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ABSTRACT

We defineand study stochastidiscretescaleinvariance(DSI), a

propertywhichrequiresnvarianceby dilationfor certainpreferred
scalingfactorsonly. We prove thatthe Lampertitransformation,
known to mapself-similarprocesseo stationaryprocessess an

importanttool to studytheseprocessesindgivesa moregeneral
connectionin particularbetweerDSI andcyclostationarity Some
generalpropertiesof DSI processesre given. Examplesof ran-

domsequencewith DSI arethenconstructedandillustrated. We

addresdinally theproblemof analysisof DSI processedirstusing

the inverseLampertitransformatiorto analyseDSI| processedy

meansof cyclostationarymethods Secondve proposeo re-write

thesetoolsdirectly in aMellin formalism.

1. DISCRETE SCALE INVARIANCE

Scaleinvariance,also called self-similarity, is frequently
calledupon. Its centralpoint is thatthe signalis scalein-
variantif it is equivalentto ary of its rescaledversionsup
to someamplituderenormalization[1]. More precisely a
function X (t) is scale-ivariantwith exponentH, or H-ss,
if forary k € R X (kt) = K7 X (¢).

This definition is given herefor a deterministicsignal.
Theconcepttanbeextendedo stochastisignalswhenone
thinks of the previous equalityin a probabilisticway: the
equality of the finite-dimensionalprobability distributions
[1]. We will write £ this equality

The strict notion of scaleinvariance valid for all dila-
tion factorsabove, is in somecasedoo rigid; the middle-
third Cantorsetis for exampleinvariantonly by dilations
of afactor3 (or a power of 3). Severalwealenedversions
of self-similarity have beenproposedto enlage scalein-
variances relevanceandoneis of specialinteresthere:it is
to requireinvarianceby dilation for certainpreferredscal-
ing factorsonly, asit is the casefor the Cantorset. Thisis
known asdiscrete scale invariance (DSI), a conceptwhich
asbeenstressediponby Sornetteand Saleur[2, 3] asan
efficient modelin mary situations(fracture,DLA, critical
phenomenagarthquaks).

They studiedDSI asa propertyof deterministicsignals,
and provided generalargumentsas why should DSI nat-
urally occur: classicalscenariiinvolve the existenceof a
characteristicscale, the apparitionby instability of a pre-
ferredscaleor moregeneralargumentsn non-unitaryfield
theorieq4]. They alsofoundwaysto estimatehe preferred
scalingratioin this context, basedn classicakpectrabinal-
ysis(Lomb periodogram).

Asfarasweknow, this propertyhasnotbeerervisioned
for stochastigprocessesa framawork which is often fruit-
ful to disposeof whendealingwith realmeasurementsasit
allows to usestatisticalsignalprocessingnethods.The ex-
tensionof DSI propertyto stochastiqprocessess straigth-
forward. We proposethefollowing definition.

A process {X(t), t € Rt } hasdiscrete scaleinvari-
ance with scaling exponent H and scale ) if

X)L AEX(¢), t € RY. 1)

We will referto this propertyas(H, \)-DSI. Theequal-
ity hereis the probabilisticequality In the following only
wide-sensepropertywill be used(second-ordestatistical
propertiesonly).

2. LAMPERTI TRANSFORM : DSI ASAN IMAGE
OF CYCLOSTATIONARITY

2.1. Lamperti transformation

A mainissueis to find away to studyboththeoreticallyand
practically DSI processesThe answeris given by a trans-
formationintroducedby J. Lampertiin 1962[5], which is
an isometrybetweenself-similarand stationaryprocesses.
It will be calledthe Lampertitransformatiorandis defined
asfollows.

For ary process[Y (), t € R}, its Lampertitransform
{X(t), t € R"} andits inversearegivenby

X(H) = (LY) () =
Y(t) = (£7X) (1) =

t"y (Int), te RY; (2)
e X (), teR (3)



The theoremin the paperof Lampertiis thata process
Y (t) is stationanyif andonly if its LampertitransformX =
LY is H-ss. The centralagumentof the derivationis that
the Lampertitransformatiormapsa time-shiftedprocesdo
thedilatedversionof the Lampertitransformof the original
process.Let (DHX) (t)=A"H X (\t) bethedilation oper
atorand(S,Y) (t)=Y (¢ + 7) thetime-shiftoperator The
propertyis that

(LDELY) (1) 2L (SmaY) (8). 4)

Understandinghis correspondencbetweentime-shift
anddilationoperatorsye canproposemary variationsaround
Lamperti's theorem,relaxingin someway the stationarity
for Y and the self-similarity for X. We will only con-
siderherethe DSI propertybut someresultsaboutdifferent
classef processesndtheir descriptionare proposedn
[6]. A usefulpropertyis thatonecangive the (potentially
nonstationary)correlationfunction of the Lampertitrans-
form X of aprocesy’:

()} = Rx(t,s) =

In the recentyearssomeresultshave beenobtainedfor
H-ssprocessewith thistransformationYaziciandKashyap
proposeda generaldescriptionof wide-senseself-similar
processeandlinear modelsfor H-ss[7]. Burneckiet al.
study a-stableand H-ssprocessesvith this transform[8].
Nuzmanand Poor give importantresultsaboutthe predic-
tion, thewhiteningandtheinterpolationof H-ssprocesses,
mainly appliedto the fractional Brownian motion[9]. Fi-
nally Vidacsand Virtamo [10] proposeda methodof esti-
mationof H for afBm, basedon the sameidea. All these
authorsusethe inverseLampertitransformatior(3) to map
thequestiono astationaryproblemandthenusetheknown
resultsfor stationaryissuedn this context. Our objectveis
to shav that nonstationarymethodscanbe adaptedn the
sameway, especiallyfor DSI.

E{X(t)X (st)y? Ry (Int,Ins). (5)

2.2. DSl and cyclostationarity

A processs calledcyclostationanf11] or periodically-cor-
related[12, 13], if its correlationfunction is periodicin

time. More precisely if a period T is given, a process
{Y(t), t € R} is wide-senseyclostationaryif it satisfies
for ary timest, s

EY({t+T) =
E{Y(t+T)Y(s+T)} =

EY(t),
E{Y ()Y (s)}, (6)

The correlationfunction Ry (¢, t + 1) is thenperiodicin ¢
of periodT" andonecandecompose&?y in aFourierseries

ZC

n=—oo

Ry t t—l—T — z27rnt/T‘ (7)

Using the definitions of cyclostationarityand (H, A)-
DSl andthe correspondanc@t), we canstatethe following
importantresult.

A process {Y (t), t € R} iscyclostationary of period
T if and only if its Lamperti transform of parameter H:
{X () =t¥Y (Int), t € Rt },is(H,eT)-DSI.

This is one possibleextensionof Lamperti's theorem,
oneof importancen our studyof DSI. A first consequence,
using (5), is thatthe generalform of covarianceof (H, \)-
DSl processess naturallyexpressean a Mellin basis:

+oo
= E7eH N Cu(k)

n=—oo

Rx (t, kt) gizmn/In A (g)

Note that if the processX is real-valued,a necessary
conditionis imposed:C_,,(k) = C}: (k). TheMellin func-
tion ¢f1+i27n/In A in (8) is centralin the studyof DSI pro-
cessesThisis notasurpriselLampertitransformatiormaps
the Fourier basis(invariantup to a phaseby time-shift) to
theMellin basis(invariantupto aphasey dilationandhav-
ing alsothe deterministicDSI property). We stresshe fact
the Mellin functionsarea basisandthatthey have anasso-
ciatedtransformationwhich canbe numericallycomputed
[14].

3. EXAMPLES OF PROCESSES AND SEQUENCES
WITH DS

Continuous-timesystemswith DSI propertyareeasilycon-
structed. Applying £ to an ARMA(p,q) systemwe obtain
a generalizatiorof the EulerCauchy(EC) system. It is a
modelfor self-similarprocesse§’], drivenby a multiplica-
tive Gaussiamoiser(t), whosecorrelationsE {n(t)n(s) }=
ta25(t — s). TheprocessX (t) verifies

p
nd
nZ::obnt o

In thesamemannetthata nonstationaryARMA modelwith
periodic time-varying coeficients is cyclostationary[15],
one obtainsa DSI model when taking log-periodictime-
varying coeficients a,,, andb,, in the (EC) system. This
will benotdetailedfurther.

In orderto obtain DSI processe# discretetime (ran-
dom sequences with self-similarity and log-periodicity), a
possibility is to considera discrete-timesystemanalogto
(EC) (H-ssin acertainway), thenintroducelog-periodicity
in the coeficients.We describewo approachekere.

A direct discretizationin time of the (EC) systemis
given by the integration of its evolution betweentwo in-
stants. This was proposedn [16] for the first ordet This
nonstationary -sssystemis writtenas X, = a[k]Xx—1 +
ek, Wherea[k] ~ 1 — a/k andey, is a time-decorrelated

ul

Z amt™ T — d” n(t).

dtm ©



Fig. 1. Typicalrealizationsof DSI randomsequencesOntheleft
themodelis a (EC) systemof order2 discretizedjn cascadeavith
alog-periodicAR(1). On theright it is constructedn fractional
difference(seetext). Thelengthis 5000 points,H = 0.1, A =
1.06. Theoscillationsabove the signalsareindicative of thelog-
periodicityof theAR. fo = 1/8, p = 0.6, 8, = 0.25 and3y = 0.

Gaussiamoisewith varianceE e? « k*#~!, whenk is
large. Thegeneralizatioro the discretizatiorof (EC) of or-
dern is straightforvard. The resultis of the form, for the
largetimesk

(1= B)"Xy +ark™ (1- B)" ' X34
= kT?AR(n — 1)Xi_1 + e, + O(k°) (10)

whereB is thebackwardoperatorandAR is anAR model.

Sucha systemwith log-periodicityin the coeficienta,
andin the AR, or in cascadewith a log-periodicAR sys-
tem (seefor examplethe AR(1) proposecdhereafter equa-
tion 12), will presentan approximateDSI property The
readercanseeon the left of figure 1 a realizationof sucha
process.

Another classof discrete-timeself-similar systemsis
givenby modelsconstructednthefractionaldifferenceop-
erator Theusualmethodis to useits moving averagerepre-
sentationwritten asa binomial expansion.We preferto use
the discretizationproposedn [17], constructedvith some
generalizatiorof the bilineartransformatiorin orderto de-
fine a scalingoperatorfor sequencesThefractionaldiffer-
enceoperatoris thena filter /; [n] whoseimpulsereponse
is

o= (D! +K)D(=r +n—k)
hn] = l;) T'(k+1)C(n—k+1T(r)T(-r)" (11)

This filter is in cascadewith a nonstationaryAR filter
whosecoeficients are log-perodic. For examplewe may
limit oursehesto thefirst order(coeficientls), takingcare
thatthefilter is stableateachinstant:

lp = (p + (. cos 2? li\lt> i2mfo (1485 cos(2m{2%)) (12)

n

We proposeanexampleof sucha signalfig. 1 ontheright.

4. ANALYSISBY DELAMPERTIZATION

In front of ageneratlassof processeéor randomsequences
in the context of numericalprocessingwhich are nonsta-
tionary, or of unknown structure pnehasto find methodso
analysethose.Givena sequenceX,, suspecteaf DSI, the
simplestway of analysisis to find the presumedyclosta-
tionary processassociatetby applying£ .

Generallyspeakingclassicaktationarymethodsareuse-
ful to analyseself-similarprocessafter “delampertization”
of the signal. This wasthe essencef paperson H-sspro-
cessegited before[7, 8, 9]. Nonstationarymethodscan
thenbe usedtu study classeof processesvhich have not
properself-similarity, but which have somekind of nonsta-
tionarity with regardsto dilation - anonstationarityn scale.
DSlisthenonly afirstinterestingexampleof a precisekind
of nonstationarityn scale.

Beforeusingcyclostationarymethodsa practicalprob-
lem mustbe considered how to computein discretetime
the inverseLampertitransformatior? First, it needsanon
linear samplingt = ¢™ of the data(but suchis not often
the casewith real signals),or an interpolationto find the
datawith this geometricakamplinggivenasignal X; with
usualarithmeticsampling: the correspondingequencé&’;
is known for ¢ = Inn, with n € N andwe wantit for
t = m, m € Z. Figure2 shons ontheleft thesequenc&”
constructedrom the secondprocesn figure 1.

A secondlifficulty is that H is a priori unknavn. Using
the transformationof parameterd seemdtricky... In fact
thetoolsusedthereaftehave notbeenfoundto besensitve
to thisamplitudeeffect. Thecyclostationartoolsarefound
unafectedif oneusesH = 0.5 to delampertizehe process
in placeof thereal H.

We tried the applicability of theseideason syntheticse-
quencesAs anexampleof a classicalcyclostationarytool,
weimplementedhemethodgproposedn [18]. In anutshell
the algorithmto estimatea time-smoothedyclic crosspe-
riodogramis asfollows. Firstthe signalis decomposeéh
N sggmentsof length L in orderto averageon theseparts.
A filteredanddecomposegersionis computedwhereh is
a datataperingwindow:

N/2

Yr(n,f)= Y hOY(n—1l)e 20T (13)

I=—N/2

Thenthespectracomponentdr(n, -) arecorrelatedat
frequencies — v./2 and f + v./2 by amultiplier followed
by alow-pasdfilter g:

S0, f) = Vel = 5 + Phato =),

Thisis anestimateof the spectrakrosscorrelation.The
usualspectrumis distributedon the main diagonaly, = 0
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Fig. 2. On theleft is shavn the cyclostationarysequencefter
using£~! onthesignalplottedontheright of fig. 1. Themaginal
in cyclic frequeny is representedn theright. The mainpeakon
the centeris the total enegy of the signal. The two symmetric
peakgpointedon by arravs) areanindicationof cyclostationarity
andsituatedto frequenciest27/ In .

andfor cyclostationarysequenceg presentsion-zerodis-

tributionson v. = +1/T (and eventually on higher har

monics). Themaminalin cyclic frequeng of this spectrum
hasthen sharppeakson 1/T where\ = e for DSI and
givesa reliable estimationof A. Seefigure 2 the resultof

this procedurdor the syntheticmodeldescribedefore.

5. TOWARD MELLIN-BASED TOOLS

Anotherway of thinking might be fecundto analyseDSI
processesMNe canformulatedirectlythemethodsn aMellin
formalism,with no geometricaresampling.Thatis to say
thatwe opera “lampertization”of the tools wherethe first
way proposedo “delampertize'the signalstudied.

By directinterpolationwe have few detailsfor theshort
times(in factwe cant reconstituten < 0) andwe ignore
mary detailsin the long times (taking one point among
mary). To obtain statisticalrelevance,one hasto have a
hugenumberof pointsin the original datato make some
processingTheavantageremarledin [8, 10, is thatthere
arefewer pointsin X, thenY, aftergeometricatesampling
andthis keepsthe computationatostlow.

Whenonedoesnot disposeof alarge numberof points,
usinga geometricsamplingloosemuchinformationon the
signal. As the Fourier transformof a processs relatedto
theMellin transformof the procesgransformedy £, mary
methodsfor cyclostationaryprocessesan be written with
Mellin transformatiorandusedon processewvith DSI. For
self-similarsignals(H = 0), estimatorsconstructedn this
way weregivenin [19] andcanbe adaptedo take into ac-
countanexponentH andDSI.
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