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La
m

athém
atique

c’estl’artde
donner

le
m

êm
e

nom
à

des

choses
différentes.

H
enriP

oincaré

S
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inaire
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2

T
his

talk

Iw
illtry

to
show

you

�

thatlogicalpropositions
and

types
ofprogram

s.
are

the
sam

e

�

and
thattherefore

should
deserve

the
sam

e
nam

e

and
then

Iw
illtellyou

aboutthe
C

urry
H

ow
ard

correspondence.

S
ém

inaire
des

èlèves
—
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D
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bre

2002
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T
his

talk

Iw
illspeak

about

�

A
m

odelofdeduction,

�

A
m

odelofcom
putation,

�

T
he

link
betw

een
those

m
odels

S
ém

inaire
des

èlèves
—

17
D
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2002
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T
his

talk

Iw
illspeak

about

�

A
m

odelofdeduction,the
essence

oflogic,

�

A
m

odelofcom
putation,the

essence
ofcom

puter
science,

�

T
he

link
betw

een
those

m
odels

a
deep

connection
betw

een
logic

and
com

puter
science.

S
ém

inaire
des

èlèves
—

17
D

écem
bre

2002
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T
he

m
odel

of
deduction

T
he

m
odelofdeduction

is
called

sequentcalculus.

Its
m

ain
features

are
judgm

ents,thatare
entities

ofthe
form���

w
here �

and �
are

tw
o

sets
ofpropositions.

S
ém

inaire
des

èlèves
—

17
D

écem
bre

2002
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T
he

m
odel

of
deduction

�

should
be

understood
as

a
conjunction

ofpropositions.

�

should
be

understood
as

a
disjunction

ofpropositions.

���

should
be

read
from�

on
can

deduce�

.

F
or

instance,� �
�� �
�� �
�	 ��	 �

should
be

read
as

from� �

and� �
and� �

one
deduces	 �

or	 �
S

ém
inaire

des
èlèves

—
17

D
écem

bre
2002
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T
he

m
odel

of
deduction

T
he

m
odelofdeduction

is
called

the
sequentcalculus.

w
ith

only
introduction

rules,i.e., 
�
�
��
���
���


��
�� �� �

S
ém

inaire
des

èlèves
—
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D

écem
bre

2002
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T
he

m
odel

of
com

putation

Itis
a

sim
ple

m
odelfor

exception
handling

based
on

pairs
of

caller-callee.

S
uch

a
pair

w
illbe

called
a

capsule.

S
ém

inaire
des

èlèves
—

17
D
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2002
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T
he

m
odel

of
deduction:

the
sequent

calculus

S
ém

inaire
des

èlèves
—

17
D
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2002
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W
hat

is
a

sequent
?

A
sequentis

a
judgm

entofthe
form���

w
here �

and �

are
sets

ofpropositions.

���

should
be

read
as

from
the

conjunction
ofpropositions�

one
can

deduce
the

disjunction
ofpropositions

in �

.

S
ém

inaire
des

èlèves
—

17
D

écem
bre

2002
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W
hat

is
a

sequent
?

A
sequentis

a
judgm

entofthe
form���

w
here �

and �

are
sets

ofpropositions.

���

should
be

read
as

from
the

conjunction
ofpropositions�

one
can

deduce
the

disjunction
ofpropositions

in �

.

Ifone
can

prove
a

sequentofthe
form ��

one
has

a
proofofthe

proposition�

.

S
ém

inaire
des

èlèves
—

17
D

écem
bre

2002
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C
lassical

logic

In
classicallogic

one
can

prove
sequents

ofthe
form

���
� �
�
�

,

���
�
�� �
� �
,

���� �
�
�� �
�� � �

,i.e., � ���
� �

or
the

typicalP
eirce

law
:��� �

�
�� � �

� � �

.

w
hich

contains
only

im
plications.

S
ém

inaire
des

èlèves
—

17
D

écem
bre

2002
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T
he

m
odel

of
com

putation
:

the
sequent

calculus

O
ne

needs
rules

to
build

proofs.
��
�������
��
   
��
�������
��

� !#""
�

�"�
$�	&%��
�

A
proofof���

is
a

tree
builtw

ith
rules

w
hose

rootis���

.

   
   � !#""�

�

   

   �('�)
�

   � !#""�
�

   

   � ! ""�
�

���

S
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èlèves
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T
he

im
plicative

sequent
calculus

P
ropositions

are
m

ade
only

�

ofpropositionalvariables

�

and
ofthe

im
plication

operator.

S
ém

inaire
des

èlèves
—
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T
he

im
plicative

sequent
calculus

(the
rules)

� �*
�

�� �
��� �

S
ém

inaire
des

èlèves
—
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T
he

im
plicative

sequent
calculus

(the
rules)

� �*
�

�� �
��� �

���
� �
�� �
��

� �
+�

�� �
�
�
��

�� �
��� �

� �
,�

���
�
�� �

S
ém

inaire
des

èlèves
—

17
D

écem
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2002
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T
he

im
plicative

sequent
calculus

(the
rules)

� �*
�

�� �
��� �

���
� �
�� �
��

� �
+�

�� �
�
�
��

�� �
��� �

� �
,�

���
�
�� �

���
� �
�� �
��

� �%
��

���

S
ém

inaire
des

èlèves
—
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D
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2002



18

A
proof

of
the

P
eirce

la
w

��� �
�
�� � �

� � �

S
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inaire
des

èlèves
—
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A
proof

of
the

P
eirce

la
w

� �
�
�� � �
��

� �
,�

��� �
�
�� � �

� � �

S
ém

inaire
des

èlèves
—
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D
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2002
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A
proof

of
the

P
eirce

la
w

��
�
�� �
�
��

� �
+�

� �
�
�� � �
��

� �
,�

��� �
�
�� � �

� � �

S
ém

inaire
des

èlèves
—
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D
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A
proof

of
the

P
eirce

la
w

E
asy

��
�
�� �
�
��

� �
+�

� �
�
�� � �
��

� �
,�

��� �
�
�� � �

� � �

S
ém

inaire
des

èlèves
—
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D
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2002
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A
proof

of
the

P
eirce

la
w

��
�
�� �

� �*
�

�
��

� �
+�

� �
�
�� � �
��

� �
,�

��� �
�
�� � �

� � �

S
ém

inaire
des

èlèves
—
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D
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bre
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A
proof

of
the

P
eirce

la
w

� �*
�

�
��� �

� �
,�

��
�
�� �

� �*
�

�
��

� �
+�

� �
�
�� � �
��

� �
,�

��� �
�
�� � �

� � �

S
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inaire
des

èlèves
—
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A
proof

of
the

P
eirce

la
w

� �*
�

�
��� �

� �
,�

��
�
�� �

� �*
�

�
��

� �
+�

� �
�
�� � �
��

� �
,�

��� �
�
�� � �

� � �

S
ém

inaire
des

èlèves
—
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D
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T
he

active
form

ula

T
he

active
form

ula
is

the
form

ula
on

the
low

er
partofa

rule

w
hich

is
“split”

by
the

rule.

F
or

instance
in

���
� �
�� �
��

� �
+�

�� �
�
�
��

the
active

form
ula

is�
�
�

.

S
ém

inaire
des

èlèves
—
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T
he

active
form

ula

Itm
ake

sense
to

track
the

active
form

ulae
and

to
suppose

that �

and �
becom

e
the

new
active

form
ulae:

���
� �
�� �
��

� �
+�

�� �
�
�
��

S
im

ilarly

�� �
��� �

� �
,�

���
�
�� �

W
e

have
to

prove
B

using
the

proposition
A

and
to

splitB
ifnecessary.

S
ém

inaire
des

èlèves
—

17
D

écem
bre

2002
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A
ctive

form
ula

B
utour

proofofthe
P

eirce
law

does
notfulfillthis

statem
enton

active

form
ulae.

� �*
�

�
��� �

� �
,�

��
�
�� �

� �*
�

�
��

� �
+�

� �
�
�� � �
��

� �
,�

��� �
�
�� � �

� � �

S
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inaire
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èlèves
—
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A
ctive

form
ula

B
utour

proofofthe
P

eirce
law

does
notfulfillthis

statem
enton

active

form
ulae.

� �*
�

�
��� �

� �
,�

��
�
�� �

� �*
�

�
��

� �
+�

� �
�
�� � �
��

� �
,�

��� �
�
�� � �

� � �

S
ém

inaire
des

èlèves
—
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D
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T
he

rules
of

the
im

plicative
sequent

calculus
w

ith
active

form
ulae� +.-

�*
�

�� �
��� �

� , -
�*

�

�� �
��� �

���
� �
�� �
��

� �
+�

�� �
�
�
��

�� �
��� �

� �
,�

���
�
�� �

���
� �
�� �
��

� �%
��

���

S
ém

inaire
des

èlèves
—
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D
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T
he

rules
of

the
im

plicative
sequent

calculus
w

ith
active

form
ulae

F
our

com
m

ents:

�

O
ne

needs
to

introduce
tw

o
axiom

s
according

to
the

side
ofthe

active
form

ula.

�

In� �%
��

the
new

introduced
proposition

becom
es

the
active

form
ula.

�

T
he

low
er

sequentof� �%
��

has
no

active
form

ula.

�

O
ne

needs
to

introduce
a

new
rule

thatactivates
a

form
ula

and

enables
a� �%

��

above
thatrule.

S
ém

inaire
des

èlèves
—

17
D

écem
bre

2002
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T
he

rules
of

the
im

plicative
sequent

calculus
w

ith
active

form
ulae� + -

�*
�

�� �
��� �

� , -
�*

�

�� �
��� �

���
� �
�� �
��

� �
+�

�� �
�
�
��

�� �
��� �

� �
,�

���
�
�� �

���
� �
�� �
��

� �%
��

���

���
� �

� /�

���
� �

S
ém

inaire
des

èlèves
—
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D
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A
ne

w
proof

of
the

P
eirce

la
w

021
3 4
5 3 1
6021
3 4
5 3 17 1

89

8:

021
3 4
5 3 17021
3 4
5 3 1
61

0<;=>
5

021
3 4
5 3 1
61

0 ?5

021
3 4
5 3 1
61

0 3
@5

60021
3 4
5 3 15 3 1
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w
here

89

8:

021
3 4
5 3 17021
3 4
5 3 1
61

A

021
3 4
5 3 17 1
617 4
7 1
021
3 4
5 3 17 17 1
617 4

0<;=>
5

021
3 4
5 3 17 1
64
7 1

0 ?5

021
3 4
5 3 17 1
64
7 1

0 3
@5

021
3 4
5 3 1
61
3 4
7 1

021
3 4
5 3 17 1
61

(B

L)

021
3 4
5 3 17021
3 4
5 3 1
61

S
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èlèves
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T
he

m
odel

of
com

putation:

H
erbelin’s

calculus

S
ém

inaire
des

èlèves
—
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A
m

odel
of

com
putation

T
he

m
odelofcom

putation
relies

on
capsules

the caller
the callee
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A
m

odel
of

com
putation

T
he

m
odelofcom

putation
relies

on
capsules

the caller
the callee
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A
m

odel
of

com
putation

T
he

m
odelofcom

putation
relies

on
capsules

the caller
the callee

S
ém

inaire
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èlèves
—
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A
m

odel
of

com
putation

T
he

m
odelofcom

putation
relies

on
capsules

the caller
the callee

µ

T
he caller 

T
he callee

S
ém

inaire
des

èlèves
—
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D
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A
m

odel
of

com
putation

T
he

m
odelofcom

putation
relies

on
capsulesC )

D �E

thatcontain
tw

o
constituents:

�

a
caller)

�

and
a

callee�
.

w
ith

the
syntax

�
FFHG

C )
D �E

)
FFHG
*

I(J*
 )

I /LK
 �

�
FFHG
K

I )
��

S
ém

inaire
des

èlèves
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C
allers

A
caller

is

�

either
a

variable*

,

�

or
aJ

-abstractionJ*
 )

w
hich

expects
a

value
to

take
the

place
of

*

in)

,

�

or
a/

-abstraction/ K
 �

w
hich

expects
a

callee
to

take
place

ofK

in�

producing
a

new
capsule.

N
ote:

values
and

callers
are

the
sam

e.

S
ém

inaire
des

èlèves
—
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D
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2002
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C
allees

A
callee

is
basically

a
listofvalues,m

ore
precisely

itis

�

either
a

variableK
,

�

or
a

pair)
��

ofa
value

(caller))

and
a

callee�

,

�

or
an M/

-abstration M/ *
 �

S
ém

inaire
des

èlèves
—
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µ

S
ém

inaire
des

èlèves
—
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T
he

reductions

� J�
C J*

N)
D )PO
��E

C )Q *
R)PO

SD �E

� /�

C / K
N�

D �E

�
Q K
R�S

� M/�

C )
D M/ *

N�E

�
Q *
R)

S
S

ém
inaire

des
èlèves

—
17

D
écem

bre
2002
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T
he

reductions

� J�
C J*

N)
D )PO
��E

C )Q *
R)PO

SD �E

� /�

C / K
N�

D �E

�
Q K
R�S

� M/�

C )
D M/ *

N�E

�
Q *
R)

S

C
an

w
e

type
capsules,callers

and
callees?

�

to
prove

thatnothing
w

rong
can

happen,i.e.,capsules
reduces

alw
ays

to
capsules,

�

to
prove

term
ination,i.e.,a

typed
capsule

alw
ays

reduces
to

a

norm
alform

w
hatever

strategy
w

e
adopt.

S
ém

inaire
des

èlèves
—

17
D

écem
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2002
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T
he

link
betw

een

the
sequent

calculus

and

H
erbelin’s

calculus

S
ém

inaire
des

èlèves
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T
he

type
judgm

ents

T
hanks

to
colors,Iw

illconsiders
three

types
ofjudgm

ents

T
hey

can
be

seen
as

annotations
ofsequentcalculus

judgm
ents;

S
ém

inaire
des

èlèves
—

17
D

écem
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2002



47

Judgm
ents

for
capsules

�
F*�
F��

�    � *T F�
T �K�
F��

�    � K
U F�U

or
in

short�
F���

.

S
ém

inaire
des

èlèves
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Judgm
ents

for
capsules

In�
F*�
F��

�    � *T F�
T �K�
F��

�    � K
U F�U ,

one
says

that

��

takes
the*

V
as

argum
ents

w
ith

type�
V

��

returnsK
W

as
results

w
ith

type �W .
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ém

inaire
des

èlèves
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Judgm
ents

for
callers

*�
F��

�    � *T F�
T �)
F�

� K�
F��

�    � K
U F�U

or
in

short��)
F�

� �
.

S
ém

inaire
des

èlèves
—
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D
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bre

2002
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Judgm
ents

for
callees

*�
F��

�    � *T F�
T � �
F�
�K�
F��

�    � K
U F�U

or
in

short�� �
F�
��

.

S
ém

inaire
des

èlèves
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T
he

type
system

� +.-
�*

�

�� K
F�
�K
F�

� �

� , -
�*

�

�� *
F�
�*
F�

� �

��)
F�

� �
�� �
F�
��

� �
+�

�� )
��
F�
�
�
��

�� *
F�
�)
F�� �

� �
,�

��J*
 )
F�
�
�� �

��)
F�

� �

�� �
F�
��

� �%
��

C )
D �E F� ����

�
F� ��X F�� ��� /�

��/ X  � F�
��

S
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S
ubject

reduction

O
ne

can
prove

that

�

if�
F���

and�

� O

then� O
F���

,

�

if ��)
F�

� �
and)

)PO

then ��)PO
F�

� �

,

�

if�� �
F�
��

and�

� O

then�� � O
F�
��

,
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ém

inaire
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èlèves
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C
urry-H

o
w

ard
correspondence

O
ne

gets
a

C
urry-H

ow
ard

correspondence,nam
ely

�

term
s

are
proofs,

�

types
are

propositions,

�

term
reductions

are
proofsim

plifications
.
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P
eirce

la
w

again

Let

y
be021

3 4
5 3 1

.

_ o
zb{ ocd
{ ocb| ogbx oc
_ o
zb{ ocbx ocd
x ocb| og

Y ikl
`

u {v xw oY _ o
zb{ ocd
| ogbx oc`Y m`

_ o
zb{ ocd
m| tu {v xw ogbx oc

Y Bf`

_ o
zd
s{ tm| tu {v xw oc
B gbx oc

_ o
zbx oc d
x ocY B Z

_ o
zbY s{ tm| tu {v xw` rx o
zd
x oc
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T
he

tree
for

typing
P

eirce
law

is

_ o
zd_ o
zbx oc
}

Y ikl
`

u _~ Y s{ tm| tu {v xw` rxw oY _ o
zd
x oc`Y m`

_ o
zd
m x tu _vY s{ tm| tu {v xw` rxw ocb

Y B Z`

d
s_ tm x tu _vY s{ tm| tu {v xw` rxw oYY cB g` B c` B cb

S
ém

inaire
des

èlèves
—

17
D

écem
bre

2002



57

R
eductions

as
sim

plifications
of

proofs

R
eductions

are
sim

plifications
(norm

alizations)
ofproofs

Letus
look

at

� J�
C J*

N)
D )PO
��E

C )Q *
R)PO

SD �E
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Itcorresponds
to

�


��� �
�
�� �
�� �

���
��


��� �� ���
�� �


�� ��
�
� �

� � �
� ��

���
��


� � ��� �
��
���

�#��
��

� ����
�� � ���� �

��

and

�� ��
� ��


� ��� ��
� �� ��� �


� � �
���

�#��
��

� �� ��
� ��� �� �

��
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Itcorresponds
to

�


��� �
�
�� �
�� �

���
��


��� �� ���
�� �


�� ��
�
� �

� � �
� ��

���
��


� � ��� �
��
���

�#��
��

� ����
�� � ���� �

��

and

ad
p��ocb e� ad
p �ocb e


� ��� ��
� �� ��� �


� � �
���

�#��
��

� �� ��
� ��� �� �

��
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Term
ination

or
strong

norm
alization

If�

is
typeable,then�

does
notstarta

non
term

inating
reduction.
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C
onc

lusion

W
e

have
proposed

a
calculus

for
interpreting

classicalpropositional

logic
based

on
capsules

ofcaller-callee.
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P
erspective:

a
calculus

w
ith

intersection
types

O
ur

goalis
to

propose
a

calculus
w

ith
intersection

types
to

characterize
strongly

norm
alizing

term
s.
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A
fter

P
hilip

W
adler

C
urry-H

ow
ard

correspondence
is

as
im

portantfor
inform

ation

science
as

E
instein’s

physics
relativity

and
D

irac’s
quantum

m
echanics

for
physics.
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µ
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C
haracterizing

strongly

norm
alizab

le
term

s
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W
e

have
only§

-introduction
rules.

W
e

have
no§

-introduction
rules

for
variables.
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C
haracterization

of
strongly

norm
alizing

term
s

T
heorem

:�
is

typeable
ifand

only
if�

is
strongly

norm
alizing.
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C
haracterization

of
S

N
term

s:
the

proof

O
ne

show
s

thatstrongly
norm

alizing
term

s
are

typeable:

�

norm
alform

s
are

typeable,

�

ifa
term

is
typeable,its

expansion
according

to
the

perpetual

strategy
is

typeable.
A

llstrongly
norm

alizing
term

s
are

reached

for
norm

alform
s

by
perpetualexpansions.

O
ne

show
s

thattypeable
term

s
are

strongly
norm

alizing.

�

one
uses

reducible
sets¨ �

© ,

�

one
proofs

that¨ �
©hª
«

and
thattypeable

term
s

are
in¨ �

© .
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P
erpetual

strategy

O
ne

define
a

function
perpc

w
hich

asso-

ciates
w

ith
a

capsule�

the
term

perpc�

obtained
by

perpetualstrategy.

perpc� �� �
�� � ��� ��
¬
­®�
¯ °
±� ��³² ´
µ¶� � ��� ��³· ¸
¹ º

�� � ¬�� � �� � ��

C
apsules

¹ »¼¹� ����
��� perpe� ��� ���

C
apsules

perpc� ½
¾ �
�� ��
¬
­®¾
¯ °
±�#��³²´
µ¶� �� · ¸
¹ º

� � ¬¾
� �

C
apsules

¹ »¼¹� ½
¾ �
��

perpe��

C
apsules

perpc� �
� ��
¬
­®µ¶� �� · ¸
¹ º�
¿À�

U
nit

¹ »¼¹� �
�

perpe��

C
apsules
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P
erpetual

strategie

T
heorem

:

�

S
iperpc�

esttypable
alors�

esttypable.

�

S
iperpv)

esttypable
alors)

esttypable.

�

S
iperpe�

esttypable
alors�

esttypable.
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