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Abstract

Our purpose in this work is to analyse in some detail the influence of convection on the formation and the build-up of
the solutal boundary layer during the initial composition transient. Our main assumption is that the alloy is sufficiently
dilute for the variation of the interface temperature to be neglected, in other words that the solidification interval is small
enough. In order to thoroughly characterise the problem, we use a coupled theoretical (analytical and scaling analysis)
and numerical approach. Comparison with existing experimental data is also provided. The effect of convection is seen to
be adequately accounted for owing to the convecto-diffusive parameter 4. The overall agreement observed allows us to
propose a simple rule of thumb expression for the extent of the initial composition transient. © 2000 Elsevier Science

B.V. All rights reserved.
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1. Introduction

In many experimental configurations, an initial
transient period is necessary before a solidification
steady state can be reached. Such a period was
shown for instance to be important in the study of
pattern formation [1,2] or to control the mor-
phological stability of the growth front [3]. Re-
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garding solute segregation in alloy crystals, the
problem had received a lot of attention in the
1950s, where various analytical solutions were pro-
posed by Tiller et al. [4], Pohl [5] as well as Smith
et al. [6] and Memelink [7]. The main assumptions
in these studies was that solute transport proceeded
only by diffusion and that the interface velocity
reached instantaneously its prescribed value. In re-
cent days, the models were refined under the same
basic assumptions to account for kinetic under-
cooling at the growth front [8] and solidification
from an initially heterogeneous melt [9]. From
a mathematical standpoint, it should also be noted
that a rigorous new derivation of the results of
Smith et al. was proposed by Nastac [10].
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Nomenclature

A aspect ratio of fluid cavity for numerical
simulations

C  solute composition field (mass fraction)

Co, nominal solute composition (mass fraction)

Cs  solid state interface composition in 1-D
analytical approach (mass fraction)

Cs.av average solid state interface composition in
numerical simulations (mass fraction)

Cgs steady state solid state interface
composition (mass fraction)
solute diffusion coefficient (m? s~ )

e rejected solute loss to bulk fluid (mass
fraction)

Gl  liquid phase temperature gradient (K m™?)

g  gravity (ms~?)

H  typical dimension of the fluid cavity (m)

k equilibrium partition coefficient

ke effective partition coefficient

tr  initial transient duration (s)

vV fluid velocity (m s~ %)

Ve effective solute transport velocity (ms™!)

¥V,  interface velocity (ms™?)
Zy initial transient length (m)
z nondimensional coordinate along crystal

axis (z = ZVy/D)

Greek

Pr thermal expansion coefficient (K ~')
0 solutal boundary layer thickness (m)
A convecto-diffusive parameter (4 = §V/D)
Ac normalised radial segregation
(Ac = AC/Cs ay)
v kinematic viscosity (m? s~ 1)

Nondimensional numbers
Gr  Grashof number (Gr = BGlgH*/v?)

Pe Peclet number (Pe = HV/D)
Sc Schmidt number (Sc = v/D)

Warren and Langer [11], as well as Caroli et al.
[12], addressed the problem of interface recoil, in
other words the fact that the front temperature
changes during the initial transient, due to local
composition variations. Indeed, considering the
relatively low velocities used in conventional solidi-
fication, a quasi-equilibrium can be assumed at the
solid-liquid interface, meaning that there will be
a direct correlation between temperature and con-
centration changes. Such an effect is expected to be
important at high values of AT /G, where AT,
represents the solidification interval at a given alloy
composition C, and G the thermal gradient, as
checked by Huang et al. [13]. An assumption com-
mon to all these models is that the thermal transi-
ent necessary for the heat transfer within the
furnace is very short [12], but we shall see in the
experimental section that this hypothesis may be
questionable.

Comparatively, little attention has been paid to
the role of fluid flow in the formation of the solute

boundary layer ahead of the growth front, even
though most solidification processes take place in
the presence of convection. Using the stagnant film
model initially proposed by Burton et al. [14],
Huang et al. obtained a numerical solution for the
composition variations in a sample of finite length.
Such an approach had been used earlier by Favier
[15], who obtained a solution in the form of an
asymptotic series. However, the lack of physical
basis of the stagnant film representation has been
criticised in standard literature works [16-18]; it
thus seemed interesting to see whether the solute
boundary layer model, initially proposed by Wag-
ner [19] and later revived by Wilson [20], could
account for the effect of convection on the duration
of the initial transient.

Our focus in the present work will be to examine
in some detail the role of convection in the phases
of formation and build-up of the solute boundary
layer from an initially homogeneous melt. We shall
not consider the interface recoil, and assume that
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the interface velocity jumps instantaneously to its
prescribed value. Our purpose will be to provide
exact (Section 2) and approximate (Section 3) ana-
lytical solutions for the composition variations in
the initial transient, expected to be physically rel-
evant for experimental conditions such that the
ratio AT,/G is low and the thermal transients are
short. The validity of these solutions will be
checked by means of numerical simulations (Sec-
tion 4) and by comparison with existing experi-
mental data (Section 5). These results will allow one
to propose a rule of thumb expression for the dura-
tion of the solute boundary layer build-up, that can
be easily used in practice.

2. Analytical solution

Our starting point will be the classical convecto-
diffusive equation governing solute conservation in
a binary alloy, written in a frame moving at the
interface velocity Vy. The rationale behind this
choice of reference frame is that it allows a steady
state to be reached, after an initial transient that we
plan to derive. If we let C, D and V stand, respec-
tively, for the alloy composition, solute diffusion
coefficient and convection velocity, the equation
can be written as

aC/ot + (V- V)C = DVAC + (V- V)C. 1)

In the frame of the boundary layer model, assuming
that the relevant composition variations take place
in the Z-direction, the above equation becomes
[18,21]

3C/ot = D2CJOZ* + V 0C/OZ, ?)

where the constant effective velocity Ve is de-
fined as D/, o being the steady-state solute bound-
ary layer thickness. This effective velocity accounts
for the combination of both diffusive and convec-
tive mass transport [21]. The validity of the formu-
lation has been successfully tested in a variety
of situations [18,22]. An implicit assumption in
Eq. (2) is that the boundary layer thickness has
reached its steady-state extent o in a time that is
short compared to the total duration of the initial

transient. In other words, we suppose that the fill-
ing-up of the boundary layer is the limiting kinetic
process, but we shall check the validity of this
assumption in the scaling analyses carried out in
Section 3.

To fully specify the mass transport problem, we
need initial and boundary conditions. We shall
assume that at t = 0, the melt is at uniform com-
position

C=C, att=0. (3)

In a dilute alloy with a constant partition coeffic-
ient k, solute conservation at the interface takes the
form

— D@OC/0Z), = Vi(1 — k)C,. 4)

As for the far field condition, we shall assume that
the composition remains equal to its initial value

C—Cy whenZ - 0. (5)

We are thus left with a linear equation with con-
stant coefficients, that can be solved using a La-
place transform technique, initially proposed in
Refs. [6,7]. The interested reader is referred to the
Appendix for the details of the derivation. The
composition profile can be expressed as a function
of the nondimensional parameter 4 = §V/D that
measures the relative importance of diffusive and
convective mass transport. This parameter
A ranges from values close to zero in the case of
strong fluid flows to unity for purely diffusive mass
transport. In the following, we shall refer to 4 as the
convecto-diffusive parameter [18]. Equivalently,
composition profiles can be characterised by the
effective partition coefficient k¢, defined as Cgg/Co,
Cgs being the steady-state composition in the solid.
The effective partition coefficient k. will range
between k (total mixing in the melt) and unity
(purely diffusive mass transport). More specifically,
the relation between the effective partition coeffic-
ient and the convecto-diffusive parameter can be
written as [18]

keee = k/[1 — (1 — k)4]. (6)

Setting ¢ = (1 — k) and defining the nondimen-
sional distance z as z = ZV,/D, the solid state
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composition profile can be expressed as

Cs(z) = ;effco{ +er f}

+ (1 _ 2qA)e*(1*qA)q2/A

X e:rfc[(z(1 —44 - 1)\&}} (7)

24

The effect of convection is thus taken into account
through the convecto-diffusive parameter 4. Our
final closed form result appears relatively simple
compared to Huang’s numerical formulation [13]
or to Favier’s series expansion [15]. However, we
shall now see that it can be further amended owing
to the scaling analyses of next section.

3. Scaling analysis arguments

The developments of this section will be based on
the physical assumption that the initial transient
consists of two stages: in the “formation” stage, the
extent of the established liquid-phase composition
gradient will rise from zero (homogeneous fluid) to
0, the thickness of the steady-state boundary layer.
Later, in the “filling-up” stage, the interface com-
position will increase to reach its final value, Cgg/k.
Depending on the kinetics of both processes, differ-
ent assumptions will be made. We shall first con-
sider the case where the initial transient duration is
governed by the filling up of the solute boundary
layer.

3.1. “Filling-up” limited kinetics

The boundary layer having reached its steady-
state extent, it is reasonable to assume that the rate
of solute loss through the boundary layer towards
the bulk fluid is proportional to Cg/k — Cg, in
other words to the instantaneous composition dif-
ference between the interface and infinity. We shall
see that such a hypothesis is essentially equivalent
to that made by Tiller et al. [4] in the case of
diffusion-controlled solute transport. Denoting e as
the amount of solute that escapes per unit of length

solidified, we can write
e =7(Cs — kCy), ()

where the proportionality constant y can be derived
using the fact that at steady state, i.e. when
Cs = Cgg, e is equal to Cy — Cgs. Indeed, at steady
state, a solid of composition Cgg forms from
a liquid of composition Cy. As both the spatial
extent and the amplitude of the composition vari-
ations of the boundary layer are fixed, the solute
rejected by the advancing interface has to “escape”
in the bulk fluid. We thus get

7 =(Co —

We can now write that when the interface is at the
abscissa Z, the amount of solute inside the bound-
ary layer Q is equal to the total amount rejected
since the beginning of solidification (Z = 0) minus
the amount that has been lost to the bulk fluid

Css)/(Css — kCo). ©)

0= jZ(CO — Cg)du — jze du. (10)

0 0

The amount Q can be estimated by stating that the
solute composition in the fluid decreases exponen-
tially from Cg/k at the interface to C, in the bulk
fluid over a length scale o0

Cs
Qz(T—C())(S (11)

Differentiating Eq. (10) with respect to Z using the
expression of Q given by Eq. (11), we obtain a first-
order linear differential equation with constant co-
efficients in terms of Cg

A1 dCs/dZ + 1,Cs = A5 (12)
the constants A;, 4, and A3 being given as

Ay =0/k, Ay = Co(l — k)/(Css — kCy),

A3 = CssCo(1 — k)/[(Csg — kCy). (13)

Without a priori prescribing the rate of approach
towards steady-state conditions, as assumed by
Tiller et al. [4] for diffusion-controlled solute trans-
port, we thus find that the kinetics of the initial
transient are exponential. The characteristic length
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scale for the filling-up of the solutal boundary layer,
and thus of the initial transient, can be defined as
Z1 = A1/, from the structure of Eq. (12). Plugging
in Cgg = ks Co, With ke given by Eq. (6), we get

Ze =0A/[1 — (1 — k)4]
= (D/V)A*/[1 — (1 — k)4]. (14)

More precisely, the solution to Eq. (12) yields the
composition profile in the solid

Cs(2) = Css[1 — (1 = k)4 exp( — Z/Z7)]. (15)

It is interesting to note that, in the limiting cases of
diffusion-controlled and highly convective solute
transport, Eq. (14) reduces to

D
Zr = (4 =1), (16)
Zr =%A2 (4 - 0). (17)

Eq. (14) thus accounts for the effect of convection
on the duration of the initial transient. However,
we now have to check the validity of the “filling-up”
limited kinetics assumption: to do so, the time ne-
cessary to establish by diffusion a composition
gradient over a length scale 9, in other words the
“formation time”, will be estimated as /D

> D

Ltormation = v :7A2~

format D V]2

This is to be compared with the “filing-up” time,
derived from Eq. (14)

Zr D A?
Vi, Vil—(1—k4a

Ufilling-up =

The ratio between the “formation” and “filling-up”
times is thus given as

tformation/tfilling-up =1- (1 - k)A (18)

Such a ratio varies from k for the diffusive transport
regime to unity for convective conditions. When
A — 0, we shall now see that other solute conserva-
tion arguments can be invoked to estimate the
duration of the initial transient.

3.2. Simultaneous “formation” and “filling-up”

We shall here assume that, as long as the solutal
boundary layer has not reached its final extent 0, all
the solute rejected by the advancing interface re-
mains in the vicinity of the growth front. Such an
assumption is reasonable, since convection is not
efficient in removing the solute at a scale smaller
than J, as shown in Ref. [18]. It is however some-
what drastic, since it amounts to stating that, after
the “formation” stage, all the solute escapes to the
bulk fluid, whereas it remained in the vicinity of the
growth front in the “formation” stage. At the loca-
tion Zy of that transition, we can write that enough
solute has been rejected to build the steady state
boundary layer

0= J 7(Co — Cs)du (19)

The amount Q being again given by Eq. (11) with
Cs = Cg. In the limit of highly convective solute
transport (4 — 0), it is licit to assume that during
the initial transient, as well as in the steady state,
Cs remains close to kC,. Eq. (19) thus becomes

(Css/k — Co)o = Z1(1 — k)Co.

Or, after simple algebra, plugging in again
CSS = keffco, with keff given by Eq (6)

Zy =34 = (D)V,)4% (20)

For the sake of consistency, we wrote Eq. (20) in the
limit 4 — 0. To conclude, we find that the predic-
tion of Egs. (14) and (20) are equivalent in the
convective solute transport regime limit. As the
underlying physical assumptions are totally differ-
ent in the two cases, such a result could not have
been a priori expected. Even though the conver-
gence of two approximate solutions cannot be
taken as a proof of their validity, we shall consider
that Eq. (14) can be used whatever the convecto-
diffusive state of the melt.

3.3. Validation of the approximate solution

The simple exponential behaviour of Eq. (15)
cannot obviously account for the more complex
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Fig. 1. Variation of the nondimensional initial transient length
zy = Z¢V/D with the convecto-diffusive parameter 4. Com-
parison of the predictions of the analytical (Eq. (7), symbols) and
order of magnitude (Eq. (14), full line) theoretical approaches.

form predicted by Eq. (7). Nevertheless, both com-
position profiles have the same starting (kC,) and
end (Cgg) points. The remaining question is whether
the variation predicted by Eq. (7) takes place over
a length scale of the order of Zy. To assess quanti-
tatively the possible discrepancies for a variety of
k and A values, we computed for both composition
profiles the distance where the concentration level
reaches kCy + (1 —e™ ")(Cgs — kCy). For the ex-
ponential behaviour of Eq. (15), this distance is
simply Z;. The comparison presented in terms of
nondimensional values in Fig. 1 shows that the
agreement between the two analytical approaches
is very good, the maximum discrepancy being of
the order of 30%. More precisely, in the convective
regime, the characteristic length Z; of the initial
transient computed from Eq. (7) is given by

Zi = 0.7(D/V;)A% 21)

It is interesting to note that in this convective
regime, Z7 is independent of the partition coeffi-
cient k, in agreement with the predictions of the
scaling analysis, as given by Eq. (17). The most
striking result of the analytical approaches is that
the initial transient is very short, since in many
actual growth experiments the convecto-diffusive is
fairly small, say 4 < 0.3. We shall now confirm the
validity of the analytical approaches with the help
of numerical simulations, presented in the next
section.

4. Numerical simulations

We first relied on the simulations carried out in
Ref. [23], where an idealised Czochralski config-
uration was numerically modelled. In order to ac-
count for the effect of convection, the results were
presented in terms of an equivalent stagnant film
thickness. It was thus possible to derive the con-
vecto-diffusive parameter 4 for purposes of com-
parison with our model. Fig. 2 shows the numerical
composition profiles along with those predicted by
Eq. (7). The agreement can be considered very
good, the maximum error being of the order of §%.
Nevertheless, due to the relatively low number of
cases simulated, no definite conclusion regarding
the validity of our analytical approaches could be
drawn. That is why we decided to perform dedi-
cated numerical simulations to carry out a para-
metric study.

To assess the capacity of the convecto-diffusive
parameter to account for the effect of convection,
both a horizontal and a vertical Bridgman config-
urations were modelled. The governing equations
were solved using an alternating direction implicit
(ADI) technique, with a finite-difference method
involving forward differences for time derivatives
and Hermitian relationships for spatial derivatives,
resulting in a truncation error of the second and
fourth orders in O(At*, Ar*) for time and space
steps respectively (see Hirsh [24] and Roux et al.
[25]). The mesh used to solve the problem was
generated by Thompson technique [26]. The node
density is of course larger near the side walls of the

Cs ICy

Fig. 2. Axial composition profiles versus nondimensional dis-
tance z = ZV;/D, as computed from Eq. (7) (full line) and result-
ing from the numerical simulations of Favier and Wilson
(symbols). The equilibrium partition coefficient k was taken to
be equal to 0.01.
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cavity, especially in the vicinity of the growth inter-
face. A 25 x 101 grid was found to guarantee a suffi-
cient accuracy for such studies, as shown in Refs.
[27,28] where the details of the numerical proced-
ure are presented.

Regarding physical assumptions, only thermal
convection was considered (dilute alloy approxima-
tion). In both cases, the numerical approach was
two-dimensional, respectively cartesian and axi-
symmetric for the horizontal and vertical problems.
A vorticity-stream function formulation was used
for the hydrodynamic field. In addition to the parti-
tion coefficient k, the nondimensional parameters
of the problem were:

e the Grashof number, Gr = 1 GlgH*/v?, charac-
terising the convection driving force; its defini-
tion features the thermal expansion coefficient
Pr, the liquid phase temperature gradient Gl
normal to the gravity vector g, a sample macro-
scopic dimension H and the cinematic viscosity
of the fluid v.

e the Schmidt number Sc = v/D, measuring the
ratio of the momentum and species diffusivities.

e the Peclet number Pe = HV|/D, scaling the
growth velocity.

Axial and radial solute segregation were, respec-
tively, characterised by the average composition on
slices taken normal to the growth direction Cg,,
and by the normalised composition difference
along the interface Ac, defined as

Ac = (CsMax — CS,min)/CS,Av (22)

the quantities Csy,, and Cs i, representing, re-
spectively, the maximum and the minimum of the
concentration at a given location of the interface.

A characteristic of all the numerical simulations
performed was that the initial elongation ratio was
relatively small, 4 = 4. As opposed to the work
conditions of Favier and Wilson [23], no true
steady-state composition plateau could be reached
in our simulations, and we had to design a new
strategy to estimate the characteristic length scale
of the initial transient. To do so, we took advantage
of the structure of the normalised radial segrega-
tion profiles: these were found to start from zero
(homogeneous melt initial condition), and increase

to a maximum value Ac™ lying just above a fairly
well-defined plateau value (see Fig. 3).

The location of this maximum Ac™ was shown to
correspond to the inflexion point in the axial segre-
gation profiles, and we thus defined the character-
istic length scale of the initial transient Z; as
the point where the radial concentration reached
the value (1 — e~ )AcM. It should be noted that the
coincidence between Cs,, and Ac in terms of
steady-state attainment rate cannot at this point be
explained by simple scaling analysis arguments. It
is, nevertheless, an interesting result of the numer-
ical simulations that the initial transient duration is
the same for both axial and radial segregations.

0.5

Axial segregation

0 t t t
0.00 0.50 1.00 1.50 2.00
ZH
1.20
1.00 +
c —-—-Pe=0.2
g oso4+ /- Pe=0.4
© . _
E” Pe=0.8
@ 080 T e
-2 Y PTTE PP
©
T 040 1 .
©
o e e
0.20 +
0.00 } t }
0.00 0.50 1.00 1.50 2.00
ZH

Fig. 3. Typical radial and axial segregation profiles obtained
from our numerical simulations, demonstrating the correspond-
ence between the inflexion point of Cs , and the maximum in
Ac. The equilibrium partition coefficient k was taken to be equal
to 0.087.
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Overall, a very good agreement was observed
between the simulation results and the theoretical
predictions of Section 3. Special emphasis was laid
on the convective solute transport limit, since it is
the most important in experimental practice. The
analysis of the numerical segregation profiles shows
that Zr/H is independent of the partition coeffi-
cient k and varies linearly with the Peclet number in
the low 4 range. This can be understood from Eq.
(17), that can be rewritten as Zy/H = 4*/Pe, and
from the fact that 4 is proportional to Pe in the
convective solute transport limit [18].

The variation of Z;/H with the Grashof and
Schmidt number is more intricate, but the results
can be nicely interpreted if the convecto-diffusive
parameter 4 is computed for each simulation. In-
deed, as can be seen in Fig. 4, the numerical results
for both the vertical and the horizontal configura-
tions are found to be smoothly fitted by a parabolic
law in accordance with Eq. (17). However, the pro-
portionality constants ¢ in the Zy/H ~ 4% power
law are slightly different, namely & = 1.6 for vertical
Bridgman and ¢ = 1.8 for horizontal Bridgman.
This means that the convecto-diffusive parameter
A cannot by itself account for all the details of
transient solute incorporation.

Nevertheless, the fact that the proportionality
constants are both close to each other and close to
unity supports the validity of the scaling analysis of
Section 3. Our numerical results also support the
ability of the convecto-diffusive parameter 4 to

Z/H
=

0.02 +

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

A

Fig. 4. Summary of numerical results showing the variation of
the extent of the initial transient with the convecto-diffusive
parameter 4 for both horizontal (squares) and vertical (circles)
Bridgman configurations.

capture the main physics of the mass transport
phenomena in the melt, as already observed in
a variety of related problems [21,22]. In any case,
an important consequence of the above results is
that, for the case usually met in practice where the
convecto-diffusive parameter is small, the initial
transient related to the solutal boundary layer will
be very short. We shall see in the next section that
this is indeed the case for most of the available
experimental results.

5. Comparison with experimental data

In addition to numerical results, we also wanted
to check the validity of our scaling analysis results
with existing experimental data. However, for the
comparison to be meaningful, the growth condi-
tions have to be sufficiently well specified for the
derivation of the convecto-diffusive parameter. For
instance, we cannot analyse the segregation profiles
of Inatomi et al. [29] in our theoretical frame.
Besides, due to our starting assumptions, Eq. (14) is
only expected to be valid for experimental condi-
tions such that the ratio AT, /G is low, so that the
interface recoil problem can be bypassed. This
means that our focus will be on dilute alloys, but
our approach is expected to stand in concentrated
systems in the case where convective transport
keeps the solidification interval AT, low enough.
With all these constraints in mind, we mostly relied
on experiments carried out in the Mephisto furnace
facility on tin-based alloys, both on the ground and
in microgravity [30,31], but we were also able to
analyse the works of Helmers et al. [32,33] on GeSi
mixed crystals.

5.1. Mephisto results

Mephisto is essentially a sophisticated Bridgman
furnace developed in cooperation between the
French space (CNES) and nuclear (CEA) national
research agencies. It is equipped with a variety of
diagnostics, including resistance measurements and
Peltier pulsing. Of particular interest for the present
work is the possibility to measure the instan-
taneous composition at the growth interface using
the thermoelectric Seebeck signal. Without going
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into details (see e.g. Refs. [30,31] for more informa-
tion on the topic), the system acts as a ther-
mocouple that yields the temperature and, by
means of the phase diagram, the concentration at
the solidification front. The measurement is both
on line and in situ and is thus particularly well
suited for the study of segregation phenomena.

A series of experiments was carried out on the
ground in a horizontal configuration. Various
growth velocities Vy, ranging from 0.3 to
1.1 mm/min, were used, the crucible diameter and
the applied thermal gradient being, respectively,
fixed at 6 mm and 130 K/cm. The time variation of
the Seebeck signals is shown in Fig. 5; as the
Seebeck measurement is differential in nature [30],
its value at the onset of solidification (here
t = 300 s) is strictly zero. The signals then increase
up to a plateau value Vp, and we shall take for
the experimental initial transient duration the
time t7™® where the Seebeck reaches the value
(1 —e YYVp. Using Eq. (6), this plateau value
Vp can also be used to derive the value of the
convecto-diffusive parameter 4, and thus to esti-
mate analytically the initial transient duration
7" = Z/Vy, Zy being computed from Eq. (14). As
commonly found in horizontal configurations on
earth, the convecto-diffusive parameter increases
with the pulling velocity, but remains smaller than
0.5 even at the fairly large growth rate of
1.1 mm/min.

Clz X - GI1=138.5 °Crscm

| Seebeck (°C) v=11mm/mn

Time (s)

T T T 1

T T T
1% %] 1000 1500 2000 2500 3000 3500

Fig. 5. Time variation of the Seebeck signals at growth velocities
ranging from 0.3 mm/min to 1.1 mm/min. In all cases, the onset
of solidification is at t = 300 s.

The results are summarised in Table 1, where it

exp

can be seen that t7P is always much higher than
7. Such a finding can be explained by the fact that
the thermal lag of the furnace, experimentally
found to be in the 100 s range [31], is much higher
than the time necessary to form and fill the solutal
boundary layer. It should be noted that such a ther-
mal lag is short compared to those of classical
furnaces, where values of the order of 1000 s are not
uncommon, but the Mephisto facility is equipped
with liquid metal rings in the cold zone that ensure
an efficient contact with the water-cooled sink. This
allows an efficient heat extraction, and thus a short
thermal lag time. As the growth velocity only
reaches its prescribed values over a thermal lag
time scale, the latter controls the kinetics of the
initial composition transient. For the sake of com-
pleteness, it should be mentioned that repeated
solidification cycles in the V; = 0.3 mm/min experi-
ment show that the t7? is more likely to be of the
order of 120 s (see Fig. 4 of Ref. [30]) The thermal
lag time of the furnace is thus found to be roughly
independent of the pulling velocity.

In microgravity, the results of the USMP1 flight
of the Mephisto facility in 1992 showed that diffu-
sion-controlled solute transport conditions were
reached at growth velocities higher than V| =
0.12 mm/min. The fit of the initial composition
transient allowed to check the coherence of the
parameters data set [31], and especially of the
diffusion and partition coefficients of bismuth in
tin, estimated at D = 1.3 x 10~ ° m?/s and k = 0.27,
respectively. Lower growth velocities were used
during the USMP3 mission in 1996, and a slight

Table 1

Experimentally determined convecto-diffusive parameter 4 and
characteristic duration of initial transient t§® in Mephisto
ground experiments, along with comparison to predicted values
from Eq. (14)

Vi (mm/min) 4 7 (s) ZF% (pm) ()
0.3 0.19 145 11 2.3
0.5 0.31 106 20 24
0.7 0.39 117 24 2

0.9 046 83 28 1.9

11 0.5 83 27 L5
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convective interference was observed at the lowest
growth velocity V; = 0.03 mm/mn. Indeed, the
concentration plateau was located at 1.3 at%. Bi,
for a nominal alloy composition of 1.6 at% Bi,
leading to a value of the convecto-diffusive para-
meter 4 of 0.91.

The distance where the concentration level
reached kCo + (1 — e )(Css — kCy) was found
to be of the order of 5 mm, whereas the value
D/kV, predicted by Tiller et al. [4] for purely dif-
fusive solute transport is about 9.6 mm. Our ana-
Iytical expression (Eq. (14)) yields a value of
Z1 = 6.4 mm, and allows to account semi-quantit-
atively for the shortening of the initial transient.
Experimentally, the characteristic duration ¢ in
that case is of the order of 10 000s, and is thus
much higher than the thermal lag time of the fur-
nace. From a practical point of view, it should be
noted that, even for a value of the convecto-dif-
fusive parameter 4 close to unity, residual convec-
tion leads to a significant reduction of the initial
transient length with respect to the diffusive trans-
port D/kV value.

5.2. Helmers et al. results

In their attempts to grow Ge,_,Si, mixed
crystals of various compositions by the vertical
Bridgman technique, Helmers et al. [32,33] were
led to analyse the observed initial composition
transients. Of particular interest for our present
work was the fact that the solidification conditions
were sufficiently well defined for the derivation of
the relevant nondimensional numbers. Due to the
large composition variations along the crystals,
some thermophysical and growth parameters, such
as partition coefficient, thermal gradient, could not
be taken as uniform. However, since the observed
initial transients are very short, of the order
of 15 um, we can safely consider that only the
conditions at the onset of solidification are to be
considered.

A questionable claim made by Helmers et al.
[32] is that the diffusion boundary layer and the
initial transient are necessarily of the same extent.
In our notations, this means that Z; would be
equal to o, but such a statement is clearly in contra-
diction with our theoretical and numerical results.

Besides, if we follow Helmers et al., the boundary
layer thickness would be only of circa 15 um. This
is in contradiction with a number of literature
results on vertical Bridgman growth (see e.g.
[28,34-36]) where 0 is seen to be much larger. Our
opinion is that the results of Helmers et al. can be
explained using Eq. (14) for the initial transient
along with the expression proposed in Ref. [28] for
the convecto-diffusive parameter in the convective
regime limit

A = 13.2 Pe(Gr Sc)™ 13, (23)

where Gr,; is the effective Grashof number based
on the radial temperature gradient, i.c. on the true
driving force for convective motion. Taking the
sample radius (5.5 mm), the growth velocity
(1 mm/h) and the radial temperature gradient
(20 K/cm), along with the values of the ther-
mophysical parameters, from the paper of Helmers
et al., we get:

Pe =59x1072, Grgp = 27100, Sc = 104.

Plugging these values in Eq. (23), we find
A =1.2x 102 Incidentally, at such a low value of
the convecto-diffusive parameter, convection is
clearly the dominant solute transport mode, justify-
ing the use of Eq. (23). It should also be noted that
this value of 4 translates into a dimensional bound-
ary layer thickness 6 = 1.1 mm, typical of vertical
Bridgman growth. If we now turn to Eq. (14) to
estimate the initial transient duration, we get
Z1 = 13 pm, in unexpectedly good agreement with
the experimental result, Z; = 15 pm.

One should keep in mind that we deliberately
neglected the solutal stabilisation mechanism. Our
opinion is that, due to the limited extent of the
solutal boundary layer thickness where the relevant
composition gradient exists, the effect should not
be very strong. Besides, it should also be noted that
the initial transient duration, derived from Z; =
15 pum and V; = 1 mm/h is of the order of 50s. It
may well be that the thermal lag time of the furnace
is in that range, but no indication is given in the
original paper to draw a definite conclusion. In any
case, we strongly believe that Z; = 15 um should
not be taken as the solutal boundary layer thick-
ness, and we think that a coherent picture of the
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experimental results emerges from our theoretical
approach.

6. Concluding remarks

Our purpose in the present work was to analyse
the effect of convection on the formation and the
build-up of the solutal boundary layer. To do so, we
adapted the analytical solution first derived by
Smith et al. [6] and Memelink [7] under the assump-
tion of negligible interface recoil to account for con-
vective transport. We carried out a scaling analysis of
the transport problem to obtain a simple closed-form
expression for the initial transient duration. The
validity of these theoretical approaches was checked
by means of numerical simulations modelling both
the horizontal and the vertical Bridgman configura-
tions. We also found that existing experimental data
could be interpreted in our theoretical frame. The
agreement between the analytical, numerical and ex-
perimental results apparent in the present work
allows one to propose a rule of thumb expression for
the duration of the initial composition transient, that
can be easily used in practice. Convection is ac-
counted for in Eq. (14) by means of the steady-state
convecto-diffusive parameter 4, that, in addition to
past successes [18,21,22], appears to be one of the
keys to the modelling of the initial composition tran-
sient in crystal growth from the melt.

An important practical consequence for growth
experiments is that the solutal boundary layer
formation and build-up is generally extremely short
when convection dominates mass transport, say for
values of the convecto-diffusive parameter 4 small-
er than 0.2. This means that the heat transfer phe-
nomena in the growth furnace will often control the
kinetics of the initial composition transient, as was
indeed observed in our ground-based experiments.
On the other hand, in microgravity conditions
where diffusion mostly controls solute transport,
the solutal boundary layer formation and build-up
will often be much higher than the thermal lag time
of the furnace. In any case, a slight departure from
purely diffusive conditions results in a significant
reduction of the initial transient, as predicted theor-
etically and checked experimentally during the
Mephisto USMP3 experiment.
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Appendix A. Derivation of the analytical solution

Our starting point is the one-dimensional mass
conservation equation written in the effective velo-
city formalism; this means that we implicitly sup-
pose the formation phase of the solutal boundary
layer to be small compared to the total length of the
initial transient:

oaC  C aC
o _p¥t .y o
or Doz T Vetay

Introducing the Laplace transform

a(s) = f Ce %' dt,

0

we get

d2C V.,dC S_  C,
e a _Se_ S
aZ2 T Ddz D D

Similarly, the interface (Eq. (4)) and far field (Eq. (5))
boundary conditions can be transformed as

dC Vi .
d—Z———(l—k)C inZ =0,
C_=CO inZ=ow

The solution to this simple differential equation is
of the form



J.P. Garandet et al. | Journal of Crystal Growth 209 (2000) 970-982 981

where

lVeff Vesz 12
2l g /(s .
a=37p £Vl < D

From the boundary conditions, we get

q=Co @
S aD/V, —q

where g = (1 — k). Substituting the expression of

a in A, we obtain
0 qViv/ 1/D
/ 1D[3V e — qVil + (S + Ve /AD)Y?

The Laplace transform of the composition thus
becomes

e
cz—°{1

C

S

L 4Vi/1De PV 4 Veff/4D)”ZZ}
JUDGV e — qVi) + (S + Vi /aD) 2 |

We only kept the positive root of 4 in order to
satisfy the far-field boundary condition. We are left
with an expression exactly similar to that of Smith
et al. (Eq. (25) in Ref. [6]) provided that ¢, k and
R are, respectively, changed into

q = q4,
Kk=1—¢q¢ =1—-(1—k4,
R/:Veff.

Using the inverse Laplace transform proposed by
Smith et al., we get for the liquid-phase composi-
tion

’

d _—v.z/p
C(Z,t) = Cys1 +——e "«
( 5 ) O{ +2k/e

x erfc[2/1/DUZ — V )]
—% erfc[3./1/DHZ + V 1)]

+ 2, l _ l (=4 Vet IDYZAKV art)
q/ k/

x erfc[3y/1/DUZ + 2k — 1Vefft)]}

All that we now have to do to get the solid state
segregation profile, given as Eq. (7) in the text,
is to set Z=0 in the above expression and
multiply the result by the partition coefficient k.
It should be noted that our expression for the
liquid-phase composition has been checked to
yield correct results in terms of interface and
far-field boundary conditions, as well as steady-
state value and initial conditions. It should also be
noted that the Mathematica software on our PC
has not been able to solve the starting differential
equation.
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