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This session: practicals!

A few introductory slides & exercises.

These who are familiar with dimensionless numbers: help others!

At least one person familiar with dimensionless numbers sitting
next to these who do not use dimensional analysis on a regular basis.

Gong sound at the end of each exercise.



Motivations Dimensionless numbers Why useful? Conclusion

Dimensional analysis: key to studying the dynamics
of Earth’s interior

Modelling 

What fluids to use 
in experiments?

What ingredients 
to keep in 

simulations?
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What is a dimensionless number?

Dimensionless number = ratio of two physical parameters that have
the same dimension (two forces, two time scales, two length scales,
two energy scales).

Example : the Reynolds number,

Re =
inertia

viscous forces
=

viscous time

advective time
=

UL

ν
,

where U a typical velocity, L a typical length scale, ν the kinematic
viscosity.
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What is a dimensionless number?

Exercise 1: Reynolds number

Compare inertia and viscous forces in the momentum
conservation equation (see lecture by S. Labrosse) to show that
Re = U L/ν,

Write the advective and viscous time scales to show that
Re = U L/ν.
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The Reynolds number: Application to plumes
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The Reynolds number: Application to plumes

Re � 1: turbulent plume when inertia dominates

e.g. Kitamura & Sumita, 2011
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The Reynolds number: Application to plumes

Re . 1: viscous plume when viscosity dominates

Davaille et al., 2010
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The Reynolds number: Application to plumes

Davaille et al., 2011

Diez et al., 2003

Turbulent plume

Laminar plume

Reynolds =
UL

ν

L

U

4 cm

Re ≈ 1

Re ≈ 9000

U ≈ 3m/s

ν ≈ 10−6m2/s 4 cm

ν ≥ 10−4m2/s

U ≈ 3 · 10−3m/s

Re

Reynolds =
UL

ν
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Why are dimensionless numbers useful?
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Why are dimensionless numbers useful?

1 To reduce the number of free parameters.

The Vaschy-Buckingham π-theorem:

If a physical system has n physical parameters, with k physical
dimensions, the system can be entirely described by a set of
n − k dimensionless parameters.
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Reduce the number of parameters

Exercise 3: Thermal convection
(see lectures of S. Labrosse, T. Alboussière)
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Reduce the number of parameters

Exercise 3: Thermal convection
(see lectures of S. Labrosse, T. Alboussière)

Under the Boussinesq approximation, the physical parameters that
govern thermal convection are: the temperature difference ∆T , the
layer depth H, the buoyancy force α∆T g , the kinematic viscosity ν
and the thermal diffusion k .

Based on the π-theorem, how many dimensionless parameters govern
the system? Write them.

Answer:

2 dimensions (length, time),

4− 2 = 2 dimensionless numbers: Pr =
ν

k
, Ra =

α∆T g H3

ν k
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Reduce the number of parameters

Bonus exercise: Diffusion

In the early Earth, giant impacts might have entirely melted the man-
tle into a magma ocean. We consider the diffusion of light elements
(Si, O, etc) from the mantle into the core (no convection).

magma  ocean

core (liquid) Based on the π-theorem, how many
dimensionless parameters govern the
system? What does that imply for the
normalised concentration C (z , t)/C0?
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Why are dimensionless numbers important ?

2 They tell you what forces dominate → the dynamical regime.
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Control the dynamical regime

Ex. 4: Viscous or turbulent plumes in mantle & outer core?

Davaille et al., 2011

Diez et al., 2003

Turbulent plume

Laminar plume

Reynolds =
UL

ν

L

U

4 cm

Re ≈ 1

Re ≈ 9000

U ≈ 3m/s

ν ≈ 10−6m2/s 4 cm

ν ≥ 10−4m2/s

U ≈ 3 · 10−3m/s

Re

Reynolds =
UL

ν
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Control the dynamical regime

Davaille et al., 2011

Laminar plume

4 cm

Mantle plume

U ∼ cm/yr

L ∼ 100− 1000km

ν ∼ 1018m2/s
Re ∼ 10−22
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Control the dynamical regime

Schaeffer et al. 2017

Turbulent plume
4 cm

Outer core plume

L ∼ 1000km

ν ∼ 10−7m2/s
Re ∼ 109

U ∼ 5 · 10−4m/s
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Control the dynamical regime

Exercise 5: Convection in outer core vs mantle

Based on what you learned in previous lectures (T. Alboussière, S.
Labrosse, N. Schaeffer), estimate ratios of the different forces for
convection in the outer core and in the mantle.

What are the important forces for both cases?
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Control the dynamical regime

Outer core Mantle

LETTERS

Formation of current coils in geodynamo simulations
Akira Kageyama 1, Takehiro Miyagoshi 1 & Tetsuya Sato 1

Computer simulations have been playing an important role in the
development of our understanding of the geodynamo1–3, but
direct numerical simulation of the geodynamo with a realistic
parameter regime is still beyond the power of today’s supercom-
puters. Di�culties in simulating the geodynamo arise from the
extreme conditions of the core, which are characterized by very
large or very small values of the non-dimensional parameters of
the system. Among them, the Ekman number, E, has been
adopted as a barometer of the distance of simulations from real
core conditions, in which E is of the order of 102 15. Following the
initial computer simulations of the geodynamo4,5, the Ekman
number achieved has been steadily decreasing, with recent geo-
dynamo simulations6–8 performed with E of the order of 102 6.
Here we present a geodynamo simulation with an Ekman number
of the order of 102 7—the highest-resolution simulation yet
achieved, making use of 4,096 processors of the Earth
Simulator. We have found that both the convection �ow and
magnetic �eld structures are qualitatively di�erent from those
found in larger-Ekman-number dynamos. The convection takes
the form of sheet plumes or radial sheet jets9, rather than the
columnar cell structures10 that are usually found. We have found
that this sheet plume convection is an e�ective dynamo and the
generated current is organized as a set of coils in the shape of
helical springs or at times as a torus.

The Earth’s outer core is liquid iron in convective motion. To
model the dynamo process in the outer core, we have performed a
three-dimensional numerical simulation of amagnetohydrodynamic
(MHD) dynamo in a rotating spherical shell: an electrically conduct-
ing �uid is con�ned between two concentric and co-rotating spheres
with inner and outer radii ofri 5 0.3 and ro5 1.0, respectively. The
two spheres rotate with the same angular velocityV . The tempera-
tures of the inner and outer spheres are kept hot and cold, respect-
ively. Gravity works towards the centre of the spheres. We apply weak
perturbations to the temperature and magnetic �elds of the initial
(unstable) condition. Thermal convection sets in, and the �ow
generates the magnetic �eld through the so-called MHD dynamo
process. The Rayleigh number, Ra (ref. 11), measured at the bottom
of the shell is 1.53 1010, which is 300–1,000 times larger than the
critical value for the onset of convection. Both the Prandtl and mag-
netic Prandtl numbers are unity. The Ekman number3 de�ned by
E~ n 2V r2o is 2.33 102 7 in this simulation, wheren is viscosity.
We believe that this is the lowest Ekman number achieved to date
in geodynamo simulations.

The smaller the Ekman number, the more di�cult it is to perform
the simulation, as it requires higher resolution and a higher paralle-
lization rate of the code12. Bymaking use of a newly developed spher-
ical grid system, the ‘Yin-Yang’ grid13,14, we have achieved a high
resolution geodynamo simulation for a full spherical shell region.
The Yin-Yang grid is a kind of overset grid15, applied to the spherical
geometry. Two identical grids, the Yin grid and the Yang grid, are
combined with partial overlap to cover the full spherical shell region.
The grid size is 511 (in r) 3 514 (in h) 3 1,538 (in w) 3 2 (Yin and

Yang), with r radius (0.3 # r # 1.0), h co-latitude (p/4# h# 3p/4),
and w longitude (2 3p/4# w# 3p/4). For this simulation, we have
used 512 nodes or 4,096 processors of the Earth Simulator, which is
the maximum size allowed for a calculation.

It is broadly accepted that the convection �ow in a rapidly rotating
spherical shell may be described as a set of (time dependent) colum-
nar convection cells16. The convection columns are straight and par-
allel to the spherical rotation axis, due to the strong constraint of the
Coriolis force (Taylor-Proudman’s theorem). However, in our low-E
regime (of the order of 102 7), we have found that the convection is
made of a rather di�erent basic structure—�ne-scale thin jet sheets
or sheet plumes.

In the growing phase of convection in our simulation, the �ow is
formed in multicellular columns piled in the radial direction17, but
after saturation, the convection takes a rather di�erent form.
Figure 1a shows thez or axial component of the vorticity,v z, in
the equatorial and meridional planes at timet5 430 in our simu-
lation unit, which is normalized by the sound wave crossing time of
ro. The major �ow is composed of many plumes elongated in the
radial direction, rather than columns. Analysing the velocity vectors
in detail, we have found that the plume structure is composed o� et
�ow in the positives-direction and in the negatives-direction, side
by side; here we use cylindrical coordinates (s, w, z) for description
only. Supplementary Fig. 1 shows the velocity �eld in the equatorial
plane by vector arrows. The widthw of the jet plumes is very thin
(w< 0.025), staying almost constant as radiuss increases18. The
azimuthal Fourier mode number,m, of the �ow is about 50 at
s5 0.4. The di�usion time td scaled byw is td5 w2/g5 34 (where
g is resistivity), which is much shorter than our calculation time of
430.

1Earth Simulator Center, Japan Agency for Marine-Earth Science and Technology, Yokohama, 236-0001, Japan.

ba

Figure 1 | Equatorial and meridional cross-sections of the axial component
of the vorticity, v z. The Ekman number, E, is 2.3 3 102 7 in a and 2.63 102 6

in b. Convection plumes are evident in the equatorial cross-sections. The
meridional cross-sections show that the �ow is nearly two-dimensional. The
convection in these low-Ekman-number regimes is organized as a set of thin
plume sheets, rather than columnar cells. It can be seen that the larger
Ekman number in b leads to thicker plume sheets.

Vol 454 | 28 August 2008 |doi:10.1038/nature07227

1106
 ©2008 Macmillan Publishers Limited. All rights reserved

Schubert, Turcotte, Olson, 2001 Kageyama et al. 2008

Viscous flow,
governed by 

viscosity & buoyancy

Turbulent flow, governed by 
rotation, buoyancy, inertia

(& Lorentz force)

Convection
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Control the dynamical regime

Exercise 6: Core-mantle differentiation

Diapirs in solid or
partially solid mantle
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Control the dynamical regime

Exercise 6: Core-mantle differentiation

Diapirs in solid or
partially solid mantle

Monteux et al., 2009

Fleck et al 2018

Deguen et al. 2014	

Landeau et al. 2014	

Lherm & Deguen, 2018	

Wacheul & Le Bars, 2018 
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Why are dimensionless numbers important?

3 A necessary step to scale down analogue experiments.
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Scaling-down experiments

Exercise 7: Core-mantle differentiation
What fluids to match the dynamical regime of metal fragmentation

in magma oceans?

Needle

Membrane

Piston  

80
 c

m

ExperimentEarth's 

differentiation

Impactor core

Magma ocean

Mantle

?

?
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Scaling-down experiments

Exercise 7: Core-mantle differentiation
What fluids to match the dynamical regime of metal fragmentation

in magma oceans?

Needle

Membrane

Piston  

80
 c

m

ExperimentEarth's 

differentiation

Impactor core

Magma ocean

Mantle

Water + salts

low-viscosity	

silicone oil
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Scaling-down experiments

Landeau et al., AGU 2020.
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Why are dimensionless numbers important?

4 A necessary step to obtain scaling laws.
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Scaling laws: cooling of magma oceans

Sedimentation
of crystals

Magma
 ocean

Mantle

Convection

Analog model

Cold

Hot

Cooling rate ?

T+

T−
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Scaling laws: cooling of magma oceans

?
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Scaling laws: cooling of magma oceans

?
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Scaling laws

Exercise 8: Cooling of a magma ocean

Use the scaling law to estimate the cooling time of a magma ocean.

Castaing et al. 1989

N
u
=

f
(R

a
,P

r)

Ra

Nu ≈ 0.1Ra1/3

Nu ∼
Ra

1/
3

Theory & experiments:
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Scaling laws

Exercise 8: Cooling of a magma ocean

Use the scaling law to estimate the cooling time of a magma ocean.

Castaing et al. 1989

N
u
=

f
(R

a
,P

r)

Ra

Nu ≈ 0.1Ra1/3

Nu ∼
Ra

1/
3

Theory & experiments:

Ra ∼ 1027

Extrapolation of scaling to
fully-liquid magma oceans

Nu ∼ 108

Cooling time ∼ 1000 yr

Q ∼ 105W/m
2
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Scaling laws

Exercise 9: Maximum elevation on planetary objects

Why is the Earth (left) spherical while asteroids like Vesta (right) have
a more irregular shape?
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Scaling laws

Exercise 9: Maximum elevation on planetary objects

Why is the Earth (left) spherical while asteroids like Vesta (right) have
a more irregular shape?

Hint:
Compare the pressure below a mountain to the yield strength Y .
For rocks, Y ∼ 100 MPa.

The gavitational acceleration at the planet surface is g =
4π ρG r

3
,

where r is the planet radius.
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Scaling laws

Exercise 9: Maximum elevation on planetary objects
Why is the Earth spherical while Vesta is irregular?

From Melosh, 2011:
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Summary

Dimensional analysis & dimensionless numbers are important to:

1 Reduce the number of parameters!

2 Predict the dynamical regime in the core and mantle: choose what
forces to include in simulations and what processes in experiments.

3 Scale down analogue lab experiments,

4 Extrapolate quantitative scalings to the deep Earth.
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References

For beginners: Les lois d’échelle, Thomas Séon

To go further: Similarity, Self-Similarity, and Intermediate
Asymptotics, Barenblatt.

Laboratory experiments on the dynamics of the core, P. Olson, 2011.

Dynamical similarity and density (non-) proportionality in experimental
tectonics, N. Ribe, A. Davaille, 2013.
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Working groups

Ideas of geophysical processes you would like to model?

Examples: convection in mantle or core, convection in icy satellites,
planetary impacts & craters, core-mantle differentiation, dynamic
topography, cooling of magma oceans, convection & stratification in
the outer core, subduction, etc.

Choose 4 or 5 systems → 4 or 5 working groups.

For each group:
Find the dimensionless numbers,
Estimate them.
What forces dominate?
Propose an analogue experiment or a numerical system.
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Why are dimensionless numbers important ?

1 They control the morphology of the flow and the dynamical regime.

Rotation

Sedimentation
of crystals

Core

Magma
 ocean

Mantle

Convection in 
magma oceans
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Why are dimensionless numbers important ?

1 They control the morphology of the flow and the dynamical regime.

Ecoulement visqueux

rotation, buoyancy, inertia
Rotation

Sedimentation
of crystals

Core

Magma
 ocean

Mantle

Low crystal fraction

Turbulent flow
~ outer core

Costa 2005
Lejeune & Richet, 1995

Crystal fraction

V
is

co
si

ty
 (r

el
at

iv
e 

to
 li

qu
id

)

Convection in 
magma oceans

High crystal fraction

~ solid mantle

buoyancy, viscosity

Viscosity of
fully liquid

magma ocean

∼ 10−5m2/s
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Scaling-down experiments

Exercise 7: Core-mantle differentiation

∼
10 3

km

Impactor core
(liquid metal) 

Mantle
(solid silicates)

Magma ocean 
(liquid silicates)

Earth's core
Partially

solid mantle

Liquid metal

Olson & Weeraratne, 2008

Liquid 
silicates

Fluid 1

Fluid 2

Fluid 3

Analog experimentCore-mantle differentiation 
in viscous magma ocean

Questions: Analog fluids ?
Size of tank ?

?

?

?

?

What fluids can we use to match the dimensionless numbers of the
geophysical system?
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Scaling-down experiments

Exercise 7: Core-mantle differentiation

∼
10 3

km

Impactor core
(liquid metal) 

Mantle
(solid silicates)

Magma ocean 
(liquid silicates)

Earth's core
Partially

solid mantle

Liquid metal

Olson & Weeraratne, 2008

Liquid 
silicates

Corn syrup
+ water

Liquid 
gallium

Corn syrup

Analog experimentCore-mantle differentiation 
in viscous magma ocean

Questions: Analog fluids ?
Size of tank ?

12 cm

What fluids can we use to match the dimensionless numbers of the
geophysical system?
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Self-similarity

Self-similarity : most often it refers to scale similarity in time.

f (x , t) = A(t)F

(
x

δ(t)

)

Example : Isometry within a species

Lezards of different ages

For a species of
salamander

Su
rf

ac
e 

ar
ea

 (c
m

  )

 Body mass (kg)

2

0.67

McMahon & Bonner,  1981
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Self-similarity. Example: Turbulent thermal of metal
in magma oceans
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Self-similarity. Example: Turbulent thermals

Turbulent entrainment concept
Morton et al. (1956), 
Taylor (1945, public since 1996)

+   Self-similarity

dr

dz
= α

d(ρV )

dt
= αρauS

r: cloud radius

Model

centroid

equivalent radius

Experiments

entrainment coefficient
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Self-similarity. Example: Turbulent thermals

Turbulent entrainment concept
Morton et al. (1956), 
Taylor (1945, public since 1996)

+   Self-similarity

dr

dz
= α

d(ρV )

dt
= αρauS

r: cloud radius

Model

centroid

equivalent radius

1 2 3 4 5 6 7 8
1

1.5

2

2.5

3

r

z
r

R

z/R

α
∆ρ

ρa
≈ 0.92

∆ρ

ρa
≈ 0.22

z/R

Experiments

α = 0.23± 0.06
(over 20 immiscible clouds)

entrainment coefficient
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Self-similarity. Example: Turbulent thermals

Turbulent entrainment concept
Morton et al. (1956), 
Taylor (1945, public since 1996)

+   Self-similarity

dr

dz
= α

d(ρV )

dt
= αρauS

r: cloud radius

Model

centroid

equivalent radius

1 2 3 4 5 6 7 8
1

1.5

2

2.5

3

r

z
r

R

z/R

α
∆ρ

ρa
≈ 0.92

∆ρ

ρa
≈ 0.22

z/R

Experiments

α = 0.23± 0.06
(over 20 immiscible clouds)

entrainment coefficient

Entrained silicate volume

Impactor core volume

=
(
1 + α

z

R

)3

− 1
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Self-similarity. Example: Turbulent thermals

Turbulent entrainment concept
Morton et al. (1956), 
Taylor (1945, public since 1996)

+   Self-similarity

dr

dz
= α

d(ρV )

dt
= αρauS

r: cloud radius

Model

centroid

equivalent radius

1 2 3 4 5 6 7 8
1

1.5

2

2.5

3

r

z
r

R

z/R

α
∆ρ

ρa
≈ 0.92

∆ρ

ρa
≈ 0.22

z/R

Experiments

α = 0.23± 0.06
(over 20 immiscible clouds)

entrainment coefficient

Entrained silicate volume

Impactor core volume

=
(
1 + α

z

R

)3

− 1

And from dimensional analysis ?
(on the blackboard)
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1-Reduce the number of parameters

Exercise 4: Metal diapir during Earth’s differentiation

A spherical metal diapir of radius R and density ρ falls in a viscous
mantle of density ρa and viscosity νa under gravity g .

Based on the π-theorem, how many
dimensionless parameters govern the
system? Write them.

Answer:
5 physical parameters,
3 dimensions (length, mass, time),
5− 3 = 2 dimensionless numbers:
ρ

ρa
,

(ρ− ρa)gR3

ρa ν2a
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dimensionless parameters govern the
system? Write them.

Answer:
5 physical parameters,
3 dimensions (length, mass, time),
5− 3 = 2 dimensionless numbers:
ρ

ρa
,

(ρ− ρa)gR3

ρa ν2a



Motivations Dimensionless numbers Why useful? Conclusion

3-Scaling-down experiments

Exercise 7: Core-mantle differentiation

∼
10 3

km

Impactor core
(liquid metal) 

Mantle
(solid silicates)

Magma ocean 
(liquid silicates)

Earth's core
Partially

solid mantle

Liquid metal

Olson & Weeraratne, 2008

Liquid 
silicates

Corn syrup
+ water

Liquid 
gallium

Corn syrup

Analog experimentCore-mantle differentiation 
in viscous magma ocean

Questions: Analog fluids ?
Size of tank ?

12 cm

Fleck et al. 2018

U ∼ ∆ρgR2

ρν

R ∼ 100 km

U ∼ mm/s

time ∼ 100 yr
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