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Concrete nodes

* Forget for now that observables are intentionally
described

+ Assume an infinite set of nodes N (meta-variables u,v,w)

* Nodes are sorted accordingto x: N — {A4,B,C,...} =K

“ Assume also a signature map ¥ : K — N

+ We define intf : N - N as X o k (i.e number of sites)



Concrete edges

“ An edge is a two element set {p, g} where p,g € N x N
* where p= (u,i) = ¢ < intf(u)

* two edges are connected if they share a node

« A (concrete) site graph is a set of edges.

+ We use a special kind “free” (with arity 1)




Concrete update

* An update U is a triple (L,N,P) where L,N,P are set of
edges and such that N C L and PN L =

* An instance of U in a graph G is defined as
G -y G with G' = (GA\N)U P.

For all G such that L C G and PN G = 0.



Concrete update instance (example)

We define pre(U) = L and post(U) = (L\N) U P.



Domain of consistent graphs

The domain of consistent graphs can be seen as the coherent space G gen-
erated by (£,Z¢). The graphs of G are sets of edges (they are the cliques of
the graph induced by the coherence relation) that satisfy the coherence relation
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Observables
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T'he update problem

/\IJA:(L/N/P)

negative positive
update update
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Update without exploring M} !



Simple update

Property 1. Let U= (L, N, P), for all M —y M’ we have:
Omr = (Om\AM(N)) 8 Ap (P)
with, for all H € {N, P}:
Ay(H)={0€G|Obs(O)A(HNO)#DA(HUO) C M}
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Incremental update

' U:(L/N/P) -
W/l > WYl

pre(U)=L post(U)=L\N+P

/
@RERE T — O —
O is removed by U iff O\pre(U) was in M O’ is added by U iff O\post(U) is in M’



Concrete Update Structure

IEe
Hy ={H | H=0O\pre(U) N\ON Ny # 0}
Hi; = {H | H=O\post(U) AON Py # 0}

The concrete update structure is the meet semi lattice:
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Concrete algorithm (neg. case)

M Hy; ={H | H=0O\pre(U) ANON Ny # 0}
—— NO Sup RE= A XD o g e e
while true
if pety
e 0 Eene
02\pre ) else

fi—|—1 e F’L

if ecM&& ed X' && {e} €D && R'#0

X+ = Xty {e)
TR = N B R e e T N = !
b =ineelC & T | G E Il n CEel e B
p=>bU{e}

else
Update domain for U=(L,N,P) return F



Example
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Re-rooting




Abstracting to finite domains



Abstract graphs

CGraph »  AGraph
Obj: concrete site graphs G] = {H € G| 3¢ € lso(G).¢H = G}
Morphisms: inclusi
orphisms: inclusion o = 5
i = qbl = lw
el

Property 6. [ ]| defines a functor from CGraph to AGraph.

Property 7. AGraph describes a poset with initial element Ograph = [0].

Property 8. AGraph has pullbacks and pullback complements.



Propertes

AGraph has no pushout
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but multi-pushouts...
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Abstract operations

Using pullbacks i
A B
A.: L 0 0,~1 0,\1 O 00 10
AR A Am#B 01
A B A B
—EO—E—0 &, & OO0 OO™® EH-C
01 01

A\#B? 3C.A-- 7 B?



Concrete vs. abstract domain

Concrete domain Abstract domain

X [ X]

le} e}

@g OAGraph

Because of multi-pushout, transitions in the concrete domain
do not have a unique abstract counterpart.



Concretization

Transition in the G C >(5 U' {e}

concrete domain
= 2

Ll o

> B. Only one makes

Transitions in the A ) :
, .~ the diagram commute
abstract domain 5
= [{ € }] B L




Abstract algorithm (neg. case)

Hr = {H | H = O\pre(U) AON Ny # 0} Ay ={A| A € [O[\"[pre(U)] A [O] n* [Ny] # {OaGrapn }}
RO=%; X°=0; F°=¢ p=X° e <°—0; -0 N
while true while true
if pe?y if peAj;
J,—_-z'—i—l = ]_-z U {p} ]:-73-|-1 = J,—_-z U {p}
else else
.Fi+1 = F’L fi—|—1 = .FZ
if eecM && eg X" && {e} €D && R'#0 if eec M && eg X' && [{e}] € DT && R' #0)
it S o = gde
IR RN ST e e T s e A e = R = RN LA E IR [ Ao PO A = [
b=maxq G e DI Gie X N E e rcip] b = max{[G] € D¥ | [G] < [X*] A [GU {e}] € D¥}
p=">bU{e} p=>b+[{e}]
else else Unique!

return 7' return 7



A compact representation

Mixture




