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Recursive Decomposition Ordering 

Proposiiion 2: <.1' and < .. are a same ordering if l' vcrifies the minimalily ccndition. 

Eill9t: We prove S;!:.pl = s2:..1 bv ind~lction 1:;1 + 1:1,80111 <.'" '\Ild =" "'<lYS l!:i()lemma 3 in order to 

dLlele the $upplementary computation (lm the t= W<.lY) or "dd the miss;ng unes (for the ,."" way). il 

Thüor.)m 2: Il the choices confirm to Il e minimalily condition. then the orde, ing -2: up and 2: •• are the 

s<Jm". In p<lrticolar. the ordcrings 2: + + <Ind;!: •• are Ihe same. 

ErQQ!: Wc uce successively Proposition 1 and Proposition 2. 

The cleli"ition of -2: + + can now he m<:ue inlrinsic. that means that inctcad of using < •• in the 

de linition 01 the maximal path and the maximal uccur;ence. we may t;:;c < + + itsell withc;Jt changing the 

oroering :Js it is proved in [22). 

ln the 101lO'f;ing. wc write -2: for any decomposition orclering whosc choices verily the minimality 

conditions. We will ose -2: •• for the most proofs. 

5. Decomposition Ordering is a Simplification Ordcring 

Sohterm Lelllma: 1-2: 1( ... ,1 •. :.). Prcol: By lemma 2.' 

Prao!: By induction on 1/( ....1, •.. )1 + 11( ...12.... )1. Let p EPalh(f( ...t , .... ») .and uEPrelix(f( ... ,1, .... ).p). Two 

C<lses may happen. 

Case 1: p = kq :lI1d 1( .. ,1 , .... )/k "'/, or u = c We obtain easily the resull d~(I( ... I, ....»<d~(I(....12.· ..» by 

IJsing case (dec.4) of the main definition and the indoction hypothesis. 

Case 2:p = kq and f( .... I, .... )/k = l, and u"'c Thosq E Pa/h(/,). As 1,-2:12, there existso' E Pi.l/h(t2) such 

that (\1 v:::;o) (3 v' :::; o') d~(t ,) < d~:(12)' If the proof of the last inequalily i:; by case (dcc,1). (dec.2) or 

(dec.3) of the main delinition. the recull is straightlorward. If the prool is by case (dec.4) 01 definition. the 

result is achieved by using the induction hypothesis. 

Co rollary: -2: is a simplification ordering. 

6. Decomposition Ordering improves over Recursive Path Ordering 

let us recall Dershowitz's definitir;n 01 the Recursi'Je Path Ordering [2]. 

Definition Congruence 01 Permuta/ion: I(s, .....sn) ~ g(/ , •...1
01 

) ilf f ~ g and there exists a permutation oESn 

•such that Sj = to(i)' 

Definition: The recursivo palh ordl.'riflg over T(F) is recursively dcfined as lollows: 

s ~ I(s , ,5;(1)< Q(t'l' .. ,1,,) = t iff 

(rpo.l) 1=g and (s, ... •5,,) <«1, 1 )
01 
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or (rpo.2) f<Fg and for ail Sj' Sj.(' 

• * or (rpo.3) -II ::;Fg and for some 'i' s<ti or.~ = 'i 

thi~ definition can be made 'ïess determinblic", by changing (rpo.3) to: 

* •(rpo.3·) for some 'j' s <'i or s ='i 

Theorem 3 (Dershowitz (2)): .( is a simplification ordering. If <F is is weil 10undecJ on F. then .( is 

well-Iounded on T(F). If <F is total on F, Ihen .( restricted to T(F)/: is totai. 

We prove now Ihat ~ contains .(. We tirst prove some technicallemmas. which prove actually Ihat ~ 

is a lixed point 01 the fUllc!ional which defines .(. 

Lernma 5: cJP(sj)«dq(g(, ' .... "n)) and 1<r 9 imply diP(f(s"""sm)) «dq(g(I 1'· ... In))· 

Prao/: By induction upon Isjl. 

Basic Case: Is;1 = 0, that is Sj = O. The result is true because the only possible decomposition takes place
 

in € and because f <F g.
 

General Case: Let u::;ip. Two cases may be distinguished:
 

- u = € then d;f(l( .. ..s;.... )) <d~(I) because f<Fg· 

- u = iv, there exist w::;q such Illat d~(s) <d:(I). If the prool is performed by case (dee.!), (dec.2) or 

(dec.3)01 the main definition, then d:~(s)<d~(/) in the same way. 

- If the praol is per/ormed by case (dec.4), then we have: dV(s;lv<-O))«cJW(I[w<-O]). 8y the 

induction hypothesis, we get djV(s[iv<-D)) «dW(/[w<-D]), which proves Ihe desired result by case (dec.4) 

of the main delinition. 

Lemma 6: For ail i. Sj~1 and f<fg implies f(SI' ....Sm)~I. 

Proo!: Straightforward From Lemma 5. 

Lemma 7: dU(sj)«dV(/ ) implies diU(f( ....si .... )) «diV(I(""'i''''))'i

emm: 8y induction on IsJ We have ta prove Ihat for any p~iu there exist q ::;jv such that 

d~(f( ....si'''')) < d~(f( ... ,li'''·))' Two case must be distinguished. 

- p = €, then q = €. The result lollows lrom the hypothesis using (dec.2). 

- p = ip'. Then there exists q' such that d~.(Si) <d~,(ti)' If it is proved by (dec.1), (dec.2) or (dec.3l of 

definition, then the desired result is proved in the same way. If it is proved by case (dec.4), then we 

obtain dP'(s;lp·..-O)) «dq'(li[q'''-O)) which proves the desired result by (dec.4). 

Lemma 8: { ....si' .. ·} ~ ~{ ... ,'j, ... } = f( ... ,t; ....)~f(... 'ti' .. ·)· 

erool: By applying Lemma 7. 

Lemma 9: Il <F is lot:'ll on F, ~ is tot;]f on T(F)/ : . 
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Recursive Decomposition Ordering 341 

e!J191: Uy illd[;ction 011 m<lx(kl, 111l· Suppose <r is Icl~1 and neilhcr S~' nor I~S, let us prove that 

s : t. Sy the induclion hYPolhesis, there exisl in s a pu th p [!I\(I an occurrence U sllch thul d~:(sJ g;d~(s), for 

ail other paths p' and occurrences u'. The same Ihing happens for q a~d v in / Let d.~ he <1. s'. '1. s") und 

d~(t) be <g, l'. ':f. t"). Secause neither s~t nor t~s and by the inductioll hypothesis. 1~ g, s'~ t', :/: : ~ 

(where : : is the congruence on mullisels deduced 'rom:) and s": t". Then il is easy to see thai s: t. 1 

Theorem 4: Given a partial ordering <1' 011 F, we have -< ç ~. If <r is total then -< =~. Olherwise the 

inclusion is stricl (whenever them exisls a funclion symbol IEF such Ihal ar(')~2). 

Prool: We can "~place "if'" by "if" and -< by ~ in Ihe definilion 01 recursive palh ordering. Sy lemma 

8 ~ verifies (rpo.l), by lemma 6 ~ verifies (rpo.2), by subterm lemma and Iransilivily J( verifies (rpo.3). 

Then -< ç ~ is a consequence 01 the leilsl lixed poillt prOperlY 01 -<. That ends Ihe tirst part 01 the prool. 

To prove that -< = ~ if <r is lotal. we remark Ihat both <: and ~ are talai ordering on T(F)/: and 

do 1101 compare terms sand 1such that s: t. As -< ç ~,we necessarily have -< = ~ in Ihis case. 

Ta pro·,e thatthe inclusiOIl is slrict if <F is nollotal, we give a counter example. Ta buifd this counler 

e:<ampfe, we only need a binury funclion sYl1lbol f. Assume now a and b a·re incomparable and leI 

s r and 

=,/I~,/~ 

/\ 
f 

/\ 
f 

f/~I t/~,ab. b 

/\ /\ /\ /\
•• b b b b 

We assume wililOut loss 01 generalily thal a and b are symbols of arily o. If il is nol the case we replace a 

bya( .. ,C, .. ) Jnd b by b( ...•c, ... ). Il is nol poss:ble to compare sand t using -< because 

1 f or f 1 

/\ /\ f/~fb ~ b ~ f / ""',

1\ /\ /\ /\
a a b b b 

is taise. On Ihe other hand, 

f f 

/~ /\
f 1 ~ a b 

/\ /\
a a a 
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is :llso false. However, we h:lve s .2: t bccau:;f) d l'(S) <d ll' (I) arld d'2(s)<d21'(I). 

. d 
7. Weil foundednes of < 

The weil· foundedness is based on Ille following lemma. 

Monotonicil y Lernma:-<" ç; <F = ~ ::;; .2:. 

ENo..!: Easy, sec [22]. 

Theorem 5: .2: is well·foundf)d if and only il <F is well·founded. 

Proof: Assume ~ is nol well.I(,unded. TllUS, there exists an infinité decreasing sequence 

SI~s2~ ... ~sn~ ... Let now -<F be a total well.founcJcd ordering (i.e., a well·ordering) on F which contains 

<F (such an ordering exists by a variant of Zermelo's Theorem which can be seen as a transfinite 

. • .. • dd dd d. 
topo1oglcal sort). Usmg the monotonlclt\, lemma, we obtaln s ,>-s2>-" >-sn>-'" But -< = < by Theorcm 

3, which contradicts the well·foundedness of the recursive palh ordering [2,15). 1. 

8. Extension of the decomposition orderings to non-ground terms 

We will now deline two lormally different extensions 01 the decomposilion ordering to non·ground 

terms. These two extensions are proved to be equivalent . The first one is more tractable for prools, the 

second one leads to more efficient implemcntations. Moreover, these extensions are coherent with the 

delinition of the decomposition ordering on ground terms, i.e., 

s~t = a(s)~a(t) for any substitution a. 

Definition by extension al/he basic ordering: Let <F a partial ordering on F. The decomposition ordering 

~ on T(F) is extended to T(F, X) by simply extending <F to FUX in the lollowing way: 

a<FUXb iff aEF, bEF and a<Fb. 

ln other words, the <FUX ordering is the same as <F for functions symbols. Variable symbols can 

be compared with no other symbols using <FUX' The orderings ~ and < deduced from this definition will 

be wrillen ~ 1 and <, for the time being. This delinition 01 the decomposition ordering teads to incfficient 

computations. For instance, let us suppose that s/pEX and l/qEX and s/p~l/q. Il is quite obvious in this 

case that the two decomposition sets dP(s) and dq(t) cannot be compared using the new ~. However they 

will be recognized to be incomparable alter a lot of useless computations. We give now a new definition 01 

~ on T(F, X) which avoids this drawback. The basic idea is to modify the definitian of the multiset 

extension « in order to compare sets of decompositions <!P(s) and dq(l) only when it is necessary. 

Definition by extension 01 the decomposition de/inition: dP(s)«" dq(1) iff 

(1) s/p~X and cJP(s) «dq(l) 

(2) s/pEX and I/q = s/p and dO(s) «<1'1(1). 
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ln Ihe lollov/ing, VIe wrilc « in:;tead of «x' Using this definition of «, il is now possible 10 

u'.JCreé\S0 the size of !110 s::t Ols. p) 01 givcn occurrences in s alon9 the path p, by ruJing out the 

o,;currencesp if slp is a variable. 

Definition: Ols. p)Ç Prefix«, pl, if slp C! X 

Ols, p) ç (u( Occ(s) 1u<p), il slp EX 

a + (s, p) = {vEPrefix(s, pli (If w<v), -'(s(v)~s(w))& (lfv<w~p) -'(s(v) <s(w))), il slp<f X 

a + (s, p) = {v<p 1(If w<v) -'s(v)::::;s(w) & (lfw> v) -'s(v)<s(w)}, if slpE X. 

Notice tlte analogy between the definitions of Ols, p) and a + (s, p) when slp = 0 and wl1en slpEX. 

Tile orderings ~ and < dcuuced Irom lhis definition will be writlen ~2 and <2' It is c1em that the ordering 

lquonce ~, does nol dcpend upon tlle choices P und 0, as stalcd by Theorem 2. But it is not so obvious for the 

conlains ordering ~2' So we will prave that ~ 1 and ~2 are Ihe same ordering, which will prove the property for ~2' 

anslinite 
Theorem6:~, = ~2' 

rheorcm 

1. Praof: Let us use the samo clloice lor bolh orderings. In fact, the choice a, 01 the ordering ~, is not 

exactfy the cl10ice O~ 01 the ordering l!:2' bccause if slp E X then p E a, (s, p) and pC! 02(s, pl. 80th 

choices are the same in ail the other cases. 

I.ground 
Let us now prove that S~,1 = S~21, by induction on Is\ + III· Let pE P,(s) and qE P,(I) sucl1 that 

DOrS, the 
d.o(s) «,dq(l). Two cases can occur. 

with the 
Case 1: If slp = xE X the·, flq = x because p E O,(s, p) and x is incompar3ble with any other symbol and 

therefore x must appear in a decomposition along the palh q in 1. Thus it is possibte to compare dP(s) and 

dq(1) wilh «2' Let uE 02(S, pl· Then uE O,(s, p) and there exists v""q and vE 0,(1, q) such that 

ordering d~(s) < ld~(t). Using now the four cases 01 the delinition and the induction hypothesis, we oblain 

d~(S)<2d~(I)and thus dP(s) «2dq (f). 

Ca~: Il slp fi. X, Ihe O,(s, p) = 02(s, pl. If Ilq <f X, there is no problem because 0,(1, q) = O2(1, q). If flq 

E X Ihen q E 0,(1. q) and q il O2(1, q). However, d~(s)< Id~(I) implies that V7'q because I(q) is not 

Ibols can comparable v/ith s(u}il X. The result i::; easity obtained by induction as in Case 1. 

lilion will 
Let LIS prove now that S~2' implies S~,I by induction on Isi +ltI. In the same way as before,

lcfficient 
d~(S)<1d~(I) lollows Irom d~(S)<2 d~(I) jf slp cr X. If slp E X and tlqE X. vie have to prove the inequality: 

us in this 
<s(P); D;{) ;s[p-DJ> <, <r(q); o:{} ;r[q-Dl> 

ever Illey 
and dP(s[pt--O) «1 dq(l[qt--Dj) follows in the same way as before from dP(s)«2dQ(l).

inition of 

mullisel 
Notice lhat ail theorems proved in previous sections remain valiJ because of the definition ~,. 

(. 

Theorem 7: ~ is c10sed under inslantialion, i.e., sJ!:t = u(S)J!:U(f), for any substitution (f. 

Proç.I: Straightlorward using definition by extension of the decomposition d0linilion. 
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