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or (rpo.2) f<.gand for all s;, si%l

or (rpo.8) ~1f<gg and for some t séti ors: 4

this definition can be made "less deterministic”, by changing (rpo.3) to:

* *
(rpo.3') for some t s<li ors=t

Theorem 3 (Dershowitz [2]): & is a simplification ordering. If < is is well founded on F, then &is

well-founded on T(F). If <_is total on F, then 2 restricted to T(F)/: is total.

* o " .
We prove now that 2 contains <. We first prove some technical lemmas, which prove actually that %

is a fixed point of the functional which defines &
Lemma 5: d°(s)<<d(g(t,,....t,)) and [ < g imply di"(l(s1,....sm)) <LK G(tyeat )

Proot: By induction upon |s/.

Basic Case:|s;]| = O, thatiss; = . The result is true because the only possible decomposition takes place
in e and because f <, g.
General Case: Let u<ip. Two cases may be distinguished:

-u = e then dP(I(....s;,...)) <d¥ (1) because [<g.

- u = iv, there exist w <g such that d?(s,) <d (¢). If the proof is performed by case (dec.1), (dec.2) or
(dec.3)of the main definition, then d;‘v’(s)<d‘v7v(1) in the same way.

~- If the proof is performed by case (dec.4), then we have : d'(s,[v—0])<<d*({[w0]). By the
induction hypothesis, we get d"(s[ive—D]) <<d"(({w—0]), which proves the desired result by case (dec.4)

of the main definition. 1
Lemma 6: For all i, s, &1 and [<,q implies f(s,,....s ) &1.

Proof: Straightforward from Lemma 5. 1
Lemma 7: d*(s) <<d"(r;) implies d™((..;;s;,-..) <AV (.., tj.-.)-

Proof: By induction on [s]. We have to prove that for any p<iu there exist g<jv such that
dY(H(....5 ) < Y (I(.oot;p-.)). Two case must be distinguished.
—p=¢,then g = . The result follows from the hypothesis using (dec.2).
—-p=ip'. Then there exists g' such that dZ'(Si)<d;‘(11)' It itis proved by {dec.1), (dec.2) or (dec.3) of
definition, then the desired resuit is proved in the same way. If it is proved by case (dec.4), then we
obtain d"‘(si[p'o—[]])<<d‘7'(1i[q‘o—D]) which proves the desired result by (dec.4). [ ]

Lemma 8: {...,si,...}2&{...,1].,...} = f(...,li,...)&f(...,ti,...).
Proof: By applying Lemma 7. ]

Lemma 9:If <_is totalon F, 2 is total on T(F)/ £
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Proof: By induction on max(le], [4f). Suppose <. is tetal and neither s%: nor l%s. let us prove that

st t. By the induction hypothesis, there exist in s a path p and an occurrence v such that d;:(s)gdZ(s), for

all other paths p' and occurrences u'. The same thing happens for g and vin (. Let dZ be<f, s', f, s> and
d;(l) be <g, t', ¥, I'>. Because neither s%l nor l%s and by the induction hypothesis, f=g, s'-:l’, yi g

* ¥ % * * . *
(where = = is the congruence on multisets deduced from =) and s" =¢t"". Then itis easy to see thats=t. 1

Theorem 4: Given a partial ordering <. on F, we have b3 (= 2 If < is total then ¢ 2 Otherwise the

inclusion is slrict (whenever there exists a function symbol f€F such that ar(f)>2).

Proof: We can replace "iff" by "if" and % by 2 in the definition of recursive path ordering. By lemma
8 % verifies (rpo.1), by lemma 6 2 verifies (rpo.2), by subterm lemma and transitivity 2 verifies (rpo.3).
Then 2 c 2 is a consequence of the least fixed point property of 2. That ends the first part of the proof.

To prove that RS <p is total, we remark that both % and % are total ordering on T(F)/: and

* * N * i
do not compare terms s and t such that s=t. As < C 2 we necessarily have < = < in this case.

To prove that the inclusion is strict if <gis not total, we give a counter example. To build this counter

example, we only need a binary function symbol f. Assume now a and b are incomparable and let

= '/(\' and r 2 '/l\'
VANENAN N N\
/N /N / NEVAN

We assume without loss of generality that a and b are symbols of arity 0. If it is not the case we replace a
by a(....c....) and bby b(...,c,...). Itisnot possible to compare s and ¢ using 2 because
{

NN VAN
FANVAN VANVAN

is false. On the other hand,

2 NN
NN
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is also false. However, we have s < 1 because d''(s)<d' ') and d'2(s) <d2''(1). 1
: d

7. Well foundednes of <

The wel!-foundedness is based on the following lemma.

s d, —

Monotonicity Lemma: <. C < = < T <

Proof: Easy, see [22]. 1
Theorem 5: 2 is well-founded if and only it <_is well-founded.

Proof: Assume 2 is not well-founded. Thus, there exists an infinité decreasing sequence
s1gszg ...gsng ... Let now < be a total well-founded ordering (i.e., a well-ordering) on F which contains
<F (such an ordering exists by a variant of Zermclo's Theorem which can be seen as a translinite
topological sort). Using the monotonicity lemma, we obtain s|>d—52>d—... >d—sn>d—... But -d< = by Theorem

3, which contradicts the well-foundedness of the recursive path ordering [2, 15]. [ B
8. Extension of the decomposition orderings to non-ground terms

We will now define two formally different extensions of the decomposition ordering to non-ground
terms. These two extensions are proved to be equivalent . The first one is more tractable for proofs, the
second one leads to more efficient implementations. Moreover, these extensions are coherent with the
definition of the decomposition ordering on ground terms, i.e.,

S&I = a(s)%o(l) for any substitution o.

Definition by extension of the basic ordering: Let <. a partial ordering on F. The decomposition ordering
% on T(F) is extended to T(F, X) by simply extending < to FUX in the following way:
a<pyyb iff a€F, bEF and a<;b.

In other words, the <FUX ordering is the same as < for functions symbols. Variable symbols can
be compared with no other symbols using <FUX‘ The orderings 2 and < deduced from this definition will
be written %I and <, for the time being. This definition of the decomposition ordering leads to inefficient
computations. For instance, let us suppose that s/p€X and (/q€X and s/p#t/q. It is quite obvious in this
case that the two decomposition sets d?(s) and d?{t) cannot be compared using the new %. However they
will be recognized to be incomparable after a lot of useless computations. We give ncw a new definition of
¢ on T(F, X) which avoids this drawback. The basic idea is to modify the definition of the multiset

extension << in order to compare sets of decompositions d”(s) and d?(f) only when it is necessary.

Definition by extension of the decomposition definition: d"(s)<<x d9(1) iff
(1) s/p&X and dP(s) <<d91)
(2) s/p€X and 1/q =s/p and d°(s) <<d(1).
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In the following, we wrile << instead of <<,. Using this definition of <<, it is now possible to
decrease the size of the sot G(s, p) of given occurrences in s along the path p, by ruling out the

o:zcurrences o if s/p is avariable.

Definition: Q(s, p)C Prefix(s, p). its/p ¢ X

Q(s, p) C {u€ Occ(s) |u<p),if s/p € X

Q,(s,p) = {vEPrefix(s, p) | (Y w<v), T(s(v) <s(w)) & (Vv<w<p) T(s(v)<s(w))}, if s/pd X
Q,(s,p) = {(v<p (¥ w<v) Ts(v)<s(w) & (Yw>v) Ts(v) <s(w)}, if s/pE X.

Notice the analogy between the definitions of Q(s, p) and Q _ (s, p) when s/p = [0 and when s/p€X.
The orderings 2 and < deduced from this definition will be written %2 and <, Itis clear that the ordering
%, does not depend upon the choices P and Q, as stated by Theorem 2. But it is not so obvious for the

ordering %2. So we will prove that %1 and %2 are the same ordering, which will prove the property for %2.
Theorem 6: %, = 22.

Proof: Let us use the same choice for both orderings. In fact, the choice O1 of the ordering %1 is not
exactly the choice Q, of the ordering 22. because if s/p € X then p € Q, (s, p) and p¢ Q,s, p). Both

choices are the same in all the other cases.

Let us now prove that s%‘! = 3221, by induction on [s| + |i]. Let p€ P,(s) and g€ P,(1) such that
d°(s) << ,d91). Two cases can occur.

Case 1:If s/p = x€ X thct/q = x because p € Q,(s, p) and x is incomparable with any other symbol and

therefore x must appear in a decomposition along the path g in t. Thus it is possible to compare d?(s) and
d(1) with <<,. Let u€ Qys, p). Then u€ Q,(s, p) and there exists v#q and v€ Q,(f, g) such that
dﬁ(s)<‘d3(r). Using now the four cases of the definition and the induction hypothesis, we obtain
df(s)<,d2(1) and thus dP(s) << ,d9(1).

Case 2:1f s/p € X, the Q (s, p) = Qu(s, p). 1f t/q & X, there is no problem because Q,(t, q) = Q,(1, q). Ift/q
€ X then g € Q,(t. g) and g € Qut, q). However, d%(s)<,dJ(t) implies that v#q because #(q) is not
comparable with s(u)€ X. The resuit is easily obtained by induction as in Case 1.

Let us prove now that s%2f implies s&,f by induction on |s| +|i|. In the same way as before,
df(s) <,dd(t) lollows from dP(s) <, dd(t) if s/p € X. If s/p € X and t/q€ X, vie have to prove the inequality:
<stpy; O ) islp—0D <, <(q); T } itla =0
and dP(s[p+—0]) <<, d9(1[q+—0]) follows in the same way as before from d"(s)<<2d°(!). 1

Notice that all theorems proved in previous sections remain valid because of the definition %1.
Theorem 7: % is closed under instantiation, i.e., s%t = a(s)%a(i), for any substitution o.

Proct: Straightforward using definition by extension of the decomposition definition. B
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9. Conclusion

A major advantage of the decomposition ordering is its utility in easily building, from a set of re
rules to be oriented, an ordering on the set F of function symbols. We will illustrate this property wit
examplc from Dershowitz [2, 20], a system which provides normal disjunctive forms of propos
expressions:

(i) 7" x = x
(i) 2(xVy) = x A "y
(i) M(x Ay) = 7wV "y
(V)X AlyVz) = (x Ay) V(x A2z2)
MyVz)Ax—=(y Ax)V(z \x).
The termination of the rule (i) is immedizte by the subterm property. Let us prove the termination of the

(ii). That means
s="xA Ty 2 —(xVy) = t.

The decompositions are:
dy' = (<ixVy (3D <Vix (vl D D)
920 = {<ixVy: (10> Vi {x) 2 D)
dl‘(s) = {A 2 {yhb DDA {FOAY)
d2'(s) = (KA 7 {y}i O, <y {1 A D))
Then we will get d}'(s) € a12(1), ana a2'(s) €& a2, only if A< = or A < V. By exchanging
symbols A and V we will get the condition "V < 1 or V< A" from (iii). Let us now orient the
s=6ANVEA)ExAY V2 =t
dl'(s) = (KVix Ay {x Az}; D>, <A x: {y}: (O Ay)V (x Az)).
di%s) = KVix Ay {x Az}, D> <A;y; {x}i..0)
d2'(s) = {(KV;x Az; {x Ay} DD, <A: x; {z};..0)
df’-(s) = KV;x Az, {x Ay}, O, <A; z; {x};..0}

dyn) = (KA xi {y V z); D)

d2'(n) = (KAsy Vzi {x}; D> <V, y; {z)i.0)

d2'() = KAy V z; {x) DD <V 7 {y )i D).
In order to get d}'(s) 32 dj () and d2'(s) S dj(t) we need V < A. This condition provides successl
the comparison of s and t. The rule (v) can be oriented by the same condition. From those conditiol
get easily the following ordering on F: V <. A < 7. Such a process can obviously be per
starting from a given partial ordering on F.

This property of the recursive decomposition ordering which leads to the automatic cons
the right ordering < on the function symbols is a consequence of our definition when two symbols f af
are incomparable. In that case the two decompositions <f;s’; ¥; "> and <g; t'; 9: 1""> are inco
Thus the comparison process stops whenever two such decompositions are required to be
The idea is then to add at this step the pair <f,g> to the ordering <F in order to get

decompositicns. Such a technique does not work with the recursive path ordering because






