Types avec intersection dans une extension de A\u

Pierre Lescanne, LIP, ENS de Lyon

travail fait en collaboration avec Silvia Ghilezan et Daniel Dougherty



Propositions are made only
e of propositional variables

e and of the implication operators.
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The implicative sequent calculus (the rules)
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I'-A A ', BFA ' A+ B,A
(— L) (— R)
I''A—>BFA I'-A— B,A
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(az)

T AFAA

I-A,A  T,BFA I A+ B,A
(— L) (— R)

IA— BFA I'+A— B,A

THAA D AFA
(cut)
I'FA
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F(A—=B)—>A)—> A



(A—-B)—>AFA

F(A—B)—A) - A
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A B A AFA

(A—-B)—>AFA

A

\
4

F(A—B)—A) - A
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Easy

A B A AFA

(A—-B)—>AFA

A

\
4

F(A—B)—A) - A
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FAS B A | AFA

(ax)

(A—->B)—AFA

(— R

F(A—-B)—>A)—> A
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(ax)
AF B, A
(— R) (ax)
- A— B, A \?f 5
(A— B) > AF A \
> R)

F(A—-B)—>A)—> A
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(ax)
AF B, A

(— R)
- A B A Ak A

(ax)

(A—->B)—AFA ,
+;E¢m733¢>5
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The active formula is the formula on the lower part of a rule

which is “split” by the rule.

For instance in

T A A ﬁmTDA 5
I'A—>BFA

the active formulais A — B.
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It makes sense to track the active formulae and to suppose

that A and B become the new active formulae:

T'AA T,BFA

(= L)
I''A— BFA
Similarly
I AF B, A
(= R)
I'-A— B,A

We have to prove B using the proposition A and to split B if

necessary.
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But our proof of the Peirce law does not fulfill this statement on active

formulae.

(ax)

AF B, A
(= R)  ——(az)

- A B,A >T>A 5
(A— B) > AF A \
(— R)

F(A—B)—>A) —> A

AN
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But our proof of the Peirce law does not fulfill this statement on active

formulae.

(ax)

AF B, A
(= R)  ——(az)

- A B,A >T>A 5
(A— B) > AF A \
(— R)

F(A—B)—>A) —> A

AN
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(L — ax)
VAFAA

r'-AA T.BFA

I''A— BFA A

T AA

\
4

(R — ax)
AFAA

T'AF B,A

L) A
I'-A— B,A

T AFA

(cut)

I'FA
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Four requirements:

e One needs to introduce two axioms according to the side of the

active formula.

e In (cut) the new introduced proposition becomes the active

formula.
e The lower sequent of (cut) has no active formula.

® One needs to introduce a new rule that activates a formula and

enables a (cut) above that rule.

AN
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(L — ax) (R — az)

AFAA AFA A
I'EA A IBEA ' A+ B, A
(— L) (— R)
I''A— BFA I'-A— B,A
' A A IAFA
(cut)
' A

T A A T AFA

?FDAE ﬁ\?DAE

18



A1 Ao

(A—->B) > AF(A—-B)— AA (A—->B) > A, (A—-B) > AFA

(A— B)— A+ A

(1)

(= R)

(A—->B)—> AF A

F((A—-B)—>A)— A

AN
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where
Aq Ao

(A—->B)—>A,(A—-B)—> AFA

(A—-B)—> A ArA B A (A—B)— AJAJA+ A B

(cut)
(A—>B) > A AF B, A

(1)

(= R)
(A—>B)>AFA— BA (A—>B) > AAF A

(A—->B)—> A A+ B, A

(— L)

(A—->B)—> A, (A—-B)—>AFA

AN
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‘The model of computation:

. Herbelin’ s calculus y
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The model of computation relies on capsules

\

W\

the caller
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the callee
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The model of computation relies on capsules

the caller
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The model of computation relies on capsules

\

W\

the caller
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The model of computation relies on capsules

\

W\

the caller the callee

T e The callee
[TITIIIr, [T

The caller
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The model of computation relies on capsules (7 || €)

that contain two constituents:
e acallerr
® and a callee e .

with the syntax

c == (r]e
ro o= x| Ax.or|pac
e = a|ree|ur.c
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A caller is
® either a variable x,

e or a A-abstraction Ax.r which expects a value to take the place of

xrinr,

® or a p-abstraction po.c which expects a callee to take the place

of « in ¢ producing a new capsule.

Note: values and callers are the same.

AN
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A callee is basically a list of values, more precisely it is
e cither a variable «,
e or a pair r @ ¢ of a value (caller) r and a callee e,

e or an p-abstraction px.c
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(A) Az -7 rlee)
(1) (pa-c | e)
(1) (r || g - c)
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o
e
o

(rlz <] || )
cla + e

clx < r]
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(A Ax-r|ree) — (rle<1']|e)
(1) (ha-cle) — cla< ¢
(1) (rflpz-c) — x|

The system Is ambiguous !

(pae.c || px.c’) has two possible reductions at the top.

cla < px.c'|, clr < pa-c|isacritcal pair.
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(A Ax-r|ree) — (rle<1']|e)
(1) (ha-cle) — cla< ¢
(1) (rflpz-c) — x|

Can we type capsules, callers and callees?

e to prove that nothing wrong can happen, i.e., capsules reduces
always to capsules,

e to prove termination, i.e., a typed capsule always reduces to a

normal form whatever strategy we adopt.

Z
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/" The link between
the sequent calculus

and

\_ Herbelin’ s calculus /
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Thanks to colors, | will consider three types of judgments

They can be seen as annotations of sequent calculus judgments;
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c:xy Ay, xp i Apaq s By, .o, a4 1 By

orinshortc : I' F A,

LAC Paris — 16 septembre 2003

AN

34



Inc:xzy: Ay,...,2p: ApF 11 By,...,04: By,
one says that

e ctakes the x; as arguments with type A;

® creturns «; as results with type m,w..
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r1 A, xp i ApEr iAoy 1 By, By

orinshortI' -1 : A, A,

orI' - Eu /A, when one does not have color.
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r1: A, xp i Apet Aoy 1 By, ..o 04 By

orinshortI',e: AF A.

orl’, E — A, when one does not have color.
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a:AFa: A A x:AFz: A A
I'Fr:AJA T,e:BFA I'Ne:AFr:B,A
I'ree: A— BFA I'FXer: A— B,A

I'Er:AA I'e: AFA

(rlle): (UFA)
c: (I'FpB:B,A) c: (I'z: AFA)
I' = pup.c: B,A ', nx.c: AFA

% i
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T,AFA,A T,AFA,A

'A, A T',BFA ' Ar- B, A

' A— BFA '-A — B, A

I'HA AT, AFA ' - B, A

- A '+ B, A
I'a: AFa: A, A I'z: Ak x: A A
'r»: AJA T',e: BFA 'ze: AFr: B,A
I'ree: A —- BFA ' Xe.r: A — B,A
'rEr»r: AA T,e: AFA c: (" pB: B,A)

(r |l ey: (' A) ' pB.c: B, A



One gets a Curry-Howard correspondence, namely
e terms are proofs,
® types are propositions,

e term reductions are proof simplifications (normalization).
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Let T be (A — B) — A.

z:T,y: A+y:A,B: B, a:

A

x:T,y: A,ax: A+ a: A,B:

(y ||l @) :(z:T,y: AF+-B:B,a: A)

z:T,y: A puB(y|| o) : Bya: A

(= R)

z: THFXyuB({yl|l a): A — B,a: A

T, : AF oa:

41

A
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z: T, (Ay.uBAy || o)) @ o :

T F o :

A
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Let T be (A — B) — A.

x: T, y: Ary: A, B:B,a: A a:T,y:A,a: A+ a: A, B:

(y || @) i (z:T,y: A+-B:B,a: A)

z:T,y: A puB({y|| o) : Bya: A

(= R)
z:TkF XNy puBAlyl|l ) : A— B,a: A

T, : AF o:

42

A

z: T, (Ay.pBAy || o)) @ o :

is called A in the following screens.
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The tree for typing Peirce law is

z:ThrFHx:T,a: A A

(z | Ay puB(y |l @)) o) :(z:THFa:A)

z:TkF poaz || Qy.pBAy |l o)) @ a) : A,

FAz.pa.{(z || Ay.uB.{y || ) ®oa) : ((A— B) > A) —- A,
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The tree for typing Peirce law is

z:ThrFHx:T,a: A A

(z | Ay puB(y |l @)) o) :(z:THFa:A)

z:TkF poaz || Qy.pBAy |l o)) @ a) : A,

FAz.pa.{(z || Ay.uB.{y || ) ®oa) : ((A— B) > A) —- A,

The term with type the Pierce law is

Az.pa (|| (Ay.pB.(y || @) o a).
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Reductions are simplifications (normalizations) of proofs

Let us look at

(A Ax-r||ree)y — (rle<71']|e)
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It corresponds to

D

x:AFr:B,A Ly A A T,e: BFA

I'FAXzeor: A— B,A I,r'ee: A— BFEA

Az 7| ree):TFA

and

Dz < 7']

O, Fr[z«7']:B,A I'e: BFA

(rlz<17']]|e): T FA
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It corresponds to

D

x:AFr:B,A Ly A A T,e: BFA

I'FAXzeor: A— B,A I,r'ee: A— BFEA

Az 7| ree):TFA

and

O, - r[fx <+ 7']:B,A I'Le: BFA

(rlx < 7']]|e): T FA
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If ¢ is typable in G, then ¢ does not start a non terminating

reduction.
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" Characterizing strongly

_  hormalizab le terms Y,
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We want to characterize strong normalization by a type system.

Hence a system with intersection.
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Lx:Ae:CFEFA

I'z: ANB,e:CFA

'Fv:A A

Fz:AFv:C,A

zx: ANBFv:C,A

I'Fv:B,A

(NR,)

'Fv: AN B,A

e: AFA

I'e: BFA

(NL.)

'e: AN BFA

Fe:CHA,a: A

e:CHFA,a:ANB
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'Fv:C,A,a: A

'Fv:C,A,a: ANB

(NL,)

(NR.)

AN
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We have only (-introduction rules.

We have no ()-introduction rules for variables.
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Theorem: cis typable if and only if ¢ is strongly normalizing.
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The proof is based on a perpetual strategy.
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perpc {pa.c || px.c’)

perpc {pa.c || e)

perpc (r || px.c)

perpc (Az.7 || r’ o €’)

perpc (y || e)

perpe (7 || B)

LAC Paris — 16 septembre 2003

55
if cla + pzx.c'] € SN, then c[a <+ puz.c’]
else ¢’ [z + pa.c]

(assume e # pz.c’)
if a € Fve(c) or nf(e) then cla + €]
else then (pa.c || perpe e)
(assume r # pa.c)
if x € Fv,(c) or nf(r) then c[x + r]
else (perprr || pz.c)
if x € Fv.(r) or nf(r’) then (r[xz < r'] || &)
else (\z.r || (perprr’) @ e’)
(assume e # fz.c’)
if nf(e) then unit
else (y || perpe e)
(assume r # pa.c)
if nf(r) then unit
else (perprr || B)

AN



perpr Az.r

perpr pox.c

perpr x

perper @ e

perpe (1x.c

perpe o

if nf(r) then unit
else \x.(perpr )
if nf(c) then unit
else pa.(perpe ¢)

unit

if nf(r) and nf(e) then unit

if nf(r) and —nf(e) then r e (perpe e)
if =nf(7r) and —nf(e) then (perprr) e e
if nf(c) then unit

else px. (perpe ¢)

unit
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Ve : Unit
p : CalleR
Ve : Unit
p : CalleR
Ve : Unit

v : Unit
€ : CalleE
€ : CalleE
Ve : Unit
€ : CalleE

v : Unit

AN



If

e ce SN,

e and for all ¢/ such that

h(c")(h(c) (where h(c) is the length of the longest reduction

at c),
¢’ is typable,
then c is typable.

One considers the typability of those such that h(c') = perpc ¢

except in one case.

AN
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We use a new kind of reducibles sets

based on maximal stable pairs.
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Twosets @ C X C CalleRand @ C Y C CalleE

form a non trivial pair (X, Y").

The pair (X, Y) is stable if
forr € X and e € Y the capsule (r || e) is SN.
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Twosets C X C CalleRand C Y C CalleE

form a non trivial pair.

The pair (X, Y) is stable if
forr € X and e € Y the capsule (r || e) is SN.

(Var.,Var,) is stable.
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We define a partial order on pairs.

PCQ iff PrCQrAP.C Q.

Lemma: Let P be a maximal stable.

1. Foreachr € A,.: r € P,ifforalle € P, (r

2. Foreache € A.: e € P.ifforalr € P, (r

LAC Paris — 16 septembre 2003

e) is SN.

e) is SN.
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e P[]Q isgiven by
- (PT1Q)r =PrN2r
- (P[1Q)e =P e
o P — Qisgiven by
- (P = Q)r ={dar |V € P rlz 1] € O}
- (P—=>Q).={ree|reP.andec Q.}
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e P[]Q isgiven by
- (P[1Q)r =Pr
- (P[1Q)e =Pe(1 Qe
o P — Qisgiven by
- (P—= Q) ={Axr |V € P.,rlz < 1r'] € O,
- (P—=>Q).={ree|reP.andec Q.}

Lemma If P and Q are non trivial stable
then P [ |P and P — P are stable.
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The set S = {S? | T atype} is defined as follows:

e When T is a basic type, S* is any maximal stable pair.

e S4B is any maximal stable extension of SA — SB.

o SAMNB is any maximal stable extension of S4 [ S5.

Proposition: If t is typable of type A thent € S4.

AN
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Theorem: Terms typable in G'' are SN.

Corollary: Terms typable in G are SN.
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We have a proof of the strong normalization of typable terms.
We know how to deal with an ambiguous (i.e.,non confluent) system.

We can characterize strongly normalizing terms.

AN
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