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Experimental study of the fluctuation dissipation
relation during an aging process
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Abstract

The validity of fluctuation dissipation relations (FDRs) in an aging system is studied in a colloidal glass during the transition
from a fluid-like to a solid-like state. The evolution of the rheological and electrical properties is analyzed in the range 1–40 Hz.
It is found that at the beginning of the transition the FDR is strongly violated in electrical measurements. The amplitude and
the persistence time of this violation are decreasing functions of frequency. At the lowest frequencies of the measuring range it
persists for times which are about 5% of the time needed to form the colloidal glass. This phenomenology is quite close to the
recent theoretical predictions done for the violation of the FDR in glassy systems. In contrast in the rheological measurements
no violation of the FDR is observed. The reasons of this large difference between the electrical and rheological measurements
are discussed.
© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

Many physical systems in nature are not in thermo-
dynamic equilibrium because they present very slow
relaxation processes. A typical example of this phe-
nomenon is the aging of glassy materials: when they
are quenched from above their glass transition tem-
peratureTg to a temperatureT < Tg, any response
function of these systems depends on the aging time
ta spent atT . For example, the dielectric and elastic
constants of polymers continue to evolve several years
after the quench[1]. Because of these slow relaxation
processes, the glass is out of equilibrium, and usual
thermodynamics does not apply. However, as this time
evolution is slow, some concepts of the classical ap-
proach may be useful for understanding the glass ag-
ing properties. A widely studied question, is how the
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temperature of these systems can be defined. One pos-
sible answer comes from the study of the deviation to
the fluctuation dissipation relation (FDR) in an out of
equilibrium system (for a review, see[2–4]). In this let-
ter we show that this approach is relevant for the study
of a colloidal glass formation, where a strong violation
of FDR is measured. Implications of this observation
go beyond the physics interest. Indeed FDR is used
as a tool to extract, from fluctuations measurements,
several properties in biological, chemical and physical
systems[5–7]. Our results indicate that before extend-
ing this smart technique to other systems, one has to
carefully ensure that these systems are in equilibrium.

In order to understand this new definition of tem-
perature, we have to recall the main consequences of
FDR in a system which is in thermodynamic equilib-
rium. We consider an observableV of such a system
and its conjugate variablesq. The response func-
tion χVq(ω), at frequencyν = ω/2π , describes the
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variationδV (ω) of V induced by a perturbationδq(ω)

of q, that is χVq(ω) = δV (ω)/δq(ω). FDR relates
the fluctuation spectral density ofV to the response
functionχVq and the temperatureT of the system:

S(ω) = 2kBT

πω
Im[χVq(ω)], (1)

where S(ω) = 〈|V (ω)|2〉 is the fluctuation spec-
tral density of V , kB the Boltzmann constant and
Im[χVq(ω)] is the imaginary part ofχVq(ω). Text-
book examples of FDR are Nyquist’s formula relating
the voltage noise to the electrical resistance and the
Einstein’s relation for Brownian motion relating the
particle diffusion coefficient to the fluid viscosity[8].

When the system is not in equilibrium FDR, that is
Eq. (1), may fail. For example, violations, of about a
factor of 2, ofEq. (1)have been observed in the den-
sity fluctuations of polymers in the glassy phase[9].
The first to propose that the study of the FDR viola-
tions are relevant for glassy systems was Sompolinsky
[10]. This idea, which was generalized in the context
of weak turbulence[11], has been recently reconsid-
ered by Cugliandolo and Kurchan[12] and succes-
sively tested in many analytical and numerical models
of glass dynamics[4,13–19]. Let us briefly recall the
main and general findings of these models. Because of
the slow dependence onta of the response functions,
it has been proposed thatEq. (1)can be used to define
an effective temperature of the system, specifically

Teff(ta, ω) = S(ta, ω)πω

Im[χVq(ta, ω)]2kB
. (2)

It is clear that ifEq. (1)is satisfiedTeff = T , otherwise
Teff turns out to be a decreasing function ofta andω.
The physical meaning ofEq. (2)is that there is a time
scale (for example,ta) which allows to separate the
fast processes from the slow ones. In other words the
low frequency modes relax towards the equilibrium
value much slower than the high frequency ones which
rapidly relax to the temperature of the thermal bath.
Therefore it is conceivable that the slow frequency
modes keep memory of higher temperatures for a long
time and for this reason their temperature should be
higher than that of the high frequency ones. This strik-
ing behavior has been observed in several numerical

models of aging[4,13–19]. Further analytical and nu-
merical studies of simple models show thatEq. (2)is a
good definition of temperature in the thermodynamic
sense[3,4]. In spite of the large amount of theoretical
studies there are only a few experiments which show
a violation of FDR in real materials[9,20]. However,
these measurements are done at a single frequency
and there is no idea on how the temperature relaxes
as function of time and frequency. The experimental
analysis of the dependence ofTeff(ω, ta) onω andta is
very useful to distinguish among different models of
aging: FDR violations are model dependent[4,13–19].

For these reasons we have experimentally studied
the violation ofEq. (1)during the colloidal glass for-
mation in Laponite RD,1 a synthetic clay consisting
of discoid charged particles. It disperses rapidly in
water and solidifies even for very low mass fraction.
Physical properties of this preparation evolves for a
long time, even after the sol–gel transition, and have
shown many similarities with standard glass aging
[21,22]. Recent experiments[22] have proved that the
structure function of Laponite at low concentration
(less than 3% mass fraction) is close to that of a glass.
As in our experiment the Laponite concentration is
low, we call the solid-like Laponite solution either a
colloidal glass or simply a glass.

In our experiment we measure the time evolution
of the Laponite electrical and rheological properties
during the colloidal glass formation. The paper is or-
ganized as follows. In the next section the electrical
measurements are described. Rheological measure-
ments are discussed inSection 3. Finally we conclude
in Section 4.

2. Electrical measurements

2.1. The experimental apparatus

The Laponite solution is used as a conductive liq-
uid between the two golden coated electrodes of a
cell (seeFig. 1). The Laponite solution is prepared
in a clean N2 atmosphere to avoid CO2 and O2

1 Laponite RD is a registered trademark of Laporte Absorbents,
P.O. Box 2, Cheshire, UK.
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Fig. 1. Experimental setup. The impedance under testZ is a cell
(diameter 7 cm, thickness 3 cm) filled with a 2.5 wt.% Laponite sol.
The electrodes of the cell are golden coated to avoid oxidation. One
of the two electrodes is grounded, whereas the other is connected
to the entrance of a low noise voltage amplifier characterized by a
voltage amplificationG. With a spectrum analyzer, we alternately
record the frequency response FR(ω) = 〈V out/V exc〉 (switch A
closed) and the spectrumS(ω) = 〈|V out|2〉 (switch A opened).
The input voltageV exc is a white noise excitation, thus from
FR(ω) we derive the impedanceZ(ω) as a function ofω, that is
Z(ω) = R0/(G/FR(ω)− 1); whereas fromS(ω), we can estimate
the voltage noise ofZ, specificallySZ(ω) = [S(ω) − Sa(ω)]/G2,
whereSa(ω) is the noise spectral density of the amplifier.

contamination, which perturbs the electrical measure-
ments. Laponite particles are dissolved at a concen-
tration of 2.5% mass fraction in pure water under
vigorous stirring during 20 min. To avoid the existence
of any initial structure in the sol, we pass the solution
through a 1�m filter when filling our cell. This instant
defines the origin of the aging timeta (the filling of
the cell takes roughly two minutes, which can be con-
sidered the maximum inaccuracy ofta). The sample
is then sealed so that no pollution or evaporation of
the solvent can occur. At this concentration, the light
scattering experiments show that Laponite structure
functions are still evolving 500 h after the prepara-
tion [21]. We only study the beginning of this glass
formation process.

The two electrodes of the cell are connected to our
measurement system, where we alternately record
the cell electrical impedanceZ(ta, ω) and the volt-
age noise densitySZ(ta, ω) (seeFig. 1). Taking into
account that in this configuration Im[χVq(ta, ω)] =
ω Re[Z(ta, ω)], one obtains fromEq. (2) that the

effective temperature of the Laponite solution as a
function of the aging time and frequency is

Teff(ta, ω) = πSZ(ta, ω)

2kB Re[Z(ta, ω)]
, (3)

which is an extension of the Nyquist formula.

Fig. 2. The response function. (a) Frequency dependence of a
sample impedance for two different aging time:ta = 0.3 h, real
(�) and imaginary (�) parts; ta = 24 h, real (�) and imaginary
(�) parts. The equivalent circuit for the cell impedance is shown
in the inset:Z is the sum of a resistive volumeRb and a capacitive
interfaceCs between the Laponite solution and the electrodes. The
increase of Re(Z) toward small frequencies (ν < νc) is due to the
dissipative part of the capacitance (loss tangent� 0.2). Forν > νc

the impedance of the cell is dominated by the bulk resistanceRb.
(b) Time evolution of the bulk resistance. This long time evolution
is the signature of the aging of the sol. In spite of the decreasing
mobility of Laponite particles in solution during the gelation, the
electrical conductivity increases.
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Fig. 3. Fluctuations. Voltage noise density of one sample for different aging times. The strong increase ofSZ for low frequencies is quite
well fitted by a power lawωα , with α = −3.3± 0.4. This effect is a decreasing function of time, and a good rescaling of the data with a
ωt

β
a law can be achieved as shown in the inset forβ = 0.5 ± 0.1.

2.2. Experimental results

In Fig. 2(a), we plot the real and imaginary parts of
the impedance as a function of the frequencyν, for a
typical experiment. The response of the sample is the
sum of two effects: the bulk is purely conductive, the
ions of the solution follow the forcing field, whereas
the interfaces between the solution and the electrodes
give mainly a capacitive effect due to the presence of
the Debye layer[23]. This behaviour has been vali-
dated using a four-electrode potentiostatic technique
[24] to make sure that the capacitive effect is only due
to the surface. In order to test only bulk properties,
the geometry of the cell is tuned to push the surface
contribution to low frequencies: the cutoff frequency
of the equivalentR–C circuit is less than 0.6 Hz. The
time evolution of the resistance of one of our sample
is plotted inFig. 2(b): it is still decaying in a non triv-
ial way after 24 h, showing that the sample has not
reached any equilibrium yet. This aging is consistent
with that observed in light scattering experiments[21].

As the dissipative part of the impedance Re(Z)

is weakly time and frequency dependent, one would
expect from the Nyquist formula that so does the

voltage noise densitySZ. But as shown inFig. 3, FDR
must be strongly violated for the lowest frequencies
and earliest times of our experiment:SZ changes by
several orders of magnitude between highest values
and the high frequency tail.2 This violation is clearly
illustrated by the behavior of the effective tempera-
ture in Fig. 4.3 For long times and high frequencies,
the FDR holds and the measured temperature is
the room one (300 K); whereas for early timesTeff

climbs up to 3× 105 K at 1 Hz. Notice that the vi-
olation extends to frequencies much larger than the
0.6 Hz cutoff separating the volume from the surface
effects. Moreover, the scaling presented in inset of
Fig. 3 seems to indicate thatTeff can be even larger
for lower frequencies and lower aging times. Indeed,

2 This low frequency noise cannot be confused with the standard
1/f noise observed in many electronic devices. We recall that
the 1/f appears only when an external current produced by an
external potential goes through the device. In our cell no external
potential is applied.

3 The usual representation of the effective temperature in simu-
lations is the slope of the response versus correlation plot, but it is
not suited for our experimental data: the system being almost only
dissipative, the response function is close to a delta distribution,
thus FDR is only one point in this representation.
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Fig. 4. Effective temperature of Laponite. Effective temperature as a function of frequency for different aging times. We restrict the frequency
range to 1 Hz to limit the surface contribution to the measurement. AsSZ in Fig. 3, Teff strongly increases and reaches huge values for low
frequencies and short aging times. This large violation is observed in numerical simulations of systems presenting domain growth process.

we found in all the tested samples no evidence of a
saturation of this effective temperature in our mea-
surement range. In order to be sure that the observed
violation is not due to an artifact of the experimen-
tal procedure, we filled the cell with an electrolyte

Fig. 5. Effective temperature of an NaOH solution in water. The effective temperature is plotted as a function of frequency for two different
times after the preparation. This solution has a pH close to that of the Laponite, but no violation is observed in this case for any aging time.

solution with pH close to that of the Laponite sol such
that the electrical impedance of the cell was the same.
Specifically we filled the cell with NaOH solution in
water at a concentration of 10−3 mol l−1. The results
of the measurements ofTeff are shown inFig. 5 at
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two different times after the sample preparation. In
this case we did not observe any violation of FDR at
any time.

2.3. Discussion

Let us now briefly discuss the results. The observed
very large value ofTeff is of course very striking.
However, the existence of infiniteTeff was predicted
[4] and numerically verified[16] in systems present-
ing domain growth process. This is probably the way
in which the Laponite solution makes the transition to-
wards the colloidal glass state. The influence of these
domains on the electrical conductivity of Laponite
is related to the electrostatic interaction among the
Laponite disks, which is a widely studied and not yet
completely understood problem[25]. The physical
origin of the largeTeff certainly lays in these complex
interactions. However, one may wonder whether the
observedTeff is mainly due to bulk effects or to a
conductive phenomenon produced at the Debye lay-
ers on the electrodes. In our opinion the latter has to
be excluded for two reasons. The first one is that the
violation extends to frequencies much larger than the
0.6 Hz cutoff separating the volume from the surface
effects. The second reason is that complementary
measurements, done in cells with different geome-
tries, show that for frequency larger than the cutoff
νc the effect of the Debye layers on the violation is
negligible.

The comparison with the results of the other ex-
periments[9,20] is difficult because these two exper-
iments are done in different materials and at a single
frequency. Thus in these two experiments it is im-
possible to know the evolution of the violation both
in frequency and time. Furthermore, the violation ob-
served in these experiments is of order one, whereas
in our experiment it is several order of magnitudes.
However, our experiment and the one on supercooled
fluid [20] have a common important result, which
merits to be stressed. The violation of FDR at fre-
quencyω persists for times which are several order
of magnitude larger then the time 1/ω, which is often
considered as the characteristic time of the violation
of FDR at frequencyω.

3. Rheological measurements

In the previous section we have shown that the
FDR is strongly violated by the electrical properties
of Laponite. We want to understand whether a vio-
lation can be observed in the measurements of other
physical properties. Of course there are no reasons to
assume thatTeff is the same for all the variables but
the differences and the analogies found in the evolu-
tion of Teff obtained by the measurements of several
variables may give new insight on aging theories and
on the coupling of the different variables in an aging
material. Therefore we performed rheological mea-
surements on Laponite and we checked FDR in these
measurements.

3.1. Experimental apparatus

To achieve this result we built a new rheometer
which is sensitive to thermal fluctuations. The princi-
ple of the rheological measurement is a standard one
and is illustrated inFig. 6. We describe here only the
main features, more details can be found in[26]. A
rotor of diameter 12 mm is inserted in a cylindrical
cell. The gap of 1 mm between the rotor surface and
the cell is filled with the fluid under study. The rotor is
suspended by two steel wires. On the top of the rotor
we fixed an optical prism. This prism is part of a No-
marski interferometer[27] which is used to measure
the rotation angleθ of the rotor. The sensitivity of this
system is better than 10−10 rad/

√
Hz corresponding to

a torque on the rotor of about 10−13 N m/
√

Hz. An ex-
ternal torqueΓext can be applied to the rotor by using
the electrostatic interaction of a capacitor (seeFig. 6).
One of the two electrodes of the capacitor is fixed on
the rotor, whereas the other is fixed on the cell walls.
When a voltage differenceVc is applied on this capac-
itor the attractive force between these two electrodes
produces a torque on the rotor which is equilibrated
by the stiffness of the steel wires.

Let us consider the simple case of a Newtonian fluid
of viscosityη. The response of this torsion pendulum
in Fourier space is

χθΓext = δθ

Γext
= 1

(k − Jω2) − iαηω
, (4)
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Fig. 6. Rheometer. Vertical (a) and horizontal (b) cross-section
of the rheometer. The torque is applied through the electrostatic
interaction of electrodes A1,2 and B1,2 when the voltageVc is
applied to this capacitor.

whereJ is the rotor inertia moment,k the steel wires
stiffness andα is a geometric factor.

In the experiment we have access to two quantities:
the angular positionθ of the rotor, and the voltageVc

driving the torque.Γext being quadratic inVc, we add
a constant offset to it in order to linearise this relation.
For small displacements, the response functionχθΓext

is then simply proportional toχθVc. The missing con-
stant can be found by performing a inertial calibration
of the response: the real part of 1/χθΓext is a parabola
whose quadratic coefficient is the rotor inertia moment
J . J is known with a good precision, and thus can be
used to calibrate the measurement.

This rheometer has been tested using a silicon
oil with η = 2 Pa s. We first measure the response
by using a white noise voltage excitation forVc

with an amplitude corresponding to a torqueΓext �
10−10 N m/

√
Hz. The real and imaginary parts of

1/χθΓext are plotted as a function of frequency in
Figs. 7(a) and (b), respectively. We see that in agree-
ment withEq. (4)the real part of 1/χθΓext is very well
fitted by a parabola, whereas the imaginary part is
linear for smallν. The deviation of the data from the
linear behaviour is due to the non-Newtonian char-
acter of the silicon oil at higher frequencies. Once
the response is known one can set the external torque
to zero and measureSθ , the spectrum of the thermal
fluctuations ofθ . In this case the FDR is

Sθ = 4kBT

ω
Im(χθΓext). (5)

By inserting the measuredχθΓext in Eq. (5), we get an
estimation of the fluctuation spectrumSθ . The com-
parison between this computedSθ and the measured
one is done inFig. 8. Except for the existence of the
peaks due to environmental noise the agreement is
quite good. Thus the rheometer has enough sensitivity
to verify FDR in viscous fluids.

3.2. Measure on Laponite

We have studied the rheological properties of
Laponite at 3% mass concentration in water. Laponite
has been prepared in the way described inSection
2 for electrical measurements and the rheometer is
mounted inside a container filled with a clean Nitro-
gen atmosphere. Moreover, a thin oil layer on top of
the Laponite solution ensures no evaporation can oc-
cur. We first measure the response at different times
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Fig. 7. Response of the rheometer to a white noise excitation. The real (a) and imaginary (b) parts of 1/χθΓext are plotted as a function
of frequency. The rheometer is filled with a viscous oil withη = 2 Pa s. The dashed line in (a) corresponds to a quadratic fit of the data,
and allows inertial calibration of the measurement (see text for details). The dashed line in (b) is a linear fit of low frequency data, it is
consistent with a Newtonian behavior of the fluid.

tw after the preparation. The measured elastic and
viscous modules of Laponite are plotted as a func-
tion of frequency inFig. 9(a) and (b), respectively.
We clearly see that at shorttw the liquid-like solu-
tion has only viscous response. As time goes on an
elastic modulus appears and the viscosity grows of
about one order of magnitude. After 24 h the solution

Fig. 8. Spectrum of the thermal fluctuations ofθ . The rheometer is filled with the same oil used to measure the response reported inFig.
7. The continuous line is the result of the measurement, whereas the dashed line is computed inserting inEq. (5) the measured response
of the rheometer andT = 300 K.

has a solid-like aspect with a viscoelastic response.
The measurement the thermal fluctuation spectrumSθ

averaged on the first hour of the aging processes of
Laponite is plotted inFig. 10. The peak at 1.5 Hz has
no physical meaning and is due to a mechanical res-
onance of the table. Whereas the resonance at 7 Hz is
the resonant frequency of the torsion pendulum of the
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Fig. 9. Aging of the viscoelastic module of Laponite at a 3% mass concentration in water. The elastic (a) and viscous (b) modules are
plotted as a function of frequency.

rheometer. The measure is compared to the prediction
of the fluctuation dissipation theorem by inserting in
Eq. (5) the measured values of the Laponite viscous
response andT = 300 K. We also inserted inEq. (5)
the effective temperature obtained by the electrical

Fig. 10. Thermal fluctuation spectrum of the rheometer filled with Laponite. The line with open circles (�) is the the result of the
measurement. The line with the cross symbols (×) is the FDR prediction forT = 300 K. The line with the plus symbols (+) is obtained
from Eq. (5) by inserting inT the values ofTeff estimated from electric measurements.

measurements averaged on the first hour. We clearly
see that in the case of rheological measurements no
violation of FDR can be detected within experimen-
tal errors. If a violation exists, it is much smaller than
that observed in the electric measurements.
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4. Discussion and conclusion

We have studied the FDRs during the transition of
Laponite from a fluid-like state to a solid-like colloidal
glass using electric and rheological measurements.
Strong aging properties have been observed both in
the electrical and rheological response functions. The
behaviour of thermal fluctuations is instead quite dif-
ferent. In electric measurements a large violation of
the dissipation fluctuation relation is observed at the
beginning of the transition from a fluid-like sol to a
glass. As predicted by the theory the amplitude and
the persistence time of this violation are decreasing
functions of frequency. The observed effective tem-
perature reaches 105 K for frequencies smaller than
1 Hz. This violation involves frequencies which are
much larger than 1/tw. Instead in the rheological
measurements no detectable violation of the FDR has
been observed. The reasons of this behaviour and of
such a big difference between the two physical prop-
erties are not understood. The first striking result is
the very high effective temperature measured in the
electrical properties. These very high effective tem-
peratures has been observed in the numerical simula-
tion of aging models presenting domain growth. Thus
this behaviour of electrical properties of Laponite
could be explained by the formation of large domains
during the transition toward the colloidal glass state.
However, one wonders whether the growth of these
domains does not affect the fluctuations in the rheo-
logical measurements. Another possible explanation
of the largeTeff in electric measurements is the disso-
lution of aggregated particles and consequently of ions
in the Laponite–water solution. It is conceivable that
this effect should not influence the rheological mea-
surements. The second striking result, which merits to
be discussed, is the fact that in electric measurements
the violation involves frequencies which are much
larger than 1/tw. This result agrees with the experi-
ment of Grigera and Israeloff[20] but it is different
from what is theoretically predicted and computed in
numerical simulation. This observation leads us to an-
other possible explanation of the discrepancy between
electrical and rheological properties of Laponite. In-
deed the time scale of relaxation of the fluctuations

could not be the same for the two properties. At the
moment we do not have a clear and precise answer
to this problem and more precise measurements are
necessary in order to understand this large difference
between rheological and electrical measurements.

The results of this paper are certainly preliminary
but they show that the measurements of FDR in aging
systems can give more insight to the problem of mate-
rial aging. Indeed aging has been always characterized
only by the measurements of the response function.
We have shown here that the association of this mea-
surement to that of the thermal fluctuations may show
new and unattended aspects of an aging material.
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