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1 Introduction

The idea to model logic by game-theoretic tools can be traced back to the work of Lorenzen [19]. The
idea is to interpret a formula by a game between two players O and P, O trying to refute the formula and P
trying to prove it. The formula A is then valid if P has a winning strategy on the interpretation of A. Later,
Joyal remarked [18] that it is possible to compose strategies in Conway games [10] in an associative way,
thus giving rise to the first category of games and strategies. This, along with parallel developments in
Linear Logic and Geometry of Interaction, led to the more recent construction of compositional game
models for a large variety of logics [1, 21, 11] and programming languages [17, 3, 20, 2].

On the other hand, games with parity conditions [4] have been used accurately in order to model
languages such as the propositional µ-calculus [22]. The idea is to build a µ-bicomplete category of
games, i.e. a category with finite products, finite coproducts and initial algebras/terminal coalgebras for
all functors definable with products, coproducts and parametrized initial/terminal algebras/coalgebras.
However, this category of games is a bit unsatisfactory from the point of view of proof theory since it is
not closed, i.e. it does not admit an interpretation of functional types or implication.

2 On previous work

In a previous paper [6], we presented a logic named µLJ which is an extension of both the propositional
µ-calculus and of the intuitionistic sequent LJ[15]. Variants of this language have already been consid-
ered, see for example [5]. Basically, it consists of the usual rules of LJ plus the following rules to express
fixpoints, and the action of formulas with a free type variable as covariant (denoted T ) or contravariant
(denoted N) endofunctors.

Rules for Fixpoints and Functors

Γ ` T [µX .T/X ]
µr

Γ ` µX .T

T [A/X ] ` A
µl

µX .T ` A

T [νX .T/X ] ` B
νl

νX .T ` B

A ` T [A/X ]
νr

A ` νX .T

A ` B
[T ]

T (A) ` T (B)

B ` A
[N]

N(A) ` N(B)

This logic is then equipped with the usual reduction rules of LJ, with the addition of the following
rules for fixpoints, and rules for the expansion of functors.
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π1

Γ ` T [µX .T/X ]
µr

Γ ` µX .T

π2

T [A/X ] ` A
µl

µX .T ` A
Cut

Γ ` A

;
π1

Γ ` T [µX .T/X ]

π2

T [A/X ] ` A
µl

µX .T ` A
[T ]

T [µX .T/X ] ` T [A/X ]
Cut

Γ ` T [A/X ]

π2

Γ,T [A/X ] ` A
Cut

Γ ` A

Figure 1: Cut reduction for µ

In [6], we show how to build a games model of this logic in the setting of arena games [17, 16]. We
start from McCusker’s model of recursive types in arena games [20] where recursive types are obtained
by infinite iteration of the functors, in the spirit of Knaster-Tarski’s fixed point theorem. We first revisit
his work by replacing this infinite iteration process by loops in arenas. For this purpose, we introduce
a general form of functors in game semantics, called open functors, which are semantic counterparts of
formulas with free type variables. Such functors are in one-to-one correspondence with open arenas,
i.e. arenas with special distinguished moves called holes, representing type variables. These arenas
admit a loop construction, giving rise to a minimal invariant [14, 12, 13] for the corresponding functor.
Moreover, we show that this loop construction can be enriched by parity winning conditions, providing
initial algebras and terminal coalgebras for most covariant open functors. Hence, we have built a category
of games which is cartesian closed, has (weak) coproducts and initial algebras/terminal coalgebras for all
covariant functors definable with the language constructors (including fixpoints and implication) : this is
our model for µLJ.

Whereas this version of µLJ is interesting in its own right, there remains a drawback making it
unsatisfactory for a plausible programming language with induction/coinduction, namely, the absence of
context in the rules for µ/ν : this restriction would correspond to a programming language where one
can only iterate a closed term. We are now interested in the following extended rules:

Extended Rules for Fixpoints and Functors

Γ ` T [µX .T/X ]
µr

Γ ` µX .T

Γ,T [A/X ] ` A
µl

Γ,µX .T ` A

Γ,T [νX .T/X ] ` B
νl

Γ,νX .T ` B

Γ,A ` T [A/X ]
νr

Γ,A ` νX .T

Γ,A ` B
[T ]

Γ,T (A) ` T (B)

Γ,B ` A
[N]

Γ,N(A) ` N(B)

While it is true that, as claimed in [6], these general rules can be derived from the previous ones, it
is unclear and non-trivial whether these derivations are correct from the dynamical point of view. For
example, one would have to show that the reduction presented in Figure 2 holds. Unfortunately, due to the
complexity of the derivations for the extended rules, the required verifications turn out to be unfeasible,
at least by hand. Hence, we instead take these extended rules and reductions as primitive, and investigate
possible strengthenings of our games model which could validate them.
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π1

Γ ` T [µX .T/X ]
µr

Γ ` µX .T

π2

Γ,T [A/X ] ` A
µl

Γ,µX .T ` A
Cut

Γ ` A

;
π1

Γ ` T [µX .T/X ]

π2

Γ,T [A/X ] ` A
µl

Γ,µX .T ` A
[T ]

Γ,T [µX .T/X ] ` T [A/X ]
Cut

Γ ` T [A/X ]

π2

Γ,T [A/X ] ` A
Cut

Γ ` A

Figure 2: Extended cut reduction for µ

3 A categorical setting of strong functors

We first investigate what categorical structure is needed in order to interpret the extended rules. Let
us suppose given a cartesian closed category C , with (weak) coproducts. In this section, we will be
interested in the notion of strong endofunctors. These are defined as functors T : C → C equipped with
a strength, i.e. a transformation

θ
T
Γ,A : Γ×T (A)→ T (Γ×A)

natural in Γ and A, and satisfying unarity and associativity constraints. Such strong functors have already
been considered in the past, see for example [7, 8, 9]. The difference here is the presence of functional
types, which forces us to consider a notion dual to strengths, that we call contravariant strengths. A
contravariant functor N : C op→ C is strong if there is a transformation:

ρ
N
Γ,A : Γ×N(Γ×A)→ N(A)

which is natural in A, dinatural in Γ and satisfies the following unarity and associativity constraints:

1×N(A)

1×N(π2)
��

π2

&&LLLLLLLLLL

1×N(1×A)
ρN

1,A

// N(A)

B× (A×N((A×B)×C))

B×(A×N(α−1
A,B,C))

TTTTT

**TTTTT

(B×A)×N((A×B)×C))

αB,A,N((A×B)×C)jjjjjj

44jjjjjj

B× (A×N(A× (B×C)))

B×ρN
A,B×C

��
(A×B)×N((A×B)×C)

sA,B×N((A×B)×C)

OO

ρN
A×B,C **TTTTTTTTTTTTTTTTTT

B×N(B×C)

ρN
B,Cttjjjjjjjjjjjjjjjjj

N(C)

Let us now take any object Γ of C , and consider the comonad Γ×−. It gives rise to a co-Kleisli
category denoted CΓ, and corresponds to the category of morphisms (terms) in the context Γ. The main
interest of strong (co/contra)-variant functors is that they can be extended to CΓ in the following way:

PROPOSITION 1. Let T : C → C and N : C op→ C be strong functors. If we define:

3



Least and Greatest Fixpoints in Game Semantics Pierre Clairambault

• On objects, TΓ(A) = T (A). On morphisms, if f : A→ B (in CΓ, hence f : Γ×A→ B in C ):

TΓ( f ) = Γ×T (A)
θ T

Γ,A // T (Γ×A)
T ( f ) // T (B)

• On objects, NΓ(A) = N(A). On morphisms, if f : B→ A (in CΓ),

NΓ( f ) = Γ×N(A)
Γ×N( f )// Γ×N(Γ×B)

ρN
Γ,B // N(B)

Then TΓ : CΓ→ CΓ and NΓ : C op
Γ
→ CΓ are well-defined functors.

Moreover, it can be proved that this functor extension operation preserves the existence of initial
algebras/terminal coalgebras. More precisely, we can prove the following proposition:

PROPOSITION 2. Let T : C → C be strong and Γ be an object of C , then we have the following
propositions:

• If T has an initial algebra in C , then TΓ has an initial algebra in CΓ.

• If T has a terminal coalgebra in C , then TΓ has a terminal coalgebra in CΓ.

While this structure already allows to interpret most of the extended rules of µLJ, there are still some
gaps. In particular, what guarantees that the behaviour of T is not modified when building TΓ ? More
precisely, the (−)Γ construction has to satisfy a certain number of equations like (T ×T ′)Γ = TΓ×T ′

Γ
.

These equations reduce to properties of strengths, which lead to the following definition.

DEFINITION 1. A category C has strong types if it is cartesian closed, has (weak, functorial) coprod-
ucts, a (weak) initial object, and is equipped with a class F of functors T : C k× (C op)p→ C satisfying
the following properties:

• F contains the identity, constant functors and base constructors−1 +−2,−1×−2 and−1⇒−2;

• F is stable by composition : if F,G ∈F and F, G are composable, then FG ∈F ;

• F is stable by contraction : if F(−1,−2,−3) : C ×C ×D → C is in F , then F(−1,−1,−3) :
C ×D → C . Same condition with C op instead of C at the left.

Those functors in F that are also unary (i.e. P : C → C or N : C op→ C ) are strong. The strengths
have to satisfy the following conditions:

• For both covariant and contravariant strengths, the families θ T
Γ,A and ρN

Γ,A are also natural in T /N;

• Compatibility with identity:

θ
−
Γ,A = idΓ×A

• Compatibility with constant functors:

θ
B
Γ,A = π2
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• Compatibility with composition:

F and G covariant: θ FG
Γ,A = θ F

Γ,G(A);F(θ G
Γ,A)

F covariant and G contravariant: ρFG
Γ,A = θ F

Γ,G(Γ×A);F(ρG
Γ,A)

F contravariant and G covariant: ρFG
Γ,A = Γ×F(θ G

Γ,A);ρF
Γ,G(A)

F and G contravariant: θ FG
Γ,A = Γ×F(ρG

Γ,A);ρF
Γ,G(Γ×A)

• Compatibility with contraction, with P covariant and N contravariant:

θ
P(−,−)
Γ,A = 〈π1,θ

P(−,A)
Γ,A 〉;θ

P(Γ×A,−)
Γ,A

ρ
N(−,−)
Γ,A = 〈π1,ρ

N(−,Γ×A)〉;ρ
N(A,−)
Γ,A

• Compatibility with cartesian closed structure.

ρ
−⇒C
Γ,A = Λ(〈〈π2;π1,π1〉,π2;π2〉;ev)

θ
C⇒−
Γ,A = Λ(〈π2;π1,〈π1,π2;π2〉;ev〉)

In a category with strong types, all the equations required for the expansion of functor rules hold:

PROPOSITION 3. For any P,P′ : C → C , N,N′ : C op→ C , Γ, the following equations hold:

(P+P′)Γ = PΓ +P′Γ
(N +N′)Γ = NΓ +N′Γ
(P×P′)Γ = PΓ×P′Γ
(N×N′)Γ = NΓ×N′Γ
(N⇒ P)Γ = NΓ⇒ PΓ

(P⇒ N)Γ = PΓ⇒ NΓ

Moreover, if T : C ×D → C in F has a parametrized initial algebra or a parametrized terminal coal-
gebra T µ/T ν :

(T µ)Γ = (TΓ)µ

(T ν)Γ = (TΓ)ν

4 µ-closed categories

Now that we have all the necessary background to interpret the extended rules for functors and their
expansion, we can turn to the rules for fixpoints. We define µ-closed categories by analogy with the
definition of µ-bicomplete categories [23], as those categories with strong types where the canonical
interpretation of µLJ formulas as strong functors is total.

DEFINITION 2. Let C be a category with strong types. We define a partial interpretation of µLJ formu-
las as strong functors in the class F as follows:

• J0K = X 7→ 0 (the constant functor on the (weak) initial object);

• J1K = X 7→ 1 (the constant functor on the terminal object);
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• JXK = X 7→ X (the identity functor);

• JS⇒ T K = JSK⇒ JT K;

• JS +T K = JSK+ JT K;

• JS×T K = JSK× JT K

• JµX .T K is, if defined, the parametrized initial algebra of JT K(X ,
−→
Y );

• JνX .T K is, if defined, the parametrized terminal coalgebra of JT K(X ,
−→
Y ).

In both cases, the notation
−→
Y expresses the fact that, since T can have other free type variables, JT K can

admit other arguments than X.

DEFINITION 3. Let C a category with strong types. C is µ-closed if the interpretation function J−K is
total on F .

THEOREM 1. Any µ-closed category is a sound model for µLJ with the extended rules set.

5 The Games model

Let I denote the usual category of arenas and innocent strategies (see for example [20]), and G denote
the category of games for fixpoints introduced in [6]. The extension of I and G to take the structure
presented here into account goes rather smoothly, in several steps.

PROPOSITION 4. I has strong types, with open functors as the needed class of functors.

Now, this strong types structure extends naturally to G by the addition of parity winning conditions.
But we already know that in G , open functors definable by the base constructors have initial algebras and
terminal coalgebras, hence we get the following theorem.

THEOREM 2. G is µ-closed.

6 Conclusion

This work presents a categorical setting in which it is possible to deal with rules for fixpoints and functors
under a given context Γ. This is important, since any plausible programming language with induction
and/or coinduction will allow iteration of a functional with free variables. We also show how the games
model of [6] can be adapted to this extended setting, thus giving a model of the extended rules of µLJ,
with games and winning total strategies.

An interesting open question is whether the definition of µ-closed category is actually redundant, i.e.
whether the derivations of the extended rules in µLJ which are known to exist behave as needed, from
the dynamical point of view. More precisely, it is possible to define strength candidates for all functors
built out of the base constructors, but proving that these strength candidates satisfy the required equations
turned out to be unfeasible by hand, most notably for the case of strengths for functors already generated
by fixpoints (necessary for the modelling of interleaving inductive/coinductive types, i.e. embedded
fixpoints within the definition of fixpoints). We note however that such verifications could be at least
partially automatized, thus leading to a rather strong theorem allowing to interpret the extended rules of
µLJ in any model of the basic rules.
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[19] P. Lorenzen. Logik und Agon. Atti Congr. Internat. di Filosofia, 1960.
[20] G. McCusker. Games and Full Abstraction for FPC. Inf. Comput., 160(1-2):1–61, 2000.
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