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Statistical m
echanics of self-gravitating particles
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Tw
o problem

s
●

1.5 deg. freedom
, « controlled » dynam

ics :
stochastic processes
convergence of N

 particles to ensem
ble

●
S

elf-consistent m
any-body dynam

ics :
history, physical m

otivation, heuristics
num

erical sim
ulations

analytical estim
ates in som

e regim
es

space-tim
e phase ?
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Test particles in m
any w

aves

H
am

iltonian dynam
ics (toy m

odel, paradigm
)

w
ith                               random

 i.i.d., std norm
al 

(Y.E
., E

. P
ardoux, A

nn. A
ppl. P

rob. 20 (2010) 2022-2039)
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Test particles in m
any w

aves
S

caling : P
 = m

v/A , Q
 = q

M
→
∞
 : S

tratonovich integration (D
oss, S

ussm
an, 1977-78) :

C
 and S are m

artingales, w
ith quadratic variation

i.e. C
2 – 〈C

〉 is a m
artingale, etc... but periodized : 
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Test particles in m
any w

aves

…
 supports using ensem

ble picture for large N
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Test particles in m
any w

aves

N
 = 1, 0 < t < 2π : straightforw

ard... for experts;-))
P

 is a m
artingale (w

.r.t. filtration ass. C
,S

), and 
dP

2 = 2 P dP
 + sin

2(Q
) d

〈C
〉 + cos

2(Q
) d

〈S
〉   

  = (m
artingale) + (sin 2(Q

) + cos 2(Q
)) π d t 

i.e. d
〈P

〉 =  π d t   
⇒

 P
 is brow

nian for any A
>0

N
 = 2, 0 < t < 2π : P

(1), P
(2) m

artingale in R RR RRR RRRR
2, so prove that

  
〈P

(1) , P
(2)〉 →

0 as A→
∞
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Test particles in m
any w

aves
N

 = 2, 0 < t < 2π : to prove that 
〈P

(1), P
(2)〉 →

0 as A→
∞

Let V
t  = (P

t (1) – P
t (2)) / (2 π

1/2) , U
t  = (Q

t (1) – Q
t (2)) / 2 :
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Test particles in m
any w

aves
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Test particles in m
any w

aves

N
 > 0, K

 > 0, 0 < t < 2K
π : let

P
t (n+(k-1)N

) = P
t-2(k-1)π (n) 

Q
t (n+(k-1)N

) = Q
t-2(k-1)π (n) 

reduces to previous problem
. 
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Test particles in m
any w

aves

N
on-«W

iener» w
ave fields, e.g. finite bandw

idth :

w
ork in progress... 
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Tw
o problem

s
●

1.5 deg. freedom
, « controlled » dynam

ics :
stochastic processes
convergence of N

 particles to ensem
ble

●
S

elf-consistent m
any-body dynam

ics :
history, physical m

otivation, heuristics
num

erical sim
ulations

analytical estim
ates in som

e regim
es



les Treilles, O
ct. 2012

13

 
- S

elf-consistent w
ave-particle dynam

ics : 

  V
lasov-w

ave and quasilinear approxim
ation

- B
um

p-on-tail (w
eak w

arm
 beam

) instability

- C
onservation law

s (global, local)

- Final w
ave &

 particle distribution prediction

- S
tatistical variability

- M
icroscopic dynam

ics in plateau regim
e

- Full tim
e evolution : alw

ays quasilinear ?
(B

E
E

B
, P

P
C

F 53 (2011) 025012) 
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W
eak w

arm
 beam

 instability
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D
escription w

ith a finite dim
ensional 

H
am

iltonian system
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R
ed bum

p O
K

G
reen tail O

K
B

lue bum
p too big

H
am

iltonian for 
N

 particles + M
 harm

onic oscillators + coupling

K
eeps the genuine granular character of 

plasm
as

A
lso describes

- traveling w
ave tube 

- free-electron laser: M
=1 C

olson-B
onifacio

...
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C
onservation law

s (global)

- M
om

entum
 

  w
ith      =               ,  εj  = ε

 β
j

- E
nergy 
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W
eak w

arm
 beam

 instability
●

1961-62 Q
L theory

●
P

erturbative theory + random 
phase approxim

ation



les Treilles, O
ct. 2012

19

P
article dynam

ics
 

w
ith M

>>1, incoherent phases θ
j  

A
pprox. w

hite noise,  
(1.5 deg. freedom

)
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W
ave dynam

ics

Interaction local in v : for

C
onservation law

Local balance...  
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Q
uasilinear approxim

ation 

M
>>1 : force ~ w

hite noise,
w

ave pow
er spectrum

coupled to only f(v) 
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W
eak w

arm
 beam

 instability
●

1961-62 Q
L theory

●
P

erturbative theory + random 
phase approxim

ation

•
Diffusion	
  of	
  par-cles
Landau	
  grow

th	
  of	
  w
aves

…
for	
  	
  f(v,t)	
  and	
  ψ

(v,t)	
  only,
elim

inating x and θ

Correct	
  for	
  the	
  actual	
  chao-c	
  relaxa-on?
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           C
urrent understanding (reform

ulation)  
R

esonant coupling
 

- synchronization                                                   
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R
esonant coupling : 

- synchronization

- few
 w

aves : 
  overlap, chaotic transport
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R
esonant coupling : 

- synchronization

- few
 w

aves : 
  overlap, large-scale chaos

- dense spectrum
 : 

  box 
 |v − ω

/k| ≤ ∆v
D  ~ (D

Q
L /k) 1/3

~ |ζ| 4/3
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                     R
esonant coupling :

plateau form
ation 

Landau grow
th
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Q
L : physical assum

ptions

N
o gaps in pow

er spectrum
 

Independent phases (repeatedly « random 
phase approx. »)
Vedenov, Velikhov, S

agdeev ; D
rum

m
ond, P

ines (1962)

D
upree, A

dam
, Laval, P

esm
e, Liang, D

iam
ond, G

aleev, 
S

hapiro, S
hevchenko, D

oxas, C
ary, ... 

E
xperim

ent by Tsunoda, D
oveil &

 M
alm

berg 1991: 
Q

L predictions look right... 
but Q

L assum
ptions are com

pletely w
rong
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V
lasov-w

ave dynam
ics :

P
articles : f(x,v)

W
aves (1 ≤ m

 ≤ M
) : ζ

m  = (X
m +iY

m ) e
iω

m t

H
am

iltonian dynam
ics, m

ean-field
Interaction is local in velocity  
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S
em

i-lagrangian sim
ulation

 (G
E

N
C

I)

0.14 < ω
/k < 1 

0 < v < 1.14
 0 ≤ x ≤ 152 π

M
 = 450

N
v = 768

 N
x = 2112

    coupling  η = 2.55 10
-3 = n

b /n
p

    
    initial f(x,v) = f(v) s.t.   γ = 10

-3

    initial ζ : random
 phases, sm

all am
plitude
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C
onservation law

s (local)

M
om

entum
 exchange : local in velocity

This predicts final pow
er spectrum

...
but agreem

ent on final (ψ
,f) does not w

arrant 
Q

L equations to hold.
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W
aves phases :

initially random
, finally random

 too, correlated ?

Initial random
ness propagates...
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M
icroscopic m

echanism

P
article m

otion is chaotic... 

but correlated !

and feeds back on w
aves !

W
hy should sim

ple quasilinear approxim
ation 

hold ?!
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M
icroscopic m

echanism
In plateau regim

e :
- strong overlap, strong nonlinearity 
- yet w

ave-w
ave coupling negligible  (E

E
08)

- test particles
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P
lateau regim

e  (space-tim
e phase ?)

f plateau (w
aterbag) 

⇒
 ζm 's alm

ost stationary : 
w

ave-w
ave coupling negligible

⇒
 particles individually in chaotic H

1.5 deg.freedom
chaotic particle transport obeys Liouville

⇒
 plateau preserved

P
lateau boundaries : K

A
M

 tori

A
diabatic corrections... 

(E
E

 : arX
iv:0807.1839 ; B

E
E

B
 : P

P
C

F 2011)
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S
im

ulation validation
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W
aves evolution : Q

L ?
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C
onclusion : three stages

●
Initial quasilinear : w

eak nonlinearity, Q
L is O

K
●

Interm
ediate nonlinear : ??? (D

oxas-C
ary)

●
C

haotic plateau : strongly nonlinear, Q
L is O

K

(conclusions robust w
ith respect to initial f)
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Thank you !

Q
uestions ?
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C
onservation law

s (global)
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M
om

entum
 and energy exchange


