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Combinatorics, Randomness
and Analysis

From simple local rules, a -
global structure arises.

A quest for universality in

b random discrete structures: R
Z#4% = probabilistic complexityof . .-
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Ex.: path length in
binary trees
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Ex.: path length in
binary trees

Equations over combinatorial
structures + parameters

Multivariate generating series

Complex analysis
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Limiting distribution




From Combinatorics
to Generatmg
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Combinatorial speCIflcatlons

- .
Language 1,Z, +, X, SEQ, | b
SET, CYC and recursion. i
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Language it
LSET @%e and recursion.

® Bmary trees: AB= 2°+SZX.%X.%

® Permutations: Perm=SET(CYC(Z));
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Combinatorial speCIflcatlons

Language 1,Z, +, X, SEQ,
LSET @%e and recursion.

® Bmary trees: AB= 2°+ZX.%X.%

® Permutations: Perm=SET(CYC(Z));

® Trees: I =ZXSET(T (£));

& . RS ATS et R L E oL e i e . d % 9 ™ SAt e .
=t J . =k S { Mikas - ) <
P L L ) A\"' *4 N I A5 poib 2 THEAA § o o B e
P P ‘._',.’.._A-’ : N L on o P II b \p. 2 e .‘I T »



Combinatorial specifications
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Language: 1,%, +, X, SEQ,
SET, CYC and recursion.
® Binary trees: B=L+ZXBXAB

® Permutations: Perm=SET(CYC(Z)); a8

Trees: I =ZXSET(T (£));

Functional graphs: F=SET(CYC(T (Z£)));

Series-parallel graphs:
C=F+S+P, §=SEQ-0(Z+P), P=SET-0(Z +S);
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Combinatorial specifications

' M
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Language: 1,%, +, X, SEQ,
SET, CYC and recursion.
® Binary trees: B=L+ZXBXAB

Permutations: Perm=SET(CYC(Z)); |

Trees: I =ZXSET(T (£));

Functional graphs: F=SET(CYC(T (Z£)));

Series-parallel graphs: Analytic

Combinatorics

C=F+S+P, S=SEQ-0(Z+P), P=SET-0(Z+S);

..........

® ...hundreds of examples in “the purple book”. ¢ /2



Two kinds of Generating Functions

3 of them permuted by ©3— 2 unlabelled structures.

involutions;

Exponential generating function:

O n 2
Rl = an%, f, = nb. labelled structs of size n. Invjy (z) S §Z3
n=0 :

Ordinary generating function:

e

F(z) =) fuz",  f.=nb. unlabelled of size n.  Invs(z) = 2z’
n=0
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Examples

Binary trees: B=Z+ZxBxB
— B(2) = 2+ 2B(2)? = B(2)

Cayley trees: 7T = Z x SET(T)
SN PSR A AN
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Examples

Binary trees: B=Z+ZxBxB
— B(2) = 2+ 2B(2)? = B(2)

Cayley trees: 7T = Z x SET(T)
SN PSR A AN

— T(z) = zexp(f( ) + 1f(zZ) i 3

e
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. Mini-introduction




Basic Definitions and Properties

® Def. f: DcC—C is analyiic at a it it is the sum of a
power series in a disk around a.

® Prop. /g analytic at a, then so are f+g, fxg, 1". .
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Examples

i analytic at 07 why
polynomial Yes
exp(x) Yes 142+ 2%/21+ -
ﬁ Yes l+z+22+--- (|| <1)

~» N -
g & S
R Y bt




Analytic Continuation and Singularities

® Def. Analytic in a region (= connected, open, #0):
at each point.

® Prop. f analytic in RcS. There is at most one

analytic function in S equal to f on R (the analytic
continuation of fto S.)
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® Def. Analytic in a region (= connected, open, #0):
at each point.
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Analytic Continuation and Singularities

® Def. Analytic in a region (= connected, open, #@):
at each point.

® Prop. f analytic in RcS. There is at most one

analytic function in S equal to f on R (the analytic
continuation of fto S.)

More DEfS. l
° l ° .
. [ ] 4
L - S g =t v ) Ll Y = B < B 4 b R ol o)) : 4 B85 Linall A 007 L 2 A * )
3 ' .-;,-. '-l..‘.. ‘(12 ¥ = e R f: b .- ~¢‘ d ™ 1‘-‘l et il S L 2 Py s g el ...‘,_ 3 s = ] ‘(." Hf - "-f-' e .(.l .'1"-_? N8 '_'] X =2 T’ " O e TACHS o ¥




Analytic Continuation and Singularities

® Def. Analytic in a region (= connected, open, #@):
at each point.

® Prop. f analytic in RcS. There is at most one
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continuation of fto S.)
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® Prop. f analytic in RcS. There is at most one

analytic function in S equal to f on R (the analytic
continuation of fto S.)
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Analytic Continuation and Singularities

® Def. Analytic in a region (= connected, open, #@):
at each point.

® Prop. f analytic in RcS. There is at most one

analytic function in S equal to f on R (the analytic
continuation of fto S.)

C ([

More Defs.
~nouloniiy: a point that cannot be reached by
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Example

: : 1
Fibonacci numbers: T 14+ 24+2224+323+524+...
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Examples

L= /T —dlg

Binary trees: S ) e o e

2




Examples

. [ Sl
Binary trees: \/2 G 14242224323 45244 ...
' y‘treesi_‘ e



Examples

22 23 24
=7 7 fzfz! | E)ZB! | 6%1:1? -+
6'n,n—3/2
i

V2m
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Examples




Integration

Prop. f meromorphic in a region R, y a closed path

in € encircling the poles ay,...,am of f once in the
positive sense. Then

/ o Me b2 =21 Z Res(f; a;).
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Integration

Prop. f meromorphic in a region R, y a closed path

in € encircling the poles ay,...,am of f once in the
positive sense. Then

/ o Me b2 =21 Z Res(f; a;).

Cor. If f =ap+aiz+ --- isanalytic in R30, then

| f(z)
n = 5 d
° 2WILZ”+1 ‘

for any closed y encircling O once in the positive sense.
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I1l. From Generating
Functions to
Asvmptotic Behaviour




Coefficients of Rational Functions

o | f(z)
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o | f(z)
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Coefticients of Rational Functions
1 f(z)




Coefticients of Rational Functions
1 f(z)




Conway’s sequence
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Generating function for lengths:

f(z)=P(z)/Q(z)




Conway’s sequence

U2 U 2 L U 22T oo

Generating function for lengths:

1(z)=P(2)/Q(z)
with deg Q=72.




Conway’s sequence

U2 U 2 L U 22T oo

Generating function for lengths: » 2
f(z2)=P(2)/Q(z) x 3 2
with deg Q=72. * x | X
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Conway’s sequence

U2 U 2 L U 22T oo

R
: : Wi WX X
Generating function for lengths: 5 = %x 3 50 3¢
f(z2)=P(2)/Q(z) x 3 2
with deg Q=72. AT - X
%X X
: : ¥

Smallest singularity: X X X




Algebraic Singularities

| f(z)

= : n+1
27T o

dz

dn

1 R A=
C]_:].:—_ \/ Gy
27I 2 y &




Algebraic Singularities

| f(z)
n — —— d
. 2isl ey 20 4
1 1—+/1—4zdz Hankel:

Ci=1=——

i 2 2 sl sl +OO_—a—t
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= Algebraic Singularities

1 f(z
2mi J zn+1
e A T o Hankel:
2 2 T Ay
7 T o /(0) IR
! o msn >

Thm. [Flajolet-Odlyzko]
f fis analytic in A(g,R) and
f=O((1-z)") when z—1, then
7z"f=0O(n-"-') when n— .

A(p,R)

Method: expand, translate termwise, truncate.
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Example

Cayley trees y —zexp(y) =0

Obstruction to Implicit Function Theorem: 1 — zexp(y) = 0

.k

Consequences:

V“.é
Singularity at y=1, z=exp(-1); >
ingularity at y=1, z=exp i - A
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Example

Cayley trees y —zexp(y) =0

Obstruction to Implicit Function Theorem: 1 — zexp(y) = 0

= \
Consequences: .\
Singularity at y=1, z=exp(-1); @

Local behaviour by inverting
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Example

Cayley trees y —zexp(y) =0

Obstruction to Implicit Function Theorem: 1 — zexp(y) = 0

S \
Consequences: %
Singularity at y=1, z=exp(-1); Y% §’
gularity at'y p @

Local behaviour by inverting
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Functions with fast singular growth

g |

1 f(z)

=S N dZ
2i ,yz”+1

dn

.l‘.‘/
Saddle-point equation: Rn?(Rn) =n+1




Functions with fast singular growth
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1 f(z)

=S N CIZ
2i ,yz”+1

dn

.|‘.‘/

Saddle-point equation: Rn?(Rn) =n+1
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Functions with fast singular growth

N

-u
"

o o e o e
g e

1 f(z)

= ' n+1
271 o

dz

dn

RTRTT————
Saddle-point equation: Rn?(Rn) =n+1

.
—— it e e et e

: f(R
~ Local behaviour: ~ o) expler
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Functions with fast singular growth

N

——4

1 f(z)

Sy " n+1
27T o

dz

dn

RTRTT————
Saddle-point equation: Rn?(Rn) =n+1
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Other Example

& < % &
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+
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Set partitions: exp(e® —1) =1




These 3 cases cover
most applications




Concluding Remarks

More is possible:

Full asymptotic expansions;
Limiting distributions;
Fast enumeration;
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Concluding Remarks

More is possible:

Full asymptotic expansions;
Limiting distributions;

Fast enumeration;
Random generation.
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Concluding Remarks

More is possible: —_—

Full asymptotic expansions;
Limiting distributions;

Fast enumeration;
Random generation.
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More is possible:

Full asymptotic expansions;
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Fast enumeration;
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Concluding Remarks

More is possible:

Full asymptotic expansions; =
Limiting distributions; —
Fast enumeration;
Random generation.
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