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k — SAT problem

@ Vi ={Xx1,X2,...,Xm} - set of boolean variables,

@ C==x, V...V =xx, - k-clause,

@ F=(Exq, V...VEX,)A...A(EXp, V...V EXp,) -
k — CNF formula,

@ Qx(n, m) - set of k — CNF formulas with n clauses over set
of m variables,



Introduction
k — SAT problem

Satisfiability probability

e A: Vy, — {0,1} - valuation,
@ A(¢) - set of all solutions for formula ¢,



Introduction
k — SAT problem

Satisfiability probability

e A: Vy, — {0,1} - valuation,

@ A(¢) - set of all solutions for formula ¢,
@ ¢ = [ - clause to variables density,

@ Sx(m,c) = Pr[¢ € Qx(mc, m) satisfiable],
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Satisfiability threshold conjecture

Conjecture
For each k > 2 there is ¢, such that foralle > 0

lim Sk(m,cx —¢) =1
m—oo

and
lim Sk(m,cx+¢)=0.

m—oo
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@ For kK > 3 we don’'t know...
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Satisfiability threshold conjecture

The state of the art

@ For k=2itis knownthatc, =1,
@ For k > 3 we don’t know...
@ Experiments show that: c; ~ 4.25 + 0.05,

@ Lower and upper bounds for interval containig ¢ (if it
exists), eg. 3.42 < ¢3 < 4.506.
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Variables permutation

Consider two formulas over V = {x, y, z}:

(xvy)nlyv2z)

and
(zVX)AN(XxVY)



Satisfiability threshold conjecture - new approach
New model

Variables permutation

Consider two formulas over V = {x, y, z}:
(xvy)A(yv2)
and
(ZVX)N(XVY)

So far they were considered different, but actually they don’t
differ that much.
Take permutation o : V — V such that:

o(x) =z,0(y) = x,0(2) =y



Satisfiability threshold conjecture - new approach
New model

@ &y (n, m) - set of kK — CNF formulas with n clauses over set
of mvariables,

® Sk(m, c) = Pr[¢p € &x(mc, m) satisfiable],
@ For each k > 2 find ¢, such that foralle > 0

lim Sk(m,cx —¢) =1
m—oo

and
im Sk(m,ck +¢)=0



Satisfiability threshold conjecture - new approach
New model

@ &y (n, m) - set of kK — CNF formulas with n clauses over set
of mvariables,

® Sk(m, c) = Pr[¢p € &x(mc, m) satisfiable],
@ For each k > 2 find ¢, such that foralle > 0

lim Sk(m,cx —¢) =1
m—oo
and

mIim Sk(m,cx+¢)=0

@ Since 2 — SAT is always the easiest part of the game. ..
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Attempt of attack

Sketch of proof

@ Construct a graph from each 2 — CNF formula,

@ Describe all graphs constructed from unsatisfiable
formulas,

@ Count those graphs and show that the number tends to
zero.
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Graph construction

Graph construction

Every formula ¢ € ®(n, m) can be transformed into a directed
graph with coloring function G, = (V, E, o), where:

@ V -vertexset, |V|=4-n

@ E - edge set,

@ a:V — {1...m} - coloring function.
G, is made of 4-element gadgets.



Some more details

Graph construction

Gadgets

Consider formula ¢. Every clause a = (x V y) € ¢ gives one
4-element gadget with vertices: ay, ax, ay, ay, and two gadget
edges: ay — ay, ay — ax.

Example

axy dy

(xVy) ><

P
&




Some more details

Graph construction

Mid-gadget edges

Foralla,b € ¢,if y € any € b, then take gadgets constructed
from a and b and join them with mid-gadget edges: a, — by

and by — ay
ax a b, b
p=anb . Yy =z
a=(xVy) ><
b=(yv2 ay & by b;
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Graph construction

Graph coloring

Construct o : V — {1...m} such that for all a,b € ¢ if
(yeavyea)and (y € bvy € b), then
a(ay) = a(ay) = a(by) = a(by).

Example
(X1 V X2)A
(X2 V X3)A
(X3 V X1)A
(Xa V X5)

oot 2

Xo — 2
X3—>3
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Graph construction

Contradictory cycle

Definition

A cycle in G, is a contradictory cycle if it contains at least two
vertices marked with the same color, but with opposit signs.
Such vertices are called contradictory vertices. Mid-gadget
edges connecting contradictory vertices are called
contradictory edges.

Lemma

Formula ¢ € ®(n, m) is unsatisfiable if and only if G4 contains
contradictory cycle.
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Graph construction

Example

(X3 VX2)A

(Xg V X3)/\

(X3 V Xg)\

(Xa V X1)A 1 2
X1 — 1 3

X2—>2
X3 — 3
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Counting unsatisfiable formulas

Random variable

Definition

Let Xp,m : ®(n, m) — N be a random variable such that for a
formula ¢ € ®(n, m), X, m(¢) is equal to the number of
contradictory cycles in graph Gj.
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Markov’s inequality

Since the random variable X, m(¢) gives the number of
contradictory cycles in random formula ¢, by Lemma only those
formulas for which X, m(¢) > 1 holds are unsatisfiable.



Some more details
Counting unsatisfiable formulas

Markov’s inequality

Since the random variable X, m(¢) gives the number of
contradictory cycles in random formula ¢, by Lemma only those
formulas for which X, m(¢) > 1 holds are unsatisfiable.

We can use Markov’s inequality:

Pr (¢ € ®(n, m)|¢ - unsatisfiable) =
= Pr(¢ € ®(n,m)|Xam(¢) > 1) < E[Xnm],

where:
E[Xn,m] - expected value of random variable X, m.
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All we have to do is:
@ Find E[X,m],
@ Show that E[Xj, m| = 0o(1), assumingn=c-m, and ¢ < 1.
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E[Xnm] = Z Xnm(9) - Pr(¢ € ®(n,m)) =

peP(n,m)

_ Z¢e¢(n,m) Xn,m(¢)
|®(n, m)|
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E[Xnm] = Z Xnm(9) - Pr(¢ € ®(n,m)) =

peP(n,m)

_ Z¢e¢(n,m) Xn,m(¢)
|®(n, m)|

The denominator of E[X, m] is easy:

o(n.m) = {37122

where:
{2;,’,’} - Stirling number of the second kind.



Some more details
The quest for E[Xn, m]

E[Xnm] = Z Xnm(9) - Pr(¢ € ®(n,m)) =

peP(n,m)

_ Z¢e¢(n,m) Xn,m(¢)
|®(n, m)|

The denominator of E[X, m] is easy:

o(n.m) = {37122

where:
{2". - Stirling number of the second kind.
The numerator requires more perspiration. . .



Some more details
The quest for E[Xn, m]

Numerator of E[X,, ]

TN

( Contradictory cycle )

Choose clauses for the
contradictory cycle.

Count all contradictory cycles
which can be built on those
clauses

( Ordinary clauses )

v
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The quest for E[Xn, m]

Numerator of E[X,, ]

TN

( Contradictory cycle )

Color ordinary clauses with
some variables and signs.

( Ordinary clauses )

v
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The quest for E[Xn, m]

Numerator of E[X,, ]

TN
( Contradictory cycle )
Some variables from ordinary \ /
clauses can be joined with
variables from contradictory

cycle.

( Ordinary clauses )
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The quest for E[Xn, m]

Numerator of E[X,, ]

TN
( Contradictory cycle )
Remember to count all \ /
possible choices of clauses for
contradictory cycle, and all

lengths of those cycles.

( Ordinary clauses )

v



Some more details

The quest for E[Xn, m]

A scary formula

Xn,m(¢) =
ped(n,m)
2] a—b
L& 4 a. gen . (m=rn)! (a b> {2n2a}22n2b
gl (m—a-+b)! r m-—r

n2 = (nﬁ!a)! - falling factorial power
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The quest for E[Xn, m]

Even more scary formula

b na-a® ! (a—b
s iy Soig T A (2, ) {22

E[X’Lm] 2 )
{Um}
where:
{7} - Stirling number of the second kind,
né — n!

— (n—-a)!
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The quest for E[Xn, m]

Since n = mc

¢ L2 ab 2 (2b) zme—2a
- (me)2- a2 (m—r) fa— b\ {"7
o Z a: < )

46 . (m—a+ b)! {zﬂc}



Some more details
The quest for E[Xn, m]

What next?

What next?
@ Find upper bound for ¢,
@ Find upper and lower bound for ¢k, k > 3
© Attack conjecture



Thank you.
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