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Introduction

Isomorphisms relate types/formulas/objects A and B which are “the same”
A~B

wc@_ ] (Do

Instantiation in A-calculus, logics,. ..

Equational theory for \-calculus with products and unit type [Sol83]
X Ax(BxC)~(AxB)x C AxB~BxA
xand = ||  AXxB) = C~A—-(B—=C) | A= (BxC)~(A—=-B)x (A= ()
1 Ax1l~A [ 15A~A As1~1 |
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Introduction

Isomorphisms relate types/formulas/objects A and B which are “the same”
A~B

wc@_ ] (Do

Instantiation in A-calculus, logics,. ..

Equational theory for Multiplicative Linear Logic [BDC99]
Associativity AR(BRC)~(A®B)®C | AB(BRBC)~(ARB)®C
Commutativity AR B~B®A ARB~B7%®A
Neutrality ARl~A AR 1L ~A

(ARB) = C=(AtBBL)BC~AtB(BLBC)=A— (B — ()
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Introduction

Retractions relate A and B when A is a “subtype” of B
A<4B

Instantiation in A-calculus, logics,. . .

Equational theory for simply typed affine A-calculus [RUO02]
~ A—-B—->C~B—-A—->C
A<dB— A

Ad(A=-X)=» XifAisY1 = Ys— - =X
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Introduction

Retractions relate A and B when A is a “subtype” of B
A<4B

Instantiation in A-calculus, logics,. . .

Equational theory for Multiplicative Linear Logic [UNKNOWN]
~ associativity and commutativity of ® and 7%, neutrality of 1 and L
< (=<9\ ) 777
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© Definitions
@ Proof Net
@ Retraction

e Retractions of the shape X < -
@ Looking for a pattern
® Quasi-Beffara
o Beffara

© Difficulties for A < B & Other fragments
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Formula & Sequent

Formulas
not

L and or
AB = X|X"|A®B|ARB

Duality
& @ @ @

(XHt =X
(A Byt =Bt AL (&)
(A% B)t =Bt @ At

SCALP 2023, 29 November 4/20
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Formula & Sequent
Formulas

not
A B = X\Xl|A® B|A%B

Duality

) ) &)
o P @ L
(Ao B)* BL%?AL

(A% B)t =Bt @At

Sequent
OEBOINOWS
AL A &L @
) ) O
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Proof Structure

Proof Structure

Sequent with edges between dual leaves (some X and X*), these edges
partitioning the leaves of the sequent.

Examples

& O @ @& g ©

QO Q ® |1 ® Q &
© & ee@

7L
y
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Correctness & Proof Net

Correctness Graph
In a proof structure, keep only one premise of each %®-node.

Danos-Regnier Correctness Criterion

A proof structure is correct, and called a proof net, if all its correctness
graphs are acyclic and connected (i.e. are trees).

Examples

@@0@0@@@ Q@@@@!@e
@ (&) @ ()
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Correctness & Proof Net

Correctness Graph
In a proof structure, keep only one premise of each %®-node.

Danos-Regnier Correctness Criterion

A proof structure is correct, and called a proof net, if all its correctness
graphs are acyclic and connected (i.e. are trees).

Examples

e@e@e@e e@e@o!@e
o o O o

Acyclic and connected
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Correctness & Proof Net

Correctness Graph
In a proof structure, keep only one premise of each %®-node.

Danos-Regnier Correctness Criterion

A proof structure is correct, and called a proof net, if all its correctness
graphs are acyclic and connected (i.e. are trees).

Examples

@@0 @QQ 6@0@0!@@

Not acyclic nor connected
INCORRECT
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Correctness & Proof Net

Correctness Graph

In a proof structure, keep only one premise of each %®-node.

Danos-Regnier Correctness Criterion

A proof structure is correct, and called a proof net, if all its correctness
graphs are acyclic and connected (i.e. are trees).

Examples

Not acyclic nor connected
INCORRECT

Acyclic and connected
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Correctness & Proof Net

Correctness Graph

In a proof structure, keep only one premise of each %®-node.

Danos-Regnier Correctness Criterion

A proof structure is correct, and called a proof net, if all its correctness
graphs are acyclic and connected (i.e. are trees).

Examples

Not acyclic nor connected
INCORRECT
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Correctness & Proof Net

Correctness Graph

In a proof structure, keep only one premise of each %®-node.

Danos-Regnier Correctness Criterion

A proof structure is correct, and called a proof net, if all its correctness
graphs are acyclic and connected (i.e. are trees).

Examples

Not acyclic nor connected
INCORRECT

Acyclic and connected
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Correctness & Proof Net

Correctness Graph

In a proof structure, keep only one premise of each %®-node.

Danos-Regnier Correctness Criterion

A proof structure is correct, and called a proof net, if all its correctness
graphs are acyclic and connected (i.e. are trees).

Examples

Not acyclic nor connected
INCORRECT

Acyclic and connected
CORRECT

SCALP 2023, 29 November

6/20
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In category theory A< B

In \-calculus

Retraction A < B
Terms M : A — B and N : B — A such that
N o M =38y AXA.X
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In category theory A< B

In \-calculus

Retraction A < B

Terms M : A— B and N : B — A such that
N o M =38y )\XA.X

In multiplicative linear logic

Retraction A< B

Proof nets R - AL, B and S - B+, A whose composition by cut over B
yields, after cut elimination, the identity proof net of A.

Rémi Di Guardia, Olivier Laurent Retractions for MLL SCALP 2023, 29 November 7/20



In category theory A< B

X oliBo

In \-calculus

Retraction A < B
Terms M : A — B and N : B — A such that
N o M =38y )\XA.X

In multiplicative linear logic
reducing to the case where A has at most one occurrence of each atom

Retraction A< B

Proof nets R - AL, B and S F Bt, A whesecompeosition-bycutover B
relds_af hrminationthe identi ‘ ‘A
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In category theory A< B

(Al L 1)

In \-calculus

Retraction A < B
Terms M : A — B and N : B — A such that
N o M =38y )\XA.X

In multiplicative linear logic
reducing to the case where A has at most one occurrence of each atom

Retraction A< B

Proof nets R - AL, B and S F Bt, A whesecompeosition-bycutover B
relds_af hrminationthe identi ‘ ‘A

A< B «— Al < B+
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Beffara’s retraction

Beffara’s retraction

X<aX®B(XT®X) ordualy X<aX®(Xt®X)

SECRRCNNO.
Q. & oS
OO OO

X 7% (Xt ® X) (Xt X)@ X+
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e Retractions of the shape X < -
@ Looking for a pattern
® Quasi-Beffara
o Beffara
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Key Result
&_®

Lemma

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

) )

A\
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Key Result
&_®

Lemma

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

®

A\
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Key Result

Lemma

@!@

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

& () ()
@

A\
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Key Result
&_®

Lemma

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

®

A\
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Key Result

Lemma

@!@

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

& () ()
O,

A\
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Key Result

Lemma

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

& () D ®
O, O
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Key Result

Lemma

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

& (0
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Key Result

Lemma

@!@

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

& () OXONO
O, O
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Key Result

Lemma

@!@

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

@g etg ®

]

v
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Key Result

Lemma

%

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

@g i@
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Key Result

Lemma

@!@

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.

oo

A\
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Key Result

Lemma

Q.

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.
Invariant: every X of B is above a ®, and every X above a 7.

B

A\
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Key Result

Lemma

Q.

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.
Invariant: every X of B is above a ®, and every X above a 7.

B

B

A\
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Key Result

Lemma

Q.

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.
Invariant: every X of B is above a ®, and every X above a 7.

B Bt

A\
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Key Result

Lemma

Q.

In X <1 B one of the two proof nets contains:

Proof.

We build a sequence finding such a pattern.
Invariant: every X of B is above a ®, and every X above a 7.

W @@ | 6 ®
B Bt

A\
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Extended pattern

Lemma

o Q0
w @

has a node below it, then this is a

\

Proof.

The connector below the

pattern cannot be a % by e
connectivity:
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Quasi-Beffara

Definition

Quasi-Beffara is this local transformation on proofs of a retraction A < B:

I 1 r 1 — r

@ " ®° ’ ’
e @ qBeffara
—

O, O ) d

B BL B’ B/L

By extension, this defines two transformations on a formula B (by duality):

e qBeffara
j
—_— —
B B’
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Coherence of Quasi-Beffara

Beffara
If (R,S) are proofs of A1 B and (R, S) U, (R',S"), then (R',S")
Beffara
are proofs of A < B’ with B q—) B'.

Proof.
Quasi-Beffara preserves:

@ being a proof structure
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Coherence of Quasi-Beffara

Beffara
If (R,S) are proofs of A1 B and (R, S) U, (R',S"), then (R',S")
Beffara
are proofs of A < B’ with B q—) B'.

Proof.

Quasi-Beffara preserves:

@ being a proof structure

@ acyclicity of correctness graphs

]
oyo —
e @ qBeffara
S ) (
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Coherence of Quasi-Beffara

Beffara
If (R,S) are proofs of A1 B and (R, S) BN (R',S'"), then (R',S’)
Beffara
are proofs of A < B’ with B B

/!

Proof.
Quasi-Beffara preserves:
@ being a proof structure
@ acyclicity of correctness graphs

@ the number |V|+| % | — |E| of cc. of any correctness graph:
it removes 4 vertices, including 1 %, and 5 edges

—

Q_®OQ : E

e e qBeffara
2 g (&

Rémi Di Guardia, Olivier Laurent Retractions for MLL SCALP 2023, 29 November



Coherence of Quasi-Beffara

Lemma

Beffara
If (R,S) are proofs of A< B and (R, S) BN (R',S'), then (R',S’)
Beffara
are proofs of A < B’ with B B

\

Proof.
Quasi-Beffara preserves:
@ being a proof structure
@ acyclicity of correctness graphs
@ the number |V|+| % | — |E| of cc. of any correctness graph

@ (normal form for cut elimination)
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Completeness of Quasi-Beffara

Proposition

qBeffara

If X < B then B ——* X.

\

Proof.

By induction on the size of B. Trivial if B = X.
Else, by previous results:

Q_©

@ we find some @
& 0
(=)

@ which is a O
qBeffara

©@ B——— B/, X < B and B’ of strictly smaller size

A\
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Quasi-Beffara & Beffara (statement)

o Remember Beffara's retraction:
X <aX®(Xt7X) X aX®(XteX)

e Corresponding transformations inside a formula:

Beffara Beffara

X@(XtRX) —— X X (Xt X) —— X

Rémi Di Guardia, Olivier Laurent Retractions for MLL SCALP 2023, 29 November



Quasi-Beffara & Beffara (statement)

o Remember Beffara's retraction:
X <aX®(Xt7X) X aX®(XteX)

e Corresponding transformations inside a formula:

Beffara Beffara

X@(XtRX) —— X XB(Xt@X) — X

Proposition

qBeffara Beffara
If B———* X, then B———* X up to isomorphism

(associativity and commutativity of 8 and ®)

Rémi Di Guardia, Olivier Laurent Retractions for MLL SCALP 2023, 29 November



Quasi-Beffara & Beffara (proof)

By induction on the size of B.
Base cases: B € {X; X ® (Xt ® X); X ® (XL % X)}

qBeffara Beffara Beffara

Inductive case: B B: > By »* X by induction hypothesis.
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Quasi-Beffara & Beffara (proof)

By induction on the size of B.
Base cases: B € {X; X ® (Xt ® X); X ® (XL % X)}

qBeffara Beffara Beffara

B

Inductive case: B > »* X by induction hypothesis.
OO,

©Q_»
(@ () et
Beff:
B g &
@

By
qBeffara
Wel 0 © We‘
RO,
(=)

.
Beﬁara%
“ (up to duality)

Beffara .
B —— Byis
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Quasi-Beffara & Beffara (proof)

By induction on the size of B.
Base cases: B € {X; X 78’(XL ®X);X® (X1t 7 X)}

qBeffara Beffara Beffara

Inductive case: B * X by induction hypothesis.

G ®
qBeffara % i> W
B——Bis a °
Beffara
Beffara . I o .
B —— Byis (up to duality)

o e ¢ {a1; a2 a3; a4} (including e; = &)
Beffara qBeffara Beffara
The rewritings commute: B B; B> »* X, so by
Beffara Beffara
induction B B;

*
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Quasi-Beffara & Beffara (proof)

By induction on the size of B.
Base cases: B € {X; X 78’(XL ®X);X® (X1t 7 X)}

qBeffara Beffara Beffara

Inductive case: B * X by induction hypothesis.

G ®
qBeffara % —m> W
B——Bis e B
Beffara
Beffara . 7 o .
B —— Byis (up to duality)

o e ¢ {a1; a2 a3; a4} (including e; = &) /
@ €6 = a
Up to isomorphism e; = a; or e; = a4
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Quasi-Beffara & Beffara (proof)

By induction on the size of B.
Base cases: B € {X; X ® (Xt ® X); X ® (XL % X)}

qBeffara Beffara Beffara

B

Inductive case: B > »* X by induction hypothesis.
OO,

©Q_»
(@ () et
Beff:
B g &
@

By
qBeffara
Wel o O We‘
RO,
(*)
Beffara

.
Beﬁara%
B —— Byis “ (up to duality)

e e ¢ {ai; a2 a3; a4} (including e; = &) /
e e =a/
@ e €{a1;a3;, a1}

qBeffara . Beffara
B—— BjisalsoaB— B;
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Characterization of X < B

The followings are equivalent:
Q XIB

qBeffara
Q@ B—*"X
Beffara

©@ B——" X (up to iso)

Rémi Di Guardia, Olivier Laurent
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Characterization of X < B

The followings are equivalent:

o XﬂqBiara o BGP(UP to ISO)

Q@ B—"X P:=X |PR(NBP)|P%B(N®P)
Beffara o 1

©@ B——" X (up to iso) N w= X- | Ne(PRN) | NZ(P®N)

Rémi Di Guardia, Olivier Laurent
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Characterization of X < B

The followings are equivalent:

<

o X_qBifara o BGP(UP to ISO)

08 —"X Pi=X |Po(NBP)|PB(NSP)
Beffara o 1

0By xuptoiso) | = X INeEBN)[NE(PSN)

.. but this is when looking at formulas! Looking at proofs, this is messier:

Pairs of
{777 Proof Structures (some proof structures where - is)
T Xt and L X
[ Proof Nets (X ®X1) 7 (X3 XL) @ XL)
- X <- 1
: (X®(XBXL)3XL) @ X
LT ' X% (Xt e X)

Rémi Di Guardia, Olivier Laurent
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© Difficulties for A < B & Other fragments
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Difficulties for A< B
oW
)

Not onl as a proof pattern, also
y

(and others?)

Example: X® Y 94X ® (Xt B (X ®Y))
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Difficulties for A< B
oW
)

Not onl as a proof pattern, also
y

(and others?)

Example: X® Y 4 X ® (X+ B (X ®Y))

May not be finitely axiomatisable (on formulas)?
(X} <{@X IR (X1 @ (X B (... (Xoe1 @ (XE 1 B (Xa @ X)) ...)))
And (A X) BB A4 (A® X)® (X ® (Xt 7% B))

Rémi Di Guardia, Olivier Laurent Retractions for MLL SCALP 2023, 29 November 19/20



What about other fragments?

o Adding exponentials gives new retractions

TAI A MNAQ?INA
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What about other fragments?

o Adding exponentials gives new retractions
TAIMA NAQ?I7NA
@ In ALL retractions seems easier
AJA&B <+ A+ B

Generates all (unit-free?) retraction proofs? (proof to be checked)
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What about other fragments?

o Adding exponentials gives new retractions
TAIMA NAQ?I7NA
@ In ALL retractions seems easier
AJA&B <+ A+ B

Generates all (unit-free?) retraction proofs? (proof to be checked)

@ In ALL, MELL, MALL and LL finding if a pair of formulas is a
retraction is at least harder than provability:

IX <IX @ (X®A) <= Ais provable
X IX&(X®A) < Ais provable

Thus PSPACE-hard in MALL and undecidable in LL!

Rémi Di Guardia, Olivier Laurent Retractions for MLL SCALP 2023, 29 November



Thank you
for your attention!
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Retraction not generated by Beffara

Proof of X < (X ® X) % (X 8 X+) @ X1)




Incorrect retraction generated by Quasi-Beffara

Not-Proof of X <1 (X ® (X ® X1)) B X1)® X
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Incorrect retraction generated by Quasi-Beffara

Not-Proof of X <1 (X ® (X ® X1)) B X1)® X

1

(<)
®

'_
QH@‘

Incorrect

Rémi Di Guardia, Olivier Laurent Retractions for MLL SCALP 2023, 29 November 20/20



Incorrect retraction generated by Quasi-Beffara

Not-Proof of X <1 (X ® (X ® X1)) B X1)® X

Can apply one step of Quasi-Beffara
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Incorrect retraction generated by Quasi-Beffara

Not-Proof of X <1 (X ® (X ® X1)) B X1)® X

This is Beffara, attainable from X by one step of Quasi-Beffara

Rémi Di Guardia, Olivier Laurent Retractions for MLL SCALP 2023, 29 November 20/20



Formula not generated by Beffara without iso

X aX®(Xt7X)% (Xt X))

Generated by Beffara only up to isomorphism!
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Multiplicative Linear Logic - Cut & Sequent

Cut
C == Ax At
Sequent
AL A G, G
Example




Identity proof net

Identity proof structure of A

In the sequent Al,A, link each leaf in A to the dual one in AL.

Example: A=Y ® (X+ % X"1)

o

An identity proof structure is correct.
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Composition by cut

Composition

Putting side by side a proof structure on - I, A and one on - AL, A, then

adding a *-node between the roots of A and A', yields a proof structure
on T, Ax AL A.

&

\

Example
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Composition by cut

Composition

Putting side by side a proof structure on - I, A and one on - AL, A, then
adding a *-node between the roots of A and A', yields a proof structure
on T, Ax AL A.

\

Example
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Composition by cut

Composition

Putting side by side a proof structure on - I, A and one on - AL, A, then
adding a *-node between the roots of A and A', yields a proof structure
on T, Ax AL A.

Example

v

The composition of two correct proof structures is correct.
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Cut elimination

ut eliminat

@@ OO, ©
e

P

Cut elimination preserves correction, is confluent and strongly normalizing.
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Example of cut elimination

SO O
oW O, oW
© OO
O
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Example of cut elimination

SO O

OWO OFS
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Example of cut elimination

S
OlOO
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Example of cut elimination
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Example of cut elimination
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Example of cut elimination
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