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let rec Unfailing Completion ordering (e,((EA,RA,EN RN,EC,RCET,RT,ES,RS,E) as STATE)) =

let COMP = Unfailing Completion ordering and ord = ordering in
let e’ = Gnormalize ordering (EA @ EN @ EC @ ET @ ES @ E) e’
where ¢’ = (normalize (RA @ RN @ RC @ RS @ RT) e) in
if matches <<x = x> e’
then (print_state "REFUTATION" (e?,STATE);(e’ STATE)) (* refutation *)
else match (EN,RN,EC,RC,ET RT,ES RS,E) with
SU00.0:0.0.0 =>  (e? STATE) (* end of the completion *)

| s (2),. —> (COMP(e? EA’ RA’ EN’ RN’ EC’ RC’,ET’ RT’QRS’ ESb,[),.E?)
where (EA’,RA’,EN’ RN’ ,EC’ RC’,ET’ RT’,ES’ RS’,E’) = Simp_by RS (STATE))

| v )[). => (COMP(e,EA’ RA’ ,EN’ RN’ EC’ RC’ ET’@ES’,RT",[J,RS’,E’)
where (EA’.RA’,EN’,RN’,EC’ RC’,ET’,RT’,ES’ RS’ E’) =
F_Subsume_by ES ord (STATE))

| o[BI, () —> let ((EA? . RA’ EN’ RN’ EC’ RC’ET’RT’ES’RS’, E?)
as STATE’) =
Clean_E ord (STATE) in (match E’ with
] —> COMP (e’ ,STATE’)
| (i) —> COMP(e?,Orientation ord (STATE?)))

20

| S Coo oo LD —> COMP(e’, RN_RC_Deduction (STATE))
| Co)s UL, —> COMP(e?, EN_RC_Deduction ord (STATE))
| LG 0000 => COMP(e’. RN_EC_ Deduction ord (STATE))

I Co)o LS —> COMP(e?, EN_EC_Deduction ord (STATE))

30

| L0000, —> COMP(e’. A_C2N (RC_Internal Deduction(STATE)))
[ 00,000 L0 —> COMP(e’, A_C2N (EC_Internal_Deduction ord (STATE)))

| Lo 0G0 L0 => (COMP(e”,[|,[, EAQEN RA@GRN, [e][Il.ET,[J,[],[1,[1)
where e, ET’ = (least Size ET))

[ oL 0GB —> (COMP(e?[], [, EAQEN, RAGRN, [],[r],[L.RT*,[J,(1.[)
where 1, RT’ = (least Size RT))

‘ 4-!“9”7(-::—)5(—::—)5[]‘[]’U ->

let r,RT’> = least Size RT and ¢ ET’ = least Size ET in

if Size r <= Size e 1
then COMP(e’ F_Subsume_by ES ord ([],[],EAQEN,RA@QRN,],[r],ET,RT",[.[I,[))
else COMP(e’,F_Subsume_by ES ord ([].[], EAQEN,RA@RN,[e|,[],ET’,RT.[],[],[]))

Figure 5:  The ER unfailing completion
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A Introduction to completion procedures

Let us take a simple example namely the type Lists where the constructors are [ ],[],a,b
and @ and satisfy the relations

[|@z—z
zQ[ |-z
(zQy)Qz—zQ(yQ2)

and a function flatten is given by:

flatten([ )~ )
flatten(a)—a
flatten(b)—b
flatten(a@Qz)—a@flatten(z)
flatten(bQz)—bQ flatten(x)
flatten([z]Qy)— flatten(z)Q flatten(y)

The term flatten([z]@[ ]) can be rewritten into flatten([z]) by the second rule and into
flatten(z) by three rewrites, namely to flatten(z)@ flatten([]) by the last rule, to flatten(z)Q] |
by the fourth rule and to flatten(z) by the second rule. flatten([z]Q[]) is called a superpo-
sition and (flatten(z)Q flatten(] |), flatten([z])) a critical pair. If both parts of the critical
pair rewrite to the same terms, the critical pair is said convergent, otherwise it is said
divergent.

((z,Q(22Qy))Qz, (,Qz,)Q(yQz))

is a convergent critical pair and

(flatten(z)Qflatten([ ]), flatten([z]))

is a divergent critical pair. A completion procedure is a way to generate a rewrite system
without such divergent critical pairs with the same proving power. It is based on inference
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rules like the following ones where one works on a data structure with two sets, namely E
that contains the identities and R that contains the rules or oriented identities.

Delete: EU{s=s};RF E;R

Compose:E; RU{s = t} - E;RU {s = u}if t op u

Simplify: EU{s=1t};RF EU{s=u};Rift —pu

Orient: EU{s=t};RFE;RU{s—>t}ifs>t

Collapse: E;RU {s =t} - FUu{u=1t};Rif s »p u by arule
l—7€Rwiths b

Deduce: E;RFEU{s=t};R if s —pu —pt for some u

Delete removes trivial identities from EF. Compose reduces the right-hand side of a rule if
it can be rewritten by a rule in R. Simplify simplifies an identity. Orient transforms an
identity into a rule provided the left-hand side is greater than the right-hand side for a given
ordering. Collapse transforms an identity into a rule when the left-hand side is rewritten.
Deduce creates new identities from superpositions.

The inference rule are used as long as they apply and the procedure can stop because
E is empty and no rule applies or can stop with failure when no identity can be oriented
or can run forever. It is complete if given an identity a = b to be proved there exists a step
¢ such that the R;-normal form of a is equal to the R;-normal form of b, where R; is the
value of R at it* step. Under some assumptions of fairness not given here the procedure is
complete.

B Original description of the Knuth-Bendix procedure

The next paragraph is a strict quotation of the Knuth-Bendix paper [KB70]. I found
intersting to give the actual description of the algorithm we work on for now close to two
decades. The corollary which is mentioned describe the concept of critical pair and (6.1)
shows the stability of the congruence generated by a set of identities after adjunction of an
equational consequence.

The following procedure may now be used to attempt to complete a given
set of reductions.

Apply the tests of the corollary to Theorem 5, for all A}, A2 and p. If in
every case 0y = g(j, R is complete and the procedure terminates. If some choice
of A1, Az, p leads to o, # o(j, then either oy > of, 0§ > o§ or opfoy. In the
latter case, the process terminates unsuccessfully, having derived an equivalent
04 = 0 (R) for which no reduction [...] can be used. In the former cases, we add
a new reduction (og, 0g) or (0g,0g), respectively, to R and begin the procedure
again.

Whenever a new reduction (X', p') is added to R, the entire new set R is
checked to make sure it contains only irreducible words. This means, for each
reduction (X, p) in R we find irreducible words Ag and pg such that A = Ag and
p — po, with respect to R — {(), p)}. Here it is possible that Ao = po in which
case by (6.1) we may remove (A, p) from R. Otherwise we might have Ag > po or
po > Ao, and (A, p) may be replaced by (Ao, po) or (po, Ao) respectively [...]. We
might also find that Agfpo, in which case the procedure terminates unsuccessfully
as above.
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C Some basic notions of CAML

CAML is a polymorphic functional language of the ML family. Its basic constructions used
here are the following.

let introduces an identifiers and its definition by a subexpression that will replace each
occurrence of the identifier in the body that follows and which is introduced by in.

where is similar to let, but is placed after the body.

match pattern with identifies a structure that will be checked for a use as a rewrite system
in the part that follows the with. Each rule is introduced by a pattern and the
corresponding computation follows the sign — >. The rules are separated by signs |
and are evaluated with a priority according to their position. In a pattern, the sign _
means any value. For instance, (. :: _) matches any non empty list and [] matches
any list with one element. The empty list is [].

failwith signals an exception to the a caller, such an exception is caught by a ?.

A full description appears in [FOR87b,FOR87a].






