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Moleculardynamicssimulationsareusedto investigatetheatomicmobility anddiffusivity of a generalized

Frenkel-Kontorovamodelwhich takesinto accountanharmonic� exponential� interactionof atomssubjectedto
a three-dimensionalsubstratepotentialperiodicin two dimensionsandnonconvex
 Morse

� �
in
�

the third dimen-
sion. The numericalresultsare explainedby a phenomenologicaltheory which treatsa systemof strongly
interactingatomsasa systemof weakly interactingquasiparticles� kinks� .� Model parametersarechosenclose
to thosefor the K-W � 112� adsorptionsystem.� S0163-1829� 96

���
00826-0
� �

I. INTRODUCTION

Experimentalstudiesof transportcoefficientsin systems
of� strongly interactingatomsadsorbedon a crystallinesur-
face
�

show a very rich and complicatedbehavior,especially
as� functionsof theatomicconcentration.Thevariationof the
diffusion
 

coefficient versuscoverageis particularly impor-
tant
!

for adsorbedlayerswheretheconcentrationmayvary in
wide" limits from zero # diffusion

 
of isolatedadsorbedatoms$

to
!

very high values % for
�

example,in some adsystemsthe
interatomicdistancein a monolayerof adatomsis lower than
that
!

in the correspondingmassivecrystal& .1 The theoretical
study' of massandchargetransportin suchsystemsis a very
difficult
 

problem;however,it wasstudiedfor variouskinds
of� interactionsby Gomerandco-workers2

(
using) MonteCarlo

simulations.' At high temperatures,transportcoefficientscan
be
*

foundwith a perturbationtechniquestartingfrom thecase
of� noninteractingatoms.3

+
At
,

low temperatures,the caseof
interactingatomshasbeenstudiedby a numericalcalcula-
tion
!

of the transport propertiesof the standardFrenkel-
Kontorova
- .

FK
/10

model,2 which describesa chainof harmoni-
cally3 interacting atoms subjected to a one-dimensional
sinusoidal' external potential.4,5

4
Recently, the low-

temperature
!

behaviorof a systemof strongly interactingat-
oms� in a moregeneralone-dimensionalmodelhasbeenap-
proximately5 treated with a phenomenologicalapproach
which" introduces weakly interacting quasiparticles.6

6
This

methodprovidesanalyticalestimatesfor the transportcoef-
ficients,
7

but it requiresmany approximations.In particular,
the
!

propertiesof thequasiparticlesinvolved in thetheoryare
deduced
 

from resultsof the standardFK model,which pro-
vides8 only a simplifiedpicture.Thereforeit wasnecessaryto
check3 the validity of the theoreticalapproachby numerical
simulations' of a model which is sufficiently complicatedto

provide5 a reasonabledescriptionof a realsystem.This is the
aim� of this paper,which studiesa two-dimensionalgeneral-
izedFK modelandalsodiscussessomeexperimentalresults
in the sameperspective.

The
�

original FK modelwasintroducedto analyzethedy-
namics9 of dislocationsin crystals7

:
by
*

consideringa chainof
interacting particles subjectedto a periodic substrate; on-�
site'=< potential.5 It candescribe,for example,a closelypacked
row> of atomsin a crystal,8 a� chain of atomsadsorbedon
stepped' or furrowed crystal surfaces,9

?
a� chain of ions in a

‘‘channel’’ of a quasi-one-dimensionalconductor,10 hydro-
gen@ atoms in hydrogen-bondedsystems,11 etc.A In all the
cases3 mentionedabove,the chain of interactingparticlesis
an� intrinsic part of the whole physicalsystemunderconsid-
eration.A Therole of theremainderof thesystemis playedby
an� externalsubstratepotentialanda thermalbath.Although
it
B

is still oversimplified,the generalizedC FK
/

model that we
consider3 here provides a rather completedescriptionof a
layer of atomsadsorbedon a two-dimensionalcrystal sur-
face. It includesrealistic D exponentialA E interactionsof par-
ticles
!

insteadof the harmonicspringsof the standardFK
model,2 andthe substratepotentialis threedimensional.It is
periodic5 in thetwo dimensionsparallelto thesurfaceandhas
a� Morse shapein the third direction,orthogonalto the sur-
face.
�

The
�

transportpropertiesof the systemare describedby
two
!

coefficients,the mobility B
F

and� the chemicaldiffusivity
DcG . The mobility definesthe responseof the systemto an
infinitesimal
B

dc force F
H

,I
J
JLKNM

BF,I O 1P
where" J

J
is the atomicflux causedby the force and Q is the

average� atomicconcentration.On theotherhand,thechemi-
cal3 diffusion coefficient DcG connects3 the flux J

J
(
R
xS ,I tT ) i
U

n a
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nonequilibriumstateto thegradientof theatomicconcentra-
tion
!

when ] (
R
xS ,I tT )U slightly deviatesfrom its equilibriumvalue.

Accordingto Fick’s law

^_^
J
Ja`

xS ,I tTcbedfdfgih D
j

cG
k
l

xSnm_mporq xS ,I tTcspt_t ,I u 2vxw

where" y_yaz{z{z_|f| stands' for the averagingover macroscopic
distances
 

xS~} a� A ,I anda� A is
B

theaverageinteratomicdistance.
Thesetwo coefficientsarecoupledthroughthe relation

D
j

cGe� k
�

BTB
�
� ,I � 3�x�

where" k
�

B is Boltzmann’sconstant,T the
!

temperature,and� the
!

dimensionlesssusceptibilityof the system.
The predictionsof the phenomenologicalapproach6

6
can3

be
*

summarizedas follows. The masstransportis causedby
kinks
�

which describelocalizedcompressionsor expansions
of� thechainandthereforethemobility B can3 beexpectedto
be
*

proportional to the kink concentration.The kinks have
two
!

different origins, ‘‘geometrical’’ and thermal.We call
geometrical@ kinks the kinks which result from the value of
the
!

coverage�a� N
�

/
�
M
�

,I whereN
�

is
B

the numberof atomsand
M the
!

numberof wells of the substratepotentialon a given
length.
�

For �a� 1/q� ,I with integerq� (
R
q��� 1,2, . . . ), the system'

hasa trivial groundstatewith oneatomat the bottomof the
substrate' wells every q� th

!
well. When � deviates

 
slightly

from sucha value, the differenceis accommodatedby the
system' by forming localizeddiscommensurationswhich are
the
!

geometricalkinks � called3 also‘‘trivial kinks’’ in the no-
tation
!

of Ref. 6� . As the kink densityincreaseswhen � de-
 

viates8 from 1/q� ,I the theorypredictsthatB
F

(
Rx�

)
U

shouldexhibit
local
�

minimafor any trivial groundstate � GS
�1�

of� thesystem,
such' as ��� 1, �a  1/2, ¡a¢ 1/3, etc. When £a¤ p¥ /

�
q� is
B

a
rationalnumberwith a largernumerator,suchas ¦a§ 2/3, the
density
 

of geometricalkinks becomesvery large and one
could3 expectto get a high mobility B. The picture is, how-
ever,A more complicatedbecause,due to their high density,
the
!

geometricalkinks interactstrongly and, when tempera-
ture
!

is sufficiently low with respectto their interactionen-
ergy,A they tend to form a regular lattice which is weakly
pinned,5 giving a low mobility for any rational ¨ . A slight
deviation
 

from ©aª p¥ /
�
q� appears� asdiscommensurationsin the

kink
�

lattice, i.e., ‘‘kinks in a kink lattice,’’ which arecalled
superkinks' in Ref. 6. Thesetopological excitationsof the
kink latticecontributeto masstransportexactlyasthe trivial
kinks do, so that the mobility is expectedto exhibit local
minima2 for «a¬ p¥ /

�
q� such' as ­a® 2/3.

v
In the limit T

�°¯
0
±

the
function
�

B
F

(
Rx²

)
U

shouldthereforehaveminima at any rational³
. When temperatureincreases,the secondaryminima dis-

appear� becausethekink lattice‘‘melts’’ and,moreover,ther-
mal2 fluctuationscreatekink-antikink pairs which are ther-
mally2 activated.Consequently,at high enoughtemperature
the
!

mobility is expectedto exhibit broad maxima between
the
!

primary minima at ´aµ 1/q� . Such a behaviorhas been
observed� in one-dimensionalmodels.12–14

The
�

behaviorof the diffusion coefficient D
j

cG is
B

simpler
than
!

thevariationof B(
Rx¶

)
U

as predictedin Ref.15.According
to
!

Fick’s law · 2vx¸ ,I D
j

cG is
B

the proportionality coefficient be-
tween
!

the ¹ infinitesimalº gradient@ of theatomicconcentration
and� the flux of atomscausedby this gradient.However,a

gradient@ of atomic concentrationautomaticallyproducesa
corresponding3 gradientof kink concentration.In thestandard
FK model,wherethe elasticconstantdoesnot dependon »
and� where the parametersof kinks and antikinks are the
same,' D

j
cG (R{¼ )

U
is the ratio of two quantitieswhich vary simi-

larly sothatit shouldbeapproximatelyconstantandcoincide
with" the kink ½ or� antikink¾ diffusion

 
coefficient.In the gen-

eralizedA FK model the situationis different becausethe an-
harmonicity
¿

of the interatomicinteractiondestroysthe kink-
antikink� symmetry.16 The effective interatomicforcesfor a
kink, which correspondsto a local contractionof the chain,
exceedA thosefor an antikink, which is associatedwith a re-
gion@ of a local extension.Thus,in comparisonwith an anti-
kink, a kink is characterizedby a larger value of the rest
energyA andby lower valuesof effectivemassandactivation
energyA for its motion.15 When

À
thecoveragepassesthrougha

commensurate3 value Á 0
Â ,I the geometrical-kinkdensityvan-

ishes;
B

for ÃaÄÆÅ 0
Â the
!

systemhasgeometricalantikinkswhile
for
�ÈÇaÉÆÊ

0
Â the
!

systemhasgeometricalkinks.Therefore,when
the
!

coverage Ë increasesthrough a commensuratevalueÌ
0
Â ,I the activationenergyfor the chemicaldiffusion should

jump
Í

to a smaller value. Simultaneously,the value of DcG
should' rise sharplywhen the coverageÎ exceedsA the valueÏ

0
Â that
!

characterizesa ‘‘well-defined’’ commensuratestruc-
ture
!

and one could expectDcG (R{Ð )
U

to exhibit the shapeof a
devil’s
 

staircase.The abrupt Ñ jumplike
Í Ò

increase
B

of D
j

cG (R{Ó )
U

will" only exist in the T Ô 0
±

limit and, for any T Õ 0,
±

these
jumps
Í

will besmoothedowing to correctionsfrom thermally
excitedA kink-antikink pairs.

In the presentpaperwe check thesepredictionsby mo-
lecular dynamicsinvestigationsof the low-temperaturemo-
bility
*

anddiffusivity of a generalizedFK model in oneand
two
!

dimensions.In Sec.II, we describethemodelanddefine
its parameters.Kink parametersare calculatedin Sec. III.
Simulation
Ö

resultsfor the mobility arepresentedin Sec.IV,
and� thosefor the chemicaldiffusivity are describedin Sec.
V.
×

SectionVI discussesknown experimentalresultsin the
frameworkof thesestudiesandSec.VII concludesthepaper.

II. THE MODEL

As for the standardFK model,we considerthe dynamics
of� atomsadsorbedon a periodicsubstrate.Thedisplacement
of� eachatom is characterizedby three variables:xS and� yØ
describe
 

its motion parallel to the surface,while zÙ describes
 

its deviation orthogonalto the substrate.For the substrate
potential,5 we takethe function

VsubÚ xS ,I yØ ,I zÙxÛpÜiÝ VprÞ~ß xS ;a� sxà ,Iâá sxà ,I sã xäæåèç VprÞ~é yØ ;a� syà ,Iâê syà ,I sã yë_ìæí eîðïðñóò zôõ
Vzôæö zÙè÷ . ø 4ùxú

To modelthe substratepotentialalongthe surface,we usea
deformable
 

periodic potentialwhich can be adjustedto de-
scribe' an actualcrystalfield,17

VprÞ~û xS ;a� sxà ,Iâü sxà ,I sã xäæýèþ ÿ sxà
2

�
1 � sã xä�� 2 � 1 � cos3�� 2 	 xS /

�
a� sxà�
��

1 
 sã xä2
(��

2sã xä cos3�� 2 � xS /
�
a� sxà�� . �

5
���

Thus
� �

sxà corresponds3 to the activationenergyfor diffusion
of� a single atom along the xS direction,

 
a� sxà to

!
the lattice
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constant,3 and the parametersã xä (
R��

sã xä���� 1) controlsthe shape
of� thesubstratepotential.Thefrequency� xä of� a single-atom
vibration8 along the xS direction

 
is connectedto the shape

parameter5 sã xä by
*

the relationship  xä�!#" 0
Â (1R%$ sã xä )/(1U &

sã xä ),U
where" '

0
Â)( (

R+*
sxà /2
�

m, )
U 1/2(2
R.-

/
�
a� sxà )
U

and m, is the atomic mass.
The
�

potentialVprÞ (
R
yØ ;a� syà ,I�/ syà ,I sã yë )U hasthe sameform.

The
�

potentialperpendicularto the surfaceis modeledby
the
!

Morsefunction

Vzô�0 zÙ212354 d
6�7 eî989: zô<; 1 = 2( ,I > 6?�@

which" tends to the adsorptionenergy A d
6 when" zÙ goes@ to

infinity. TheanharmonicityparameterB is relatedto the fre-
quencyC D

zô of� a single-atomvibration in thenormaldirection
by
*

the relation E zô2 F 2
vHG 2
(<I

d
6 /
�
m, .

Finally, theexponentialfactorafter thesquarebracketsof
the
!

right-handsideof Eq. J 4ù�K takes
!

into accountthedecrease
of� theinfluenceof thesurfacecorrugationastheatomsmove
away� from the surface, so that Vsub(

R
xS ,I yØ ,I zÙ )U2LNM d

6 when"
zÙPONQ .

For the interactionbetweenthe atomswe take the expo-
nential9 repulsion

V int
RTS rU2V2W V0

Â expAYX<Z\[
0
Â rU2] ,I ^ 7_�`

where" V0
Â is
B

the amplitudeand a 0
Â b 1 determines

 
the typical

rangeof the interaction.This potentialis adaptedto describe
rather high coveragessuch that the atomsinteract through
the
!

repulsivebranchof the interatomicpotential.In numeri-
cal3 simulations,we can only include the interaction of a
given@ adatomwith a finite numberof neighbors.Therefore
we" usethe standardapproachof moleculardynamics c MD d
simulations' and introducea cutoff distancer* . We account
only� for the interactionsbetweentheatomsseparatedby dis-
tances
!

lower than r* ,I and to reduceerrors causedby this
procedure5 the interactionpotential e 7_2f is truncatedas

Ṽ int g r h2i V int j r k2l V int m r* n2o V int
R prq r* s�t r u r* v ,I w 8x2y

so' that the interactionpotentialandforcevanishat thecutoff
distance,
 

Ṽ int(
R
r* )
U�z

Ṽ int
R { (
R
r* )
U2|

0
±~}

the
!

tilde will be omitted in
what" follows� . In addition,becausewe are using the repul-
sive' interatomicinteraction,we haveto fix the atomic con-
centration.3 It is imposedby periodicboundaryconditionsin
xS and� yØ . We place N

�
atoms� in the fixed area L

�
xä�� L
�

yë ,I
L
�

xä�� M
�

xä a� sxà ,I L
�

yë2� M
�

yë a� syà ,I so that the dimensionlessatomic
concentration3 is equalto ��� N

�
/
�
M ,I whereM � M xä M yë .

To model the energyexchangeof the atomswith a ther-
mal2 bath,we usethe Langevinequationsfor atomiccoordi-
natesxS i ,I

mx, ¨ i � m,�� xS ˙ i � d
�

dx
�

i
Vsub� xS i ,I yØ i ,I zÙ i �2���

j
�<�

i
V int
R��<� rU � i � rU � j

�����
� F � xä+ ¢¡¤£ F i

¥
xä�¦¨§ tT¢© ,I ª 9«�¬

and� similar equationsfor yØ i and� zÙ i . Here, ­ corresponds3 to
the
!

rate of the energy exchange with the substrate,
F®°¯�± F,0,0I³² to

!
the dc driving force, and ´ F is a Gaussian

random> force with correlationfunctionµ�¶
F
H

i

·¨¸�¹¨º
tT¢»�¼ F

H
j
� ½¨¾�¿¨À tTÂÁ¨Ã�ÄÆÅ 2

vÈÇ
mk, BT

�ÊÉÌË�Í)É
i j Î9Ï tT<Ð tTÂÑ¨Ò . Ó 10Ô

We
À

use a dimensionalsystemof units adaptedto the
scales' of the problem.Distanceis measuredin angstro¨ms,2
energyA and temperaturein eV. The massof an adatomis
chosen3 asour massunit (m,#Õ 1). This imposesa time scale.
We
À

measuretime in units of the characteristictime interval
tT 0Â�Ö 2 × /

�¢Ø
xä . In the remainderof the paper,the measuresof

other� dimensionalphysical quantitieswill be omitted, but
they
!

areall expressedin termsof the above-definedunits.
In
Ù

order to be closeto real physicalsystems,let us take
the
!

adsystemK-W Ú 112Û as� an exampleto definethe model
parameters:5 the W Ü 112Ý surface' is characterizedby a strong
anisotropy� of the atomic relief becauseit hasclose-packed
rows> of substrateatoms separatedby furrows of atomic
depth.
 

Namely, in the simulation,we put a� sxàßÞ 2.74
v

Å and
a� syàáà 4.47 Å, which are,respectively,the distancesbetween
the
!

neighboringwells along and acrossthe furrows on the
W
ÀNâ

112ã surface,' and ä sxàßå 0.46
±

eV and æ syàáç 0.76
±

eV for the
corresponding3 barriers è these

!
valueswere taken from Ref.

18é . To model the shapeof the substratepotential,we have
to
!

definetheparameterssã xä and� sã yë . Theycanbeestimatedto
be
*

within the range ê 0.2,0.4
± ë

.19 For
/

thesakeof concreteness
we" took sã xä�ì 0.2

±
and sã yë�í 0.4,

±
which leadsto the following

frequenciesof adatomvibrations: î xä�ï 1.65 and ð yë2ñ 2.02.
v

Theexperimentalvaluefor theadsorptionenergyof K on W
is
Bóò

d
6�ô 2.54

v
eV.18 For

/
the vibration frequencynormal to the

surface' we took õ zô�ö 1
2(
R<÷

xä�ø#ù yë )U�ú 1.84, which givesûýü 0.813.
±

For the interatomicpotential þ 7_�ÿ ,I we took the pa-
rameters> V0

Â�� 10 eV and
�

0
Â�� 0.85

±
Å � 1. Thesechoicesgive

reasonable> valuesfor adsystems:20 the
!

interactionenergies
between
*

two adatomsoccupyingthe nearestwells alongthe
furrow
�

and across are equal to V int
R (
R
a� sxà )
U��

0.98
±

eV and
V int
R (
R
a� syà )
U��

0.22
±

eV, respectively.Finally, we haveto define
the
!

rate of energyexchangebetweenthe adatomsand sub-
strate:' we took the typical value21

(	��

0.1
±
�

xä�� 0.165.
±

Note
that
!

althoughsomeof the parametersarechosenratherarbi-
trarily,
!

they are typical for metal atomsadsorbedon metal
substrates.' 22 However,asthe modelis still oversimplifiedto
describe
 

a real adsystem,we haveto say that our choiceof
parameters5 doesnot claim to providea quantitativeinterpre-
tation
!

of the K-W � 112� adsystem.� We do neverthelessbe-
lieve in thequalitativedescriptionof theeffectsunderinves-
tigation
!

and claim that typical adsystemson anisotropic
surfaces' � e.g.,A lithium and strontium on the molybdenum�
112� surface,' for which experimentaldata on the detailed

coverage3 dependenciesof diffusion characteristics are
available� 23

(��
should' exhibit a similar behavior.Finally, for

numerical9 solutionof theLangevinequations� 9��� ,I we usethe
standard' fourth-orderRunge-Kuttamethodwith thetime step�

tT�� tT 0Â /20
���

0.19,
±

and the cutoff radius was taken as
r*  2a� syà"! 8.94

x
Å .

III. KINKS

As the kinks arethe main objectsof the phenomenologi-
cal3 approach,6

6
let us first calculatetheir parameters.We re-

call3 that kinks canbe definedfor any commensurateatomic
structure' #

0
Â%$ sã /� q� ,I wheresã and� q� are� relativeprimeintegers;

the
!

kink & antikink� ' describes
 

thenthe minimally possibleto-
pologically5 stablecompression( expansionA ) of� the commen-
surate' structure.Thekink is a quasiparticle,characterizedby
an� effective massm, k

* ,I a rest energy + k
* ,I and the Peierls-
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Nabarro
, -

PN
.
/

amplitude� 0
PN
1 ,I correspondingto the barrier

for
�

thekink translationalongthechain.Theseparametersare
determined
 

by thedimensionlesselasticconstantgC eff2 defined
 

as�

gC eff243 a� sxà2
2
v65 2
(87

sxà V int
9 :<; a� A = . > 11?

Analytically, the kink parametersmay be found in the
low-coupling limit gC eff2A@ 1 or in the strong-couplingB sine-'
Gordon
� C

limit
� 6

6
gC eff2AD 1; however,theusualrealphysicalsys-

tems
!

arecharacterizedby theelasticconstantgC eff2AE 1, so that
both
*

approximationsaretoo crudeto be appliedto our case.
For our choiceof model parameters,we havegC eff2AF 0.6

±
forG

0
Â%H 1. Thereforewe will calculatethe kink parametersnu-

merically.
Thenumericalmethodwasdescribedin detail in previous

papers.5 15,24 Briefly,
I

we have to choosefirst an appropriate
size' of thefinite chainin orderto inserta singlekink into theJ

0
Â%K sã /� q� commensurate3 backgroundstructure; the integers

N
�

and� M mustsatisfy the equation15,25

qN�ML sMãON4P ,I Q 12R
where" the kink topologicalchargeS is

B
equalto TVUXW 1 for

the
!

kink and YVZX[ 1 for the antikink. In the simulation,we
restrictourselvesto the concentrationrange \ 0.5,1

± ]
because
*

for lower concentrationsthe interatomic interaction is too
weak" and its effects would be hardly observable,while at
higher
¿

concentrationsthe atomsbegin to escapefrom the
first adlayer.24,26As backgroundstructures,we chosethefol-
lowing
�

coverages: ^ 0
Â%_ 1/2, ` 0

Â%a 3/5,
� b

0
Â�c 2/3,

v d
0
Â�e 3/4,

�
f

0
Â%g 4/5, and h 0

Â�i 1. The correspondingvaluesfor the num-
ber
*

of atomsN
�

0
Â and� the numberof minima of the substrate

potential5 M
�

0
Â for
�

every j 0
Â are� summarizedin TableI.

We
À

startwith an appropriateinitial configurationandal-
low the atomsto reachthe minimum energyconfigurationk
see' detailsin Refs.26 and27l . This determinesthestructure

of� a kink in its minimal energystate.Then, in order to cal-
culate3 the parametersthat characterizethe kink translation,
we" choosea givenatomin thekink region m see' Ref. 15n and�
move2 it to the right by small stepsby imposingits xS coordi-3
nate9 while all otherdegreesof freedomof the chainremain
free to adjustto everynew positionof the constrainedatom.
This processallows us to find the saddleconfigurationand
therefore
!

the amplitudeof the PN barrier o PN as� the differ-
enceA of the saddleandGS energies.In addition, the energy
of� creation of the kink-antikink pair is determined
as� p

pairÞrq E s kink t�u 0
Âwvyx{z E | antikink� }w~

0
Âw�y�{� 2E � GS

���w�
0
Â���� ,I

where" E
�������

is
B

theenergyof thecorrespondingconfiguration�
notice that it must satisfy the relation N

���
kink �w� 0

Â�����
N
���

antikink� �w�
0
Â����{� 2

v
N
���

GS
���w 

0
Âw¡y¢ which" is imposedby the

total
!

lengthof the atomicchainsalongxS )
U
. The kink param-

etersA obtainedby this methodaresummarizedin TableI, and
the
!

dependenceof the PN energyon the atomic concentra-
tion
!

is presentedin Fig. 1. Note that the function £ PN
1 (
R�¤

)
U

has
the
!

shapeof a devil’s staircase.15

From the kink parameters, the phenomenological
approach� 6

6
describes
 

approximatelythe low-temperaturebe-
havior of the system as follows. For ¥�¦ 1 and

T
�¨§ª©

pairÞ¬«®­ 0
Â°¯ /� k� B

± the
!

concentrationof thermally nucleated
kink-antikink
�

pairs is equalto28–32

²®³
pairÞµ´w¶ C expAO·w¸º¹

pairÞ /2
�

k
�

B
± T
�¼»

,I ½ 13¾
where" C ¿ (2

R
m,˜ k
À8Á

xä2a� sxà2 /
��Â

k
�

BT
�

)
U 1/2 and� m,˜ k

ÀÄÃ (
R
m, k
À m, k
À̄ )U 1/2. For

lower
�

coveragesÅ�ÆºÇ 0
Â%È sã /� q� Eq.

É Ê
13Ë should' be properly

renormalized,> which resultsin an additionalfactor 1/q� in
B

its
right-hand> side.

TABLE I. Parametersof kinks: N
Ì

0
Í is the number of atoms,

M 0
Í the
Î

numberof minima of the substratepotentialfor oneperiod
of the systemalong xÏ ,ÐÒÑ pairÓ the

Î
creationenergyof a kink-antikink

pair, and Ô PN the
Î

amplitudeof the Peierls-Nabarropotential.

Structure N
Ì

0
Í M 0

Í Õ
pairÓ×Ö eVØ Ù PN

ÚÜÛ eVÝßÞ
Antikink à 1/2á 21 43 0.378â

0
Íäã 1/2 21 42 0.759

Kink å 1/2æ 21 41 0.0849

Antikink ç 3/5
èêé

22 37 0.0848ë
0
Íäì 3/5
è

21 35 0.007
Kink í 3/5

èêî
20 33 0.0813

Antikink ï 2/3
ðêñ

21 32 0.0812ò
0
Íäó 2/3
ð

20 30 0.170
Kink ô 2/3õ 21 31 0.0192

Antikink ö 3/4
èê÷

20 27 0.0184ø
0
Íäù 3/4
è

21 28 0.055
Kink ú 3/4

èêû
22 29 0.0087

Antikink ü 4/5
ýêþ

19 24 0.0086ÿ
0
Í�� 4/5
ý

20 25 0.018
Kink

�
4/5� 21 26 0.0071

Antikink � 1� 21 22 0.0071

FIG. 1. Peierls-Nabarroenergyversuscoverage.Coveragescor-
respondingto simplest commensuratestructuresare shown with
dashedlines.
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When
À

theconcentration� slightly' deviatesfrom thecom-
mensuratevalue � 0

Â ,I the thermalkinks aresupplementedby
geometrical@ kinks � ifB
	���
 0

Â )U or antikinks � ifB
����� 0
Â )U with a

concentration3 �
geom� � q��������� 0

Â�� . In the closevicinity of � 0
Â ,I

the
!

total kink concentrationcanbe found as
�! 

tot
"$#&%�'

geom� ( 2)!* pairÞ,+ . - 14.
The dimensionlesssusceptibility/

/103254 tot
"36 /� q� 2

(57 8
159

can3 theneasilybe obtainedfrom Eqs. : 13; and� < 14= .
Let
>

us now examinethe phenomenologyof subsequently
melted2 kink superlattices.6

6
In
Ù

order to describethe atomic
mobility in termsof collectiveexcitations,we mustfirst de-
fine the typeof excitationsthathaveto beconsidered.As an
example,A let us selecta concentration? in

B
the neighborhood

of�A@
0
ÂCB 2/3.

v
For low T

�
,I T
�EDGF

pairÞIH 2/3
vKJ

/2
�

k
�

B
± ,I we have to use

the
!

superkinksdefined on the backgroundof the L 0
ÂCM 2/3

structure' in the expressionsN 13O – P 15Q . However, in the
intermediate temperature range, i.e., R pairÞIS 2/3T /2� k

�
B U TVGW

pairÞIX 1/2Y /2� k
�

B
± ,I whenthesuperkinksaredestroyedby ther-

mal2 fluctuations while the trivial kinks Z defined
 

on the[
0
Â�\ 1/2 background] are� not yet destroyed,we haveto sub-

stitute' the parametersof the trivial kinks in Eqs. ^ 13_ and�`
14a . In particular, we should take q�cb 3

�
for low T but

*
q��d 2 for intermediatetemperatures.In the latter case,how-
ever,A the parametersof trivial kinks may seriously differ
from
�

thosecalculatedfor the idealcase,becausetheconcen-
tration
!

of trivial kinks at the e�f 2/3 coverageis very large
and� their interactionis not negligible.

When
À

the amplitudeof the activationbarrier for the kink
motion is known, the diffusion coefficientDk

g for a single-
kink randomwalk maybeapproximatelycalculatedwith the
Kramerstheory.For T hGi PN/

�
k
�

B this
!

approachgives

D
j

k
gkj D
j

k
g

0
Â expAml&nGo

PN/
�
k
�

BT
�cp

,I q 16r
where"

Dk
g

0
ÂCs a� 2

(ut
PN/2
�wv

if x l
y{z}|�~w�

PN,I
a� 2
(��

PN
12 /2
�����

if ���w� PN.

�
17�

Here � PN� (
R5�

/
�
a� sxà )(2
U��

PN/
�
m, )
U 1/2,I a�c� qa� sxà ,I and � l

y�w�
PN
1 k
�

B
± T
�

/2
�w�c�

PN
1 .

If the interatomic interaction is strong enough,the in-
equalityA �

PN
1}�G�

pairÞ may2 easily be fulfilled. In this case,
within" the temperatureinterval � PN� k

�
BT �G� pairÞ ,I the kink

diffusion
 

coefficient is approximatelyequal to � e.g.,A see
Refs.
�

33–35�

Dk
gk� k

�
B
± T
�

m, k
g5  1 ¡ 1

8
¢ £ PN

1
k
�

BT

2

. ¤ 18¥
Knowing
-

the kink diffusion coefficient,we can find the
chemical3 diffusion coefficient with the phenomenological
approach� 6

6
by
*

the formula

D
j

cGk¦
§!¨

k
g�© Dk

guª3«!¬
k
ḡ ­ D k

ḡ®!¯
tot
"3° ,I ± 19²

where" for ³�´�µ 0
Â we" should take ¶!· k

g�¸º¹¼»
geom� ½$¾!¿ pairÞ,À and�Á!Â

k
ḡ ÃºÄ3Å!Æ pairÞ,Ç ,I while in the È�É�Ê 0

Â case,3 we haveto substitute

Ë!Ì
k
g�Í&Î3Ï5Ð

pairÞ,Ñ and� Ò!Ó
k
ḡ Ô&Õ�Ö geom� ×3Ø!Ù pairÞ,Ú . Finally, the chain

mobility may be found as B ÛwÜ DcG . These predictions
should' be now comparedwith the resultsof simulationand
this
!

is the subjectof the following section.

IV. MOBILITY

To
�

studythemobility, we useanalgorithmwherewe look
first
7

for the minimum energyconfigurationof the system.
Thenwe increasethe temperatureup to a given temperature
T
�

by
*

small steps Ý T
�ßÞ

T
�

/50
�

during the time
tT therm
" à 100tT 0ÂCá 381.

�
At that point, we apply a small dc force

F â 0.01
±

which is gradually increased from F ã 0 t
±

o
F
Håä

0.01
±

during the time 100tT 0Â ,I and wait during
tT waitæèç 100tT 0Â in orderto allow thesystemto reacha stationary
state.' Then, for the discretetimes tT né�ê ntë 0

Â ,I we measurethe
average� velocity ìuí xäuî of� the atomsduring tT runï�ð 100tT 0Â ,I and,
finally, the procedureis repeatednë avñ times

!
(në avñåò 5

�
in the

simulation' ó with" different initializationsof the randomnum-
ber
*

generatorin order to estimatethe error bars.
To
�

demonstratethe effect of the transversedegreesof
freedomon the atomicmobility, we consideredthreediffer-
entA casesof the generalizedFrenkel-Kontorovamodel:ô

i
Böõ

a� purely one-dimensionalatomic chain with atomic
movementrestrictedto the xS direction

 ÷
1Dø ;ù

ii
Bûú

a� quasi-one-dimensionalatomicchainwith two trans-
verse8 degreesof freedom yØ and� zÙýü we" will call it the
quasi-1DC caseþ ;ÿ

iii
B��

a� true two-dimensionalextensionof the FK model�
2D
v��

.
Note
,

that the interactionbetweenthe atomsalways has
the
!

generalform of Eq. � 7��� ,I i.e., it hasa 3D characterin the
quasi-1DC and2D cases.

The
�

quasi-1Dcasecan be easily obtainedfrom the gen-
eralA caseby choosinga periodof onelattice constantin the
yØ direction;
 

namely,we put M
�

yë
	 1 so thatall chainsmovein
the
!

same way and chose N
���

5
�

N
�

0
Â�
���� and� M xä�� 5

�
M 0
Â������ ,I

where" the integersN
�

0
Â and� M

�
0
Â are� taken from Table I for

eachA coverage� in
B

orderto havefive kinks or antikinksover
the
!

lengthunderinvestigation.Theresultsof thesimulations
are� presentedin Fig. 2. As expectedfrom the phenomeno-
logical
�

theory, at low temperaturesB
F

(
R��

)
U

does have local
minima not only for the trivial concentrations��� 1/2 and���

1, but also at the commensurateconcentrations��� 2/3
v

and�  �! 3/4.
�

Thesetwo minima,which involve a kink lattice,
disappear
 

when the temperatureis increased,while the
minima for the trivial structuressurviveat any temperature.
In the simulation,minima do not appearfor the othercom-
plicated5 GS structures " e.g.,A #�$ 3/5

�
and %�& 4/5)

ù
because

these
!

higher-orderstructurescorrespondto too low ‘‘melt-
ing’’ temperaturesof the kink lattice.

In
Ù

order to check completely the phenomenological
theory,
! 6

6
it
B

would be interestingto seeif theseextraminima
appear� at very low temperature,but the mobility is thentoo
small' to allow us to obtain accurateresultsin a numerical
simulation.' As the ‘‘melting’’ temperatureis determinedby
the
!

magnitudeof the effective elastic constantof the kink
lattice,
�

onecouldattemptto increasetheparameterV0
Â in
B

Eq.'
7
��(

. But in that case,the repulsionbetweenthe atomsis too
largeandthey begin to escapefrom the minima of the sub-
strate' potentialin the directionorthogonalto the chain.27

(
To
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prevent5 this escapeand allow the study of higher-order
minima,we artificially restrictedtheatomicdisplacementsto
the
!

xS dimension.
 

This allowedus to takeV0
Â*) 100 eV. This

case3 correspondsto the so-called1D case.The resultsare
shown' on Fig. 3.

As seenfrom Fig. 3, in the1D casethefunctionB(
R,+

)
U

has
pronounced5 local minima at -/. 2/3

v
and 0/1 3/4

�
at much

highertemperaturesthanin thequasi-1Dcase.Onecannote
also� that the minimum at 2�3 3/4

�
disappearswhen the tem-

perature5 is increased,while the minimum at 4�5 2/3
v

survives
in
B

the whole rangeof investigatedtemperatures,sinceit has
a� greater melting temperature.However, the minima at6�7

3/5
�

and 8�9 4/5,
ù

where the kink lattice has the period
5
�

a� sxà ,I are not found even for this very strong interatomic
repulsion.> Note also that in real physical systems,such as
adsorbed� layers, the observationof local minima for these
complicated3 structuresis unlikely due to the existenceof
transverse
!

degreesof freedom.
In
Ù

a one-dimensionalmodel at high enoughtemperature
(
R
T :<; pairÞ /

�
k
�

B)
U
, the mobility canbe calculatedwith a pertur-

bative
*

approachstartingfrom a systemof noninteractingat-
oms.� The function B(

R,=
)
U

is given by12–14

B
F?>

B
F

f
@ 1 A 1

8
¢

BDC
sxà /
�
k
�

BT
�FE

sinh' G k� BT
�

/
�IH

sxà gC A J
cosh3 K k� B

± T
�

/
�DL

sxà gC A
MON
P cos3RQ 2vTS a� A

M /
�
a� sxàVU

2
( W

1

,IX
20
vZY

where" B
F

f
@�[ 1/m,]\ ,I a� A

M_^ a� sxà /
�a`

is
B

the averageinteratomicdis-
tance,
!

and the elastic constant gC A is defined by
gC A b a� sxà2

(
V int
9 c (
R
a� A)/
U

2 d 2
(fe

sxà . Note that the function g 20h haslo-
cal3 minimafor trivial configurationsonly, in agreementwith
the
!

phenomenologicaltheory in the high-temperaturerange.
The
�

chemicaldiffusivity D
j

cG could3 be obtainedby replacing
the
!

prefactor B
F

f
@ in
B

Eq. i 20
vkj

by
*

a� A
2
(

V int

l
(
R
a� A
M )/
U

m,nm . Figure 3
shows' that Eq. o 20p describes

 
the high-temperaturesimula-

tion
!

resultsof the purely one-dimensionalFK model with
good@ accuracy q exceptA in the vicinity of the coverager�s

2/3, wheret pairÞ /
�
k
�

B u T evenA for thehigheststudiedtem-
perature5 v . For this model, the highest possible mobility
B f
@�w 1/m,]xzy 6.0,

?
which correspondsto the caseof noninter-

acting� free atoms,is reachedin the middle of the interval
0.5
±|{~}��

1.0.
The high-temperaturemobility for the quasi-1D chain

with" transversedegreesof freedom � curve3 � 4ù�� in
B

Fig. 2� is
B

approximately� two times lower than the values calculated
with" Eq. � 20� for correspondingparameters.Note that, for
the
!

chosenset of parametersin a quasi-1Dmodel,T
���

0.05
±

eVA is thehighesttemperaturefor which thedeterminationof
the
!

mobility in
�

the first monolayer of atoms is possible.At
higher temperaturesthe atomsstart to escapefrom the first
layer
�

to the secondone,which may seriouslydistort the re-
sults' � the

!
curve � 4� in Fig. 2 is not plottedat �/� 0.8

±
for this

reason> � . Evenif onetakesinto accountthefact that thehigh-
temperature
!

rangerequiredfor thevalidity of Eq. � 20
vk�

is
B

not
reached,the disagreementbetweenEq. � 20� and� the simula-
tion
!

resultsis largein thequasi-1Dcase.This showsthat the
presence5 of the transversedegreesof freedomhasthe same
effectA on themobility asanadditionalfriction in thesystem.
This canbe understoodbecausesomepart of the work done
by
*

the externalforce is usedto excitethe transversedegrees
of� freedom.

Finally,
/

we alsosimulatedthe2D Frenkel-Kontorovasys-
tem
!

with M yë�� 30,
�

M xä�� M 0
Â��O�
� ,I and N

���
30
�

N
�

0
Â��O�
� . The re-

sults,' presentedin Fig. 4, show that there is no essential
difference
 

betweenthe B(
R��

)
U

dependenciesfor the quasi-1D
and� 2D systemsexceptthat 2D dependenciesaresystemati-
cally3 lower. The role of the transversedegreesof freedom,
already� noticedfor thequasi-1Dmodel,showup againhere.
It is interestingto noticethat Fig. 4 showsfor the2D model
at� T
���

0.01
±

eV the additional small minimum of B
F

(
R,�

) a
U

t

FIG.
 

2. The mobility B
¡

of¢ the quasi-1DFK model with trans-
versedegreesof freedomasa functionof thecoverage£ at¤ selected
temperatures T ¥ 0.0025 eV ¦ curve§ ¨ 1©«ª ,Ð T ¬ 0.005

�
eV ­ 2® ,Ð

T ¯ 0.020eV ° 3è²± ,Ð andT ³ 0.050
�

eV ´ 4ý²µ .�

FIG. 3. Themobility B versuscoverage¶ for apurely1D model
with V0

·¹¸ 100eV at different temperaturesT º 0.005eV » diamonds
¼

and dotted line½ , T
¾À¿

0.05
�

eV Á asterisks¤ and dashedlineÂ ,Ð and
T Ã 0.10eV Ä triangles

Î
andsolid lineÅ .� For a betterpresentation,the

data for the two lower temperaturesare plotted only within
0.72ÆÈÇ*É 0.8, becauseat othercoveragesthey are the sameasfor
T Ê 0.10eV. Thedash-triple-dottedline is Eq. Ë 20

ðÍÌ
for
Î

T Ï 0.10eV.
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Ð�Ñ
4/5
ù

predictedby thephenomenologicaltheory,which re-
flectstheexistenceof thekinks/antikinkson thebackground
of� this coverage.

The
�

plots of the mobility B
F

versus8 inversetemperature
shown' in Fig. 5 for the2D modelat selectedcoveragesshow
that
!

the atomic mobility has an activatedcharacterin the
investigated
B

rangeof temperaturesandcoverages.The same
qualitativeC behaviorwas found for the 1D case.Using an
Arrhenius
,

form B
F

(
R
T
�

)
U
Ò

B
F

0
Â exp(A Ó E

�
aÔ /
�
T
�

),
U

we cancalculatethe
activation� energyEaÔ and� theprefactorB0

Â . Their dependence
on� coverageis shownin Fig. 6. TheactivationenergyE

�
aÔ has
¿

a� sharpmaximumat thecoverageÕ�Ö 2/3, whichcorresponds
to
!

a well-definedcommensuratestructure,while activation
barriers
*

on both sidesof ×�Ø 2/3 are much lower due to the
presence5 of residualkinks/antikinks;the barrier for ‘‘kink’’
coverage3 Ù�Ú 2/3ÛÝÜ is lower than that for ‘‘antikink’’ cov-
erageA Þ�ß 2/3

váàÝâ
. On theotherhand,themaximaof E

�
aÔ at� the

higher-order commensurabilities ã�ä 3/4
�

and å�æ 4/5 are
much2 lesspronounced.This is consistentwith the fact that
these
!

higher-ordercommensurabilitieshardlyshowup in the
mobility curvesof Fig. 4.

Themaindifferencebetweenthequasi-1Dsystemandthe
true
!

2D modelis dueto the interactionsof kinks in thenear-
estA neighboringchannels.For therepulsiveinteratomicinter-
action� studiedin thepresentwork, kinks in thenearestneigh-
boring
*

channelsrepeleachotherat the ç�è 1 coverage,while
for any é�ê 1 theyattracteachotherandtendto form domain

walls." With the short-rangeë exponentialA ì interactionstudied
in
B

our simulations,two kinks belongingto neighboringchan-
nelsattracteachotherwith a potentialVkk

g (
R
xS )
U
íïî

xSñð ,I contrary
to
!

theusuallaw9
?

Vkk
g (
R
xS )
U
ò

xS 2. As a consequence,thestiffness
of� the domainwalls vanishesand they canbe destroyedby
thermal
!

fluctuationsor external forces for any T
��ó

0 o
±

r F
H

ô
0.
±

This is confirmedby theobservationof snapshotsof the
atomic� configurationin the 2D model.During the time evo-
lution
�

a domain wall of kinks is destroyedas soon as the
temperature
!

is high enoughto providea noticeablevalueof
the
!

mobility. For example,Fig. 7 demonstratestheevolution
of� such a domain wall defined on the backgroundof theõ�ö

1/2 commensuratestructure.This casewas chosenbe-
cause3 its kinks havethe simpleststructureandaremorevis-
ible
B

thankinks definedon thebackgroundof anyothermore
complex3 commensuratestructure.The initially well-defined
kink wall ÷ relaxedconfigurationfor T ø 0

±
) is smearedout at

T ù 0.02
±

eV andF ú 0.01,
±

althoughthesevaluesof tempera-
ture
!

and external force provide a very low value of the
atomic� mobility (B û 0.03)

±
at the chosencoverage.This in-

stability' of the kink domainwalls explainswhy the true 2D
model2 gives resultswhich are not fundamentallydifferent
from
�

the resultsof the quasi-1Dcase.Nevertheless,the in-
teraction
!

betweenatomsand kinks in the nearestneighbor
channels3 doescontributeto the dynamicsof the system.It
results,> in particular, in the loweredvaluesof mobility for
the
!

2D casein comparisonwith thosefor a 1D system.How-
ever,A in more realistic 2D models with long-rangeinter-
atomic� forcessuchas elasticor dipole-dipoleforcesdue to
the
!

substrate,the role of the domain walls might be more
essential.A

V. DIFFUSION

The
�

chemicaldiffusion coefficientis moredifficult to cal-
culate3 by MD simulationsthanthe mobility. It canbe deter-
mined2 in two ways.First, the susceptibility ü can3 be calcu-
lated
�

with one of the methodsdescribedin Ref. 5 and then
DcG could3 be derivedfrom the relation DcG�ý B/

�ÿþ
. However,

this
!

approachrelieson theaccuracyof thetwo factors.In the
present5 work, we usea directapproachbasedon theFick law�
2� . We start from a nonuniforminitial concentrationprofile�
(
R
xS )
U

andobserveits evolutionwith time at a giventempera-
ture
!

T � we" will now usethenotation � insteadof �����
	�	 in the
diffusion
�

laws,assumingthe existenceof local equilibrium� .
The variationsof the chemicaldiffusion coefficientDc
 with�
concentration� determinethe diffusion profile.1 For instance,
for an approximatelyconstantflux J

�����
Dc
���� /

���
x� ,� flat sec-

tions
�

of the observedconcentrationprofile � low
�  "!

/
�$#

x� )
%

cor-
respondto enhanceddiffusivity Dc
 ,� while sharpchangesof
concentration� within some concentration interval & high

'

FIG. 4. The mobility B versus( coverage) for a 2D model at
selectedtemperaturesT * 0.005

+
eV , curve - 1.0/ ,1 T 2 0.010 eV 3 2465 ,1

T 7 0.020eV 8 396: , T
¾<;

0.030
+

eV = 4> , andT
¾<?

0.050
+

eV @ 5A .

FIG. 5. The mobility B of the two-
dimensional
B

model versusthe inverse tempera-
ture:
C D

aE for
F

coveragesGIH 0.51
+ J

diamonds
B K

andLMIN
0.60
+ O

trianglesP ; Q bR kinks S squaresT , antikinksU
diamonds
B V

,1 and the backgroundcommensurate
structureW X trianglesY for Z 0

·\[ 2/3; ] c^$_ for coverages`Ia
0.72
+ b

diamonds
B c

andL dIe 0.80 f trianglesg .h
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i"j
/
�$k

x� )
%

indicatea lower diffusion coefficientD
l

c
 .
Quantitative
m

dataon the variation versus n ofo the diffu-
sionp coefficientD

l
c
 can� be obtainedby studyingthe concen-

tration
�

profilesgivenby theone-dimensionaldiffusion equa-
tion
�

q
r

ts"tvu x
� ,� ts�wyx{z|

x� Dc
\}\~��
� ~v} x� ,� ts���

x� . � 21�

The
�

simplestcaseis the diffusion of an initially stepwise
profile� in a spatially infinite system,which givesan explicit
expression� for theD

l
c
 (��� )

%
functionby theBoltzmann-Matano

formula
� �

see,p e.g.,Ref. 1� . However,with periodicboundary
conditions,� computationallimitations do not allow us to
choose� a period large enough to observesuch a profile.
Therefore
�

we first derive an approximateexpressionof
Dc
 (��� )

%
usingthephenomenologicalequations� 13� – � 19� ,� and

then
�

solve Eq. � 21
���

with� this D
l

c
 (��� )
%

and periodic boundary
conditions.� Finally, we comparethe calculatedprofileswith
those
�

obtainedfrom MD simulationfor the sameinitial dis-
tribution.
�

Let
>

us first apply the kink-gasphenomenologyto the de-
termination
�

of D
l

c
 . We havechosenthe room temperature
T � 0.025

�
eV (290K � sincep it dividesthewhole investigated

coverage� interval � 0.5,1.0
� �

into
�

two partswhich differ by the
mechanism of kink diffusion. For the coverage range
0.5
�¡ £¢¥¤

0.66
�

where the condition T
¦¨§ª©

PN
« /
�
k
¬

B
­ is
�

satisfied®
seep Fig. 1̄ ,� thediffusion of kinks hasanactivated° character�

and,± in termsof theArrheniusrepresentationof thechemical
diffusion
�

coefficient D
l

c
�² D
l

0
³ exp(� ´ E

�
acñ /
�
T
¦

)
%
, this meansthat

the
�

Dc
 (��µ )
%

dependenceis determinedmainly by the varia-
tions
�

of the activationenergy ¶ note that Eacñ¸·ª¹ PN according±
to
�

Eq. º 16»½¼ . On the other hand, for 0.66¾£¿¥À 1.0, where
T ÁªÂ PN/

�
k
¬

B and± wherethePeierls-NabarroenergyÃ PN showsp
onlyo minor changeswith coverage,themasstransportis car-

ried out by free
Ä

diffusion
�

of kinks andthemainvariationsof
chemical� diffusion coefficientwill arise from the prefactor
D0
³ .
One
Å

shouldkeepin mind thatthephenomenologicalequa-
tions
� Æ

13Ç – È 19É can� be usedonly for thosekinks which are
well� definedasquasiparticlesfor a given temperatureanda
givenÊ coverageinterval, i.e., the conditionT

¦¨ËªÌ
pairÍ /
�
k
¬

B
­ must

be
Î

satisfied.In other words, the concentrationof thermally
excited� kink/antikink pairs Ï 13Ð for a given structureÑ

0
³�Ò sÓ /� qÔ cannot� exceedthe maximalpossiblevalue1/qÔ . For

the
�

presentstudy, it meansthat the quasiparticleswhich
shouldp be takeninto accountat T

¦ÖÕ
0.025
�

eV are the trivial
kinks/antikinksof the trivial GS × 0

³�Ø 1/2 and Ù 0
³�Ú 1 andsu-

perkinks� definedon thebackgroundof Û 0
³�Ü 2/3

�
structure.We

pointed� out in Sec.III that, for our modelparameters,accu-
rate kink parameterscan only be determinednumerically.
But in order to solveEq. Ý 21Þ we� needsomeexpressionfor
the
�

kink masses.Sincethemaximumvalueof thedimension-
lesselasticconstantgß effà defined

�
by Eq. á 11â approximately±

equals� 0.6 for the chosenset of model parameters,the best
estimate� is given by the low-coupling-limit expression6

ã
mä k
gæå mä k

ḡ ç mä /
�
qÔ 2.

Theoretically,theapplicationof theEqs. è 13é – ê 19ë for the
determination
�

of D
l

c
 is
�

only strictly valid in theclosevicinity
ofo commensuratestructures,wherethe concentrationof re-
sidualp kinks is low ì in our case, near the coveragesí

0
³�î 1/2, ï 0

³�ð 2/3,
�

and ñ 0
³�ò 1). Sincewe needD

l
c
 (��ó )

%
for all

intermediateô values,õ we haveto interpolatebetweenthese
specificp ö values.õ We calculatedthe valuesof D

l
c
ø÷ indicated
�

by
Î

the plus signsin Fig. 8ù upú to the middle pointsbetween
these
�

specific coveragesand useda weighting coefficient,
plotted� themin theinsetin Fig. 8, to markthesignificanceof
each� point in the subsequentinterpolation procedure.The
final
û

form of D
l

c
 (��ü )
%

is taken as a superpositionof tanh(ý )%
functions
�

chosento providea goodfit of the valuededuced
from the phenomenologicaltheory around the coveragesþ

0
³�ÿ 1/2, � 0

³�� 2/3,
�

and � 0
³�� 1, whereit is accurate.Although

FIG. 6. The activationenergyEa� andL prefactorB0
· for the mo-

bility versuscoverage � in the caseof the two-dimensionalFK
model.

FIG. 7. Snapshot pictures for two-dimensional model at���
0.51. 	 Top
 The initial relaxedconfiguration(T � 0) and � bot-



tom� the

C
atomic configurationafter the evolution time t � 1600 at

T � 0.02eV.
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this
�

procedurecannotavoidsomearbitrariness,we keepit to
a± minimumby putting theweightingfactor to zerowherever
the
�

theoreticalformula for Dc
 (��� )
%

is not valid. The general
shapep of the interpolatedDc
 (��� )

%
reflectstheexpectedgeneral

variationsõ of the chemicaldiffusivity versuscoverage.We
seep that this function monotonicallyincreasesin the region
1/2����� 2/3 � corresponding� to thedecreaseof theactivation

energy� E
�

acñ which� can be deducedfrom Fig. 1� ,� while at
highercoveragesDc
 startp to decrease.The high-temperature

�
behavior
Î

of D
l

c
 at± high coveragesis given in the kink-gas
approach± by the variationof kink mass.It canbe alsointer-
preted� in terms of the Arrhenius formula D

l
c
� D0

³ exp(� � Eacñ /
�
T)
%
. Generally,D0

³ and± Eacñ change� in a simi-
lar
�

manner � the
�

so-called compensation� effect1 . At high
enough� temperatures,theslow decreaseof Eacñ at±"!�# 2/3 $ seep
Fig. 1% leadsonly to a slow changeof theexponentialtermof
the
�

Arrhenius formula. The fast drop of Dc
 must thus be
attributed± to the prefactorD

l
0
³ .

Once
Å

Dc
 is known, the secondstepis to solve Eq. & 21'
with� this Dc
 dependence

�
andcomparewith the MD simula-

tions.
�

To deducea local coveragefrom the MD atomiccon-
figuration
û

at a given time ts ,� we calculate the occu-
pation� numbers n( (

�
i
)

x* ,� i) y+ ;ts )%-,
where� i

)
x*/. 1, . . . ,M x* and±

i
)

y+10 1, . . . ,M y+ )% definedasthe numberof atomsin the given
elementary� cell (i

)
x* ,� i) y+ )% . Theresultsof thesimulationsfor the

2D model(M x*/2 84,
¢

M y+/3 60,
4

andN
576

3780)
8

arepresentedin
Fig.
9

9. We startedwith an artificially preparedstepwiseini-
tial
�

configuration:concentration:�; 1 in thecentralregionof
the
�

lattice < for
�

i
)

x*/= M
>

x* /4�@? 1, . . . ,3M
>

x* /4)
�

and A�B 0.5
�

outside
this
�

region.The systemis thenallowedto evolveaccording
to
�

the Langevin equations C 9DFE . The concentrationprofileG
(
�
i
)

x* ,� ts nH )%FIKJ iyLNM 1
M
O

yL n( (
�
i
)

x* ,� i) y+ ;ts nH )/% M y+ is recorded at times

ts nH�P nt( 0
³ . The simulationwasrepeatedfive times in order to

average± theprofilesanddecreasestatisticalfluctuations.The
simulationp profiles for different times are shown in Fig. 9
with� symbols.Theyhavea flattersectionin themiddleof the
studiedp coverageinterval, correspondingto the coveragere-
gionÊ with enhanceddiffusivity. Moreover,in thesamefigure,
we� plot with solid linesthetheoreticalprofilesobtainedfrom

FIG. 8. Chemicaldiffusion coefficientDcQ versus( coveragefor
T R 0.025eV. Crossescorrespondto the DcQ values( calculatedwith
phenomenologicalequationsS 13T – U 19V ;W the full curve corresponds
to the D

X
cQ (Y[Z )\ dependence,interpolatedwith the help of the weight-

ing coefficientpresentedin the inset.

FIG.
]

9. Evolutionof thecoverageprofile ver-
susW time: t ^ 0 _ aLa` ,1 tbac 190 d b
fe ,1 tbag 763

h i
c^aj ,1 and

tblk 1715 m dBfn . The triangles correspondto the
simulationW of the 2D model with M

o
xpNq 84,
r

M
o

ysft 60, and N
uwv

3780 at room temperature
T
¾yx

0.025
+

eV, andthe full curvesarethesolution
ofz thediffusionequation{ 21| .h Thecoordinatex} is
indicatedin lattice units a~ sx� .h
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the
�

numericalsolution of the diffusion equation � 21� with�
D
l

c
 (�F� )
%

plotted in Fig. 8. The datapresentedin Fig. 9 show
that
�

the theoreticaland simulationresultsare in very good
agreement,� which validatesthe phenomenologicalapproach
usedú for determiningthe diffusion coefficient.

VI.
�

DISCUSSION IN RELATION TO EXPERIMENTS

It
�

is importantto examinetheapplicabilityof thetheoreti-
cal� results to real physical systemssuch as atomic layers
adsorbed� on crystal surfaces.Although experimentscannot
provide� resultsas detailedas the numericalsimulations,a
comparison� is possible.Our model is oversimplifiedto de-
scribe� quantitativelya real adsystem— althoughwe chose
some� model parametersclose to those available for the
K-W � 112� adsystem� — mainly becausetheinteratomicinter-
action� in real adsystemsis muchmorecomplicatedthanthe
exponential� interaction used in the presentwork.20 In

�
the

case� of adsorptionon isotropicsurfaces,diffusion is affected
by
Î

the formationof domainwalls, especiallywhenthe inter-
atomic� interactionis long range.Our resultsare more suit-
able� to describehighly anisotropicsurfacesfor which the
interaction between neighboring channels is sufficiently
weak� to reducethe role of two-dimensionaldomain walls.
We
�

obtaina qualitativeagreementwith experimentson dif-
fusion
�

of atomsadsorbedon highly anisotropicfurrowedsur-
faces.

There are very few experimentaldata on the variation
versusõ coverageof the diffusion coefficient for atomsad-
sorbed� on highly anisotropic� furrowed

� �
surfaces.� Somedata

have been obtained using the field emission fluctuations
method36

�
for K-W � 112� and� the diffusivity wasfound to in-

crease� strongly in the region of the commensurate-
incommensurate
�

transition: this was interpretedin termsof
fast diffusion of solitonsÓ .36

�
Detailed
�

dependenciesD
l

c
 (�F� )
%

andE
�

acñ (
�F�

)
%

in thewide cov-
erage� interval � 0.05,1.5

� �
are� available23

�
for Li-Mo � 112� ,�

where� the interaction betweenLi adatomson Mo � 112� is
�

long
�

rangeand anisotropic.Besidesthe short-rangeforces,
the
�

interactionbetweenthe adatomsincludesalso a dipole-
dipole
 

repulsion and an oscillating part due to substrate-
mediated¡ electronexchange.20 This

�
is responsiblefor theex-

istence of peculiar chainlike structures p¢ (1
�¤£

4¥ and�
p¢ (1
�¤¦

2§ ,� formed by first-order transitions, for coverages¨�©
0.5.
� 37

�
In
�

this rangeof ª ,� thediffusivity D
«

c¬ was� found to
depend
 

only weakly on coverage.At higher coverages­�®
0.5,
�

the repulsionbetweenLi adatomsstarts to play a
larger
�

role. This results first in the formation of one-
dimensional
 

incoherentstructuresat ¯�° 2/3, and then the
adlayer� exhibits a one-dimensionalcompressionalong the
direction
 

of furrows.37
�

In this coveragerange,Dc¬ (�F± )
²

was
found to increasestronglyandmonotonicallywith coverage
at� low temperatures.The sharpestincreasesof diffusivity at
low temperatures(T ³ 250 K ´ appear� for the commensurate
coveragesµ ¶�· 2/3

�
and ¸�¹ 1. This behaviorof D

«
c¬ coincidesµ

qualitativelyº with the predictionsof the kink-gasapproach6
ã

and� our numericalsimulations.Moreover,the activationen-
ergy� Eacñ for

�
chemicaldiffusion,obtainedin Ref. 23 from the

slopes� of Arrheniusplots of D
«

c¬ ,� exhibits a monotonicde-
creaseµ as coverageincreases» except� for small maxima at
coveragesµ slightly above the commensuratevalues ¼�½ 2/3

and� ¾�¿ 1), which is closeto thebehaviorof À PN
« in
�

Fig. 1. It
is also interestingto notice that if Dc¬ (��Á )

²
is plotted at tem-

peraturesÂ higherthan300K from thevaluesof theprefactor
D0
³ and� activationenergyEacñ measuredin Ref.23, it showsa

nonmonotonicÃ behaviorwith aminimumaroundÄ�Å 1, which
is very similar to the behaviorof Dc¬ at� T Æ 300

8
K in the

two-dimensional
�

FK modelconsideredhere Ç see� Sec.V È .
Finally,
É

preliminary resultsof the diffusion study in Sr-
Mo Ê 112Ë system� 23 have demonstratedthat diffusivity in-
creasesµ sharplyat coverageÌ�Í 0.5

�
which correspondto the

commensurateµ Î 4Ï 2Ð structure� of strontiumatoms Ñ while� at
higher
Ò

coveragesSr atomsform incommensuratestructuresÓ .
One
Å

mayspeculatethat this enhanceddiffusivity is provided
by
Ô

the fast kink diffusion.

VII.
�

CONCLUSION

The aim of this paperwasto checkthe predictionsof the
kink-gas approachwith the help of molecular dynamics
simulations.� The validity of the kink-gasapproachought to
be
Ô

questionedbecauseit is basedon one-dimensionalmodels
while� realadsystemsare2D Õ orÖ even3D taking into account
the
�

possiblemotion of adatomsorthogonalto the surface× .
First,
É

we comparedthe kink-gas approach Ø Eqs.
Ù Ú

13Û –Ü
19ÝßÞ and� high-temperatureformula à 20á for mobility B and�

chemicalµ diffusivity D
«

c¬ãâ k
¬

B
­ TB
¦

/
äaå

with� the results of our
simulation� of FK modelswith transversedegreesof freedom.
We
�

have found only a qualitativeÔ agreement� betweenthe
B
æ

(
�Fç

)
²

dependenciesobtainedin MD simulationof 2D and1D
modelswith transversedegreesof freedomand thosepre-
dicted
 

by thekink-gasapproach.In Sec.IV, we showedthat
the
�

mobility B is strongly reducedwhen additional trans-
verseè dimensionsare involved in the system.A quantitativeÔ
estimation� of B

æ
usingé Eqs. ê 13ë – ì 19í shows� thatthekink-gas

approach� overestimatesthe mobility significantly unlesswe
artificially� introducea highereffectivefriction î effà . This can
be
Ô

understoodbecausesomepart of the energybroughtinto
the
�

systemby theexternalforce is absorbedby extradegrees
ofÖ freedom.For example,in the simplestcaseof harmoni-
callyµ interactingatomsat high temperatures,themobility has
to
�

berenormalizedby a factor1/3 ï i.e., ð effàòñ 3
8ôó

)
²

dueto the
presenceÂ of two additionaldegreesof freedom,sincetheen-
ergy� is redistributeduniformly ( õ k

¬
BT/2)
ä

betweenall three
degrees
 

of freedom.But in our case,where interactionbe-
tween
�

atomsis anharmonicand mobility is investigatedat
low
�

temperatures,a reliable determinationof the effective
friction
� ö

effà is
�

not possible.
By
÷

contrast, the study of chemical diffusion ø Sec.
ù

V ú
demonstrates
 

qualitativeÔ and� quantitativeÔ agreement� between
MD simulationdataand the kink-gasapproach.The reason
is
�

thatin thecaseof thermaldiffusion, thechemicaldiffusion
coefficientµ Dc¬/û k

¬
BTB/

äaü
does
 

not changewith additionalde-
greesý of freedomsincethe ‘‘external force’’ is providedby
the
�

thermalenergyof the systemand is proportionalto the
gradientý of the chemicalpotential þ . As the Fick law ÿ 2�
may¡ be rewritten as J

�����
B
æ��	��
��

B
æ

(
��
��

/
ä����

)
²����

� k
¬

B
­ TB
¦

/
ä������

,� where � � (
��!

ln
��"

)/(
²$#&%

/
ä
k
¬

B
­ T
¦

),
²

it is clear that an
additional� transversedimensionto the systemleadssimulta-
neouslyto an increaseof free energyandchemicalpotential' . In otherwords,thedecreaseof thesystem’smobility due
to
�

an extra transversedimensionof the systemis compen-
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sated� by a correspondingdecreaseof the susceptibility ( ofÖ
the
�

system,so that Dc¬ remainsapproximatelythe same.
Our
Å

resultsallow us to concludethat thephenomenologi-
calµ kink-gasapproachprovidesa good qualitativeexplana-
tion
�

not only for moleculardynamicssimulationdataof mo-
bility
Ô

and diffusivity versus atomic coverage in the
generalizedý 2D FrenkelKontorovamodel,but alsofor some
experimental� resultson the coveragedependenceof surface
diffusion.
 

Obviously,for a betterdescriptionof real adsorp-
tion
�

systems,the Frenkel-Kontorovamodelshouldtake into
account� long-range,anisotropic,realisticinteratomicinterac-

tions
�

andthe presenceof surfacedefects.
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