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in a nonlinear“helicoidal” modelof DNA

Thierry Dauxois
PhysiqueNon-Linéaire: OndesetStructuresCahérentes,FacultédesSciences,UniversitédeBourgogne,
6 Boulevard Gabriel, 21000 Dijon, France

Received25 April 1991; revisedmanuscriptreceived19 August 1991;acceptedfor publication21 August 1991
Communicatedby AR. Bishop

We describethedynamicsof breathermodesin DNA in termsof a recentlatticemodel with anadditionalinteractionin order
to takeintoaccountthehelicoidalstructureofthemolecule.It is shownthat,despiteits simplicity, thismodelexhibitsbreatherlike
modeswhich canmatchexperimentallyobservedbubblespropagatingalongthehelix. Numericalsimulationsof theirpropagation
showtheseexcitationstobe long-livedandsuggestthattheyarephysicallyrelevantfor DNA.

1. Introduction jor groovewith an anotherphosphategroupP~+ ~ at
the oppositeside.Therefore,in ordertotakeintoac-

Biologicalmacromoleculesundergoa complexdy- count the presenceof this dynamically stable fila-
namicsandtheknowledgeof their motionsprovides ment, the model must include a coupling between
insight into biologicalphenomena[1]. Recently,at- the nth nucleotideon onestrandandthe (n+h)th
tentionhasbeenfocusedon the dynamicsof large- one on the other (h= 4 according to the experi-
amplitude localized excitationsin DNA [2—6],in ments).Suchan extensionwascarriedout by Gaeta
which the double helix fluctuatesbetweenan open [101,butheconsideredonly its consequencesonthe
stateand its equilibriumstructure.Theseoscillatory dispersioncurvesof the small-amplitudeexcitations
states,also called breathingmodes [7] or fluctua- of the molecule.We considerherethe nonlinearex-
tional openings,are expectedto be the precursor citationsin the extendedmodel andshow how the
states for the local denaturationobservedduring additional couplingincreasesthe ability of the mol-
DNA transcriptionor thermaldenaturation.In these ecule to bearratherbroadandsufficiently large-am-
studies, the molecule is modeled by two parallel plitude breatherlikemodes,which propagateeasily
chains of nucleotides,linked by nearest-neighbor along the molecule.
harmonic interactionsalong the chains and the
strandsare coupledto eachotherby Morsepoten-
tialswhich representthebondinginsideonebasepair. 2. Model
Sucha model doesnotinclude the helical geometry
of the molecule. In our model we considera simplified geometry

But oneof the consequencesof the helical struc- for the DNA chain, in which we haveneglectedthe
tureis thatnucleotideswhich arefar apartin theone- asymmetryof the moleculeandwe representeach
dimensionalmodelcanbecloseenoughin thethree- strandby a set of point masseswhich correspondto
dimensionalstructureto beconnectedby hydrogen- the nucleotides.Thecharacteristicsof themodelare
bondedwater filaments.Thesestrong water fila- the following:
mentshavebeensuggestedby indirect experiments (i) Like PeyrardandBishop [21,we onlytakeinto
[81 andresultsof MonteCarlosimulations[91.They accounttransversalmotions.Thedisplacementfrom
connecta phosphategroup P,~at onesideof the ma- equilibriumof the nth nucleotideis denotedu~(va)
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for the chain C1 (C2). The longitudinal displace- of-phasemotionsrespectively.We havethen
mentsare not consideredbecausetheir typical am-

,njk~~=k(x~+~+x,,~—
2x~)plitudes are significantly smaller than the ampli-

tudesof the transversalones [11]. +K(xfl+h +X~_h —2x~), (4)
(ii) Two neighboring nucleotidesof the same mj.~=k(y~+~+y~_~—2y~)—K(yfl+h+yfl_h+2yfl)

strandare connectedby a harmonicpotential be-
causewe assumethat the displacementsdue to the +2~J~aD[exp( —a~/~y~)— 1]
bubbleschangeonly graduallyfrom onesite to the

xexp(—a\ñyfl). (5)next.On the otherhand,the bondsconnectingthe
two basesbelonging to different strandsare ex- Thetwo equationsdecoupleexactly.Eq. (4) is adis-
tremelystretchedwhen the double helix openslo- cretelinear equationwith the usualplanewave so-
cally: theirnonlinearitymustnot beignored.Weuse lutions.On theotherhand,eq. (5) containsanextra
a Morsepotentialto representnotonly thehydrogen nonlinearterm.If oneperformsan expansionof the
bondsbut the repulsiveinteractionsof the phos- Morsepotential,keepingonlylineartermsin eq.(5),
phateandthe surroundingsolventactionaswell, we obtain linearizedequationswhosesolutions can

(iii) Finally, weaddto the model introducedby easily be obtainedassumingthey havethe form of
PeyrardandBishop,a harmoniccouplingwhichtakes planewaveswith a wavevectorq anda frequencyw.
accountof the helical geometrydiscussedabove.It We find two dispersionrelations,correspondingto
connectsthe nth masson the chainC~to both the an acoustical(lim~qi.owa=O)andan optical branch
(n+h)th and (n—h)thmasseson chainC

2. (Iim1qj.owo�0)givenexplicitly by
Thereforethe Hamiltonianis written as

w~=(4/m)[ksin
2(q1/2)+Ksin2(qh1/2)], (6)

H= ~ ~
w~=(4/m)[a2D+ksin2(ql/2)

+ (v~—v~_
1)

2]+D{exp[ —a(u~—v~)]— l}2 +Kcos2(qhl/2)] , (7)

+ 1K[(u~ — v~÷h)2+(u~— vfl_h) 1) (1) where1 is thedistancebetweenadjacentnucleotides
on the samestrand.In the limit K=0, thesedisper-

wherethe fourtermsarerespectivelythe kinetic en- sion relationstend to thecorrespondingones [61 of
ergy of the transversevibrations, the potentialen- the original model without helical coupling,but we
ergyof thelongitudinal,transverse(analogto asub-
stratepotential)andhelicoidal connections.Herek
(K) is the harmonicconstantof the longitudinal 2C

(helicoidal) spring,mthe nucleotidemassandD (a)
the depth (width) of the Morsepotential.

Thedynamicalequationsderivingfrom thisHam-
iltonian are therefore

mü~=k(u~+
1+u,,..~—2ufl)+K(v~±h+ Vfl_h—2u~)

+2aD{exp[ —a(u~—v~)}— l}

Xexp[—a(u~--v~)] , (2)

mvfl=k(vfl+l+vfl_I—2vfl)+K(ufl+h+ufl_h—2vfl)

0’. . I I
—2aD{exp[—a(u~ —va)] — l} 0.0 Oi 0.4 0.6 0.8 1.0

*AVE VECTOR

x exp[ —a(u~— v~)I . (3) Fig. 1. Acoustical and optical frequency(in ps—‘) versusthe
normalizedwave vector, inside the first Brillouin zone. The

The motionsof the two strandscan bedescribedin
dashedline correspondsto themodel introducedby Peyrardandterms of the variablesx~—(u~+u~)~ and Yn Bishop,thesolidline toour helicoidalmodel (seetheparameter

(u~—v~)/~,,,hwhich representthe in-phaseandout- valuesinthetext).
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cannotice that theintroductionof thenew coupling in (8) by usingthesemi-discreteapproximation[121
affectsthe spectrum,by increasingthe frequencies (thecompletecontinuumlimit would betoorestric-
and introducingoscillations (fig. I) in agreement tive for DNA, wherediscretenesseffectsmay beim-
with Gaeta’sresults [10]. portant).Indeed,aswe limit ourselvesto excitations

with largeenoughwidth, we candeterminethe en-
velopein thecontinuumlimit, asfunction of theslow

3. Breatherin the semi-discreteapproximation variablesZ= �zandT= ~t,while thefastoscillations
of thequasiharmoniccarrier,insidetheenvelope,are

Let usfocusour attentionon the nonlinearequa- treatedexactly.Equatingthecoefficientsof ~for each
tion (5), which includesthe only degreeof freedom harmonic,we get F0=aIF~2 andF2=5F~,and fi-
interestingfor local denaturation:the stretchingy,, nally obtainthenonlinearSchrodinger(NLS) equa-
betweentwo nucleotidesof different strands. tion for the envelopefunction F~,

We areinterestedin collectiveoscillationswhich
.@F~ Ô

2F
arelargeenoughto be stronglyanh~rmonic,but still i +P —~- + Q IF~I 2F~= 0, (10)

öt as
much smallerthan the motionswhich result in per-
manently open states; wherethe nucleotidesreach wherewe havemadethe transformationt= ~Tand
the plateauof the Morsepotential. In this hypoth- S=Z~VET, with the linear group velocity
esis,the atomsoscillatenearthe bottom of the po-
tential well, so that we assumey=~ (where ~~ 1) Vg = dw/dq=1[k sin(qi) —Khsin(qhl) ] 1mw,
and expandthe substratepotential to fourth order the dispersioncoefficient
termsin Ø. We obtain

P=~l2[kcos(q1)—Kh2cos(qhl)]/m— V~}/2w
V(y)=D[exp(_a*/~y)_l]2 andthe nonlinearone

=2Da22Ø2(l_a~hØ+~a2~2Ø2)+O((~Ø)5)
Q= —w~[2aCu+ô)+3f3]/2w.

and the equationof motion is We will briefly discussthestability of the analytic

= -~ (Ø~+ + Ø~- — 2Ø~) solutionsof theNLS, which dependson the signsof
PQ. However,to simplify this study,we expandthese

K quantitiesto first ordertermsin q (anumericalstudy
— — ~ +0,, — h + 2Ø~) showsthat the results of the stability discussionare

almostunaffectedby this expansion),since in the
—w~(Ø,,+aO~+flO~2) (8) next sectionwe limit ourselvesto large-widthbub-

by settingw~=4a2D/m, a=—3a/~J~andfl=~a2. bles, i.e. q<<l.
In this limit, P hasthe sign of k—K/i2 and Q ofAccordingto the experimentalresults,the prob-

lem implies two times-scales: 1 — ~K/a2D. Thereforethe solutions changequali-
(i) the first one correspondsto the vibration of tatively, dependingon thevalueof K. PQ is negative

for k/h2 ~ ~a2D;in this case,thesolutionof (10)the particlearoundits equilibrium position;
is a finite-amplitudeplanewave with a dip near

(ii) the second,muchlarger one,is relativeto the
propagationof a collectivecoherentstructurealong S~Uet~ 0, called a dark-soliton [131 (or an enve-
the chain, lope hole), which doesnot correspondto the small

So we will use thereductiveperturbationmethod amplitudelimit of breathermodes.For0 ~K~k/h2
in which we expandin the small parameter~ and, (this case includesthe usualmodel withouthelicoi-
usingO~=qnl—wt(wherew is the optical frequency dal coupling) and ~a2D~<K,PQ is positive;we have
w

0 of the linear approximation),we substitute planewave solutions,unstablebecauseof modula-
tional (or Benjamin—Feir)instability, and a local-

0,, ( t) = ~[F1(~n1,~t) exp(iO,,) + c.c.] ised envelopesolution,with a vanishingamplitude

at I zI —~oo; suchasolution hastheappropriateshape+e
2[F

0(~nl,ul)+F2(Enl, ~t) exp(2i0,,)+c.c.]
to representbreathingmodesin DNA.

+O(�~) (9) Therefore,the solution of (10) is then [14]
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model is still a controversialtopic, as shownby the
F, (S, r) =A sech(—~—(S UeV)) debateover thesevaluesin the literature [15]. We

\Le havechosena dissociationenergyD=0.1 eV, a=2
A~ coupling constantsk=l.5 eV/A2 andK=0.5

XexP(i~(S_uct))~ (11) eV/A2, a distancebetweenbasepairs1=3.4A and
a massof 300 m.u. for eachnucleotide.To generate

with Ue andu~the velocitiesofthe envelopeandcar- the bubbles,we choosea small valuefor the wave
rier waves, the ~ vector (q=0.01A’) andthereforethewavelength
and the width Le=2P/~U~ 2UeUc. The envelope of the carrier wave is in the range of the envelope
soliton, solutionof (8), is a planewave with a fre- width: then thesolution is similarto a local opening
quencycorrectedfor the nonlinearity,an amplitude which oscillates.
modulatedby a sech-typeenvelopemodified by the As long as the amplitude remainsin the region
secondharmonic and the non-oscillating compo- wherethe Taylordevelopmentisjustified (typically
nents.It reads wherey is lower thanthe Morsepotentialinflection

y,,(t)=2&l sech[~(n1—Vet)/Le] point), ourapproximationsarevalid sothat the so-
lution canbe expectedto be stable.In orderto de-

x (cos( 8n1—Qt)+ eAsechk (n1 Vet) /LeI scribethelarge-amplitudefluctuationalopeningsob-

x{~~i+öcos[2(9n1—Qt)]})+O(~3), (12) servedin DNA, we must howeverconsiderinitial
conditionswith a largeramplitude.

with Ve Vg+~Ue, ø=q+~ue/2Pand Q=w+ Fig. 2 showsthe motion of a breatherwith anmi-
(Vg+Uc~)~Ue/2P. tial amplitudeof! A anda half-width of 18 nucleo-

WhenK<k/h2, we obtaina verynarrowpulse,al- tides.We canseethat,whenthe motionbegins, the
mostidentical to thosefound in the mode!without amplitudeadaptsto therealsubstratepotential.The
helicoidal interactions[6] (becauseK approaches figure exhibits an amplitude modulation not ex-
0). On the otherhand,whenK> ~a2D,the solution plainedby thecalculationsperformedin thelimit of
is much broaderandhasa largeramplitude sothat smalldisplacements,i.e. at thebottom of the Morse
it could providea betterrepresentationof the fluc-
tuationalopeningsof DNA. We haveinvestigatedits
stability numerically. 1.5

4. Numericalresults

The lifetime of the solutionsdeterminedaboveis “~ 0.5

an importantparameter,becauseonly long-livedex-
citationscan be detectedexperimentally.First, we 0

discussbriefly the numericaltechnique,andthen we
comparethe numericalandtheoreticalresults.

Basically, we perform the simulation by usinga —0.5

continuumbreatherasaninitial conditionin thedis- ~‘ —~

crete lattice, with the completeMorse potential.
Then, we simulatethe ensuingpropagatingof the 0 200 400 600

TIME (ps)
pulse,solving the Newtonianequationsof motion
with a fourth order Runge—Kuttamethod.The ti- Fig. 2. u—vversustime for thecenterof themoving breather,

followed in hismotion.The figurecontainsabout1000 oscilla-
mestep& is chosenso that the total energy of the tionsof thebreatherandshowsthat its amplitudeis stableover
systemisconservedtoa relativeaccuracybetterthan a very longtime (~=0.007,u~l0~A/psandu=0 A/ps). The

10—s. asymmetryabouttheu — v= 0 line is simplyaconsequenceof the

Thequestionof the choiceof parametersfor this asymmetricalpotential.
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well. Fig. 3 showstheseexcitationsto be very long- 100 particlesaway from the centerof the breather.
lived, although some radiation is emitted by the We can see,after the first burstdue to the adapta-
breather.In spiteof this radiation, it shouldbe no- tion, that the radiativerate decreases,and finally
ticedthat thedecreasein amplitudeisonly veryweak, correspondsto a permanentemission of resonant

In order to analysethe emittedwaves,we plot in phonons, responsible for the instability of the
fig. 4 theamplitudeof thestretchingat a distanceof breather. Indeed,a temporalFourier transformof

thesamesimulationdata,startedat t 400ps, shows
that the frequency of the breathingoscillation
wu= ll.2Ops’ is about 1% higher than the analyt-
ical value;the frequencyof the radiatedphononsis

1.1 £ wp= 10.97ps’, whichcoincideswith wwithin 0.2%
andatteststhe coupling mechanismof the breath-
erlike motionto phononradiation.

dispersionrelation (Vg~O)explainsthe slow speed
of the radiationpackets,comparedto the speedof

L

Thepositionof thefrequencyat thebottomof the
theburstduetoadaptation.Besides,thepropagation
speedofthebreatherVe 3.7A/ps, isabout20%less

— than the theoreticalvalue, becauseof the discrete-
nesseffects which usually tend to slow down the
motion.

5000

Fig. 3. Propagationof the breatheralongthechain (only 1000 5. Conclusion
nucleotidesarerepresented).The periodof thebreathingoscil-
lation is 0.56 ps andthetransversestretchingsareshownevery In this Letter, our primaryaim was to constructa
250oscillations,whenthepositionof thebreathercenteris atits
maximum.Note theasymmetryof thebackwardandforward ra- new extendedmodel for the coherentdynamicsof
diation patterns, bubblesin DNA. We considered,on the onehand,

first-neighborharmoniclongitudinal andnonlinear
________________________________ transverseinteraction and,on the other hand, an0.04 r

harmonichelicoidalcoupling,duetotransgroovehy-
drogen-bondedwater filaments.Thenenvelopeso-
litons, solutionsof theNLS equation,were obtained

0.02 -

using a perturbationapproachand simulation re-
sultswere usedto showthecouplingmechanismbe-

_____________________________ tweenthe motionof thebreatherandphononradia-
0 tion. Note that the additionof the helicoidal term,

introducingmodificationsin P andQ, hascreateda
specialzonewithoutbreathermodes.Weemphasize

—0.02 - that this model canhavelarge-amplitudebroados-

I~

cillations which correspondbetter to the fluctua-

tionalopeningsof DNA, whereasthe previousmode!
—0.114 I I I I I with similar parameterscannot.

0 200 400 600
TIME (ps) Finally let us addsomeremarks.It is known that

during the local denaturation,the distancebetween
Fig.4. u — vversustimefor aparticleata distanceof 100 particles

two nucleotides (in the same strand) undergoes
awayfrom thecenterof thebreather.Note that theamplitude is
alwayssignificantlysmallerthantheoscillationamplitudeof the variation [16]. Our model, which includes only
breathercenter, transversemotions, cannot take it into account;
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however,we canallow the constantK to becomea [2] M. PeyrardandA. Bishop,Phys.Rev.Lett. 62 (1989)2755.

decreasingfunctionof thestretchdegreeof freedom [31M. Peyrard,T. Dauxoisand A. Bishop, in: Continuum
y.Therefore,with thesamemethod,we canevaluate models and discretesystems, Vol. 2, ed. GA. Maugin(Longman,London, 1991).
the upper limit, defining the stability zone of the [4] M. Techera,L.L. DaemenandE.W. Prohofsky,Phys.Rev.

breather(Ktjm), which hasincreased,andit is easy A41 (1990)4543;42(1990)5033.

to verify that limK.Km A=cc, whereasthewidth of [5]V. Muto, AC. Scott andP.L. Christiansen,Phys.Lett. A

the openingLe is invariant.This seemsableto give 136 (1989) 33.

an accuratemechanismfor the formation of dena- [6] M. Peyrard,in: Proc.TashkentWorkshop,to bepublished;T. DauxoisandM. Peyrard,in preparation.
turation bubbleswith a very large amplitude. [~l] E.w. Prohofskyetal., Phys.Lett. A 70 (1979)492.

Nevertheless,it is obviousthat beforeobtaininga [8] U. DahlborgandA.Rupprecht,Biopolymers10(1971)849.

suitabledescriptionof DNA, we have to take into [910. CorongiuandE. Clementi,Biopolymers20 (1981)551.

accountthe local asymmetryof the two helices,as [101G. Gaeta,Phys.Lett. A 143 (1990)227.
Ill] J.A. McCammonandS.C.Harvey,in: Dynamicsof proteinswell as the secondprincipal sourceof nonlinearity and nucleic acids (CambridgeUniv. Press, Cambridge,

[17] which appearsasDNA chainsunwind: the bi- 1988).

stability of the sugarring, which allows sugarpuck- [12] M. Remoissenet,Phys.Rev.B 33 (1986)2386.

ering modes[16]. 1131 K. Muroya,N. SaitohandS. Watanabe,J.Phys.Soc. Japan
51(1982)1024.
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