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Seismology: A Variety of Propagation Regimes

Mitchell, Treatise on Geophysics 2007

Scales

f ∼ 0.1− 10Hz
λ ∼ 0.1− 10km
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Seismic Attenuation

Attenuation Q−1 = Scattering Q−1
sc + Absorption Q−1

i

Goal: Retrieve Q−1
sc (f), Q−1

i (f) from energy envelopes characteristics
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Statistical Description of Heterogeneity
Logging data

18 2 Heterogeneity in the Lithosphere

2.3 Random Inhomogeneity

2.3.1 Velocity Inhomogeneity Revealed from Well-Logs

Direct evidence for the existence of random inhomogeneities can be found in
log data from wells. Figure 2.4a shows wave velocity and density log data from
well YT2 drilled through lava, tuff, and volcanic breccia in Kyushu, Japan. The
velocity structure was determined from the travel times of ultrasonic waves having
frequencies of a few tens of kHz. Rock mass density is measured from the intensity
of gamma rays received at a borehole detector. The intensity of received gamma
rays can be shown to be a function of the formation density (Telford et al. 1976).

Fig. 2.4 (a) Well-logs showing P- and S-wave velocities and mass density vs. depth for well YT2
in Kyushu, Japan. (b) Scattergrams showing correlation among the physical properties measured
at the same depth. (Shiomi et al. 1997, copyright by Willey)

H. Sato: Power spectra of random heterogeneities in the solid earth 279

Figure 2. (a) 1-D PSDF vs. wavenumber for rock samples and acoustic well logs. (b) Converted 3-D PSDF vs. wavenumber, where the
randomness is supposed to be isotropic. See labels in Table 1.

borehole. Measurements W1 (volcanic tuff) and W2 (tertiary
to pre-tertiary) in Japan clearly show power-law decay with
 = 0.225 and 0.045, respectively; however, a corner is not
clearly seen in each PSDF. Measurement W4 at the deep
well KTB in Germany shows  = 0.10. Measurement W3
in the same well shows that the exponent of wavenumber is
�0.97, which formally corresponds to a negative  . Mea-
surement W5 at Cajon Pass in California shows  = 0.11.
All these measurements show very small  values close to
0. Shiomi et al. (1997) made a list of reported exponents of
wavenumber, which shows that most  values are smaller
than 0.25. Measurement of a seems to be restricted by the
sample length. We enumerate those measurements in Table 1
and plot their 1-D PSDFs against wavenumber in Fig. 2a.
Figure 2b plots the corresponding 3-D PSDFs of W4 and W5.

We note that Wu et al. (1994) measured anisotropy of ran-
domness from the analysis of well logs obtained from two
parallel wells at KTB: the ratio of characteristic scales in
horizontal to vertical directions ah/az = 1.8 (see Eq. 3) as
shown in W3.

3.3 Velocity tomography

There have been measurements of velocity tomography at
various scales, from which we can calculate the PSDF and
then estimate von Kármán-type parameters. This method de-
pends on the spatial resolution of the tomography result.
Measurement L1 in Table 2 is calculated from the precise VP
tomography result of the shallow crust, Los Angeles, Cal-
ifornia: the exponent of wavenumber is �3.08 ( = 0.04).
Anisotropic randomness is also reported: az = 0.1 and ah =
0.5 km (see Eq. 3), we show those in Fig. 3a. Measurement
M2 in Table 3 is evaluated from the 2-D PSDF of the VS to-
mography result of the upper mantle in a low wavenumber
range. Although there is a resolution limit of the tomography
method, the exponent of wavenumber is between �2 and �3,

which means 0 <  < 0.5. We note that Fig. 8 of Mancinelli
et al. (2016a) shows that the 1-D PSDF estimated from the
VP tomography result in the upper mantle (Meschede and
Romanowicz, 2015) covers that of MU2 ( = 0.05, " = 0.1,
a = 2000 km) for the wavenumber range from 2 ⇥ 10�4 to
10�2 km�1.

3.4 Array analysis of teleseismic P waves

Teleseismic P waves registered by a large aperture array
were used for the evaluation of the 3-D PSDF of the litho-
sphere beneath the array: LA1 and LA2 of Table 2 in Mon-
tana and LA3 in southern California used amplitude and
phase coherence analyses, where a Gaussian-type PSDF
(Eq. 5b) was assumed because of mathematical simplicity.
As shown in Fig. 3b, they drop very fast as wavenumber in-
creases. Later Flatté and Wu (1988) developed the angular
coherence analysis in addition to the above methods. Ana-
lyzing teleseismic P waves registered at NORSAR, they pro-
posed an overlapping two-layer model LA4, which is com-
posed of a band-limited flat spectrum from the surface to
200 km of depth and m

�4 spectrum ( = 0.5, " = 0.01–0.04)
for depths from 15 to 250 km. It means  < 0.5 and the decay
of their PSDF is much smaller than that of Gaussian types
(not shown in Fig. 3b).

3.5 Finite difference (FD) simulations

FD simulation is often used for the numerical simulation of
waves in an inhomogeneous velocity structure. For the eval-
uation of average MS amplitude envelopes, we have to repeat
simulations of the wave propagation through random media
having the same PSDFs that are generated by using differ-
ent random seeds. There are several measurements of statis-
tical parameters using FD such as L9–L11 and ML4 in Ta-
bles 2 and 3. Measurement LS5 focused on the fact that the

www.solid-earth.net/10/275/2019/ Solid Earth, 10, 275–292, 2019

Shiomi, 1997

Sato, 2019

Correlation function

C(r) = 1
⟨v⟩2 ⟨δv(x + r/2)δv(x− r/2)⟩

Heterogeneity Power Spectrum

Φ(m) =

∫
R3

C(r)eim·rdr

∝ ϵ2a3

(1 + m2a2)κ+3/2

L. Margerin (IRAP) Seismic Scattering Les Houches 2021 5 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Different propagation regimes

CLASSICAL SEISMIC
 TOMOGRAPHY

L
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Coherent Field

Incoherent Field

Incident Wave

w

Scatterer

Correlation Length
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Phase

L

Transmitted Wave

l

a

Fluctuations

Propagation
Distance

Wavelength

Mean Free Path

Scattered Wave

L≪ l L≫ l

Coherent Wave
Mean Field

Single −→ Multiple
Scattering
Transport

Equipartition
Diffusion
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Frequency Regimes: Scattering Mean Free Path
S-wave attenuation in a polycrystal

TABLE I. Elastic constants of aluminum and iron used in attenuation coef- I0 
ficient and phase velocity calculations. 

Elastic constants 
(10 lø N/m) Relative anisotropy 

Cll el2 Co et es 
AI 10.34 5.71 2.86 8.87 X 10 -3 3.38 X 10 -2 
Fe 21.92 13.68 10.92' 4.34X 10 -2 1.35X 10-' 

= :, lO) 
where e• and e•, denote the definitions for I waves and bire- 
fringent s waves, respectively, and for the phase perturba- 
tion in the geometric region 

Xo, = - e, Xo,, (l l l) 
and 

V. NUMERICAL CALCULATIONS 

We have solved Eqs. { 101 ) and (102) numerically using a 
variant of Newton's method to obtain "unified" predictions 
of_the attenuation coefficient and the phase velocity of elastic 
waves in polycrystalline aluminum and iron. We chose these 
since they are commonly used, cubic materials which have 
greatly differing values ore. We have used the single crystal 
constants given by Hirsekorn ø and shown in Table I. 

IO 

i0 -I 

io-2 

10-5 

io-e 

(b) 

/ 

IO -2 I0 -I I I0 102 I03 
log [ 

FIG. 1. Normalized attenuation coefficient for shear waves in polycrystal- 
line aluminum: (a) unified then•, (b) Rayleigh limit, (c) stochastic asymp- 
tote, and (d) EMY-J• (analogy to electromagnetic waves). 

I 

i0 -I 

iO -2 

10 -5 

10 -6 

(b) 

/ 

I 
I 

I 
I 

I 
I 

I 
I 

i 
I 

I 
/(d) 

I I IIHlll I IlJItlll i iiiiiiii I Iiilllll i illifil 

Io -2 Io-' I Io Io 2 Io • 
IocJ (Xo. • ) 

FIG. 2. Normalized attenuation coefficient for longitudinal waves in poly- 
crystalline aluminum: (a) unified theory, (b) Rayleigh limit, (c) stochastic 
asymptote. and (d} SKA (analogy to scalar waves). 

A. Attenuation coefficient 

Figures 1-4 show the logarithm of attenuation per 
mean free path length, log ct•, versus the logarithm of nor- 
malized frequency, log_x o = log kaY. These plots are inde- 
pendent of the choice of d, and have slopes which are propor- 
tional to the frequency dependence of a. The unified 
calculations are shown along with several simpler, less gen- 
eral calculations. 

1. Low anJsotropy example: Aluminum 
The attenuation coefficient for s waves in aluminum is 

shown in Fig. I. At low frequencies wherexo, < 1, the unified 
theory very nearly has a fourth-order dependence on fre- 
quency and approaches the Rayleigh limit caJculated by 
Bhatia and Moore, • and by Lffshits and Parkhamovski. 's 
Near xo• = I the attorotation makes a smooth, monotonic 
transition from fourth-order to second-order frequency de- 
pendence. In the region of second-order dependence, the sto- 
chastic asymptote calculated using the birefringent chaxac- 
terization, is a good approximation to the unified theory. 
This region ends just below xo, = l/e/, = 29.6, where there is 
a sharp transition to the nearly frequency-independent geo- 
metric region. The Born approximation is plotted, but it is 
indistinguishable from the unified theory below xo, • 10., 
and above this frequency it is indistinguishable from the sto- 

676 d. Acoust. See. Am., Vol. 75, No. 3. March 1984 F. E. Stanko and G. S. Kine: Propagation 'n materials 676 

Stanke & Kino, 1986

Model: exponential correlation function
a: grain size

Rayleigh Regime ka≪ 1
l ∝ (ka)−4

Stochastic Regime ka ∼ 1
l ∝ (ka)−2

Geometric Regime ka≫ 1
l = a

Qsc = ωτ =
ωl
c
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Frequency Regimes: Scattering Anisotropy

p(k, k′) ∝
Polarization︷ ︸︸ ︷

F(δα, δβ, δρ)×Φ(k− k′)

Rayleigh Stochastic Geometric

Equipartition: phenomenology

Equipartition: the tools

Scattering Anisotropy
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L. Margerin Equipartition of Seismic Wavesk′

−−−→ ⊙ k−−−→
Anisotropy parameter

g =

∫
4π

p(k, k′)k̂ · k̂′dk̂

L. Margerin (IRAP) Seismic Scattering Les Houches 2021 8 / 31



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Deep Earth scattering experiment: PKP precursors
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PKP precursors PKIKP
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Global average observations
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Interpretation:
In a scattering experiment, we scan the power spectrum Φ between 0 and 2k.
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Constraints on the lower mantle fluctuations
Time domain Fits
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Conclusions

Preferred model: Φ(m) ∝ m−3

Very weak fluctuations ∝ 0.1%
The correlation length is not
resolvable
Small-scale heterogeneities extend
at least 600kms above the CMB
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1 Fundamentals: scale lengths, frequency regimes

2 Transport models: separation of absorption and scattering

3 Advanced topic: sensitivity kernels
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Equation of radiative transfer

CLASSICAL SEISMIC
 TOMOGRAPHY

L

Slow

Fast

Ve
lo
ci
ty

Pn
Pg

Sg

Model: Boltzmann Equation
Coherent Propagation︷ ︸︸ ︷(

∂

∂t + ck̂ · ∇X + ω(Q−1
sc + Q−1

i )

)
I(X, k̂, t) =

Multiple Scattering Term︷ ︸︸ ︷
ωQ−1

sc

∮Scattering anisotropy︷ ︸︸ ︷
p(k, k′) I(X, k̂′, t)d2k̂′ +

Source term︷ ︸︸ ︷
S(X, k, t)

dS

θ

d
2
k̂
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Diffusion Limit and Transport Mean Free Path

RS

l*
l

Incident Energy Beam

Scattering Events

Energy Density

E(R, t) = 1
c

∫
4π

I(R, k̂, t)dk̂

Random walk with no memory:

D =
cl
d

Persistent random walk:

D =
vl

d(1− g) =
vl⋆
d

g =

∫
4π

p(k, k′)k̂ · k̂′dk̂
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Numerical example for elastic waves in 3-D

Source: Explosion at 35kms depth
Medium: point-like density perturbations in a half-space
Scattering mean free time: τ = 10s

Energy density snapshots in a scattering medium (tau=10s)  
Simulation: explosion at 35km depth. Cylindrical grid with lateral resolution=depth resolution=3km

Numerical method: Monte-Carlo simulations
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.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

The diffusion/equipartition limit

Comparison with Diffusion model Equipartition

Energy Density and Partitioning at the Surface

Comparison with di!usion theory 
Di!usion constant: D=wp*vp^2*tau/3 + ws*vs^2*tau/3   (Tregourès & van Tiggelen 2002). wp = 1/(1+2vp^3/vs^3); ws=2vp^3/vs^3/(1+2vp^3/vs^3) 
Green’s function calculated with the method of image
Simulation: explosion at 35km depth; mean free time is 10s. Control Volume=ring of width 5km and depth 10km

Relaxation towards isotropy

Angular Distribution of Energy Density at the Surface

Simulation: explosion at 35km depth; mean free time is 10s. Control volume: in!nite layer of thickness 10km
Energy density should become isotropic at long lapse-time.
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Separation of absorption and scattering
Different scaling for coherent and incoherent intensity
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Coherent vs Incoherent energy ratio

Scattering vs Absorption perturbation
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Indeterminacy of scattering/absorption ratio based on ballistic waves alone
Scattering transfers energy from ballistic waves to the coda
!!! The coda is mostly sensitive to absorption !!!
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Application to Taiwan
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Single-station measurement of crustal attenuation

Idea: Measure the energy ratio between ballistic and coda waves

13/52

Multiple Lapse Time Window Analysis

EAS (A)

I Method used to separate scattering and absorption

I Estimates of Qsc
�1

and Qi
�1

per station

I 3 measurement windows (Ui), 1 normalization window (Un)

I E = Ui/Un

10 20 30 40 50 60
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)

Multiple Lapse-Time Window Analysis (Sato, Fehler, Hoshiba)
Model: Boltzmann Equation (isotropic scattering)
Computation of Energy integrals + partial derivatives wrt Qsc,Qi

Optimization with Levenberg-Marquardt algorithm
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Anomalous energy distribution in the coda

Normal (ALS)
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Clear discrepancy between model and data near the source
Observed at a number of stations in Taiwan
Not explained by simple velocity structures
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Evidence for scattering non-isotropy in Taiwan

Henyey-Greenstein phase function:

p(k, k′) =
1− g2

4π(1 + g2 − 2gk · k′)3/2

g: anisotropy parameter (mean cosine of scattering angle)
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Evidence for scattering non-isotropy in Taiwan

Henyey-Greenstein phase function:

p(k, k′) =
1− g2

4π(1 + g2 − 2gk · k′)3/2

g: anisotropy parameter (mean cosine of scattering angle)
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g ≈ −0.95 !!
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Interpretation of strong backscattering
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Mapping of attenuation and scattering anisotropy
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Relatively uniform absorption (Qi ≈ 100)
Strong lateral variation of scattering (almost 2 orders of magnitude)
Scattering anisotropy correlates with Q−1

sc
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Correlation between Vp/Vs ratio and backscattering
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1 Fundamentals: scale lengths, frequency regimes

2 Transport models: separation of absorption and scattering

3 Advanced topic: sensitivity kernels
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Sensitivity Kernels: Formalism

Transport equation
Variation of intensity along ray︷ ︸︸ ︷

(∂t + cn̂ · ∇) I(r, n̂, t) =

Loss due to Absorption and Scattering︷ ︸︸ ︷
−
(

ω

Qsc(r)
+

ω

Qi(r)

)
I(r, n̂, t)

+
ω

Qsc(r)

∮
p(n̂, n̂′)I(r, n̂′, t)dn̂′︸ ︷︷ ︸

gain through scattering

+ δ(r − s)δ(t)︸ ︷︷ ︸
Source term

1 Perturbation of a reference medium (Q0
sc, Q0

i )
1

Qsc(r)
=

1
Q0

sc
+ δ

1
Qsc(r)

1
Qi(r)

=
1

Q0
i
+ δ

1
Qi(r)

2 Linearization:
δI(r; s; t)
I(r; s; t) =

∫
Ka(r; x; s; t)︸ ︷︷ ︸

Absorption sensitivity kernel

δ

(
ω

Qi(x)

)
dx +

∫
Ksc(r; x; s; t)︸ ︷︷ ︸

Scattering sensitivity kernel

δ

(
ω

Qsc(x)

)
dx
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Probabilistic approach to sensitivity functions: absorption
Idea: the sensitivity at time t is proportional to the time spent by the waves in
the volume δV(x) where the change occurs. (Pacheco & Snieder, 2005)

ReceiverSource

Absorption Change

Absorption perturbation
δI
I︸︷︷︸

Intensity P◦

= − ω︸︷︷︸
Freq.

δQ−1
i (ω, x)T(δV(x), t)

T(δV(x), t) = Ka(x, t)︸ ︷︷ ︸
Sensitivity Kernel

×δV(x)
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Interpretation of the absorption sensitivity kernel

ReceiverSource

Absorption Change

Probability that a random walker arriving at R at time t visited δV(x) a time t′?
Application of Bayes Formula:

Ka(x, t) =
∫ t

0

∮
Probability to go

from Change to Receiver︷ ︸︸ ︷
I(x,−k̂, r, t− t′)

Probability to go
from Source to Change︷ ︸︸ ︷

I(x, k̂, s, t′)∮
I(r, k̂, s, t)dk̂︸ ︷︷ ︸

Probability to go from Source to Receiver

d2k̂dt′

Fundamental Property of the Kernel:
∫

Full Space

Ktt(x, t)dV(x) = t
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Interpretation of the scattering sensitivity kernel

ReceiverSource

Scattering Change

Additional effect: extra probability to go from S to R

Ksc(r, x, s, t) ≈ d(1− g)

∫ t

0
J(x, r, t− t′) · J(x, s, t′)dt′

I(r, s, t)

Fundamental property :
∫

Full Space

Ksc(r, x, s, t)dV(r) = 0
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Outlook: a wealth of data to analyze

Observations d’ondes diffusées

was considered numerically by Wagner and Langston (1992a)
and Roth and Korn (1993) and theoretically by Müller and
Shapiro (2003), Hong and Wu (2005), and Margerin (2006).
Recent work on using small-aperture seismic arrays on coda
energy to constrain the directions of individual scatterers
includes Schisselé et al. (2004) and Matsumoto (2005).

1.24.3 Scattering Observations

Seismic scattering within the Earth is mainly observed in the
incoherent energy that arrives between the direct seismic
phases, such as P, S, and PKP. In addition, occasionally specific
scatterers can be imaged using seismic arrays. Scattering can
also influence the direct phases through amplitude reduction
and pulse broadening, effects characterized by the scattering
attenuation parameter, QSc

!1. In this way, studies of seismic
attenuation are also resolving scattering, although they often
do not attempt to separate intrinsic and scattering attenuation.
The incoherent scattered seismic wavefield usually follows a
direct seismic arrival and is termed the coda of that phase (e.g.,
P coda and S coda), but occasionally, the ray geometry is such

that scattered energy can arrive before a direct phase (e.g., PKP
precursors). These precursory arrivals are particularly valuable
for studying deep-Earth scattering because they are less sensi-
tive to the strong scattering in the lithosphere. Scattering is
usually studied at relatively high frequencies (1 Hz or above)
where coda is relatively strong and local earthquake records
have their best signal-to-noise ratio.

S-wave coda from local and regional events has been the
focus of many studies, has motivated much of the theoretical
work, and continues to be an active field of research. Here,
I will briefly review S coda studies and their implications for
scattering in the crust and lithosphere but will devote more
attention to other parts of the scattered seismic wavefield,
which provide better constraints on deep-Earth structure. Pre-
vious review articles that discuss deep-Earth scattering include
Bataille et al. (1990) and Shearer et al. (1998). Figure 4 shows
where much of the scattered energy arrives with respect to
travel-time curves for the major seismic phases. In principle,
any seismic phase that travels through the lower mantle or the
CMB will be sensitive to deep-Earth scattering. Although sepa-
rating deep scattering effects from crust and lithospheric scat-
tering can be challenging, this is possible in some cases, either
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Figure 4 Travel-time curves for teleseismic body waves and some of the regions in the short-period wavefield that contain scattered arrivals.
These include (1) P coda, (2) Pdiff coda, (3) PP precursors, (4) P0P0 precursors, (5) PKP precursors, (6) PKKP precursors, (7) PKKPX, and (8) PKiKP
coda. The plotted boundaries are approximate.
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← Coda

(Shearer, Treatise on Geophysics, 2015)
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resolved the slownesses and back azimuths of PKP(DF),
PKP(C)diff, and PKP(AB). The PKP(C)diff coda lasted longer
than PKP(AB), but the wide slowness distribution of PKP(C)diff
coda is difficult to explain as originating solely from the ICB,
and Tanaka suggested that scattering near the CMB is an impor-
tant contributor to PKP(C)diff coda.

Vidale and Earle (2005) studied PKP coda from seven Mur-
uroa Island nuclear explosions over a 10-year period recorded
by the NORSAR at an epicentral distance of 136!. They
observed complicated arrivals lasting "10 s that were more
extended than the relatively simple pulses observed for direct
P waves from explosions recorded in the western United States.
Vidale and Earle suggested that these complications likely arose
from scattering at or near the ICB. They showed that small time
shifts in the PKP coda were consistent with shifts predicted for
point scatterers in an inner core that rotated at 0.05!–0.1! per
year, although they could not entirely rule out systematic
changes in source location.

1.24.3.9 Other Phases

Emery et al. (1999) computed the effect of different types ofD00

heterogeneity on Sdiff, using both the Langer and Born approx-
imations. They found that their long-period Sdiff observations
are not particularly sensitive to the types of small-scale

heterogeneities proposed to explain other data sets. Cormier
(2000) used the coda power between P and PcP and S and ScS,
together with limits on pulse broadening in PcP and ScS wave-
forms, to model D00 heterogeneity using a 2D pseudospectral
calculation. He attempted to resolve the heterogeneity power
spectrum over a wide range of scale lengths, to bridge the gaps
among global tomography studies, D00 studies, and PKP pre-
cursor analyses.

Lee et al. (2003) noted an offset in S coda observations for
Central Asian earthquakes (150–250 km deep) recorded about
750 km away at station AAK. The offset occurred near the ScS
arrivals in coda envelopes at 10 and 15 s period. At shorter
periods (1–4 s), a change in coda decay rate appeared associ-
ated with the ScS arrival. They simulated these observations
with a Monte Carlo method based on radiative transfer theory
and isotropic scattering. For a two-layer mantle model (sepa-
rated at 670 km), their best-fitting synthetics at 4 s had a total
scattering coefficient g0 of about 1.3# 10$3 km$1 and
6.0# 10$4 km$1 for the upper and lower layers, respectively.
Corresponding results at 10 s were about 4.7# 10$4 km$1 and
2.6# 10$4 km$1. Lee et al. (2006) further studied S and ScS
coda envelopes from deep earthquakes recorded at nine distrib-
uted global seismic stations and modeled the results with a
Monte Carlo method with isotropic scattering and obtained
estimates of both the frequency and depth dependence of
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Figure 10 PKiKP coda as observed and modeled by Vidale and Earle (2000) for data from 12 earthquakes and four nuclear explosions recorded at the
LASA in Montana. The top panel (Zhi-gang Peng, personal communication) shows a slowness versus time envelope function stack of energy
arriving between 950 and 1270 s from the event origin times. The predicted direct PKiKP arrival is shown with the # . Late P coda forms the stripe seen at
a slowness near 0.5 s km–1. PKiKP coda is the stripe seen near zero slowness. The bottom panel compares a PKiKP amplitude stack (wiggly line)
to the predicted scattering envelope for an inner-core random heterogeneity model (dashed line).
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