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Abstract

Let T = (V,E) be a tournament. The Cs-structure of T is the family
C3(T) of the subsets {z, y, z} of V such that the subtournament T'({z, y, z})
is a cycle on 3 vertices. In another respect, a subset X of V' is an interval
of T provided that for a,b € X and x € V — X, (a,z) € E if and only if
(b,z) € E. For example, 0, {z}, where z € V, and V are intervals of T,
called trivial intervals. A tournament is indecomposable if all its intervals
are trivial. Lastly, with each tournament T' = (V, E) is associated the
dual tournament T* = (V, E*) defined as: for z,y € V, (z,y) € E*
if (y,xz) € E. The following theorem is proved. Given tournaments
T = (V,E) and T = (V, E’) such that C3(T) = C5(T"), if T is indecom-
posable, then 7" = T or T' = T*. In order to treat the nonindecompos-
able case, the interval inversion is introduced. The paper concludes with
an extension of this result to the digraphs which do not admit as subdi-
graphs ({0, 1,2}, {(0,1), (1,0), (1,2)}) and ({0, 1,2}, {(0,1), (1,0, (2, 1)}),
and with a brief consideration of the infinite case.
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1 Introduction

A digraph D consists of a finite set V' of wvertices together with a prescribed
collection E of ordered pairs of distinct vertices called the set of edges of D.
Such a digraph is denoted by (V| E). For example, given a set V, (V,0) (resp.
(V,(VxV)={(z,z);z € V}) is the empty (vesp. complete) digraph on V. Given
a digraph D = (V, E), with each subset X of V is associated the subdigraph
D(X) = (X,(X x X)NE) of D induced by X. The subdigraph D(V — X),
where X C V, (resp. D(V — {x}), where x € V,) is also denoted by D — X
(resp. D —z). A tournament is a digraph (V, E) provided that for x #y € V,
(x,y) € E if and only if (y,x) ¢ E. For example, ({0,1,2},{(0,1),(1,2),(2,0)})
is a tournament called 3-cycle. Given a digraph D = (V, E), the Cs-structure of
D is the family C5(D) of the subsets {z,y, z} of V such that D({x,y, z}) is a 3-
cycle. A poset is a digraph P = (V| E) such that for z,y € V, if (z,y) € E, then
(y,x) ¢ E and such that for x,y,z € V| if (z,y),(y,2) € E, then (z,z) € E.
In the case of a poset P = (V,E), for x # y € V, v < y means (z,y) € E.
A total order is a tournament T such that C3(T) = 0. Given a poset P, the
comparability structure of P is the family Co(P) of the pairs {z,y} such that
x < yory <z Inanother respect, with each digraph D = (V, E) is associated
the dual digraph D* = (V, E*) of D and the complement digraph D = (V, E)
of D defined in the following manner. For ¢ #y € V, (x,y) € E* if (y,z) € E
and (z,y) € E if (z,y) ¢ E.

Given a digraph D = (V| E), a subset X of V is an interval [9, 10] (or an
autonomous subset [5, 11] or a clan [4] or an homogeneous subset [2, 7] or a
module [13]) of D provided that for any a,b € X and v € V — X, (a,z) € E
(resp. (z,a) € E) if and only if (b,z) € E (resp. (z,b) € E). For example, 0,
{z}, where x € V', and V are intervals of D, called trivial intervals. A digraph is
then said to be indecomposable (or prime [2] or primitive [4]) if all its intervals
are trivial. Otherwise, it is said to be decomposable. Given a digraph D =
(V, E), for each interval X of D is defined the digraph Z(D, X) = (V,Z(E, X))
obtained from D by the interval inversion as follows. For every © # y € V|
(x,y) € Z(E, X) if either {z,y} — X # 0 and (z,y) € E or {z,y} C X and
(y,xz) € E. The transitive closure of the interval inversion is denoted by Z.
More precisely, given two digraphs D and D’ with the same set of vertices V,
DID’ signifies that there are digraphs Dy = D,..., D, = D’ such that for
0<i<n-—1, Diy1 =I(D;,X;), where X; is an interval of D;.

The next theorem follows from Gallai’s decomposition theorem ([5], see also
Theorem 1.2 of [11]).

Theorem 1 ( Gallai [5]) Given posets P and Q with the same set of vertices,
C2(P) = Co(Q) if and only if PZQ.

By considering the Cs-structure instead of the comparability structure, we
establish the following.



Theorem 2 Given tournaments T = (V,E) and T = (V, E'), C5(T) = C3(T")
if and only if TZT'.

In order to generalize these theorems, we have to forbid as subdigraphs
the following two digraphs called flags : ({0,1,2},{(0,1),(1,0),(1,2)}) and
({0,1,2},{(0,1),(1,0),(2,1)}). In another vein, the digraphs D = (V, E) and
D’ = (V,E’) are said to be hemimorphic if for every X C V such that | X |=2
or 3, D'(X) is isomorphic to D(X) or to D*(X).

Theorem 3 Given digraphs D and D' without flags, D and D' are hemimor-
phic if and only if DID’.

Theorem 3 was announced in [1] without a proof.

2 Strongly connected components, difference re-
lation and equality relation

Some notations are needed. Given a digraph D = (V, E), forx £y eV, z —y
means (z,y) € E and (y,z) ¢ E, x «—— y means (z,y), (y,z) € Eand z---y
means (z,y),(y,z) ¢ E. Forx € Vand Y CV, z — Y signifies v — y for
every y € Y and for X, Y CV, X — Y signifies v — Y for any = € X. For
zeVandfor X,3YCVY —wz,z+— Y, z---Y, X «— Y and X ---Y
are defined in the same way. Using these notations, for a digraph D = (V, E),
a subset X of V is an interval of D if for any z € V — X, either z — X or
X —zorx+— X orx---X. This generalizes the classic notion of an interval
of a total order. Moreover, it is clear in this form that D, D* and D have the
same intervals, for every digraph D. As shown by the following proposition, the
intervals of a digraph and the usual intervals of a total order share the same
properties.

Proposition 1 Let D = (V, E) be a digraph.

1. Given a subset W of V', if X is an interval of D, then XNW is an interval
of D(W).

2. If X and Y are intervals of D, then X NY is an interval of D.

3. If X and Y are intervals of D such that X NY # 0, then X UY is an
interval of D.

4. If X and Y are intervals of D such that X —Y # (), then Y — X is an
interval of D.

5. If X andY are intervals of D such that X NY =0, then either X — Y
orY —m X orX+«—YorX.-..Y.



The last assertion of the above proposition allows for the definition of the
quotient of a digraph. Given a digraph D = (V| E), a partition P of V is an
interval partition of D if for any X € P, X is an interval of D. With each
interval partition P of D is associated the quotient D/P = (P,E/P) of D by
P defined in the following manner. For every X #Y € P, (X,Y) € E/P if for
reXandyeY, (z,y) € E.

To continue, the strongly connected components of a tournament are in-
troduced. To each tournament 7" = (V| E) is associated the equivalence re-
lation S defined on V' as follows. For any x # y € V, xSy if there are
To=2,...,t;m =y E€Vandyy=vy,...,y, = € V fulfilling: for0 <i < m—1,
x; — Ti41 and for 0 < j <n—1, y; — y,4+1. The equivalence classes of S are
called the strongly connected components ot T. The tournament T is strongly
connected if it admits a single strongly connected component. The family of the
strongly connected components of T is denoted by S(T'). After examining the
properties of the strongly connected components, we will give a simple proof of
Gallai’s decomposition theorem for the tournaments.

Lemma 1 Given a tournament T = (V,E), S(T) is an interval partition of
T. Moreover, T is not strongly connected if and only if T/S(T) is a total order
with |S(T)|> 2.

Proof. Let S be a strongly connected component of 7. To show that S is an
interval of T', it suffices to verify that for x,y € Sand z € V-5, ifz — z — y,
then z € S. Indeed, since there are yo = y,...,y, = ® € V such that y; — y;11
for 0 <j<n-—1, z,y and z are equivalent modulo S.

Let S,S" and S” be distinct strongly connected components of T. Given
x €S, €8 and 2 € S, as x,2' and z” are not equivalent modulo S,
T({z,y, 2}) is not a 3-cycle. It follows that [T/S(T)]({S,S’, S"}) is not a 3-cycle
and, thus, C3[T/S(T)] = 0. O

Lemma 2 Given tournaments T and T’ with the same set of vertices V, if

C3(T) = C5(T"), then S(T) = S(T").

Proof. Given x # y € V such that xSy in T. For example, if £ — y in T,
then consider the smallest integer n such that there are yo = y,...,yp, =x €V
satisfying : for 0 < i <n—1, y; — y;41 in 7. By the minimality of n, for
0<i<n—-2andfori+2<j<n,y; — y; in T. Consequently, for 0 <7 <
n—2, T({y:, Yit1,Yi+2}) is a 3-cycle. Since C3(T) = C3(T"), T"({yi, Yi+1, Yit2})
is a 3-cycle and, hence, y;,y;+1 and y; 1o are equivalent modulo § in 77. By
transitivity, yo = ySy, = z in T". a

By Lemma 1, if a tournament 7" = (V, E) is not strongly connected, then
T/S(T) is a total order. Clearly, if S is the minimum element of T/S(T), then
V — S is an interval of T. Such a subset S of V is called a cut of T. More
generally, given a digraph D = (V, E), a subset X of V is a cut of D if X and



V — X are intervals of D. For example, § and V are cuts of D, called trivial
cuts.

i From the last assertion of Proposition 1, it ensues that for every tournament
T=WV,E),if Xisacut of T, then X — (V- X) or (V- X) — X. The

next lemma follows immediately.

Lemma 3 Given a tournament T, T is strongly connected if and only if all its
cuts are trivial.

Consequently, if S is a strongly connected component of a tournament 7" =
(V, E), then all the cuts of T'(S) are trivial. Let X be an interval of T such that
SNX #0and X — 8 # 0. ;From Proposition 1, since X — S # 0, S — X is
an interval of T. Thus, SN X is a cut of T(S) and S C X. Such a subset S of
V is called a strong interval of T. More generally, given a digraph D = (V, E),
a subset X of V' is a strong interval of D [5, 11] provided that X is an interval
of D and for every interval Y of D, if X NY # 0, then X CY or Y C X. It
is easily verified that all the strong intervals of a total order are trivial. The
following result characterizes such tournaments.

Proposition 2 Given a tournament T, all the strong intervals of T are trivial
if and only if T is a total order or T is indecomposable.

Proof . It suffices to show that if T' is decomposable and if all its strong intervals
are trivial, then T is a total order. Among the nontrivial intervals of T, consider
a maximal one X with respect to the inclusion. As X is not a strong interval
of T, there is an interval Y of T such that X NY, X —Y and Y — X are
nonempty. By Proposition 1, since X NY # (), X UY is an interval of T. As
X C XnNnY, it follows from the maximality of X that X UY = V. Since
X-Y #0,V—-X =Y — X is an interval of T. Consequently, X is a nontrivial
cut of T. By Lemmas 1 and 2, | S(T) [> 2 and T/S(T) is a total order. For
every S € S(T), since S # V and since S is a strong interval of T, | S |= 1.
Consequently, S(T') = {{z};z € V} and T is a total order. O

The previous proposition leads us to attribute to any tournament a quotient,
all the strong intervals of which are trivial. Given a digraph D = (V, E), P(D)
denotes the family of maximal strong intervals of D under the inclusion which
are distinct from V. The following three lemmas review some properties of
P(D).

Lemma 4 For every digraph D = (V, E), P(D) is an interval partition.

Proof. Given any x € V, since {z} is a strong interval of D, there is X € P(D)
such that {z} C X. Let X and Y be elements of P(D) such that X NY =# (.
As X and Y are strong intervals of D, X C Y or Y C X. It follows from the
maximality of the elements of P(D) that X =Y. a



Lemma 5 Given a tournament T = (V, E), if T is not strongly connected, then
P(T)=8(T).

Proof. By Lemma 1, the elements of S(T') may be denoted by Xo,..., X,
in such a way that T/S(T) is the total order Xy < --- < X,. It suffices
to prove that for any interval X # V of T, if there is i« € {0,...,n} such
that X; C X, then X is not a strong interval. As X is an interval of T', the
family I = {j € {0,...,n} : X; N X # 0} is an interval of the usual total
order on {0,...,n}. Since X; C X C V, there are k < I € {0,...,n} such
that I = {k,...,l}. Since the strongly connected components of T are strong
intervals of T, X = X} U...U X, and, thus, (k,l) # (0,n). For example, if
k # 0, then XU ... U X} is an interval of T' such that X N (Xo U ... U X}),
X —(XoU...UXg)and (XoU...UXg)— X are nonempty. O

Lemma 6 For any digraph D = (V, E), all the strong intervals of D/P(D) are
trivial.

Proof. 1t is sufficient to verify that any nontrivial interval @ of D/P(D) is
not a strong interval of D/P(D). The union |J@ of the element of @ is an
interval of D such that for X € @, X C |JQ C V. By the maximality of the
elements of P(D), |J@Q is not a strong interval of D and, hence, there is an
interval Y of D such that Y N (JQ), Y — (UQ) and (JQ) — Y are nonempty.
The family Y/P(D) = {Z € P(D) : YN Z # 0} is an interval of D/P(D).
Since Y N (JQ) # 0 and since Y — (UQ) # 0, |Y/P(D)|> 2. As the elements
of P(D) are strong intervals of D, Y = (J(Y/P(D)) and, thus, (Y/P(D)) N Q,
(Y/P(D)) — Q and Q — (Y/P(D)) are nonempty. O

Gallai’s decomposition theorem for tournaments is then stated as follows.

Theorem 4 Let T be a tournament.
1. T is not strongly connected if and only if T/P(T) is a total order.

2. T is strongly connected if and only if | P(T)|> 3 and T/P(T) is indecom-
posable.

Proof. By Proposition 2 and Lemma 6, it suffices to establish the first equiva-
lence. If T is not connected, then, by Lemma 1, T/S(T) is a total order and, by
Lemma 5, P(T) = S(T). Conversely, if T/P(T) is a total order, then its mini-
mum element is a nontrivial cut of T" and Lemma 3 allows for the conclusion.

O

To establish Theorem 2, the difference relation and the equality relation
are introduced. Let D = (V,E) and D’ = (V, E’) be hemimorphic digraphs.
A pair {z,y} of elements of V is a difference pair (resp. an equality pair) if
D({z,y}) is a tournament such that D({z,y}) # D'({z,y}) (resp. D({x,y}) =



D'({z,y})). The difference relation [12] (resp. the equality relation) is the
equivalence relation D (resp. &) defined on V by : for  # y € V, Dy (resp.
x€y) if there are x9 = x,...,z, =y € V such that for 0 <i <n—1, {z;, 2,41}
is a difference pair (resp. an equality pair). The family of the equivalence classes
of D (resp. &) is denoted by D(D, D’) (resp. £(D, D")).

Lemma 7 ( Hagendorf and Lopez [8]) Given hemimorphic digraphs D and D',
if D is without flags, then D(D,D") and (D, D') are interval partitions of D
and of D'.

In order to demonstrate the next proposition, the following well known result
is recalled.

Lemma 8 Given a tournament T = (V,E) with |V |> 4, T is strongly con-
nected if and only if there are x #y € V such that T —x and T —y are strongly
connected.

Proposition 3 Given tournaments T = (V,E) and T' = (V,E’") such that
C3(T) = Cs(T"), if T is strongly connected, then V ¢ D(T,T")NE(T,T").

Proof . Proceed by induction on |V'|. Firstly, if |V |= 3, then, as T is strongly
connected, T is a 3-cycle. Since C3(T) = C3(T"), T' is a 3-cycle and either
T =T or T = T*. In the first case, V ¢ D(T,T’) and, in the second one,
V ¢ E(T,T"). Secondly, if |V |> 3, then, by the previous lemma, there is x € V
such that T' — z is strongly connected. By the induction hypothesis, it may
be assumed by considering 7™ in place of T that V — {z} ¢ D(T — z,T' — x).
It is then sufficient to show that if V- € E(T,T"), then V' ¢ D(T,T’). Indeed,
it Ve E(T,T'), then there is y € V — {x} such that {z,y} is an equality
pair. For example, suppose that © — y. The element of D(T — z,T" — x)
which contains y is denoted by Y. As T — z is strongly connected, there is
ZeD(T —x,T —z) —{Y} such that Y — Z. Since + — y — Z and since
C3(T) = C3(T"), for every z € Z, {x,z} is an equality pair. Furthermore, as Z
is an equivalence class of the difference relation D(T — z, T’ — ), for any z € Z
and for any 2’ € (V — {z}) — Z, {2, 7'} is an equality pair. It ensues that there
do not exist zq,...,z, € V such that o =z, , € Z and for 0 < i < n — 1,
{x;,x;41} is a difference pair. |

Theorem 2 for the indecomposable tournaments follows easily.

Corollary 1 Given tournaments T = (V, E) and T’ = (V, E') such that C5(T) =
Cs3(T"), if T is indecomposable, then T' =T or T' =T*.

Proof. By the former proposition, it may be supposed by interchanging 7" and
T* that V ¢ D(T,T’). By Lemma 7, D(T,T') is an interval partition of T.
Since T is indecomposable, D(T,T") = {{z};x € V'} or, in other words, T =T".

O

The proof of the second corollary needs the following result.



Lemma 9 Given a tournament T = (V, E), if P is an interval partition of T
such that | P |> 3 and T/P is indecomposable, then P = P(T). As a conse-
quence, T is strongly connected if and only if there is an interval partition P of
T such that | P|> 3 and T/ P is indecomposable.

Proof. As stated, the second assertion follows from the first one by applying
Theorem 4.2 . Consequently, it suffices to prove that for any interval partition
R of T such that | R|> 3 and T/R is indecomposable, if X is an interval of T
with X # V| then there is an element of R which contains X. Indeed, for every
interval Y of T, Y/R ={Z € R: Y N Z # (0} is an interval of T'/R. Since T/R
is indecomposable, either |Y/R|< 1 or Y/R = R. In the last instance, it must
be shown that Y = V. Otherwise, there is Z € R such that Z — Y # (). By
Proposition 1, Y — Z is an interval of T and (Y — Z)/R would be a nontrivial
interval of T'/R. O

Corollary 2 Given tournaments T = (V,E) and T' = (V,E'), if C5(T) =
Cs(T"), then P(T) = P'(T).

Proof. By Lemma 2, S(T') = S(T”), which means, T and 7" are both strongly
connected or not. If T and 7" are not strongly connected, then, by Lemma 5,
P(T)=8(T) and P(T") =S(T"). f T and T’ are strongly connected, then the
following notion is utilized.

Given a partition P of a set S, a subset C' of S is a cross set of P if for each
X € P, | XNC|= 1. The family of the cross sets of P is denoted by C(P).
Clearly, for every partitions P and @ of the same set S, P = @ if and only if
C(P) = C(Q).

Since T is strongly connected, T/P(T) is indecomposable and, hence, for
every A € C[P(T)], T(A) is indecomposable. By Corollary 1, T'(4) is in-
decomposable and, thus, either there is X € P(T”) such that A C X or for
every X € P(T'), | XN A |< 1. In the first case, for any = € V, there
is a € A such that x and a belong to the same element of P(T"). Conse-
quently, (A — {a}) U{z} € C[P(T)] and since | [(A — {a}) U {2} N X |> 2,
(A —{a}) U{z} C X. It ensues that for each A € C[P(T)] and for each
X € P(T"), | X N A|< 1. In particular, | P(T) |[<| P(T") |. By interchanging
T and T’ in what preceeds, it is obtained that | P(T') |=| P(T") | and, hence,
CIP(T)] = C[P(T")]. O

Corollaries 1 and 2 allow for the following demonstration of Theorem 2.

Proof of Theorem 2. Let X be an interval of T. For any C' C V such that
T(C) is a 3-cycle, as T(C') is indecomposable, |CNX |= 0,1 or 3. It ensues that
I(T, X)(C) is a 3-cycle as well and, thus, C5(T") C C3[Z(T, X)]. In the same way,
since X is an interval of Z(T, X) and since Z|Z(T, X),X] =T, C5[Z(T, X)] C
C3(T). As a consequence, TZT" implies C5(T) = C3(T").



Conversely, it is proved by induction on | V'| that if C5(T") = C5(T"), then
TZIT'. This assertion is easily verified if |V |< 3. Consequently, it is supposed
that |V'|> 3. Before continuing, a remark is brought into play.

Assume that T and 77 admit a common nontrivial interval X. Given z € X,
(V — X) U {a} is denoted by U. By supposing the induction hypothesis, as
T(U)ZT'(U), there are digraphs Sy = T(U),..., Sy = T'(U) such that for
0<i<m-—1, Siy1 = Z(5;,Y;), where Y; is an interval of S;. For each
i €{0,...,m — 1}, the subset Y; of V is defined from Y; as : Y; = Y; if x ¢y,
and V; = Y; U X if z € Y;. Now, the sequence (gi)ogigm is defined by :
So =T and for i € {0,...,m — 1}, Sis1 = Z(S;,Y;). Clearly, Sp,(U) = T'(U),
Sm(X) = T(X) or T*(X) and since C3[T(X)] = Cs5[T"(X)], C5[Sm(X)] =
C3[T'(X)]. By supposing again the induction hypothesis, there are digraphs
Ry = Sp(X),..., Ry = T'(X) such that for 0 <i <n—1, Riyy = Z(R;, Zs),
where Z; is an interval of R;. By considering RV() =T"and for 0 <i<n-—1,
Riy1 = Z(R;, Z;), it is obtained that R, = T’. It ensues that the induction
hypothesis allows for the conclusion provided that T' and T” share a common
nontrivial interval.

By Corollary 2, P(T) = P(T") and, hence, it may be assumed that P(T) =
{{z};2 € V}. By Lemmas 2 and 5, and by Theorem 4, T and T” are total
orders or T and T" are indecomposable. In the second instance, by Corollary 1,
either 7" =T and T’ = Z(T,0) or T =T* and T' = Z(T, V). In the first one, if
X denotes the smallest interval of T which contains the minimum element of T'
and the minimum element of 77, then Z(7T, X) and 7" have the same minimum
element m. Since V —{m} is a non trivial interval of T" and of 7", it is sufficient
to apply the previous remark. O

By Theorems 1 and 2, the comparability structure of the posets and the
Cjs-structure of the tournaments appear to play a similar role. The characteri-
zation of the comparability structure attributed to Ghouila-Hari [6] leads us to
state the following problem.

Problem 1 Given a setV, find a necessary and sufficient condition for a family
of subsets of cardinality 3 of V' to be the Cs-structure of a tournament defined
onV.

3 The digraphs without flags

The purpose of the first part of the section is to extend Theorem 4 to any
digraphs. We begin with the definition of diconnected digraphs, of connected
digraphs and of coconnected digraphs. Since the notions of strong connectivity
and of diconnectivity coincide in the case of the tournaments, the equivalence
relation induced by the diconnectivity is still denoted by S. Given a digraph
D = (V, E), the equivalence relations S, C and C are defined on V' as below.



e For x # y € V, oSy if there are g = z,...,2,, =y € V and yy =
YyoooyYn = x € V satisfying : for 0 < ¢ < m — 1, either ; — z;41 or
Tj ¢ Tjp1 OF Ty -+ Tip1, and for 0 < j < n — 1, either y; — y;41 or
Yj < Yj+1 OT Y5~ Yj+1-

e For x # y € V, zCy if there are g = x,...,x,,, = y € V such that for
0<t<m-—1,either z; — x;41 Or ;11 — T; OF T; «— Tj41.

e For z # y € V, xCy if there are zg = x,...,2,, = y € V such that for
0<i<m—1,either z; — x;41 Or ;11 — T; O T; - Tjy1.

The equivalence classes of S, of C and of C are respectively denoted by S(D),
by C(D) and by C(D). The digraph D is diconnectedif |S(D)|= 1, it is connected
if |C(D)|=1 and it is coconnected if |C(D)|= 1.

Lemmas 1, 2, 3 and 5, Proposition 2 and Theorem 4 are extended to any
digraphs in the following manner.

Lemma 10 Let D be a digraph.
1. 8(D), C(D) and C(D) are interval partitions of D.

2. D is not diconnected if and only if D/S(D) is a total order with |S(D)|>
2.

3. D s not connected if and only if D/C(D) is empty with |C(D)|> 2.
4. D is not coconnected if and only if D/C(D) is complete with |C(D)|> 2.

Lemma 11 Given digraphs D and D' defined on the same set of vertices V., if
D and D’ are hemimorphic, then S(D) = S(D’), C(D) = C(D') and C(D) =
C(D").

Proof. Since D and D" are hemimorphic, for each X C V with | X |= 2, D'(X)
is isomorphic to D(X) or to D*(X). It follows from the definition of C and of
C that C(D) = C(D’') and C(D) = C(D'). Now, given distinct elements = and
y of V' which belong to the same element of S(D). If z---y or x <« y, then
xSy in D’. Otherwise, it is supposed that x — y in D. Consequently, it may
be considered the smallest integer n such that there are yo = vy,...,yn =2z €V
satisfying : for 0 < ¢ < n — 1, in D, either y; — y;41 or y; <— ¥y;41 Or
Yi - Yit1. As in the proof of Lemma 2, it is verified that for i € {0,...,n — 2},
Yi, Yir1 and y; 4o are equivalent modulo S in D'. O

Lemma 12 Given a digraph D = (V, E), D is diconnected, connected and co-
connected if and only if all its cuts are trivial. More specifically :
1. D is not diconnected if and only if there is a nontrivial cut X of D such
that X — (V — X).
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2. D is not connected if and only if there is a nontrivial cut X of D such
that X ---(V — X).

3. D s not coconnected if and only if there is a nontrivial cut X of D such
that X «— (V — X).

The next result is useful to extend Proposition 2 and Lemma 5 to any di-
graphs.

Corollary 3 Given a digraph D, every element of S(D) U C(D) U C(D) is a
strong interval of D.

Proof. By contradiction, suppose that there are an element S of S(D) and an
interval X of D such that SN X, S — X and X — S are nonempty. It ensues
that S N X is a non trivial cut of D(S). Since D(S) is diconnected, by Lemma
12, either (SN X)--- (S — X) or (SN X) «— (S — X). By considering D in
place of D, it may be supposed that (SN X)---(S — X). As X is an interval
of D, (S —X)---(X — 8) and, hence, D(S U X) would be diconnected. Now,
suppose, on the contrary, that there are an element C' of C(D) and an interval
X of D such that C N X, C — X and X — C are nonempty. It follows that
C'N X is a nontrivial cut of D(C). Since D(C) is connected, by Lemma 12,
either (CNX) — (C—X)or (C-X) — (CNX)or (CNX)+— (C—-X).
As X is an interval of D, either (X —C) — (C—=X)or (C—-X) — (X -C)
or (C—X)«— (X —C). Consequently, D(C' U X) would be connected. To
complete the proof, it suffices to note that C(D) = C(D). O

Proposition 4 Given a digraph D = (V, E), all the strong intervals of D are
trivial if and only if D is complete or D is empty or D is a total order or D is
indecomposable.

Proof. As in the proof of Proposition 2, if D is decomposable and if all its
strong intervals are trivial, then D admits a nontrivial cut X. By Lemma 12,
D is not diconnected or D is not connected or D is not coconnected. The above
three assertions, which follow from Lemma 10 and Corollary 3, allow for the
conclusion.

e If D is not diconnected, then S(D) = {{z};x € V} and, thus, D is a total
order.

e If D is not connected, then C(D) = {{z};z € V} and, thus, D is empty.

e If D is not coconnected, then C(D) = {{z};z € V} and, thus, D is
complete.

O

11



Lemma 13 let D = (V, E) be a digraph.
1. If D is not diconnected, then P(D) = S(D).
2. If D is not connected, then P(D) = C(D).
3. If D is not coconnected, then P(D) = C(D).

Proof . For the first assertion, the proof of Lemma 5 applies. In another respect,
the third assertion follows from the second one by interchanging D and D. Now,
for the second implication, it is sufficient to prove that if X is an interval of
D distinct from V' such that there is C € C(D) with C' C X, then X is not a
strong interval of D. Indeed, by Corollary 3, all the elements of C(D) are strong
intervals of D and, hence, there is @ C C(D) such that X = J@Q and |Q|> 1.
GivenY € Q and Z € C(D)—@Q, YUZ is an interval of D such that XN(YUZ),
X —-(YUZ)and (YUZ)— X are nonempty. a

Gallai’s decomposition theorem follows immediately.

Theorem 5 Let D be a digraph.
1. D is not diconnected if and only if D/P(D) is a total order.
2. D is not connected if and only if D/P(D) is empty.
3. D is not coconnected if and only if D/P(D) is complete.

4. D is strongly connected, connected and coconnected if and only if D/P(D)
is indecomposable with | P(D)|> 3.

In [7], Habib adopts a different approach to establish this theorem. Given
a digraph D = (V, E), P(D) denotes the family of the interval partitions of D.
The following poset is defined on P(D). Given P # Q € P(D), P < Q if for
every X € P, there is Y € @ such that X C Y. Clearly, {{z};2z € V} is the
minimum element of (P(D), <) and {V'} is the maximum element of (P(D), <).
Furthermore, given P, Q € P(D), the meet of P and @, denoted by PV @, and
the join of P and @, denoted by P A @, are defined as follows.

e Given z # y € V, x and y belong to the same set of PV @ if there are
Xo,...,Xp, € PUQ satisfying : x € Xg,y € X,, and for 0 <i<n-—1,
X;iNXi #0.

e Given z # y € V, x and y belong to the same set of P A @ if there are
X ePandY € @ such that z,y €e X NY.

Consequently, (P(D),~<) is a lattice. The maximal elements of (P(D) —
{V}, =) are called the coatoms of (P(D),<). It is then verified that P(D) is
the join of all the coatoms of (P(D), <).

To extend Lemma 8 to any digraphs, the below three lemmas are required.
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Lemma 14 ( Ehrenfeucht - Rozenberg [4]) Given an indecomposable digraph
D = (V,E), if X is a subset of V' such that 2 <| X |<|V'| and D(X) is indecom-
posable, then there are u,v € V. — X such that D — {u, v} is indecomposable.

Lemma 15 ( Cournier - Ille [3]) Let D = (V, E) be an indecomposable digraph
with |V |> 3.

1. There exists a subset X of V such that | X |= 3 or 4 and D(X) is inde-
composable.

2. For each x € V, there exists a subset X of V such thatx € X, 3 <|X|<5
and D(X) is indecomposable.

The proof of the next lemma is the same as that of Lemma 9.

Lemma 16 Given a digraph D, if P is an interval partition of D such that
| P|> 3 and P/D is indecomposable, then P = P(D). Consequently, D is di-
connected, connected and coconnected if and only if there is an interval partition

P of D such that | P|> 3 and P/D is indecomposable.
The extension of Lemma 9 to the digraphs is then stated as below.

Lemma 17 Let D = (V, E) be a digraph.

1. If |V|> 5 and if D is diconnected, connected and coconnected, then there
is x € V such that D — x is diconnected, connected and coconnected.

2. Assume that |V |> 6. The digraph D is diconnected, connected and cocon-
nected if and only if there exist distinct elements x and y of V such that
D —x and D — y are diconnected, connected and coconnected.

Proof. Suppose that D is diconnected, connected and coconnected. Firstly, if
there is X € P(D) such that | X |> 2, then, by Lemma 16, for every z € X,
D — z is diconnected, connected and coconnected. Secondly, assume that D is
indecomposable with |V |> 3. The following remark is useful.

If D—{u,v} is indecomposable, where u, v € V, then there is « € {u, v} such
that D — x is diconnected, connected and coconnected. The remark is obvious
if there is « € {u, v} such that D — z is indecomposable. Otherwise, for w = u
or v, D —w admits a nontrivial interval X. By Proposition 1, X N (V — {u,v})
is an interval of D — {u, v} and, hence, | X N(V —{u,v})|=10or X =V —{u,v}.
However, if V' — {u,v} is an interval of D — u and of D — v, then V — {u, v}
is an interval of D as well. It ensues that, for example, V' — {u,v} is not an
interval of D — u. By what preceeds, there is v/ € V' — {u, v} such that {v,v'}
is an interval of D —u. As {{v,v'}} U {{a};a € V — {u,v,v'}} is an interval
partition of D — u such that (D —u)/({{v,v'}} U {{a};a € V — {u,v,v'}}) is
indecomposable, it suffices to apply Lemma 15.

13



It results directly from Lemmas 14 and 15.1, and from the remark that
there is x € V such that D — z is diconnected, connected and coconnected.
Furthermore, by Lemma 15.2, there is X C V such that x € X, 3 <| X |< 5 and
D(X) is indecomposable. Consequently, if | V'|> 6, then, by Lemma 14 and by
the previous remark, there exists y € V — X such that D — y is diconnected,
connected and coconnected. |

As Lemma 8 is important to prove Proposition 3, the preceeding Lemma
allows for the demonstration of the following result.

Proposition 5 Given hemimorphic digraphs D = (V, E) and D' = (V, E'), if
D is diconnected, connected and coconnected, then V- ¢ D(D,D'YNE(D,D").

Proof. We proceed by induction on |V |> 3. It follows from the definition of
D and of &€ that if V € D(D,D’) (resp. V € (D, D’)), then the number of
difference (resp. equality) pairs is at least | V| —1. Consequently, if |V |= 3,
then V ¢ D(D,D’') N E(D,D’). In the same manner, if | V |= 4 and if there
are x # y € V such that v «— y or x---y, then V ¢ D(D,D") N E(D,D").
Furthermore, if | V |= 4 and if D is a tournament, then it is sufficient to
apply Proposition 3. Now, assume that | V' |> 4. By Lemma 17.1, there is
x € V such that D — x is diconnected, connected and coconnected. By the
induction hypothesis, it may be supposed by considering D* in place of D that
V —{z} ¢ D(D — z,D' — x). As in the proof of Proposition 3, we suppose
that V € (D, D’) and we consider Y € D(D — z, D’ — x) which contains an
element y such that + — gy in D and in D’. The conclusion is then the same
by considering Z € D(D —x,D’' —z) — {Y} such that Y — Z or Y «— Z or
Y ... Z. Such an element Z exists since D — z is diconnected. O

As for the tournaments, the next two results follow easily.

Corollary 4 Given hemimorphic digraphs D and D', if D is indecomposable
and without flags, then D' = D or D' = D*.

This corollary does not hold if D contains some flags. Indeed, it suffices to
consider the digraphs (see Figure 1) ({0,...,n},{(¢,i+ 1), (¢ + 1,4 }1<i<n—2 U
{(1,0),(n—1,n)}) and ({0,...,n},{(i,i+1), i+ 1,%) }1<i<n—2U{(1,0), (n,n—
1)}), where n > 3. In fact, Lemma 7 does not hold for these digraphs.

Corollary 5 Given hemimorphic digraphs D and D', if D is without flags, then
P(D) = P(D’).

Proof . If D is not diconnected or if D is not connected or if D is not coconnected,
then it suffices to apply Lemmas 11 and 13. If D is diconnected, connected and
coconnected, then we conclude as in the proof of Corollary 2 by utilizing the
cross sets of P(D) and of P(D"). O

Corollaries 4 and 5 allow for the following demonstration of Theorem 3.
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Figure 1:

Proof of Theorem 3. Let X be an interval of D. For any A C V such that
|[Al=2o0r3,if [ XNA|=0orlorif AC X orif | XNA|=2witha b
or a---b, where X N A = {a,b}, then Z(D, X)(A) = D(A) or D*(A). Thus, it
is supposed that | A|= 3 and X N A = {a, b}, where A = {a,b,c} and a — b
or b — a. Since X is an interval of D, either c — X or X — corc+— X
orc---X. Ifc—— X orifec-- X, then Z(D,X)(A) = D*(4). f ¢ — X
or X — ¢, then Z(D, X)(A) and D(A) are total orders and, hence, they are
isomorphic. It ensues that D and Z(D, X) are hemimorphic. Consequently, if
DID’, then D and D’ are hemimorphic. The converse is proved by induction on
| V|. Since the cases |V |= 2 or 3 are obvious, it is supposed that |V |> 4. Asin
the proof of Theorem 2, the induction hypothesis allows for the conclusion if D
and D’ share a nontrivial interval. By Corollary 5, P(D) = P(D’) and, hence,
it may be assumed that P(D) = {{z};x € V'}. It then results from Lemmas 10
and 11, and from Theorem 5 that D and D’ are indecomposable or D and D’
are total orders or D and D’ are empty or D and D’ are complete. If D and
D’ are indecomposable, then it suffices to apply Corollary 4. If D and D’ are
total orders, then it is concluded as in the proof of Theorem 2. If D and D’ are
empty or if D and D’ are complete, then for any X C V such that 1 <| X |<|V|,
X is a nontrivial interval of D and of D’. |

Finally, it is mentionned that Corollary 4 may be extented to infinite di-
graphs by utilizing the following characterization of infinite indecomposable di-
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graphs.

Theorem 6 ( Ille [9]) Given an infinite digraph D = (V, E), D is indecompos-
able if and only if for every finite subset F' of V', there is a finite subset G of V
such that F C G and D(G) is indecomposable.
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