Definition of the functions

mph= flz_] ¢= Efz -1 - 2

ni2l= PhiA[X_, V_,S_,2Z_] = =1 - X/ (X+2V+S) +VA2ZMNENz/ ((X+2V+s)r2f[z]"2) -
XVZA2EMZ/ ((X+2Vv+s)r2f[z]) 3 PhiB[x_,Vv_,s_,z_] :=
-1+ X/ (X+2V+S) - VA2ZA4ENZ/ ((X+2V+sS)Nr2Ff[z]72)
PhiC[x_,Vv_,s_,2Z ] = 1 -Xx/(X+2Vv+sS) -2VvzZzA2EArz/ ((x+2Vv+s) f[z]) +
VA2ZA4ENZ/ ((X+2V+S)Pr2Ff[z]72) + XVZA2EMZ/ ((X+2Vv+s)7r2 f[z]);

Lemma 7: Asymptotics of the derivatives near the end
We compute the derivative of PhiA with respect to x, where z is an implicit param:-
eter characterized by z (EMz-1)/f[z] ==2 +s/v

in4:= ImplicitD[PhiA[x, v, s, z], z (Erz-1) /f[z] ==2 + s/v, z, x] // FullSimplify
1

Out[4]= —
(s+2v+x)3 (1-e*+2)?

(s (1-e*+2z)%+s (-1+e*-2) (- ((4v+x) (1+2)) +e” (x+v (4+2°))) +
V(x(1-e"+2z) (2 (1+z)+e® (-2+2%)) +
2v (2 (1+2)?+e®? (2+2°) +e® (-4+z (-4+z (-1+ (-1+2) 2))))))

We compute the three derivatives of PhiA with respect to x, v and s respectively,

. . . . . I\~
parametrize them using g and then compute their series expansion at g = (—)
e
inisl= Series[{ImplicitD[PhiA[x, v, s, z], z (E*z-1) /f[z] ==2 + s/Vv, z, X],
ImplicitD[PhiA[Xx, Vv, S, 2], z (EAz-1) /f[z] =2 + s/Vv, z, V],
ImplicitD[PhiA[Xx, v, s, z], z (E*Az-1) /f[2] =2 + s/vVv, Zz, S]} /.
v -» betaE*(-2z) f[z] /. x> z"2/E - zbeta (1- EA(-2)) /.
s> beta (z +zEA(-z) + 2EA(-2) - 2) /. z > Ebeta + Log[beta],
{beta, 1/E, -1}, Direction - "FromBelow"] // FullSimplify
1 3 1.0
out[5]= {* S +O[beta77] ,
e(beta—i) 4 (beta-~) e

[l

O[beta—}}e,— !
e 2 (beta -

(LY
—_
(0]

5
Recall that B-et =e 224 5 ¢ O (6%). The second derivative (the one with

respect tov) is O(1). We replace beta as a function of epsilon in the first and third
term.
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1 3
nl6l:= Ser"ies[{- - + O[eps] "0, - +0[eps] "0} /.
e(beta-i)2 4(beta—£) 2(beta—£)
beta - 1/E + EA(-1/2) eps™®(1/2) + 5/12eps + Ceps”(3/2),

{eps, 0, -1}, Direction - "FromBe'Low"] // FullSimplify

1 1 1 }
eps  [0[eps] /0[eps]

Out[6]= {7

This gives the first three derivatives of Lemma 7. Let us move on to PhiB
ni7:- Series[{ImplicitD[PhiB[x, v, s, z], z (E*z-1) /f[z] =2 + s/Vv, z, X],
ImplicitD[PhiB[x, Vv, s, 2], z (EAz-1) /f[z] =2 + s/Vv, Zz, V],
ImplicitD[PhiB[x, v, s, z], z (E*z-1) /f[2] ==2 + s/v, z, S]} /.
v -» betaEA(-2z) f[z] /. x> z"2/E - zbeta (1- EA(-2)) /.
s » beta (z +zEA(-z) + 2EA(-2) - 2) /. z > Ebeta + Log[beta],
{beta, 1/E, -2}, Direction - "FromBelow"] // FullSimplify
3 1 1 1
: : : J
O[beta—i] O[beta—i O[beta—i]

out[7]=

4 e (beta - i ) 2
The second and third terms are 0 (1/(B-1/e)) = 0 (¢ *?). For the first term, replacing p

as a function of €, we obtain

X 3
nlgl:= Ser1 es[

4e (beta—:la)2
beta - 1/E + EA(-1/2) eps™(1/2) + 5/12eps + Ceps”(3/2),

{eps, 0, -1}, Direction- "FromBe'Low"] // FullSimplify

3 1
+

4 eps O[eps]

Out[8]=

We finally move to the derivation of PhiC.
=2+s/v, z, X],

2+s/v, z, V],
2+s/vy z, S1} /.

infel:= Series[{ImplicitD[PhiC[x, v, s, z], z (Erz-1) / f[z]
ImplicitD[PhiC[x, v, s, 2], z (EAz-1) / f[z]

ImplicitD[PhiC[x, v, s, z], z (EAz-1) / f[z]
v -» betaEA(-2z) f[z] /. x> z"2/E - zbeta (1- EA(-2)) /.

s » beta (z +zEA(-z) + 2EA(-2) - 2) /. z > Ebeta + Log[beta],
{beta, 1/E, 0}, Direction - "FromBelow"] // FullSimplify

3 29 e 1,1 1 S5e 1.1
out[9]= { + +O[beta—f] ,7+—+O[beta—f} ,
4 (betafi) 48 e betafi 4 e
3 7 37 1
- - + e+0[beta—f]l}
4 (beta—i) 160 e

2e (betafi)2

The first term is 0((:' '1/2). For the last two terms, replacing B as a function of €,

we obtain
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In[10]:=

Out[10]=

computations.nb | 3

. 1 S5e
{Ser1es[ _ /.
beta—i 4

beta - 1/E + EA(-1/2) eps™”(1/2) + 5/12eps + Ceps”?(3/2), {eps, 0, 0},

3 7
Direction » "FromBe'Low"] , Ser'ies[— -

2e (beta—:la)2 4 (beta-i)

beta - 1/E + EAN(-1/2)eps™A(1/2) + 5/12eps + Ceps?(3/2),
{eps, 0, -1}, Direction - "FromBelow"]} // FullSimplify

Je @ 5e 3 1
{ J

eps 6 2 eps O[eps]

Note that we do not need the term of constant order in the derivative with respect
tov

Lemma 8:Last estimate

In[11]:=

Out[11]=

In[12]:=

In[13]:=

Out[13]=

We write bx=x/v and bs=s/v
PhiA[bx v, v, bsv, z] // FullSimplify

e? z* bx e? z?
(1-e%+z)2 l-e*+z

-bx (2 +bs +bx) +
-1+

(2 +bs +bx)?

The expression does not depend on v and we thus define PsiA as follows

PsiA[bx_, bs_, z_] := PhiA[bxv, v, bsv, z] // FullSimplify

We compute its derivative with respect to bs, where again z is an implicit parameter
ImplicitD[PsiA[bx, bs, z], z (EAz-1) / f[z] =2 + bs, z, bs] // FullSimplify

1 2z% (1+2)
- +
(2 +bs +bx)3 (1-e?+2z)?

22% (2+bs+2bx+ (2+bs+2bx) z-2?)

+ bx (2+bs+bx—2 (2+bS+bX)Z+222>+
-l+e*-z

(2+bs+bx) e?z (bx+2z) (-2+e? (2+ (-2+2) z))

2+2z%2-2Cosh[z]

Since zdepends on bs and goes to 0 as bs goes to 0, we replace bs as function of zin
the previous expression...
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4= % /. bs >z (EAz-1) / f[z] -2 // FullSimplify
out[14]=
~((e*(1-e*+2)?
(e z* (2+€” (-2+2) +2) +bx? (1-¢€%+2) (1+e® (-2+e* (1-22) +2 (2+z+zz)))+
bxz (1+e* (-3-e*?+52°+2% (4+2) +e” (3+2% (-5+22))))))/
((bx+z+bxz-e (bx+2z))®(2+2*-2Cosh([z])))

. .and compute the limit when z->0 and bx->0

nfisi= Limit[%, {z-> 0, bx > 0}]

out[15]=
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