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,
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-abstraction6
� 7.
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expects
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�

in.
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to
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C
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typable
in· �

,then�

does
notstarta

non
term

inating

reduction.
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C
haracterizing

strongly

norm
alizab

le
term

s
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C
haracterization

of
strong

norm
alization

W
e

w
antto

characterize
strong

norm
alization

by
a

type
system

.

H
ence

a
system

w
ith

intersection.
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T
he

intersection
part

of
the

system¸º¹

»!½¼ ¾
�! ¿ ¾
À  Á

»!½¼ ¾
�
Â �
! ¿ ¾
À  Á

»! ¼ ¾
�
 Ã ¾
À! Á

� Â Ä
Å�

»!½¼ ¾
�
Â �
 Ã ¾
À! Á

» Ã ¾�! Á

» Ã ¾�
! Á

� Â*Å�

» Ã ¾�
Â �
! Á

»! ¿ ¾
�
 Á

»! ¿ ¾�
 Á

� Â Ä��

»! ¿ ¾
�
Â �
 Á

»! ¿ ¾
À  Á
!½Æ ¾
�

»! ¿ ¾
À  Á
!½Æ ¾
�
Â �

» Ã ¾
À! Á
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� Â*��

» Ã ¾
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W
e

have
onlyÇ

-introduction
rules.

W
e

have
noÇ

-introduction
rules

for
variables.
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C
haracterization

of
strongly

norm
alizing

term
s

T
heorem

:�
is

typable
ifand

only
if�

is
strongly

norm
alizing.
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Typability
of

strongly
norm

alizing
term

s

T
he

proofis
based

on
a

perpetualstrategy.
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perpcÈ ) Æ É%ÊÌË) ¼ É% µÍ
+
ÎÏ%Ð ÆÑ Ë) ¼ É% µÒÓÕÔ
Ö ×|{Ø
ÙÚ Û%Ð ÆÑ Ë) ¼ É% µÒ

Ú ÜÝÚ% µÐ ¼Ñ) Æ É%Ò

perpcÈ ) Æ É%Ê ¿Í
+

�&ÞÝÝß à
Ú¿
á + Ë) ¼ É% µ�

ÎÏÆÔ
âãä�&%�&å æ
çè� ¿� Ø ÙÚ Û%Ð ÆÑ ¿Ò

Ú ÜÝÚØ ÙÚ Û
È ) Æ É%Ê

perpe¿Í

perpcÈ&éÊÌË) ¼ É%Í
+

�&ÞÝÝß à
Úé
á +) Æ É%�

ÎÏ¼Ô
âãê�&%�&å æ
çè� é� Ø ÙÚ Û%Ð ¼Ñ éÒ

Ú ÜÝÚÈ perpré
Ê Ë) ¼ É%Í

perpcÈ&ë¼ ÉéÊ é µì¿ µÍ
+
ÎÏ¼Ô
âãê� é�&å æ
çè� é µ� Ø ÙÚ Û
È éÐ ¼Ñ é µÒÊ ¿ µÍ

Ú ÜÝÚÈ ë¼ ÉéÊ� perpré µ� ì¿ µÍ

perpcÈ í
Ê ¿Í
+

�&ÞÝÝß à
Ú¿
á + Ë) ¼ É% µ�

ÎÏçè� ¿� Ø ÙÚ Û'î
D(

Ú ÜÝÚÈ í
Ê

perpe¿Í

perpcÈ éÊ ï
Í
+

�&ÞÝÝß à
Úé
á +) Æ É%�

ÎÏçè� é� Ø ÙÚ Û'î
D(

Ú ÜÝÚÈ perpré
Ê ï
Í
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perprë¼ Éé
+
ÎÏçè� é� Ø ÙÚ Û'î
D(

¾¾
ðñ ¾

U
nit

Ú ÜÝÚë¼ É
� perpré�

¾¾
ò ¾

C
alleR

perpr) Æ É%
+
ÎÏçè�&%� Ø ÙÚ Û'î
D(

¾¾
ðñ ¾

U
nit

Ú ÜÝÚ) Æ É
� perpc%�

¾¾
ò ¾

C
alleR

perpr¼
+
'î
D(

¾¾
ðñ ¾

U
nit

perpeé ì¿
+
ÎÏçè� é� Þ Ûó çè� ¿� Ø ÙÚ Û'î
D(

¾¾
ðñ ¾

U
nit

ÎÏçè� é� Þ Ûó ô
çè� ¿� Ø ÙÚ Ûé ì� perpe¿�
¾¾
õ ¾

C
alleE

ÎÏ ô
çè� é� Þ Ûó ô
çè� ¿� Ø ÙÚ Û
� perpré� ì¿
¾¾
õ ¾

C
alleE

perpe Ë) ¼ É%
+
ÎÏçè�&%� Ø ÙÚ Û'î
D(

¾¾
ðñ ¾

U
nit

Ú ÜÝÚ Ë) ¼ É
� perpc%�

¾¾
õ ¾

C
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perpeÆ
+
'î
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Typability
of

strongly
norm

alizing
term

s

If��
ö ÷
ø%

�

and
for

all� <
such

that

ù��� <
�- ù����
(w

hereù����

is
the

length
ofthe

longestreduction

at�

),

� <

is
typable,

then�

is
typable.

O
ne

considers
the

typability
ofthose

such
thatù��� <

� 3

perpc�

exceptin
one

case.
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S
trong

norm
alization

of
typab

le
term

s

W
e

use
a

new
kind

ofreducibles
sets

based
on

m
axim

alstable
pairs.

LA
C

P
aris

—
16

septem
bre

2003



59

S
tab

le
pairs

Tw
o

sets
Ø

ú û
ü

C
alleR

and
Ø

ú ý
ü

C
alleE

form
a

non
trivialpair� û


 ý
� .

T
he

pair� û

 ý
�

is
stable

if

for.
ö û

and0
ö ý

the
capsule-�.

/�0
1

is
S

N
.
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S
tab

le
pairs

Tw
o

sets

ú û
ü

C
alleR

and

ú ý
ü

C
alleE

form
a

non
trivialpair.

T
he

pair� û

 ý
�

is
stable

if

for.
ö û

and0
ö ý

the
capsule-�.

/�0
1

is
S

N
.

�Mþ �.é
 þ �.¿�

is
stable.
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M
axim

al
stab

le

W
e

define
a

partialorder
on

pairs.

ÿ
�
�

iff

ÿé
ü
�é
�ÿ¿
ü
�¿

Lem
m

a:
Letÿ

be
a

m
axim

alstable.

1.
F

or
each.

ö
�é

:

.
öÿé

iffor
all0

öÿ¿
-�.
/�0
1

is
S

N
.

2.
F

or
each0

ö
�¿

:0
öÿ¿

iffor
all.

öÿé
-�.
/ 0
1

is
S

N
.
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O
perations

on
stab

les
�ÿ
�

is
given

by

–� ÿ
�� é 3
ÿé
�é

–� ÿ
�� ¿ 3
ÿ¿
�¿

�ÿ
��

�

is
given

by

–� ÿ
��

�� é 3
� 6
� 7.

5�� .=<
öÿé
 .> �?
.=<

@ ö
�é
�

–� ÿ
��

�� ¿ 3
� .
�0

5 .
öÿé
	 

�0
ö
�¿
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O
perations

on
stab

les
�ÿ
�

is
given

by

–� ÿ
�� é 3
ÿé
�é

–� ÿ
�� ¿ 3
ÿ¿
�¿

�ÿ
��

�

is
given

by

–� ÿ
��

�� é 3
� 6
� 7.

5�� .=<
öÿé
 .> �?
.=<

@ ö
�é

–� ÿ
��

�� ¿ 3
� .
�0

5 .
öÿé
	 

�0
ö
�¿
�

Lem
m

a
Ifÿ

and

�

are
non

trivialstable

thenÿ
ÿ

andÿ
��

ÿ

are
stable.
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R
educib

le
sets

�

T
he

set� 3
� � �
5�


a
type�

is
defined

as
follow

s:

�

W
hen 


is
a

basic
type,� �

is
any

m
axim

alstable
pair.

�
� �� �

is
any

m
axim

alstable
extension

of� �
��

� �

.

�
� �
� �

is
any

m
axim

alstable
extension

of� �
� �

.

P
roposition:

If�

is
typable

oftype �
then�ö

� �

.
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S
trong

norm
alization

of
typab

le

T
heorem

:
Term

s
typable

in· Â

are
S

N
.

C
orollary:

Term
s

typable
in· �

are
S

N
.
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C
onc

lusion

W
e

have
a

proofofthe
strong

norm
alization

oftypable
term

s.

W
e

know
how

to
dealw

ith
an

am
biguous

(i.e.,non
confluent)

system
.

W
e

can
characterize

strongly
norm

alizing
term

s.
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