill be used(second-orderstatistical
propertiesonly).

2. LAMPERTI TRANSFORM : DSI AS AN IMAGE
OF CYCLOSTATIONARITY

2.1. Lamperti transformation

A mainissueis to find awayto studyboththeoreticallyand
practicallyDSI processes.Theansweris givenby a trans-
formationintroducedby J. Lamperti in 1962[5], which is
an isometrybetweenself-similarandstationaryprocesses.
It will becalledtheLampertitransformationandis defined
asfollows.

For any process�"! ��������� 	#�$� , its Lampertitransform� ���������%� 	����&� andits inversearegivenby���'���(
)�'* ! �%����� +
 � � ! ��,.-/������� 	�� ��0 (2)! �'���1
324*65�7���89����� +
 :;5 �$< ���': < ���=� 	>� � (3)



The theoremin the paperof Lamperti is thata process! �'��� is stationaryif andonly if its Lampertitransform
�?
* ! is � -ss. Thecentralargumentof thederivationis that

theLampertitransformationmapsa time-shiftedprocessto
thedilatedversionof theLampertitransformof theoriginal
process.Let

2'@ �A � 8 �'���B+
 � 5 � ��� � ��� bethedilation oper-
atorand

�DC�E ! �%�����F+
 ! �'��GIHJ� the time-shift operator. The
propertyis that2 * 5�7 @ �A * ! 8 �'��� �
K�DC�L M A ! �%������� (4)

Understandingthis correspondencebetweentime-shift
anddilationoperators,wecanproposemany variationsaround
Lamperti’s theorem,relaxingin someway the stationarity
for ! and the self-similarity for

�
. We will only con-

siderheretheDSI propertybut someresultsaboutdifferent
classesof processesand their descriptionare proposedin
[6]. A usefulpropertyis that onecangive the (potentially
nonstationary)correlationfunction of the Lamperti trans-
form

�
of a process! :N � ���'���O���QP"� � +
SRUTV�����WPX��
Y�QPZ��� � R\[U��,.-/����,.-]P"��� (5)

In the recentyearssomeresultshave beenobtainedfor� -ssprocesseswith thistransformation.YaziciandKashyap
proposeda generaldescriptionof wide-senseself-similar
processesandlinear modelsfor � -ss [7]. Burneckiet al.
study ^ -stableand � -ssprocesseswith this transform[8].
NuzmanandPoorgive importantresultsaboutthe predic-
tion, thewhiteningandtheinterpolationof � -ssprocesses,
mainly appliedto the fractionalBrownian motion [9]. Fi-
nally VidácsandVirtamo [10] proposeda methodof esti-
mationof � for a fBm, basedon thesameidea. All these
authorsusetheinverseLampertitransformation(3) to map
thequestionto astationaryproblemandthenusetheknown
resultsfor stationaryissuesin this context. Our objective is
to show that nonstationarymethodscanbe adaptedin the
sameway, especiallyfor DSI.

2.2. DSI and cyclostationarity

A processis calledcyclostationary[11] or periodically-cor-
related[12, 13], if its correlationfunction is periodic in
time. More precisely, if a period _ is given, a process�X! �'�����(� 	`�$� is wide-sensecyclostationaryif it satisfies
for any times

���WP N ! �'��G _ �a
 N ! �������N �b! ����G _ � ! �QPcG _ � � 
 N �d! �'��� ! �QP"� � � (6)

The correlationfunction
R&[6�'�����9GIHJ�

is thenperiodicin
�

of period _ andonecandecompose
R [

in aFourierseriesR&[6�'������GeHJ�>
 ��fghji 5 f k h �'HJ�l:"m.npo h <'qpr � (7)

Using the definitionsof cyclostationarityand
� � � � � -

DSI andthecorrespondance(4), we canstatethefollowing
importantresult.

A process �"! ��������� 	s�$� is cyclostationary of period_ if and only if its Lamperti transform of parameter � :� �������(
I� �\! �',t-/������� 	 ����� � is � � �u: r � -DSI.
This is one possibleextensionof Lamperti’s theorem,

oneof importancein ourstudyof DSI. A first consequence,
using(5), is that thegeneralform of covarianceof

� � � � � -
DSI processesis naturallyexpressedona Mellin basis:RUTV����� � ����
 � � �ln � ��fghji 5 f k h � � �O�lm.nuo h q

L M A �
(8)

Note that if the process
�

is real-valued,a necessary
conditionis imposed:

k 5 h � � �/
 kwvh � � � . TheMellin func-
tion

� �c� mtnuo h q L M A in (8) is centralin the studyof DSI pro-
cesses.Thisis notasurprise:Lampertitransformationmaps
the Fourier basis(invariantup to a phaseby time-shift) to
theMellin basis(invariantupto aphaseby dilationandhav-
ing alsothedeterministicDSI property).We stressthefact
theMellin functionsarea basisandthat they have anasso-
ciatedtransformationwhich canbe numericallycomputed
[14].

3. EXAMPLES OF PROCESSES AND SEQUENCES
WITH DSI

Continuous-timesystemswith DSI propertyareeasilycon-
structed.Applying

*
to anARMA( x , y ) system,we obtain

a generalizationof the Euler-Cauchy(EC) system. It is a
modelfor self-similarprocesses[7], drivenby amultiplica-
tiveGaussiannoisez ����� , whosecorrelationis

N �;z ����� z �QP"� � 
�l{ nX| ����}=P"�
. Theprocess

�������
verifies~ghji%�F� h � h d

h
d
� h ���'���(
 �g��i%�B� � � � ��� d

�
d
� � z �'����� (9)

In thesamemannerthatanonstationaryARMA modelwith
periodic time-varying coefficients is cyclostationary[15],
one obtainsa DSI model when taking log-periodic time-
varying coefficients � � and � h in the (EC) system. This
will benot detailedfurther.

In orderto obtainDSI processesin discretetime (ran-
dom sequences with self-similarity and log-periodicity),a
possibility is to considera discrete-timesystemanalogto
(EC) ( � -ssin acertainway),thenintroducelog-periodicity
in thecoefficients.We describetwo approacheshere.

A direct discretizationin time of the (EC) systemis
given by the integration of its evolution betweentwo in-
stants.This wasproposedin [16] for the first order. This
nonstationary� -sssystemis writtenas

���w
 �F� �b� ��� 5%7 G:��d�
where �F� �b�w��� } ^���� and

:��
is a time-decorrelated
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Fig. 1. Typical realizationsof DSI randomsequences.On theleft
themodelis a (EC) systemof order2 discretized,in cascadewith
a log-periodicAR(1). On the right it is constructedon fractional
difference(seetext). The length is 5000points, ��������� , �#��Z� �Z� . Theoscillationsabove thesignalsareindicative of the log-
periodicityof theAR. ���1�����Z� , �\����� � ,  �¡1����� ¢Z£ and  �¤]��� .
Gaussiannoisewith variance

NI: n�I¥ � n � 5�7 , when � is
large.Thegeneralizationto thediscretizationof (EC)of or-
der ¦ is straightforward. The result is of the form, for the
largetimes �� � }=§¨� h �©�/G � 7 � 5�7�� � }=§¨� h 5%7���� 5%7
 � 5 n AR

� ¦ } � �l�©� 5%7 G�:���G�ª«� � 5F¬ � (10)

where
§

is thebackwardoperator, andAR is anAR model.
Sucha systemwith log-periodicityin thecoefficient � 7and in the AR, or in cascadewith a log-periodicAR sys-

tem (seefor examplethe AR(1) proposedhereafter, equa-
tion 12), will presentan approximateDSI property. The
readercanseeon theleft of figure1 a realizationof sucha
process.

Another classof discrete-timeself-similar systemsis
givenby modelsconstructedonthefractionaldifferenceop-
erator. Theusualmethodis to useits moving averagerepre-
sentationwritten asa binomialexpansion.We preferto use
the discretizationproposedin [17], constructedwith some
generalizationof thebilineartransformationin orderto de-
fine a scalingoperatorfor sequences.Thefractionaldiffer-
enceoperatoris thena filter ­ 7 � ¦F� whoseimpulsereponse
is

­ 7 � ¦F� 
 fg� i%� �l} � � �"® �'¯]G � � ® ��}/¯/G ¦ } � �® � � G � � ® � ¦ } � G � � ® �'¯�� ® ��}/¯�� � (11)

This filter is in cascadewith a nonstationaryAR filter
whosecoefficientsare log-perodic. For examplewe may
limit ourselvesto thefirst order(coefficient ­ n ), takingcare
thatthefilter is stableateachinstant:

­ n 
±°�²\Ge³µ´�¶¸·;¹1ºj» ,.-/�,t- �½¼ : mtnuo�¾l¿¸À 7 �FÁ�Â�ÃOÄuÅ Àtnuo1Æ ÇjÈÆ Ç;ÉdÊ�Ê � (12)

We proposeanexampleof suchasignalfig. 1 on theright.

4. ANALYSIS BY DELAMPERTIZATION

In front of ageneralclassof processes(or randomsequences
in the context of numericalprocessing)which arenonsta-
tionary, or of unknown structure,onehasto find methodsto
analysethose.Givena sequence

� h suspectedof DSI, the
simplestway of analysisis to find the presumedcyclosta-
tionaryprocessassociatedby applying

* 5%7
.

Generallyspeaking,classicalstationarymethodsareuse-
ful to analyseself-similarprocessafter “delampertization”
of thesignal. This wastheessenceof paperson � -sspro-
cessescited before[7, 8, 9]. Nonstationarymethodscan
thenbe usedtu studyclassesof processeswhich have not
properself-similarity, but which have somekind of nonsta-
tionaritywith regardsto dilation- anonstationarityin scale.
DSI is thenonly afirst interestingexampleof aprecisekind
of nonstationarityin scale.

Beforeusingcyclostationarymethods,a practicalprob-
lem mustbe considered: how to computein discretetime
the inverseLampertitransformation? First, it needsa non
linear sampling

��
 y h of the data(but suchis not often
the casewith real signals),or an interpolationto find the
datawith this geometricalsampling,givenasignal

� < with
usualarithmeticsampling: the correspondingsequence! <
is known for

��
�,.- ¦ , with ¦½	ÌË and we want it for�6
ÎÍ
,
Í 	�Ï . Figure2 shows on the left thesequence!

constructedfrom thesecondprocesson figure1.
A seconddifficulty is that � is apriori unknown. Using

the transformationof parameter� seemstricky... In fact
thetoolsusedthereafterhavenotbeenfoundto besensitive
to thisamplitudeeffect. Thecyclostationarytoolsarefound
unaffectedif oneuses� 
SÐJ� Ñ to delampertizetheprocess
in placeof thereal � .

We tried theapplicabilityof theseideasonsyntheticse-
quences.As anexampleof a classicalcyclostationarytool,
weimplementedthemethodsproposedin [18]. In anutshell
the algorithmto estimatea time-smoothedcyclic crosspe-
riodogramis asfollows. First the signalis decomposedinÒ

segmentsof length Ó in orderto averageon theseparts.
A filteredanddecomposedversionis computed,where Ô is
a datataperingwindow:Õ! r � ¦ �WÖ%�(
 × q ngØ i 5 × q n Ô

� ­ � ! � ¦ } ­ ��: 5 mtnuo�¾�À h 5 Ø Ê r�Ù (13)

Thenthespectralcomponents
Õ! r � ¦ �¸ÚÛ� arecorrelatedat

frequencies
ÖÜ}�ÝjÞ � º and

ÖUG#ÝjÞ � º by amultiplier followed
by a low-passfilter ß :à(ápâ[ �'ãµ�WÖ%�1
 g h Õ! r � ¦ �uÖ
} Ý�Þº � Õ! vr � ¦ �uÖäG ÝjÞº � ß ��ãÜ} ¦ ���

This is anestimateof thespectralcrosscorrelation.The
usualspectrumis distributedon the maindiagonal

ÝjÞw
åÐ
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Fig. 2. On the left is shown the cyclostationarysequenceafter
using æ$çBè onthesignalplottedontheright of fig. 1. Themarginal
in cyclic frequency is representedon theright. Themainpeakon
the centeris the total energy of the signal. The two symmetric
peaks(pointedonby arrows)areanindicationof cyclostationarity
andsituatedto frequenciesé/¢¸êB�%ë�ì1� .
andfor cyclostationarysequencesit presentsnon-zerodis-
tributions on

Ý�Þ#
îí �"�"_ (and eventually on higher har-
monics).Themarginal in cyclic frequency of this spectrum
hasthensharppeakson �"��_ where � 
±: r for DSI and
givesa reliableestimationof � . Seefigure 2 the resultof
this procedurefor thesyntheticmodeldescribedbefore.

5. TOWARD MELLIN-BASED TOOLS

Anotherway of thinking might be fecundto analyseDSI
processes.Wecanformulatedirectlythemethodsin aMellin
formalism,with no geometricalresampling.That is to say
thatwe opera “lampertization”of the toolswherethefirst
wayproposedto “delampertize”thesignalstudied.

By directinterpolationwehavefew detailsfor theshort
times(in factwe can’t reconstitute

Íðï�Ð
) andwe ignore

many details in the long times (taking one point among
many). To obtain statisticalrelevance,one hasto have a
hugenumberof points in the original datato make some
processing.Theavantage,remarkedin [8, 10], is thatthere
arefewerpointsin

�
, then ! � aftergeometricalresampling

andthiskeepsthecomputationalcostlow.
Whenonedoesnot disposeof a largenumberof points,

usinga geometricsamplingloosemuchinformationon the
signal. As the Fourier transformof a processis relatedto
theMellin transformof theprocesstransformedby

*
, many

methodsfor cyclostationaryprocessescanbe written with
Mellin transformationandusedon processeswith DSI. For
self-similarsignals( � 
�Ð ), estimatorsconstructedin this
way weregivenin [19] andcanbeadaptedto take into ac-
countanexponent� andDSI.
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