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Abstract Coseismic block rotations are observed in the vicinity of seismogenic
faults and have an effect on the moment tensor. This can be accounted for using
the linear micropolar theory, which allows the existence of an independent rotation
or spin θ different from the continuum rotation 1=2 curl u. In this study, we show that
the use of micropolar theory yields asymmetric seismic moment tensors that allow a
momentum exchange between the rotational microstructure in the source region and
the rest of the Earth and thus explicitly accounts for microstructural rupture processes,
which naturally engages a macroscopic displacement response. This work provides a
theoretical framework for the development of future dynamic source inversions using
micropolar theory.

Introduction

Being able to describe seismic source mechanisms is a
key point in seismology to better understand the origin of
earthquakes and in particular to relate them to the geological
context. The effect and influence of microscale processes in
the description of earthquakes’ sources is an active area of
research (see, e.g., Miguel et al., 2006; Renard et al., 2013;
Raziperchikolaee et al., 2014a,b; Pluymakers et al., 2017;
Tarasov, 2017). These effects are commonly avoided in num-
erical simulations due to significant complications arising in
the mathematical description and numerical formulation
of the problem (Ampuero et al., 2002; de la Puente et al.,
2009; Pelties et al., 2012). However, they can be studied
through the application of microcontinuum field theories
(Eringen, 1999).

The theories of microcontinuum media denote general-
ized elastic theories with enriched kinematics, in which each
particle inside the elastic medium has additional degrees of
freedom of deformation. They are divided into three main
categories: micropolar (Cosserat), microstretch, and micro-
morphic media. The simplest case is the first one, the theory
of micropolar media, also called the Cosserat’s theory (Cos-
serat and Cosserat, 1909), which includes additional rota-
tional degrees of freedom at each spatial location (Eringen
and Kafadar, 1976; Nowacki, 1986; Neff and Jeong, 2009;
Jeong and Neff, 2010). It can thus account for the existence
of an independent rotation of each particle of the elastic
medium, called spin θ, different from the continuum rotation
1=2 curl u.

The term “micro” in microcontinuum field theories is,
however, unfortunate and misleading because it refers to
the scale of the particles that are rotating, with respect to
the scale of the considered elastic media, whichever is their

actual size, microscopic, mesoscopic, or macroscopic. The
scale term “micro” thus depends on the problem it is applied
to. For instance, microcontinuum field theories can be used
for describing the deformation at tectonic scales. Then
“micro” refers to the size of the approximately 1–10-km
rotating blocks, which can be considered as micro with re-
spect to the scale of tectonic plates (Unruh et al., 1996). The
theories can also be applied for describing the deformation at
the scale of minerals; the microscale then refers to the size
of individual molecules that is micro with respect to the
arrangement of crystals (Abreu, Thomas, et al., 2017). The
application of microcontinuum field theories is thus wide and
aims to connect different scales varying from atomistic- to
large-scale tectonics.

In general, the connection between microscale and mac-
roscale phenomena is achieved using homogenization or
averaging techniques (Capdeville et al., 2013; Fichtner et al.,
2013; Choy, 2016). The goal of these averaging techniques is
to find what is called the best effective homogenized model
that is able to reproduce the macroscopic mechanical behav-
ior of some material while omitting the microscopic scale
complexities. This is a powerful tool for simplifying some
physical phenomena in complex media such as seismic-wave
propagation in layered or anisotropic media (Capdeville
et al., 2013). However, these techniques imply that the exact
information on the microscale is lost, sometimes even intro-
ducing artifacts (Wang et al., 2013). This can be avoided us-
ing enriched continuum theories that are able to describe the
desired properties of the considered materials at the large
scale, explicitly including microstructural effects (d’Agos-
tino et al., 2018).

The first work that introduced microcontinuum field
theories in source seismology was, to our knowledge, by
Teisseyre (1973). Since then, micropolar theory has been re-
peatedly used for the kinematic description of earthquake
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seismic sources (Twiss et al., 1991, 1993; Unruh et al., 1996,
2003; Wojtal, 2001; Teisseyre et al., 2006; Lewis et al.,
2008; Schemmann et al., 2008; Twiss, 2009; Gade and Ra-
ghukanth, 2016) and modeling localization phenomena
(Schijve, 1966; Sharbati and Naghdabadi, 2006).

In the case of the kinematic description of earthquake
seismic sources, this theory includes the kinematic effects
of block rotations and the authors conclude that they can bet-
ter describe the deformation with the use of micropolar
theory (Twiss et al., 1991; Wojtal, 2001; Unruh et al.,
2003; Lewis et al., 2008; Schemmann et al., 2008). Specifi-
cally, the solution to the micropolar inverse problem relates
the seismic P and T axes to the orientation of the principal
axes of the global strain-rate tensor (the term global strain-
rate tensor refers to the strain-rate tensor at the large tectonic
scale; Unruh et al., 1996). In adopting this deformation in-
terpretation, the authors argue that the measurements, by
which the P and T axes are defined, are directly related to
the displacement on the fault. It means that (1) the seismic
P and T axes define the local principal strain-rate axes, not
the local principal stress axes; (2) the slip directions on the
shear planes are the directions of the maximum resolved rate
of shear of the global deformation rather than the direction of
the maximum resolved shear stress; and (3) the inversion
provides the orientations and relative magnitudes of the prin-
cipal global strain rates, not the principal global stresses. This
difference in approach has allowed Twiss et al. (1991) to de-
rive the effects of rigid block rotations on the slip directions
and Twiss et al. (1993) to derive the effects on the asymmet-
ric part of the generalized micropolar seismic moment tensor.
Micropolar inversion is unique in accounting for possible
block rotations, and Unruh et al. (1996, 2003) and Lewis
et al. (2008) argue that the results of the inversion are better
interpreted as the deformation rather than the stress. The re-
sults presented by Unruh et al. (1996) support the hypothesis
that coseismic block rotations have an observable effect on
focal mechanism solutions. The use of the micropolar model
for inverting the aftershock focal mechanisms thus leads to a
more complete description of the deformation within seismo-
genic shear zones.

In the case of the modeling of localization phenomena,
the major advantage of the Cosserat theory with respect to
the classical linear theory (Schijve, 1966; Sharbati and Nagh-
dabadi, 2006) is a better description of the brittle deforma-
tion. Indeed, distributed brittle deformation in the Earth’s
crust is characterized by granular substructure for which
the grains are effectively rigid blocks, and the fault planes
are the boundaries of the blocks (Luyendyk et al., 1980;
Wells and Heller, 1988; Kissel and Laj, 2012). A distributed
brittle deformation can be described with the classical linear
elastic theory but only if the discontinuous slip on fault
planes is assumed to be averaged over a local volume of
the material, that is, if the discontinuous slip is large relative
to the distance between the discontinuities. Under this con-
dition, the linear elastic theory gives rise to a symmetric
moment tensor, although several geodesy studies (see, e.g.,

Molnar and Qidong, 1984; Peltzer et al., 1999) suggested
that it should be asymmetric because an asymmetric defor-
mation and velocity gradient field has been observed in ma-
jor shear zones. An asymmetric moment tensor allows a
momentum exchange between the rotational microstructure
in the source region and the rest of the Earth. The momentum
exchange is produced by redistribution of mass during the
seismic event. It has been previously shown that this momen-
tum exchange corresponds to nonlinear terms in the theory of
wave propagation (Takei and Kumazawa, 1994). The physi-
cal justification for this momentum exchange is the presence
of mass advection in the rupture process or events occurring
on the Earth’s surface involving a detached mass such as
landslides or volcanic earthquakes related to magmatic activ-
ity. The linear elastic theory fails to account for these effects.

Here, we present the dynamic description of the seismic
source using the linear micropolar theory. We first give a
brief motivation for the use of micropolar theory in seismol-
ogy. We then recall the formal description of the equations of
motion in micropolar media, explain concepts of strain and
stress glut source (Backus and Mulcahy, 1976a,b) and strain
and stress Green’s tensors, and finish with the illustration of
the slip on an ideal fault described by the linear micropo-
lar model.

Motivation for the Use of Micropolar Theory Using
Rotational Sensor Records

The introduction of a new theory should be motivated by
observations that cannot be explained with theories currently
in use. With this, the main motivation of micropolar theory in
seismology comes from the insufficiencies of the conven-
tional linear elasticity to coherently include rotational mo-
tions (Nagahama and Teisseyre, 2000; Teisseyre et al., 2006,
2008; Teisseyre, 2008, 2011). In conventional elasticity, rota-
tional motions ω are computed using the curl operator (e.g.,
Bernauer et al., 2009; Lee et al., 2009; van Driel et al., 2012;
Nader et al., 2015) as follows:
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in which v is the velocity field and ω is the vertical rotation
rate. Equation (1) shows that information on the gradient of
the displacement in the horizontal planes (∂xvy − ∂yvx) are
needed to compute ωz, for instance.

In practice, the vertical coordinate of the rotation rate ωz

can be approximated using the velocity records provided by
translational seismometers as follows:
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−
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Δy

�
; �2�

in which Δ is the difference operator.
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In conventional elasticity, the partial derivatives in equa-
tion (1) have thus been replaced by differential approxima-
tions in equation (2) (Spudich et al., 1995). This leads to
the fundamental question: how far or close should the trans-
lational seismometers be placed to obtain a reliable approxi-
mation of the rotational field? This is not an easy question to
answer because it depends on the properties of the material
that is between the seismic stations (see Fig. 1). From a theo-
retical perspective, the problem remains the same. It means
that the conventional theory of elasticity is unable to see local
heterogeneities smaller than the grid-size spacing selected in
the numerical simulation. This problem has been attempted to
be solved using homogenization techniques (Fichtner et al.,
2013; Capdeville et al., 2013), but it still remains an approxi-
mation of the exact rotational field.

Unlike translational seismology, the development of ro-
tational seismology and rotational sensors (Schreiber et al.,
2006; Bernauer et al., 2009; Ferreira and Igel, 2009; Wasser-
mann et al., 2009) provide us direct measures of rotations at
single points, or local rotations (Suryanto et al., 2006). This
challenges the theory of linear elasticity—as shown previ-
ously, linear elasticity cannot measure local rotations, which
are instead obtained from finite-difference approximations of
the curl operator—and justifies the exploration of alternative
theories of wave propagation for including local rotations
such as micropolar theory.

Equations of Motion

The equation of motion of micropolar media can be
found using the variational formalism of minimum action
or Lagrangian approach (Whitham, 1973), which minimizes
the action integral I of the form

EQ-TARGET;temp:intralink-;df3;55;153I �
Z

t

0

Z
Ω
Ld3xdt �

Z
t

0

Z
Ω
�K − E�d3xdt; �3�

in which Ω denotes the volume of the continuum, L is the
Lagrangian defined as the difference between kinetic K and
potential energy E. Thus, the Lagrangian approach solves the

minimization problem δI � 0 to find the governing equa-
tions of motion. To find equations of motion including mi-
crostructure, we should be able to define the kinetic energyK
and potential energy E, also called internal elastic free
energy.

The general internal elastic free energy E for the linear
micropolar continuum can be written in index notation as
follows:

EQ-TARGET;temp:intralink-;df4;313;637E�e;ϖ� � 1

2
eijCijklekl|������{z������}

elastic free energy

� 1

2
ϖijHijklϖkl|��������{z��������}

rotational elastic free energy

; �4�

in which e � eij is the second-order strain tensor, ϖ � ϖij

is the second-order curvature tensor (curvature-twist tensor),
and C � Cijkl H � Hijkl are the fourth-order tensors of
elastic constants with the symmetry Cijkl � Cklij and
Hijkl � Hklij, respectively.

The strain e and curvature ϖ tensors have been defined
by Eringen (1999) as follows:
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in which the variable u denotes the usual macrodisplace-
ment and θ denotes the spin or microrotation vector. The
symbol ϵ refers to the Levi-Civita alternating tensor. The curl
operator for vector fields has the well-known expression
�curl u�k � ϵkabub;a. In the rest of the article, we will use
without distinction the terms “spin” and “microrotation” to
denote the field θ.

The main difference between the linear elastic and the
linear micropolar models is the presence of the antisymmet-
ric part in the strain tensor eij (see equation 5). The linear
elastic model only contains the symmetric expression. The
antisymmetric part in equation (5) is given by the difference
between the macrorotation 1=2 curl u and microrotation θ.
This means that the linear micropolar model allows the mac-
rorotation to be different from the microrotation; if they are
the same, we simply recover the conventional linear elastic
model. The assumption of the micropolar model is that this
difference adds deformation to the continuum.

To satisfy the conservation of momentum in the Cos-
serat model, the existence of particle microrotation gives rise
to couple stresses, or couples per unit area, in addition to
traditional force stresses. The linear micropolar theory thus
introduces expressions for the couple-stress relation m in
addition to the stress tensor σ as follows:

EQ-TARGET;temp:intralink-;df6;313;98σij �
∂E
∂e � Cijklekl; mij �

∂E
∂ϖ � Hijklϖkl; �6�

T R

Local heterogeneities

Figure 1. Rotational seismology using conventional and micro-
polar elasticity.
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in which σ is the stress tensor and m is the couple-stress ten-
sor or moment-stress tensor (Eringen, 1999).

Considering an isotropic medium and using the defini-
tion of the conformally invariant Cosserat model, that is, the
couple-stress tensor is invariant under conformal transforma-
tions, we can write the linear micropolar stress tensor σ and
the couple-stress tensor m as follows:

EQ-TARGET;temp:intralink-;df7;55;649
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(For further details, see Neff and Jeong, 2009; Neff, Jeong,
and Fischle, 2010; Neff, Jeong, Münch, et al., 2010.) The
parameters λ; μ �MPa� are the classical Lamé moduli. An
elastic constant μc ≥ 0 �MPa� is introduced, and it is called
the “Cosserat couple modulus” because it couples between
the macro and the micromedium. If μc � 0 in equation (7),
we recover the conventional expression for the symmetric
stress tensor. The parameter Lc is a characteristic length
��Lc� � meters� of the microstructure related to the problem
under study.

Defining the total micropolar kinetic energy as follows:

EQ-TARGET;temp:intralink-;df8;55;419K � 1

2
ρ
∂u
∂t ·

∂u
∂t �

1

2
η ·

∂θ
∂t ·

∂θ
∂t ; �8�

in which the center dot represents the dot product, ρ is the
macroscopic density and η is the microinertia density tensor
of the spin (in the isotropic case, simply a scalar). Solving the
minimization problem δI � 0, with I defined by equation (3),
we can find the general linear micropolar equations of mo-
tion given by the following expressions:

EQ-TARGET;temp:intralink-;df9;55;303

ρ
∂2u
∂t2 � Div σ; balance of linear momentum

η
∂2θ

∂t2 � Divm� ϵ : σ; balance of angular momentum;

�9�

in which Div is the divergence of a second-order tensor field
defined as �DivP�i � ∂Pji=∂xj and “:” refers to the double
scalar product. The free surface boundary conditions are
given by

EQ-TARGET;temp:intralink-;df10;55;166n̂ · σ � n̂ ·m � 0 on ∂Ω; �10�

in which n̂ refers to the direction normal to the surface ∂Ω.
The equations of motion in linear micropolar media are

given by a set of second-order coupled partial differential
equations for the displacement-spin fields (see equation 9).
A model called the “reduced dynamic Cosserat model”

(Grekova et al., 2009; Kulesh et al., 2009; Grekova,
2012a,b, 2016) is obtained considering Lc � 0 in
equation (7).

Strain and Stress Glut Source

An indigenous source is any phenomenon occurring
within or upon the surface of the Earth that does not involve
forces exerted by any other bodies. For instance, whereas slip
on a fault inside the Earth is an indigenous source, a meteor
strike is not. The seismic sources that generate the earth-
quake’s energy are considered indigenous sources (Dahlen
and Tromp, 1998).

Because the seismic source energy is generated inside
the Earth and no external forces act during the earthquake
event, the balance of linear and angular momentum is con-
sidered to hold at any moment. The seismic source is then
considered to be a localized failure in Hooke’s empirical
law (equation 7) within a certain region of the space (see
Fig. 2). This means that the constitutive relations (equation 7)
are valid everywhere except in the earthquake’s source
region.

The difference between the stress model that satisfies the
constitutive Hooke’s law and the real (observed or true)
stress is called “the stress glut” or “stress excess” (Backus
and Mulcahy, 1976a,b; Dahlen and Tromp, 1998). In linear
micropolar elastic media, the concept of seismic moment
source given by the stress glut can be mathematically defined
as follows:

EQ-TARGET;temp:intralink-;df11;313;159σglut � σHooke − σtrue and mglut � mHooke −mtrue;

�11�

in which σHooke and mHooke refer to the stress and moment
stress that satisfy the constitutive Hooke’s law in equation (7),
and σtrue mtrue refer to the real (observed or true) stress and

Figure 2. Cartoon representing the failure of Hooke’s law
within the fault’s volume Ω inside the Earth’s volume V.
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couple stress that satisfy the equation of motion (the balance
of forces in the closed system). The stresses glut in equa-
tion (11) are nonzero quantities only within the failure zone.

In a linear micropolar medium, if we substitute the
expressions for the stress glut and moment stress glut (equa-
tion 11) in the equations of motion (equation 9), we obtain
the following:

EQ-TARGET;temp:intralink-;df12;55;443

ρ
∂2u
∂t2 �DivσHooke−Divσglut

η
∂2θ

∂t2 �DivmHooke−Divmglut−ϵ :σHooke�ϵ :σglut: �12�

Comparing equations (9) and (12), the terms �−Div σglut� and
�ϵ : σglut − Divmglut�may be understood as equivalent body-
force densities for the displacement u and spin θ fields, re-
spectively.

We can now write the linear micropolar equations of
motion (equation 12) under the influence of stress glut
and moment stress glut, as follows:
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∂t2 � Div σ � f; η

∂2θ
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with

EQ-TARGET;temp:intralink-;df14;55;230f � −Div σglut and g � −Divmglut � ϵ : σglut: �14�
In index notation, we then obtain
EQ-TARGET;temp:intralink-;df15;55;189
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Figure 3 shows a shear deformation in conventional lin-

ear elastic and linear micropolar media. The undeformed
configuration of the medium (Fig. 3a) contains an internal

block, which can be understood as a microscopic continuum.
In the linear elastic medium, the internal block experiences
rigid body rotation in the same material planes of the macro-
scopic medium (Fig. 3b), but in the linear micropolar
medium, it rotates independently of the macroscopic material
planes (Fig. 3c).

Green’s Tensors

The Green’s tensors can be used to represent, in a gen-
eral way, the solutions of the linear micropolar equations of
motion (equation 13) under the influence of the body-force
densities (equation 15). The displacement Green’s tensor of
the medium in the form Gqn�r; t; s; τ� is the qth component of
the displacement uq at the receiver location r and time t, due
to an impulsive source of the form

EQ-TARGET;temp:intralink-;df16;313;339fj�r; t� � δjnδ�r − s�δ�t − τ�; �16�

applied in the nth direction at the source location s; and time
τ (Dahlen and Tromp, 1998; Ampuero and Dahlen, 2005).

In terms of the Green’s tensor in classical linear elastic-
ity, we can express the displacement response un�r; t� due to
an imposed body force fj�x; t� within a region Ω in the form

EQ-TARGET;temp:intralink-;df17;313;245un�r; t� �
Z

t

0

Z
Ω
Gnj�r; t; x; τ�fj�x; τ�d3xdτ: �17�

In classical linear elasticity, the Green’s tensor satisfies the
source–receiver reciprocity relationship:

EQ-TARGET;temp:intralink-;df18;313;176Gqn�r; t; s; τ� � Gnq�s; t; r; τ�; �18�

in which the nth and qth directions must be interchanged, in
addition to the locations of the source s and receiver r. This
means that a source and receiver may be interchanged, and
the same waveform will be observed.

In terms of Green’s functions in a linear micropolar
medium, we can write the displacement un�r; t� and spin

(a) (b) (c)

Figure 3. Cartoon representing (a) the undeformed material, (b) the shear deformation in conventional linear elastic, and (c) linear
micropolar media. The main difference between the two models is that the linear micropolar model allows internal rigid rotation of the
material different from the average continuum rotation 1=2 curl u assumed in the linear elastic theory (after Twiss et al., 1993).
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θn�r; t� responses due to impulsive body forces fj; gj of the
form (equation 16), as follows:

EQ-TARGET;temp:intralink-;df19;55;709
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" #
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� �
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�19�

in which the Green’s tensor Gfu
nj describes the nth component

of the macroscopic displacement un�r; t� at the receiver lo-
cation r and time t, due to an impulsive force of the form
equation (16) acting on the displacement field. The Green’s
tensor Ggθ

nj describes the nth component of the microrotation
θn�r; t� at the receiver location r and time t, due to an im-
pulsive force gj of the form equation (16) acting in the spin
field. The rest of the Green’s tensors Ggu and Gfθ can be
interpreted in a similar way, that is, the Green’s tensor
Ggu

nj describes the nth component of the macroscopic dis-
placement un�r; t� at the receiver location r and time t,
due to an impulsive force of the form equation (16) acting
on the spin field and the Green’s tensor Gfθ

nj describes the
nth component of the microrotation θn�r; t� at the receiver
location r and time t, due to an impulsive force gj of the form
equation (16) acting in the displacement field.

If we assume that g � 0, that is, the only force that gen-
erates seismic motion is applied over the displacement field u
only, we can write the following solutions:

EQ-TARGET;temp:intralink-;df20;55;414
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On the other hand, if we assume that f � 0, the only force
that generates seismic motion is applied over the microrota-
tional field θ only, and we can write the following solutions:
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Equations (20) and (21) show that microscales and macro-
scales are explicitly related with the micropolar description
of the seismic source.

Strain and Stress Green’s Tensors

The Green’s tensors can be used to represent the dis-
placement u�r; t� and spin θ�r; t� responses to a smoothly
varying imposed body forces. Inserting equation (15) into
equation (19), we can write the following solutions:

EQ-TARGET;temp:intralink-;df22;313;733
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�
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∂xiCijkle

glut
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∂xiHijklϖ
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mo �x;τ�

2
4

3
5d3xdτ:
�22�

After integrating by parts and assuming that the boundary
term vanishes, we obtain

EQ-TARGET;temp:intralink-;df23;313;608
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�
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∂xi − ϵijsG
gθ
ns

�
Cijkle
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� ∂Ggθ
nj

∂xi Hijklϖ
glut
kl

�
d3xdτ: �23�

We define the strain and curvature Green’s tensors as fol-
lows:

EQ-TARGET;temp:intralink-;df24;313;440

Eζ
nij�r; t; s; τ� �

∂Gfζ
nj

∂ri − εijsG
gζ
ns; strainGreen′s tensor

Cζ
nij�r; t; s; τ� �

∂Ggζ
nj

∂ri ; curvatureGreen′s tensor �24�

with ζ � fu; θg.
Unlike in linear elastic media, the strain Green’s tensor

(equation 24) is not symmetric. This represents a clear ad-
vantage of the use of microcontinuum field theories for
the description of the seismic source (Twiss, 2009) because
the net torque at any point can be represented. (In the Strain
and Stress Green’s Tensors section, we explain this advan-
tage in more detail.)

We denote the ijth component of stress σij and couple-
stress tensors mij at the location r; and time t due to the
applied forces fj; gj as follows:

EQ-TARGET;temp:intralink-;df25;313;230

Tζ
nkl�r;t;s;τ��Cijkl�r�Eζ

nij�r;t;s;τ�; stress Green0s tensor
Mζ

nkl�r;t;s;τ��Hijkl�r�Cζ
nij�r;t;s;τ�; couple�stress Green0s tensor

�25�

with ζ � fu; θg. Unlike conventional linear elastic media, the
strain, curvature, stress, and couple-stress tensor are no
longer symmetric.

We finally write the Green’s displacement and spin
solutions as follows:
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EQ-TARGET;temp:intralink-;df26;55;532
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Slip on an Ideal Fault

We considered a source specified by a smoothly varying
strain glut σglut and couple-strain glut mglut within a 3D
source volume Ω. We now assume that the source region
is a plane. Let ξ denote the position of points on the surface
Σt (the superscript t serves as a remainder of the time-depen-
dent nature of the failure process) and let n̂�ξ� be the unit
normal to the fault at ξ. The side toward which the normal
points is referred to as the plus ��� or front side of the fault
surface, and the opposite side is referred to as the minus �−�
or back side (see Fig. 4).

For any function, w�ξ� that is discontinuous across the
fault surface Σt, we denote

EQ-TARGET;temp:intralink-;df27;55;247w	�ξ� � lim
h→0

w�ξ	 hn̂�; �27�

the values at juxtaposed points on either side of the fault. In
conventional linear elasticity, the tangential slip discontinuity
Δuk�ξ; τ� of the front side relative to the back side is given by
the following expression:

EQ-TARGET;temp:intralink-;df28;55;161Δuk � u�k − u−k : �28�

The magnitude of the slip vector Δuk is denoted by Δu�ξ; τ�
and its instantaneous direction (slip direction) by rk�ξ; τ�, so
that

EQ-TARGET;temp:intralink-;df29;385;733Δuk � Δurk: �29�

The simplified earthquake’s fault can
be considered to be a bimaterial interface
with different physical properties on either
side and can be completely kinematically
characterized by a prescribed tangential
slip distribution Δuk�ξ; τ�. We again con-
sider that the Earth’s model is assumed to
be perfectly elastic everywhere except on
the fault’s surface Σt, that is, where
Hooke’s law fails.

We consider that the strain glut eglut

and curvature glut ϖglut are singular distri-
butions (see Dahlen and Tromp, 1998,

p. 153, for the case of conventional linear elasticity) given
explicitly by the following expressions, respectively

EQ-TARGET;temp:intralink-;df30;313;519

eglut �
Z
Σt
pkl�ξ; τ�δ�x − ξ�d2ξ; with

pkl�ξ; τ� � Δu�n̂krl � n̂lrk�; �30�

in which r denotes the instantaneous direction (slip direction)
and n̂ the normal vector to the fault’s surface. Expression (30)
reveals that the strain glut eglut may be expressed as a sum of
potency density functions �pkl� at certain locations ξ deter-
mined by the Dirac delta function δ�x − ξ� distributed across
the surface of the fault Σt. We refer to pkl�ξ; τ� � plk�ξ; τ� as
the potency density tensor.

Following Dahlen and Tromp (1998, chap. 5), we can
define the moment density tensor as follows:

EQ-TARGET;temp:intralink-;df31;313;349M	
ij � C	

ijklpkl; �31�

which can be written in isotropic media as follows:

EQ-TARGET;temp:intralink-;df32;313;302M	
ij � μ	Δu�n̂jri � n̂irj�: �32�

In linear micropolar elasticity, Twiss et al. (1991) and
Unruh et al. (1996) define the direction of the slip vector
as follows:

EQ-TARGET;temp:intralink-;df33;313;227νm � 1

L

�
1

2

�∂ _uk
∂xj �

∂ _uj
∂xk

�
n̂k�δjm − n̂jn̂m�

� ϵmkj

�
1

2
ϵjab

∂ _ub
∂xa −

_θj

�
n̂k

�
; �33�

in which dot over the variables denotes derivation with re-
spect to time and L is the magnitude of the shear rate vector,
that is, the magnitude of the gradient, normal to the shear
plane, of the slip velocity (it has units of inverse time).
The quantity between braces […] defines the components
of the slip velocity vector per unit distance normal to the
shear plane (Twiss, 2009). It is assumed that the unit vector

(a) (b)

Figure 4. (a) 2D representation of the seismic fault Σt. The superscript t serves as a
remainder of the time-dependent nature of the failure process. The symbol n̂�ξ� is the
unit normal to the fault at the location ξ. (b) The side toward which the normal points is
referred to as the plus ��� or front side of the fault surface, and the opposite side is
referred to as the minus �−� or back side.
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normal to a micromaterial shear plane is parallel to a unit
macromaterial vector. Thus, the asymmetric micropolar mo-
ment density tensor can be written as follows:

EQ-TARGET;temp:intralink-;df34;55;697M	
ij � C	

ijklΔun̂kνl: �34�

We can write the following expressions for the micropolar
moment density tensor in isotropic media:

EQ-TARGET;temp:intralink-;df35;55;638

M	
ij � μ	Δu�n̂jνi � n̂iνj� � μ	c Δu�n̂jri − n̂iνj�;
� Δun̂jνi�μ	 � μ	c � � Δun̂iνj�μ	 − μ	c �: �35�

Assuming that the walls of the fault are not allowed to sep-
arate or to interpenetrate, the conditions Δu · n̂ � 0 and Δθ ·
n̂ � 0 must be fulfilled, in addition to the condition that the
displacement and spin slips must vanish on the instantaneous
edge ∂Σt of the fault, except where that edge may intersect
the solid surface of the Earth or the sea floor.

It is noteworthy that the micropolar moment density ten-
sorM	

ij is asymmetric and that the antisymmetric part is gov-
erned by the Cosserat couple modulus μc. Therefore, in
linear micropolar media (equation 35), unlike in linear elastic
media (equation 32), the moment density tensor is no longer
symmetric. This property of the linear micropolar theory has
been noted before (Twiss et al., 1993; Twiss and Unruh,
2007; Twiss, 2009; Twiss and Marrett, 2010). Nonetheless,
the contribution in this work is to explicitly relate symmetric
and asymmetric parts to elastic constants.

The stress glut σglut may be written in terms of the mo-
ment density tensor as follows:

EQ-TARGET;temp:intralink-;df36;55;370σglutij �
Z
Σt
M	

ij �ξ; τ�δ�x − ξ�d2ξ � M	
ijδΣt ; �36�

in which δΣ denotes the Dirac delta function located on the
fault surface Σt.

Because the moment density tensor is written in terms of
the average slip Δu, we can assumeϖglut

kl � 0. Thus, the dis-
placement u and spin θ solutions can be respectively written
as follows:

EQ-TARGET;temp:intralink-;df37;55;252

un�r; t� �
Z

t

0

Z
Σt
Eu
ijn�r; t; ξ; τ�M	

ij �ξ; τ�d2ξdτ;

θn�r; t� �
Z

t

0

Z
Σt
Eθ
ijn�r; t; ξ; τ�M	

ij �ξ; τ�d2ξdτ: �37�

Solutions in equation (37) allow to explicitly relate the dis-
placement and spin responses to the moment density tensor
M, which has been previously studied in kinematic inver-
sions in real field cases (Twiss et al., 1991; Unruh et al.,
1996, 2003; Wojtal, 2001; Lewis et al., 2008; Schemmann
et al., 2008).

Discussion and Conclusions

We have shown that the use of linear micropolar theory
for the description of the earthquake’s fault process provides
more enriched kinematics of the physics of the earthquake’s
rupture compared with the classical description. It yields an
asymmetric moment tensor that can be used in future studies
to fit observed asymmetric fault displacement (see, e.g., Pelt-
zer et al., 1999), and it now depends on a new elastic con-
stant, the Cosserat couple modulus μc, that should be
included in the future source mechanism inversions. These
results are in agreement with previous works that show that
the application of micropolar theory has allowed to derive the
effects of rigid block rotations on the slip directions (Twiss
et al., 1991) and on the asymmetric part of the generalized
micropolar seismic moment tensor (Twiss et al., 1993).

The micropolar theory accounts for the existence of an
independent rotation or spin θ different from the continuum
rotation 1=2 curl u. This allows a momentum exchange be-
tween the rotational microstructure in the source region and
the rest of the Earth. Since the 1960s, many analyses of earth-
quake source mechanisms have explicitly excluded net
forces and torques from consideration (e.g., Julian et al.,
1998; Miller et al., 1998; Vavryčuk, 2002; Foulger et al.,
2004; Šílený et al., 2009). Because the stress glut in the con-
ventional theory of elasticity is symmetric, there is no net
torque at any point (Backus and Mulcahy, 1976b; Dahlen
and Tromp, 1998). A more complete analysis including
the effects of gravitation and mass advection, however,
shows that the conventional linear equation of motion is
based on overly restrictive assumptions and that net force
and torque components are possible for realistic sources
within the Earth (Julian et al., 1998).

Julian et al. (1998) show that these kind of forces arise
from (1) differences between the Earth’s true density distribu-
tion and that in Hooke’s model, (2) time variations in density
caused by mass advection, (3) differences between true par-
ticle acceleration and that obtained by linearizing the Eulerian
description of motion, (4) differences between the true gravi-
tational acceleration and that in the model, and (5) variations
in gravity caused by the mass variations (effects 1 and 2). The
unbalanced forces and torques arising from these effects trans-
fer linear and angular momentum between the source region
and the rest of the Earth, with both types of momentum con-
served for the entire Earth (Julian et al., 1998).

The linear micropolar theory helps describe independent
rigid body rotations of internal blocks in brittle deformation
processes (Twiss et al., 1993; Twiss, 2009) taking into account
the net torque. The focal mechanism plot of a strike-slip fault
is shown in Figure 5a. It is impossible to distinguish the case
of the right-lateral slip on an east–west-striking fault from left-
lateral slip on a north–south-striking fault (e.g., Dahlen and
Tromp, 1998; Aki and Richards, 2002). The micropolar focal
mechanism plot shown in Figure 5b provides an asymmetric
pattern which allows to distinguish the ambiguity inherent to
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the traditional representation, clearly showing that the pattern
of the fault is north–south-striking.

One possible way forward is to use micropolar theory
combined with information provided by rotational seismom-
eters. Rotational seismology is an emerging field and it has
recently been proposed that it could provide more information
on, for example, rupture processes, anisotropic wave propaga-
tion, and normal modes of the Earth among many others ap-
plications (Schreiber et al., 2006; Suryanto et al., 2006;
Bernauer et al., 2009; Ferreira and Igel, 2009; Lee et al.,
2009; Wassermann et al., 2009, 2016; Lee, 2013; Nader et al.,
2015; Tanimoto et al., 2015; van Driel et al., 2015; Donner
et al., 2016; Reinwald et al., 2016). This work provides a theo-
retical framework for the development of future dynamic
source inversions using micropolar theory on the basis that
coseismic block rotations have an observable effect on focal
mechanism solutions.

There must be, however, a balance between the compli-
cation of mathematical theories of wave propagation and the
advantages that these theories may bring to science. Using the
micropolar theory, we are introducing more parameters in the
wave propagation problem such as the microinertia density η,
the characteristic length scale Lc, and the Cosserat couple
modulus μc. There have been recent attempts to explain the
influence of the new parameters in wave propagation and to
evaluate them from Earth’s mantle materials (Abreu, Kamm,
et al., 2017; Abreu, Thomas, et al., 2017) for a more complete
picture. With the information provided by the kinematic inver-
sions done using the micropolar model (Twiss et al., 1991;
Unruh et al., 1996, 2003; Wojtal, 2001; Lewis et al., 2008;
Schemmann et al., 2008), it should be feasible to make micro-
polar full-waveform source inversions using the adjoint method
(Hingee et al., 2011). This then needs to be tested against
observations to fully explore the potential of the new theory.

Data and Resources

No data were used in this article.
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