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A review of non-archimedean elliptic
functions, John Tate

Salim Alloun

I present an article of Tate [1] which is composed of two parts. The �rst is an old manuscript
dating from 1959 containing his �rst proof of that for certain elliptic curves Et we have

Et(k) ' k×/tZ. The second part dwells into theta functions, isogenies, torsion points and Serre’s
isogeny theorem. I will only mention the things I found interesting especially as a complement to

what we have done in Thuillier’s course.

1 Introduction

John Tate engaged himself in the work of uniformizing the elliptic curves over non-archimedean
�elds. The uniformization of curves over C had already been done at his time, with a concrete
classi�cation. More precisely, letX be an algebraic smooth curve over C such thatX(C) is compact
then X(C) is an orientable compact surface with a topological invariant which is the number of
holes in that surface (called the genus g) :

— g = 0 : X(C) ' S2 and therefore is simply connected, its topological universal covering is
itself.

— g = 1 : The universal covering ofX(C) is C and there exists a lattice Λ of C such thatX(C) '
C/Λ.

— g > 2 : The universal covering of X(C) is h, and X(C) ' Γ\h where Γ is a torsion-free
discrete subgroup of PSL2(R).

1



In general, the curves of genus 1 are the �rst non-trivial curves (as the genus 0 curves are all
isomorphic as algebraic curves to the projective line) and furthermore they are abelian varieties
meaning in this context curves together with a compatible structure of an abelian group. The genus
1 curves are called elliptic curves. However the genus can actually be algebraically de�ned for any
curve (via the Riemann-Roch theorem), and over any �eld k an elliptic curve is a curve de�ned in
P2
k by this kind of projective equation :

ZY 2 + a1XZY + a3Y Z
2 = X3 + a2X

2Z + a4XZ
2 + a6Z

3 (1)

The interesting thing to see here is that for an elliptic curveE over C we can writeE(C) ' C/Λ
for a certain lattice Λ, and up to changing C via an homotethy I can chose (1, τ) as a basis of Λ. In
fact the universal covering of E(C) is a function f : C −→ E(C) that we can write (up to changing
the equation (1) via a�ne transformations) in the following way :

f(z) = (℘(z) : ℘′(z) : 1)

and ℘ is a meromorphic function invariant by Λ = Z⊕Zτ . The functions being periodic regarding
two real directions are called elliptic functions and ℘ is called the Weierstraß function of parameter
τ (or parameter Λ). So in particular being periodic regarding 1 implies that f can be factorized by
an exponential and so we can see with t = exp(2iπτ) that

E(C) ' C×/tZ

Given the fact there is no counterpart to exponential in the non-archimedean world, John Tate
understood that we should stick to the hope that we can describe elliptic curves over k a non-
archimedean �eld by k×/tZ, for a suitable t. This hope is even more tangible considering the follo-
wing. With the change of variable z 7→ w = exp(2iπz), Tate gives the computation

x(w) := ℘(z)− 1

12
=

w

(1− w)2
+
∞∑
m=1

(
tmw

(1− tmw)2
+

tmw−1

(1− tmw−1)2
− 2

tm

(1− tm)2

)
As a power series the right-hand term has all of its coe�cients in Z[[t]] and so if |t| < 1 then it

can de�ne a function on k×(for the variable w, the relevant one in this context anyway) . The same
goes for the coe�cients in (1), they can be expressed with power series which make sense in the
non-archimedean world. Plus we have the equation

x(w) = x(tw) = x(w−1)

Finally, Tate use y a power series which is a counterpart to the derivative ℘′, and is found via
the equation

(℘′(z) ≈ ) w
dx

dw
(w) = x(w) + 2y(w)

but 1 de�ned by

y(w) :=
w2

(1− w)3
+
∞∑
m=1

(
t2mw2

(1− tmw)3
− tmw−1

(1− tmw−1)3
+

tm

(1− tm)2

)
1. 2 can be zero...
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2 Proof in the Old Manuscript

In the course Rigid geometry of algebraic curves given by Amaury Thuillier, we saw a proof that
such description exists when the j-invariant of E is such that |j| < 1. The proof has been given in
the language of Berkovich. In the paper of John Tate, he proves it with the point of view of abelian
varieties.

Let k be a non-archimedean complete �eld. Tate gives an appropriate a�ne equation :

y2 + xy = x3 − b2x− b3

where b2, b3 ∈ Z[[t]] verify

b2 = 5
∞∑
n=1

n3tn

1− tn
b3 =

∞∑
n=1

7n5 + 5n3

12

tn

1− tn

to de�ne Et an elliptic curve over k, where one should add (∞,∞), noted by O, the neutral
element for the group law of Et. As said before, power series with coe�cients in Z makes sense in
k and the formula in the complex world is still true

j(Et) = t−1(1 + 744t+ 196884t2 + . . .)

If k is algebraically closed, given that j gives the isomorphism class of an elliptic curve, then any
elliptic curve over k such that |j| > 1 is isomorphic to a curve Et, via the inverse formal series :

t = j−1(1 + 744j−1 + 750420j−2 + . . .)

Theorem 2.1. (Tate) There exists a group morphism k× −→ Et(k) with kernel equal to tZ.

Proof. The idea is to de�ne a map ϕ such that ϕ(w) = (x(w), y(w)) if w /∈ tZ and O if w ∈ tZ. 2

The whole proof is to show that ϕ is indeed a group morphism (Lemma 1) and that it is surjective
(Lemma 2 and 3). For this Tate use the algebraic equations de�ning the group law.

3 Theta functions

I rapidly mention the principal ideas. As Poincaré in the complex case searched fuchsian func-
tions (meaning invariant by a fuchsian group) as quotient of theta functions of same degree, here
elliptic functions are also described as quotient of theta functions. It enables us to see more clearly
the fact that y is derivative of x, because indeed Tate writes

x = Dζ and y = D2ζ

where ζ is a meromorphic function coming from a kind of theta function,D = w d
dw

(w) (di�erential
operator of degree 1) and D2 = 1

2
(D2 −D) (di�erential operator of degree 2).

2. The invariance by t makes the crucial set of de�nition to be an annulus so in fact it is the same idea with what
we have done with Thuillier.
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4 Isogenies

Let C be the completion of an algebraic closure of k. Then C is algebraically closed (see [4],
4.4.2).

De�nition 4.1. (See [2]) Let t1, t2 ∈ k× such that |t1|, |t2| < 1. An isogeny is a non-trivial morphism
of algebraic curves Et1 −→ Et2 sending O to O 3, non-trivial in the sense that the image should have
at least another point than O. In [2], it is shown that those arrows are in fact group morphisms and
an isogeny is necessarily surjective. We say that two elliptic curves are isogenous if there is an isgoeny
between them.

We say that t1 and t2 are commensurable if there exists non-zero m,n ∈ Z such that tm2 = tn1 .
Suppose they are. Then x 7→ xn( mod t2) from C× to C×/tZ2 factorizes through tZ1 , and induces an
isogeny

αm,n : Et1(C) −→ Et2(C)

Commensurable or not we can always de�ne α0,0 which is the trivial group morphism.

Theorem 4.1. (Tate) The map αm,n is a covering of degree |mn| and there is a bijection

HomC(Et1 , Et2) ' {(m,n) ∈ Z× Z, tm2 = tn1}

In particular, Et1 and Et2 are isogenous if and only if t1 and t2 are commensurable.

Proof. The idea of the proof is to start from this commutative triangle :

Et1

αm,n !!

α1,n // Et

αm,1

��
Et2

where t = tm1 = tn2 . The extension of meromorphic function �elds M(Et)|M(Et2) is Galois
generated by the translation by t2 which is of order |m|, since the elements ofM(Et) are functions
on C× invariant by t = tm2 . So αm,1 is of degree |m| and by duality we have that α1,m is of degree
|m|.

The �eld C being algebraically closed, Tate asserts that an isogeny is the product of isogenies of
prime degree. Then one has to show that a morphism Et −→ Et′ of prime degree p is of the form
αp,1 or αp,1. Since |j| > 1 the curve Et is "generic" meaning that its bijective isogenies are ±1, and
so up to sign an isogeny is determined by its kernel. We have the formula α−m,−n = −αm,n, so it
su�ces to look at the �nite subgroups-schemes of Et of order p.
char(C) 6= p : There is only one subgroup of order p in C∗, it is composed of the p-th roots of
unity and it is a a�ne scheme with algebra C[X]/(Xp − 1). In the quotient C∗/tZ, given that C is
algebraically closed there is also the subgroup of order p composed of the p-th root of t (algebra =
C[X]/(Xp − t)). Finally we get the two possible kernels, respectively of α1,p and of αp,1.
char(C) = p : α1,p : Et −→ Etp and αp,1 : Et −→ Et1/p are the so-called Frobenius and Verschie-
bung operator with kernels respectively being µp and Z/pZ (they are Cartier duals of one another).
The multiplication by p in the abelian group Et(C) is αp,p which is taking the p-th power in C×/tZ.
It is of degree p2 so the kernel is of order p2. Therefore there are two subgroups-schemes of order p.
But µp is not isomorphic to Z/pZ so here are the two subgroups.

3. Here the marked points of Et1 and Et2 are both O, in general we can chose other points...
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Corollary 4.1. For all 0 < |t| < 1, Et has only trivial endomorphisms, i.e.

End(Et) := Homk(Et, Et) = HomC(Et, Et) ' Z

Interpretation of the condition |j| > 1

Tate mentions a comment made by Serre about elliptic curves with complex multiplication (or
CM-elliptic curves), i.e. curves with an endomorphism ring strictly bigger than Z.

Corollary 4.2. The j-invariant of a CM-elliptic curve E over a �nite extension F |Q is an algebraic
integer.

Lemma 4.1. x ∈ F is an algebraic integer (over Z) if and only if v(x) > 0 for all �nite place v of F .

Proof. If fmin,Q,x ∈ Z[X] then by looking at its Newton polygon, we see that all of its slopes are
non-positive and so x (being a root of P ) has a non-negative valuation.

Now assume that f = fmin,Q,x /∈ Z[X]. One of its coe�cients has a negative p-adic valuation for
at least one prime number p. So over Qp there exists at least one point in the Newton polygon of f
which is under the horizontal axis, and so there is at least one positive slope. x has therefore at least
one Galois conjugate y ∈ Q of negative valuation. Consider it to de�ne a �nite place v of F above
p such that v(x) < 0.

Proof. [Corollary 4.2.] Assume that j is not an algebraic integer. By the lemma there exists v such
that |j|v > 1. Then we have that E ' Et over Fv, for a t ∈ Fv. But there is at least one non-trivial
endomorphism of E over Q and it induces a non-trivial endomorphism of E over Fv. Contradiction.

Remark 4.1. Corollary 4.2. has been proved in many ways, but this shows how fruitful is the idea of
considering "being an algebraic integer over Z" as a local property in the space of prime numbers.

So here we see that in the moduli space of elliptic curves over k there is the set de�ned by
|j| > 1 (parametrized by the variable t in the unit disk without 0) and the rest is more diverse with
CM-curves playing the role of peculiar points.

Naive questions stemming from the article :
— Is there any exponential k −→ k× ? If that’s not the case (and I think it is not) : why?

In the case of non-archimedean �eld of characteristic p > 0, there is for example formulae
who looks like the famous

ζ(2n)

(2iπ)2n
∈ Q

where one replace 2iπ by an element ξ (de�ned modulo F×q = Fq[T ]× like 2iπ is de�ned
modulo {±1} = Z× because i can be changed with −i) See [3].

— Is there a precise description of the subset |j| 6 1 inside the moduli space of elliptic curves?
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