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Abstract. We study the local limits of uniform high genus bipartite maps with prescribed face
degrees. We prove the convergence towards a family of infinite maps of the plane, the q-IBPMs,
which exhibit both a spatial Markov property and a hyperbolic behaviour. Therefore, we observe
a similar local behaviour for a wide class of models of random high genus maps, which can be
seen as a result of universality. Our results cover all the regimes where the expected degree of
the root face remains finite in the limit. This follows a work by the same authors on high genus

triangulations [15].

1 Introduction

Planar maps. Maps, i.e. gluings of polygons forming an orientable surface, have been the
object of extensive research in the last decades, both from the combinatorial and probabilistic
viewpoints. The most popular category of maps are planar maps, i.e. maps homeomorphic to
the sphere. Their combinatorial study goes back to Tutte in the 60s, e.g. [34], who gave explicit
formulas for the enumeration of various classes of planar maps using a generating functions
approach. More recently, bijective approaches have been developped such as the Cori—Vauquelin—
Schaeffer bijection for quadrangulations [32] and its generalization, the Bouttier—di Francesco—
Guitter bijection [9].

On the other hand, much attention has been given in the last 20 years to asymptotic proper-
ties of large random planar maps picked uniformly in certain classes. These asymptotic properties
are usually understood by proving the convergence of random maps in some sense when the size
goes to infinity. Two different notions of limits are commonly used: scaling and local limits.
Scaling limits, which we will not study in this work, consist in renormalizing the distances in
order to build continuous objects. In particular, many discrete models are known to have the
Brownian map as a scaling limit [23], 27, 26]. The theory of scaling limits of planar maps shares
deep links with other random geometry models such as Liouville Quantum Gravity [28]. On the
other hand, local limits, on which the present work focuses, study the neighbourhood of a typical
point in a map in order to obtain an infinite but discrete object in the limit. In the context of
planar maps, this was first considered by Angel and Schramm who proved the convergence of
large uniform triangulations towards the Uniform Infinite Planar Triangulation (UIPT) [5]. The
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study of the UIPT using Markovian explorations called peeling explorations was then initiated
by Angel [1]. More general models have followed since, such as general planar maps with Boltz-
mann weights on the face degrees [33]. The bipartite case, which will be of particular interest
for us, is investigated in [10, [I1], see also [I8] for a complete survey.

Maps of higher genus. It seems natural to try to extend the combinatorial and probabilistic
study of planar maps to maps of higher genus. On the combinatorial side, the enumeration of
maps with any genus is a very rich topic, with links to irreducible representations of the symetric
group and integrable hierarchies [29, 30]. In particular, double recursions on both the size and
the genus are known for the counting of maps, see [21] for triangulations and [24] for general
classes of bipartite maps. However, explicit enumeration formulas are lacking. Asymptotics can
be obtained when the genus is fixed and the size goes to infinity [6], but are still missing when
the genus goes to infinity as well.

Similarly, on the probabilistic side, higher genus versions of random surface models have
been constructed such as Brownian surfaces [8] or Liouville quantum gravity on complex tori
[19]. However, their behaviour when the genus goes to infinity is still poorly understood. Finally,
a regime that is much easier to handle is the regime where the genus is not constrained, and the
faces are simply glued uniformly at random [20] 16, [I4]. In this case, the genus is concentrated
very close to its maximal possible value.

More recently, some progress was made in the study of high genus maps, namely when the
genus grows linearly in the size of the map. In this case, the Euler formula shows that maps
satisfy a discrete notion of "negative average curvature", which suggests that the neighbourhood
of a typical vertex should look hyperbolic. The first category of maps that was investigated in
this setting were uniform unicellular maps (i.e. maps with one face). See [2] for the proof of
local convergence to a supercritical Galton—Watson tree, and [31] for the study of more global
properties such as logarithmic diameter.

Shortly after, Curien introduced a one-parameter family of random hyperbolic triangulations
of the plane [I7], following the work of Angel and Ray in the half-planar case [4]. More precisely,
random maps of this family are called Planar Stochastic Hyperbolic Triangulations (PSHT)
(TA)g< A<(12¢/3)1 and they are the only random triangulations satisfying the following spatial
Markov property: for any finite triangulation ¢ with |¢| vertices in total and a hole of perimeter

p, we have
P(t C Ty) = Cp(MA. (1)

In particular, such a triangulation exists if and only if A € (0, Ti/i} . Except for the critical case

A= ﬁ (which corresponds to the UIPT), these objects exhibit hyperbolic properties [17, [13].
Benjamini and Curien conjectured in [17] that they are the local limits of uniform high genus
triangulations.

In a recent paper [15], the authors of the present work proved this conjecture. Asymptotics
for the enumeration of high genus triangulations up to subexponential factors were derived as a

byproduct.

Infinite Boltzmann Planar Maps. The goal of the present work is to generalize the re-
sults of [I5] to a much wider family of models, where faces do not have to be triangles. For



combinatorial reasonsEl, we will restrict ourselves to bipartite maps, which means that the face
degrees have to be even. The limiting objects appearing in the limits are the Infinite Boltzmann
Bipartite Planar Maps (IBPM) introduced in |12, Appendix C]| as an analog of the PSHT for
bipartite maps. We also refer to [I8, Chapter 8] for the study of basic properties of these objects.
The IBPM are characterized by a spatial Markov property similar to the one satisfied by the
PSHT. If m is a finite map with one hole, we write m C M if M can be obtained by filling the
hole of m, possibly with a map with a nonsimple boundaryﬂ Let g = (gj)j>1 be a sequence
of nonnegative numbers. An infinite random planar map M is called a q-IBPM if there are
numbers (C'p)p21 such that, for any finite map m with one hole of perimeter 2p, we have

P(m C M) =Cp x H Qdeg(f)/2>
fem

where the product is over all internal faces of m. In particular, they generalize the infinite
critical bipartite Boltzmann maps defined and studied by Budd in [I0]. It was proved in [12]
Appendix C] that there is at most one g-IBPM, that we denote by M. Moreover [12, Appendix
C| provides both necessary conditions and sufficient ones on q for the existence of Mg, but
no explicit characterization (these results are recalled in Section below). The present work
improves on these results by giving an explicit parametrization of the weight families q for which
Mg exists. More precisely, as stated in Theorem |§| below, such families q can be parametrized
by the law of the degree of the root face of Mg, which may be any law on {2,4,6,...}, and an
additional hyperbolicity parameter w € [1,400). The critical maps of [10] correspond to the
case w = 1, and are already known to be local limits of planar maps. On the other hand, the
case w > 1 has a hyperbolic flavour.

Local limits of high genus bipartite maps. The main result of this work is that uniform
maps with high genus and prescribed face degrees converge locally to the g-IBPM when the size
goes to infinity. This can be seen as a universality result in the domain of high genus maps, in
the sense that regardless of the precise model of maps, the same phenomenon is observed.
More precisely, we will use the notation f = (f;);>1 for face degree sequences (i.e. f; > 0 for
all j, and f; = 0 eventually). For such a sequence f, we set [f] = 3.~ jfj, which describes the
number of edges of a map with f; faces of degree 2j for all j > 1. For g > 0, we also write

v(f,g) =2-29+> (G —1)f (2)

Jj=1

By the Euler formula, a bipartite map with genus g and face degrees described by f exists if and
only if v(f,g) > 2, and in this case v(f, g) is the number of vertices of such a map. For such f
and g, we denote by My , a uniform bipartite map with genus g and f; faces of degree 25 for all
j=>1

Theorem 1. Let (f"),>1 be a sequence of face degree sequences, and let (g,) be a sequence such

that v(f", g,) > 2 for all n > 1. We assume that |f”| — +o0o0 when n — +o0 and that é%‘ —

More precisely, the enumeration results in the planar case are simpler for bipartite maps, and the recursion
of |24] holds only for bipartite maps.

2More precisely, we use the sense introduced by Budd in [I0], i.e. the sense corresponding to the "lazy" peeling
process, as opposed to the one introduced by Angel in [I]. See Section for precise definitions.
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for all j > 1, where .-, joj = 1. We also assume ﬁ—zl — 0, where 0 < 0 < %ijl(j — 1),
Finally, assume that 2j21j2aj < +o00.
Then we have the convergence in distribution

(d)
Mgen ,, ——— M
f7,9n n——+ q

for the local topology, where the weight sequence q depends only on 6 and («;) i1 in an injective
way.

Let us now make a few comments on the various assumptions of the main theorem.

e We first note that the assumption that 2]21 joj = 1 means that the proportion of the
edges that are incident to a face with degree larger than A goes to 0 as A — 400, uniformly
in n. This is equivalent to saying that the root face stays almost surely finite in the limit,
so this assumption is necessary to obtain a local limit with finite faces. If this assumption
is waived, we expect to obtain different limit objects with infinitely many infinite faces.

e The assumption 6 < %Z j>1(J — 1)aj means that the number of vertices is roughly pro-
portional to [£"|, so that the average degree of the vertices stays bounded. Therefore, it is
also necessary in order to have a proper local limit with finite vertex degrees. Note that
this assumption also implies a; < 1, i.e. it is not possible that almost all faces are 2-gons.

e The assumption Zj21 jQOzj < +o00 means that the ezpected degree of the root face stays
finite in the limit. We do not expect this assumption to be necessary. However, one of the
steps of our proof (the "two-holes argument" of Section crucially requires a bound on
the tail of the degrees of the faces.

Finally, the application associating the weight sequence q given by Theorem |1| to (0, (ozj)j>1
is surjective in the sense that every IBPM Mg for which the degree of the root face has finite
expectation can be obtained as a local limit through Theorem [I}

The heavy tail case. Although we could not remove the assumption » j>1J 2ozj in Theorem
most of the steps of the proof do not require this assumption. In particular, we can still obtain
the following partial result in the general case.

Theorem 2. Let (f"),,>1 be a sequence of face degree sequences, and let (g,) be a sequence such
that v(f", g,,) > 2 for all n > 1. We assume that |f"| — +o00 when n — +oo and that é%‘ —
for all j > 1, where >, jo; = 1. We also assume ﬁ%' — 6, where 0 < 0 < %ijl(j —1)a;.
Then the sequence of random maps (Mgn g, ), -, is tight for the local topology. Moreover, all
its subsequential limits are of the form Mgq, where Q is a random Boltzmann weight sequence.

A parametrization of Infinite Bipartite Boltzmann Planar Maps. As explained briefly
above, we also provide a new parametrization of the Boltzmann weight families q associated to
an IBPM: instead of directly using the Boltzmann weights ¢;, we parametrize them according
to the law of the degree of the root face.

Theorem 3. Let a be a probability measure on N*. Then the set of IBPM for which the half-
degree of the root face has law « forms a one parameter family (Mq(w)) = Moreover, q*) is
w

critical if and only if w = 1, and the vertex degrees in M) go to infinity when w — +o0.
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In particular, the existence of hyperbolic Boltzmann maps with arbitrarily heavy-tailed face
degrees answers a question from [I§], that was not settled by the results of [12, Appendix C].
Moreover, we can think of q) as interpolating between a critical non-hyperbolic map, and a

degenerate map with infinite vertex degrees.

Asymptotic enumeration. Like for triangulations, the most natural way to try to prove
Theorem [I] would be to obtain precise asymptotics on the counting of maps with prescribed
genus and face degrees, in order to mimic classical arguments going back to [5]. However, such
asymptotics are not available and seem difficult to obtain. On the other hand, just like in [I5]
for triangulations, once Theorem [1]is proved, applying the arguments of [5] "backwards" allows
to obtain a result about convergence of the ratio when we add one face of fixed degree. We
denote by B4(f) the number of bipartite maps of genus g with face degrees prescribed by f.

Corollary 1. Let (f"), -, and (gn),>o be such that £ — ¢ and % — o forall j > 1. We

assume that Y joy =1, that 0 < 0 < 3 Y°(j — 1)a; and that Y j%a; < +00. We recall that by
Theorem |I|, there is a weight sequence q such that Mg» 4, converges locally to Mg. Then for all

7 > 1, we have

Ca(a)g;- (3)
We also believe that the following is true:

Conjecture 2. Let (f"),>1 be a sequence of face degree sequences, and let (g,) be a sequence
such that v(f", g,) > 2 for all n > 1. We assume that |f"| — +o0o when n — 400 and that
"
I
%2j21(j — 1)a;. Finally, assume that >, j2a; < 4o00. Then

— «aj for all j > 1, where Zj>1j0‘j = 1. We also assume ﬁ—z‘ — 0, where 0 < 0 <

Bu (%) = 871207 exp (1 (6, ()10 ) 1£] + 0 (1£7)
where ¢ is some function.

More precisely, in [I5], the proof consists of first using the analog of Corollary [1|to estimate
the ratio between triangulations with any genus and triangulations with a genus close to maximal
(say with ¢|f| vertices). To count such triangulations, we contracted a spanning tree to reduce
the problem to triangulations with only one vertex, for which explicit formulas are known. This
"contraction" is the step that is difficult to extend to our setting here: while for triangulations
we simply obtained a triangulation with less faces, here the impact on the face degrees may
become much more complex. This is why we leave the question as open.

Sketch of the proof of Theorem[I} common points and differences with the triangular
case. The proof is a combination of combinatorial and probabilistic ideas. It follows the same
global strategy as in [15], which shows the robustness of the approach of [I5]. However, new
difficulties arise at each of the steps, which makes the overall proof much longer.

More precisely, the first step consists of showing the tightness of Mgn , . This follows from a
bounded ratio lemma (Lemma , stating that under certain assumptions the ratio % is
bounded. As in [I5], this lemma is established using surgery operations to remove a face, but this

surgery can affect a larger region than in the triangular case, which makes it more elaborated.



The second step is to prove that any subsequential limit is planar and one-ended. This relies
on the recurrence proved by the second author in [24], and only requires minor adaptations
compared to [I5]. We then notice that any subsequential limit enjoys a weak spatial Markov
property, which implies that it must be of the form Mg, for some random weight sequence Q.
This part is also similar to [15], although additional technicalities arise. All these arguments do
not use any assumption on the tail of the degrees of the faces, and prove Theorem

The end of the proof consists in showing that Q is actually deterministic. As in [15], this step
relies on a surgery argument called the two holes argument, for which we need to explore two
pieces of maps with the exact same boundary length. This is where the assumption j204j <
400 is crucial: without it, when we explore a piece of map "face by face", the perimeter makes
large positive jumps and misses too many values. Another major difference with [15] is in the
last step, where we match the average degree in finite models (computed with the Euler formula)
and in infinite ones. In particular, we need to argue that a weight sequence q is determined
by the law of the root face of Mg and the average vertex degree. While for triangulations we
were able to obtain an explicit formula for the average vertex degree, this is not the case here.
Therefore, we need to develop new arguments making use of the local limit results obtained
earlier in the paper. This is also the reason why the link between 6, (o) and q in Theorem |1} is
not explicit.

Weakly Markovian bipartite maps. Just like in [I5], the argument showing that a subse-
quential limit is a mixture of IBPM is a result of independent interest, so we give its statement
here. Let M be a random infinite, one-ended, bipartite planar map. We call M weakly Markovian
if for any finite map m with one hole, the probability m C M only depends on the perimeter of
m and on the family of degrees of its internal faces. We denote by Qp, the set of weight sequences
q for which My exists, and by Q¢ C Q the set of those q for which the expected degree of the
root face in Mg is finite (this will be useful to handle the last assumption in Theorem [1)).

Theorem 4. Let M be a weakly Markovian infinite, one-ended, bipartite random planar map.
Then there is a random weight sequence Q € Qj, such that M has the same distribution as Mq.
Moreover, if the degree of the root face of M has finite expectation, then Q € Q; almost surely.

Structure of the paper. In Section [2| we review basic definitions on maps, and previous
combinatorial results that will be used in all the paper. We also introduce the IBPM and
describe various parametrizations of the set of IBPMs, and in particular prove Theorem [3] In
Section [3] under the assumptions of Theorem [2f (i.e. without the assumption on the tail of
face degrees), we prove that the maps Mgn 4 are tight for the local topology, and that any
subsequential limit is a.s. planar and one-ended. Section[d]is devoted to the proof of Theorem []
which implies that any subsequential limit of Mgn 4, is an IBPM with random parameters. This
is sufficient to prove Theorem [2} In Section [5] we conclude the proof of Theorem [I] by showing
that the parameters are deterministic and depend only on 6 and (aj)jZI‘ In Section 6] we deduce
the combinatorial estimate of Corollary [I] from Theorem [I] Finally, the Appendices contain the
proofs of some technical results.
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Index of notations

In general, we will we will use lower case letters such as m to denote deterministic objects or

quantities, upper case letters such as M for random objects and mathcal letters such as M for

sets of objects. We will use mathbf characters such as q for sequences, and normal characters

such as g; for their terms.

f = (fj)j>1: denotes a face degree sequence (F will denote a random face degree sequence).
g: will denote the genus.

By(f): set of finite bipartite maps with genus g and f; faces of degree 2 for all j > 1.
Bq(f): cardinality of B,(f).

M 4: uniform random map in By(f).

f| =>_;51f; (i-e. the number of edges of a map in By(f)).

v(f,9) =2—29+>,5,(j —1)f; (ie. the number of vertices of a map in B,(f)).

B: space of finite or infinite bipartite maps with finite vertex degrees, equipped with the
local distance djoc.

B space of finite or infinite bipartite maps with finite or infinite vertex degrees, equipped
with the dual local distance d;

loc*
0: limit value of ¢ when [f| — +oc.
q = (gj);j>1: denotes a weight sequence (Q denotes a random weight sequence).

Mg: the infinite bipartite Boltzmann planar map with weight sequence q.

W, (q): partition function of finite Boltzmann bipartite maps of the 2p-gon with weights
q.

Q=[0,1]"".

Q" ={q=(gj)j>1 € QlFj = 2,¢; > 0}.

Q,: set of admissible families of Boltzmann weights q, i.e. such that W,(q) < +oo.
Op: set of Boltzmann weights for which Mg exists. We have Qp, C Q, N Q.

Qy: set of Boltzmann weights q € Q), for which the expectation of the degree of the root
face of Mg is finite.

cq: for q € Qg4, denotes the solution of the equation

1 [25—1\ ., 4
o (V) )t -1

C
j>1 q



. L if ¢ >0, L. )
vg(i) = { i+l Cq , - . Step distribution of the random walk associated

2W_1_i(q) Ca if ¢ S —1.

to the perimeter process of a finite gq-Boltzmann planar map.

wq > 1: for q € Qp, denotes the solution (other than 1, unless q is critical) of

Zwiuq(i) =1

1€Z

Uq(i) = wirg(i). Step distribution of the random walk on Z associated to the peeling

process of Mg.

Cp(q): for q € Qp, and p > 1, constants such that

P (m C Mq) = Cp(a@) X [] dacs(r)2
fem

for every finite map m with one hole of perimeter 2p.

hp(w) = Z?:_ol (4w) ™" (2;) We have C,(q) = (cqwq)? ™ thp(wq). Also, the perimeter process
associated to a peeling exploration of My is a Doob transform of the v4-random walk by
the harmonic function (hp(wq)),s ;-

a;j(q) = %IP) (the degree of the root face of Mg is 2j) for all j > 1.

a;: denotes a possible value of a;(q), or the limit of the ratio {TJ‘ when |f| — +o00. We will

always have 2]21 jaj=1and ag < 1.

q“@): once (aj)j21 has been fixed, denotes the weight sequence for which wq = w, and the

law of the degree of the root face is described by (a;);s ;-

A: denotes a peeling algorithm.

£ (m): explored map after t filled-in peeling steps on the map m using algorithm A. This
is a finite map with holes.

P;, V;: denote respectively the perimeter (i.e. the half-length of the boundary of the hole)
and the volume (i.e. the total number of edges) of the explored map after ¢ steps during
a peeling exploration.

d(q) = E |(degree of the root vertex in Mq)fl].

i—1 . —1 . .
ri(Q) = (cqwq)’ " ¢ = lmy— 400 % ZE:O lp,,—p=j—1 forq € Qp and j > 1, where P is
the perimeter process associated to a peeling exploration of Mg (see Proposition .

2
Too(q) = (Voa—y/ea)” = limn_ﬁoo% for q € Qp and j > 1, where P and V

2y/wq(wq—1)
are the perimeter and volume processes associated to a peeling exploration of Mg (see

Proposition .



Figure 1: A map (in black) and its dual (in blue). The arrows mark the roots.

2 Preliminaries

Our purpose in this section is to recall basic definitions related to maps, local topology and
peeling explorations as well as combinatorial results from previous works, and to introduce
precisely the infinite objects that will appear in this paper.

2.1 Definitions: maps and local topology

Maps. A (finite or infinite) map M is a way to glue a finite or countable collection of finite
oriented polygons, called the faces, along their edges in a connected way. By forgetting the faces
of M and looking only at its vertices and edges, we obtain a graph G (if M is infinite, then G
may have vertices with infinite degree). The maps that we consider will always be rooted, i.e.
equipped with a distinguished oriented edge called the root edge. The face on the right of the
root edge is the root face, and the vertex at the start of the root edge is the root vertez.

The dual map of a map m is the map m* whose vertices are the faces of m, and whose edges
are the dual edges to those of m. We root m* at the oriented edge crossing the root edge of m
from left to right (see Figure . If the number of faces is finite, then M is always homeomorphic
to an orientable topological surface, so we can define the genus of M as the genus of this surface.
In particular, we call a map planar if it has genus 0.

A bipartite map is a rooted map where it is possible to color every vertex in black or white
without any monochromatic edge. By convention, we may assume that the root is always
oriented from white to black, and each edge of the map has a natural orientation from white to
black. In a bipartite map, all faces have an even degree. In what follows, we will only deal with
bipartite maps (except when dealing with dual maps). Therefore, we will not always specify
that the map we consider is bipartite.

For every f = (f;);>1 and g > 0, we will denote by B,(f) the set of bipartite maps of genus
g with exactly f; faces of degree 2j for all j > 1. A map of By(f) has |f| = 2]21 Jfj edges,
2321 fj faces and v(f,g) =2 —2g+ Zj21(j — 1) f; vertices by the Euler formula. In particular,
such a map exists if and only if v(f, g) > 2. We will denote by G, (f) the cardinality of B,(f).

Maps with boundaries. We will need to consider two different notions of bipartite maps
with boundaries, that we call maps with holes and maps of multi-polygons. Roughly speaking,
the first ones will be used to describe a small neighbourhood of the root in a larger map, and the
second ones to describe the complement of this neighbourhood. Note that, since we will only
consider bipartite maps in this work, we assume in both definitions that the maps are bipartite.

Definition 3. A map with holes is a finite, bipartite map with a set of marked faces (called

10



holes) such that:
e the boundary of each hole is a simple cycle,
e the boundaries of the different holes are vertex-disjoint,
e the adjacency graph of the internal faces (i.e. the faces that are not holes) is connected,
e the root edge may be any oriented edge of the map.

By convention, the map consisting of two vertices joined by a single edge is a map with one hole
and no internal face. If m is a map with holes, we denote by dm its boundary, i.e. the union of
the boundaries of its holes.

Definition 4. Let £ > 1 and p1,p2,...,p¢ > 1. A map of the (2p1,...,2ps)-gon is a finite or
infinite bipartite map with ¢ marked oriented edges (e;)1<i<¢, such that:

e ¢ is the root edge,
e the faces on the right of the e; are distinct,
e for all 1 <4 </, the face on the right of e; has degree 2p;.

The faces on the right of the marked edges are called external faces, and the other ones
are called the internal faces. We denote by Bép LP2eob [)(f) the set of bipartite maps of the
(2p1,2p2, - . ., 2pg)-gon of genus g with interior faces given by f. We also denote by ﬁg(,pl’pz""’pe)(f)
its cardinal, with the convention that ﬂéo) (f)is 1if g =0 and f = 0, and 0 otherwise.

Note that, in this second definition, we do not ask that the boundaries are simple or disjoint.
The convention for the 0-gon can be interpreted as saying that the only map of the 0-gon is the
map with 1 vertex, no edge and no internal face.

Map inclusion. Given a map m, let m* be its dual map. Let ¢ be a finite, connected subset
of edges of m* such that the root vertex of m* is incident to e¢. To e, we associate the map m,
that is obtained by gluing the faces of m corresponding to the vertices of m* incident to ¢ along
the dual of the edges of ¢ (see Figure . Note that m,, once rooted at the root edge of m, is a
map with holes. We will refer to m, as the submap of m spanned by e.

If m’ is a map with holes and m is a (finite or infinite) map, we write

m' Cm

if m’ can be obtained from m by the procedure described above. By convention, we also write
m/ C m if m’ is the trivial map with two vertices and one edge, or if m’ consists of a simple
cycle with the same perimeter as the root face of m (which corresponds to the case ¢ = ().

Equivalently, we have m’ C m if m can be obtained from m’ by gluing one or several maps of
multipolygons in the holes of m’. We highlight that this definition of map inclusion is taken from
[18] and is tailored for the lazy peeling process of [10]. More precisely, maps of multipolygons
may not have simple nor disjoint boundaries, so if m’ C m, it is possible that two boundary

edges of m’ actually coincide in m.

11



Figure 2: Inclusion of bipartite maps, on an example. On the right, the map m and, in red, the
set of dual edges ¢. On the left, the map m,.

Local convergence and dual local convergence. The goal of this paragraph is to recall
the definition of local convergence in a setting that is not restricted to planar maps. We denote
by B the set of finite or infinite bipartite maps in which all the vertices have finite degrees. A
map m is naturally equipped with a graph distance d,, on the set of its vertices. If m € B, for
every r > 1, we denote by B,(m) the submap of m spanned by the duals of those edges of m
which have an endpoint at distance d,;, at most » — 1 from the root vertex. The map B,(m) is
then a map with holes. We also write By(m) for the trivial bipartite map consisting of only one
edge.
For any two maps m,m’ € E, we write

dioc(m, m’) = (1 + max{r > 0|B,(m) = BT(m’)})f1

This is the local distance on B. As in the planar case, the space B is a Polish space and is the
completion of the space of finite bipartite maps for dj,.. However, this space is not compact,
since Bj(m) may take infinitely many values.

In our tightness argument, it will be more convenient to first work with a weaker notion
of convergence which we call the dual local convergence. We denote by B" the set of finite or
infinite bipartite maps (regardless of whether vertex degrees are finite or not). Let m € B", and
let dp,+ be the graph distance on its dual. For r > 1, we denote by B} (m) the submap of m
spanned by those edges of m* which are incident to a face of m lying at distance d,,» at most
r — 1 from the root face of m. By convention, let also Bj(m) be the map consisting of a simple
cycle with the same length as the boundary of the root face. Like B,.(m), the "ball" B}(m) is
a finite map with holes. For any m,m’ € B, we write

di,e(m,m') = (1 + max{r > 0|B;(m) = B*(m’)})f1 :

T

We call dy, . the dual local distance. Then B" is a Polish space for dy . and is the completion of
the set of finite bipartite maps.

The reason why we introduced dj . is that it will be very easy to obtain tightness for this
distance. This will allow us to work directly on infinite objects and deduce tightness for djo.
later. Tightness for d, . will be deduced from the next result.

Lemma 5. Let A(-) be a function from (0,1) to N and let » > 1. There is a function A,(-) from
(0,1) to N with the following property. Let G be a stationary (for the simple random walk)

12



random graph such that, for all € > 0, we have
P (degg(p) > Ale)) <e,

where p is the root vertex. Then for all € > 0, we have

P d > A, <e,
<x max ega(z) (6)) <e

where B, (G) is the ball of radius r centered at the root vertex in G.

Proof. This result goes back to [5]. More precisely, although not stated explicitely as such, it
is proved by induction on r in the proof of tightness of uniform triangulations for the local
topology [5, Lemma 4.4]. See also [7, Theorem 3.1| for a general statement with minimal
assumptions. L]

From here, we easily obtain tightness for dj, . in our setting.

ﬁ > j>adfj — 0as A — +oo uniformly

in n, and let (g,) be any sequence such that By, (f") # 0 for every n. Recall that Men 4, is a
uniform map in By, (f*). Then (Mgn 4, ) is tight for dj

loc*

Lemma 6. Let f be face degree sequences such that

Proof. Let Mg, , be the dual map of (Mgn g,). Since Mgn g4, is invariant under rerooting at

i
[
Therefore, it follows from the assumption of the lemma that the root degree of Mg, g 18 tight.

a uniform edge, the probability that the root vertex of Mg, . has degree 2j is equal to

Moreover Mg, g, 18 invariant by rerooting along the simple random walk. Therefore, by Lemma
for every r > 1, the maximal degree in the ball of radius r centered at the root in Mg, g 18
tight. This implies tightness for dj . O

Finally, as in [I5], tightness for djo. will be deduced from tightnesss for dj, . using the following
result (the proof is the same as for triangulations, and is therefore omitted).

Lemma 7. Let (m,) be a sequence of maps of B. Assume that

with m € B (i.e. with finite vertex degrees). Then m,, — m for di,c as n — +oo.

2.2 The lazy peeling process of bipartite maps

We now recall the definition of the lazy peeling process of maps introduced in [10] (see also [18]
for an extensive study). We will make heavy use of this notion in our proofs.

A peeling algorithm is a function A that takes as input a finite bipartite map m with holes,
and that outputs an edge A(m) on dm (i.e. on the boundary of one of the holes). Given
an infinite, planar, one-ended bipartite map m and a peeling algorithm A, we can define an

increasing sequence (5{4(m)) of maps with one hole, such that £*(m) C m for every ¢, in

>0
the following way. First, the map 564(m) is the trivial map consisting of the root edge only. For
every t > 0, we call the edge A (8{4(m)) the peeled edge at time t. Let F; be the face of m on
the other side of this peeled edge (i.e. the side incident to a hole in £*(m)). There are two

possible cases, as summed up on Figure
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Figure 3: The lazy peeling on an example. The peeled edge is in red. FEither a new face is
discovered (center case), or the chosen edge is glued to another boundary edge (right case, the
glued edge is in blue and the filled part in pink).

e cither F; doesn’t belong to £(m), and then £ (m) is the map obtained from £ (m) by
gluing a simple face of size deg(F;) along A (E{A(m));

e or F; belongs to £2(m). In that case, by planarity, there exists an edge e; € £4(m) on
the same hole as A (£7*(m)) such that e, and A (E/4(m)) are actually identified in m. The
map 71, (m) is then obtained from EA(m) by gluing A (€/4(m)) and e; together and, if
this creates a finite hole, by filling it in the same way as in m.

Such an exploration is called filled-in, because all the finite holes are filled at each step.

Let us now discuss two different ways to define peeling explorations on finite or nonplanar
maps. We first note that, if we do not fill the region in the second case, then the definition of a
peeling exploration still makes sense for any finite or infinite map, with the only difference that
the explored part may now have several holes. This is what we will call a non-filled-in peeling
exploration, and this will only be used briefly in Section [3:4]

Finally, for a finite map m, we define a filled-in exploration using the following convention.
Assume that the peeled edge at time t is glued to another boundary edge of 5{4(m) and forms
two holes:

e if these two holes are connected in m\EA(m) (which may occur if m is not planar), we
stop the exploration at time ¢;

e if not, we obtain 8{11(m) by filling completely the hole which contains the smallest number

of edges in m.

Note that with these conventions, the map £*(m) always have exactly one hole. This definition
will be used to compare peeling explorations of finite and infinite maps in Section [5] At this
point, the local planarity results from Section 3] will allow us to assume that with high probability,
the explorations are not stopped too early.

2.3 Combinatorial enumeration

Partition functions for Boltzmann planar maps. Before describing infinite Boltzmann
models in detail, we recall well-known enumeration results in the finite, planar case. We write
Q = [0,1]Y". Fix a sequence q € Q. The partition function of bipartite, planar maps of the
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2p-gon with Boltzmann weights q is defined as

= Z H Qdeg(f)/2>

m  fem

where the sum spans over all planar bipartite maps m of the 2p-gon, and the product is over
internal faces of m. We also denote by W3 (q) the pointed partition function, i.e. the sum
obtained by multiplying the weight of a map m by its total number of vertices. Note that W1(q)
can also be interpreted as the partition function of maps of the sphere.

We recall from [25] the classical necessary and sufficient condition for the finiteness of these
partition functions. Given a weight sequence q € Q, let

~Y g <2f )y—l.

7j>1

If the equation
1
falw)=1- ()
has a positive solution Zy we call q admissible, and write c¢q = 4Z4. Then by results from [25],
for all p > 1, the partition functions W,(q) and Wy (q) are finite if and only if q is admissible.

Moreover, in this case, for p > 0, we have

wita) = x5 (). )

It is also possible to derive simple integral formulas for W),(q) in terms of cq but this will not be

needed here, see [18] for more details. We denote by Q, the set of admissible weight sequences.

Finally, let Q* be the set of those q = (¢;);>1 € Q for which there exists j > 2 such that

¢; > 0 (which ensures Wy(q) > 0 for all p > 1). For q € Q* N Q,, we define the Boltzmann
distribution with weights q on finite planar bipartite maps of the 2p-gon as

IP)( H Qdeg

fem

for all bipartite planar map m of the 2p-gon.

A general recursion for bipartite maps. As in [I5], we are lacking precise asymptotics
on the enumeration of maps when both the genus and the size go to infinity. The following
recurrence formula, proved in [24], will play the same role as the Goulden—Jackson formula for
triangulations [2I]. We set the convention 34(0) = 0 for all g. Then, for every g > 0 and every
face degree sequence f, we have

v (h®@ (2
(lf‘ N )69( )= Z (1+|h(1)’)< (;19* ;_92 )>/5g(1>( )By@ ( Z < ggg :_229 >Bg_g*(f),

hDrh@ =f g*>0

gM+9P +g7=g
(6)
where we recall that [f| = >_.-, jf; and v(f,g) =2—-29+3_,(j — 1)f; (ie. it is the number of
vertices of a map with face degrees f and genus g).
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2.4 Infinite Boltzmann bipartite planar maps

Definition of the models. Our goal here is to recall the definition of infinite Boltzmann
bipartite planar maps introduced in [12] Appendix C| (and earlier in [I0] in the critical case).
We also refer to [18, Chapter 8| for some basic properties of these objects that we will state
below.

Let g = (gj);j>1 be a sequence of nonnegative real numbers that we will call the Boltzmann
weights. A random infinite bipartite planar map M is called g-Boltzmann if there are constants
(Cp(a)) p>1 such that, for every finite bipartite map m with one hole of perimeter 2p, we have

P(m C M) = Cp(q) [] taes(r)/2:
fem

where the product is over all internal faces of m.

We will see that given q, such a map does not always exist, but when it does, it is unique,
i.e. the constants C)p(q) are determined by q, which justifies the notation Cp(q). More precisely,
as noted in [12, Appendix C|, if a g-Boltzmann map exists, then the partition function of maps
of a 2-gon with Boltzmann weights q must be finite, which is equivalent to the admissibility
criterion . Moreover, with the notation of Section we call q critical if f(’l(Zq) = Z%Ql and
subcritical if this is not the case.

Finally, we define a measure vq on Z as follows:

N Git1Ch if 1 >0, .
Va(i) { QW i(a)cl, ifi<—1. @

As noted in [I0], this is the step distribution of the random walk on Z describing the evolution
of the perimeter of a finite g-Boltzmann map with a large perimeter (see also [18, Chapter 5.1]).
Then previous results about the existence of g-IBPM can be summed up as follows.

Theorem 5. 1. If a g-IBPM exists, it is unique (in distribution), so we can denote it by M.
2. If g ¢ 9* N Q,, then My does not exist.

3. If q € Q* N Q, is critical, then Mg exists and Cp(q) = cffl X Z—g (25).

W

. If q € Q"N Q, is subcritical, then Mg exists if and only if the equation
Z vg(i)w' = 1 (8)
1€EZ
has a solution wq > 1.

5. In this case, the solution wgq is unique and, for every p > 1, we have

p—1 .
Cpl(@) = (cqua)”™ 3 (duvg) (2) . )

; 2
=0

The third point is from [10], and the others are from [12, Appendix C]lﬂ When it exists,
we will call the map My the q-IBPM (for Infinite Boltzmann Planar Map). We denote by

3We have fixed a small mistake from |12, Appendix C], where cq was omitted in the formula for Cp(q).
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Qn C Q"N Q, the set of weight sequences q for which My exists. We also note that the formula
for Cp(q) in the critical case is a particular case of the subcritical one where w = 1. Since this
function will appear many times later, for w > 1 and p > 1, we write:

o) = S () () (10)

1=0

In particular, if w = 1, then h,(w) = 3—5(2;) ~ lﬂ\/f) asp — +oo. I[fw > 1, then hy(w) = / -%5

as p — +00.

The random walk 74. To study the q-IBPM, we define the measure vq on Z by v4(i) =
wqu(i), where wq is given by if q is subcritical, and w = 1 if q is critical. The random walk
with step distribution g plays an important role when studying Mq. We first note that, if q is
not critical, then this walk has a positive drift. Indeed, denoting by Fy the generating function

of vq, we have

> iFa(i) = Fifuwa) >0,

since Fy is convex and takes the value 1 both at 1 and at wq > 1. Note also that it is possible
that the drift is +oc.

Lazy peeling explorations of the g-IBPM. We now perform a few computations related
to lazy peeling explorations of the q-IBPM. For this, we fix a peeling algorithm A, and consider
a filled-in exploration of Mg according to A. We recall that 5{4(Mq) is the explored region after
t steps, and we denote by (F;),~ the filtration generated by this exploration. We denote by P
(resp. V;) the half-perimeter (resp. total number of edges) of EA(Mg). We will call P and V
the perimeter and volume processes associated to a peeling exploration of M.

It follows from the definition of Mg that (P, V;)i>0 is a Markov chain on N2 and that its
law does not depend on the algorithm A. More precisely P is a Doob transform of the random
walk with step distribution v, i.e. it has the following transitions:

~ . hpii(w
P (Pt = Pt ilFi) = ali) "2t a), (1)
hPt ("‘)Q)
where hp(w) is given by (10). As noted in [I8], this implies that (hy(wq)) p>1 18 harmonic on
{1,2,...} for the random walk with step distribution 74, and that for q subcritical P has the
distribution of this random walk, conditioned to stay positive (if q is critical, the conditioning
is degenerate, but this can still be made sense of).

IBPM with finite expected degree of the root face. We denote by Q¢ the set of q € 9y,
such that the degree of the root face of Mg has finite expectation. Since our Theorem [I| only
holds if the expected degree of the root face is finite in the limit, we will need to gather a few
consequences of this assumption on q and the peeling process of M. Note that, for all q € 9y,
the degree of the root face is determined by the first peeling step on Mg. More precisely, by
, we have for all j > 1:

>

j(wg)
1(wq)

, hj(wg) ~ . i
PP (the root face of Mg has degree 2j) = hiqu) vg(i—1) = (cqwq)’ ' qj. (12)
q

>
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If q is critical, the right hand-side is equivalent to %ﬂcé_lqj as j — 400, s0 q € Qy if and
only if
> 3% g5 < oo (13)
j>1
On the other hand, we recall (see e.g. [I8, Chapter 5.2|) that a critical weight sequence q is
called of type g, or critical generic, if

S 06-2(7 e (2) <.

Jjz1

which is clearly equivalent to . In the subcritical case, by , q € Qy is equivalent to

Zjﬁq(j) < +o9,

j>1
i.e. the drift of 7 is finite. To sum up:

e In the critical case, q € Qy if and only if q is critical generic, which means that the
perimeter process (P,) converges to a 3/2-stable Lévy process with no positive jump,
conditioned to be positive (see [18, Theorem 10.1]). This basically means that g-Boltzmann
finite maps for q € Qy lie in the domain of attraction of the Brownian map [25].

e In the subcritical case, q € Qy if and only if the measure v has finite expectation. Since
the perimeter process P has the law of a v-random walk conditioned on an event of positive
probability, this means that P has linear growth (instead of super-linear if the expectation
of v was infinite).

2.5 Four ways to describe Boltzmann weights

Four parametrizations of Q. In this work, we will make use of four different "coordinate
systems" to navigate through the spaces Q) and Qf, each with its own advantages. The goal
of this section is to define these parametrizations and to establish some relations between them.
In particular, we will prove Theorem

Our first coordinate system, already used in the last pages, consists in using directly the
Boltzmann weights ¢; for 7 > 1. It is the simplest way to define the model Mg and gives the
simplest description of its law.

The second parametrization we will use is the one given by Proposition 8 below: we describe
q by parameters 7;(q) € [0,1) for j > 1 and r(q) € (0,40c]. Here rj(q) describes the
proportion of peeling steps where we discover a face of degree 25 during a peeling exploration
of Mg, and r«(q) comes from a comparison between the volume and perimeter growths. The
advantage of these parameters is that they allow to "read" q as an almost sure observable on a
peeling exploration of the map Mq. This will be useful in Section

The third parametrization consists in using on the one hand the law of the root face, and on
the other hand the average degree of the vertices. More precisely, for 7 > 1, we write

1
a;j(q) = 3P (the root face of Mg has degree 2j).
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We note that ijl ja;(q) =1 and that a1(q) < 1 since a map consisting only of 2-gons would

1 i
Tt (p)], where p is the root

vertex. The advantage of this parametrization is that the analogues of these quantities are easy

have vertices with infinite degrees. We also write d(q) = E [

to compute if we replace Mg by a finite uniform map with prescribed genus and face degrees.
These parameters are our only way to link the finite and infinite models, and will therefore be
useful in the end of the proof of Theorem [I} However, it is not obvious at all that (a;(q));s,
and d(q) are sufficient to characterize q. We will actually prove this in the end of the paper,
only for q € Qy, as a consequence of local convergence arguments (Proposition .

Finally, the fourth coordinate system is the one from Theorem [3} it is a variant of the third
one where we replace d(q) by wq, which makes it easier to handle. This one is useful as an
intermediate step towards the third one. Moreover, contrary to the third one, we can prove

rather quickly (Theorem [3)) that it provides a nice parametrization of the whole space Q.

Recovering q from explorations of My. We now describe more precisely our second
parametrization of Qp. The next result basically states that we can recover the weight se-
quence q by just observing the perimeter and volume processes defined above (we recall that
the volume is measured by the total number of edges).

Proposition 8. Let q € 9;,, and let P and V be the perimeter and volume processes associated
to a peeling exploration of Mq. We have the following almost sure convergences:

-1

1 a.s. i—1

n 2 Ip,,—P=j-1 P (cqwq)’™ q; =:7;(q) € [0,1) (14)
1=

for every j > 1, and

2
Vi—2P s (\/L‘Tq — \/F) =:ro(q) € (0, +OO] (15)

t t—+o00 2\/wq(wq — 1)

Moreover, the weight sequence q is a measurable function of the numbers r;(q) for j € N*U{oo}.

Proof. In the subcritical case, the second convergence is Proposition 10.12 of [I8]. In the critical
case, we have wq = 1 so the right-hand side of is infinite, and the result follows from Lemma,
10.9 of [I§].

Let us now prove the first convergence. For this, we first note that we have P, — +oc almost
surely as t — +o00. Indeed, this again follows from [I8] Proposition 10.12] in the subcritical case
and from [I8, Lemma 10.9] in the critical case. On the other hand, given the asymptotics for

hp(w) right after (L0), for any fixed j > 1, we have h’?l]iwq) — 1 as p — +o0o. It follows that

._1(
p(wq)
PP = Po=j = 1F) 0 Pali = 1) = (caa) a5

and the first convergence follows by the law of large numbers.
(Vo ver1)*

Finally, the function w — ~———/ is a decreasing homeomorphism from [1,+0o0) to

2¢/w(w—1)

(0, 4+00], 50 wq is a measurable function of ro(q). Moreover, by the definition of ¢q (4}, we have

4 25 — 1 cq\i-1 1 /25— 1\ 7i(q)
1_7: (7(1) — — J 5
q ]2(]‘1)% 1 Zw(jl) !

jf
§>1 Wq

which implies that cq is a measurable function of wq and the numbers r;(q) for j € N*. Finally,
given cq and the r;j(q), we easily recover the ¢; from ([14]). O
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Weight sequences corresponding to a given distribution of the root face. We now
prove Theorem [3] by showing that our fourth parametrization is indeed bijective. We first
state the precise version of Theorem (3| We recall that for q € Qp, the numbers a;(q) satisfy
>_j>1Jaj(q) =1 and a1 <1, and we have wq > 1.

Proposition 9. Let (;);>1 be such that .~ joj =1 and aq <1, and let w > 1. Then there
is a unique q € 9y, such that

wq =w and Vj > 1, aj(q) = aj.

Moreover, this weight sequence q is given by

. 1 (2i—1 ; Jj—1
o Jo 1- Zizl F(Ll ) w? 110;1 (@) (16)
VT W) 1 |
Proof of Proposition[4 We start with uniqueness. We note that
1 1 -1
aj(q) = ECj(Q)Qj = E(quq) hj(wq)d;, (17)

so g; can be obtained as a function of a;(q) = a;, wq and cq. Moreover, by the definition of
cq, We have

4 1 [(2i—1\ ;4 1 (2i—1\ iai(q)
=T (e = () iy (15)
S0 Cq, and therefore g; for all j > 1, can be deduced from wq and (a;(q)),,. More precisely, we
obtain the formula , which in particular proves the uniqueness.

To prove the existence, it is enough to check that, for all w > 1 and (a;);>1 with ) ja; =1
and a1 < 1, the sequence q given by is indeed in Qp, with wq = w and a;(q) = «; for all
j. Following , we first write

4

c= , : (19)
1 (21 .
1- Eizl 417—1(;—1)#/%(@

and check that q is admissible with cq = ¢. First w~'h;(w) is a polynomial in w with nonnegative
coefficients so w1 h;(w) > hi(1) = 2 ( ) From here, we get

1 2t —1 )
Z4i—1<il_1>wz Zlii <ZO‘1<ZZO‘Z_1

i>1 i>1 i>1

because a1 < 1. Therefore, the numbers ¢; are nonnegative and ¢ > 0, and we can rewrite ((16])

as .
J &

T Wy (w)

1 2t —1 i1 4
Z4i_1<i_1>(hc _1_2

i>1

From here, we get

immediately by the definition of ¢, which proves q € Q, and cq = ¢. Also, we know that oy < 1
so there is j > 2 with a; > 0, which implies ¢; > 0, so q € Q™.

20



We now prove q € Qj with wq = w, which is equivalent to proving
> vgli)w’ =1,
1EZ
where we recall that vq is defined by . For this, inspired by similar arguments in the critical
case (see e.g. [18, Lemma 5.2|), the basic idea will be to show that (wihi(w))Dl is harmonic for

Vq. More precisely, the equality > .., ia; = 1 can be interpreted as a harmonicity relation at 1:
setting h;(w) = 0 for i < —1, we have
thﬂ w)w'vg(i) = ijflh ) g = Zja] =1=hi(w), (20)
i€Z Jj=1 j21

where in the beginning we do the change of variables j = 4 + 1. On the other hand, we know
that hy(w) = Zl o w™ (i), where u(i) = 5 ( ) for ¢ > 0 (and we set the convention wu(i) = 0
for : < —1). But the same function u plays an important role in the description of the law of
the peeling process of finite Boltzmann maps. In particular, we know that u is v4-harmonic on
positive integers for any admissible weight sequence q (this can be found in the proof of Lemma
5.2 in [18]). That is, for all j > 1, we have

Z Vq (i 4+ j).
€L
Multiplying by w™/ and summing over 1 < j < p — 1, we get, for all p > 1:
hp(w) = hi(w) =Y w'vg(i) (Apss(w) = his1 (W) -
1EZ
Summing this with and dividing by hy(w), we obtain
Zw vq(i p—H w) = 1.
1EL )

for all p > 1. When p — +o0, we have that h,(w) has a positive limit if w > 1 and is equivalent

to ifw=1, so ”“(w) — 1 in every case. Therefore, by dominated convergence, we get
VP ho @)

> v’ =1,

1€ZL

where the domination ), ., vq(i)w! < 400 is immediate for negative values of i since w > 1,
and comes from the convergence of the sum for positive values of 7. This proves q € 9y
with wg = w, and from here aj(q) = «; is immediate using (17). O

Proof of Theorem[3 Tt is clear from Proposition [9] that weight sequences with a given root face
distribution are parametrized by w € [1,4+00). We denote by q“ the unique weight sequence
for which the law of the root face is given by (a;)j>1 and for which Wgw) = w. Then qW is
critical by definition. Moreover, using and , we get for ¢ > 0:

Vg (1) = gwic! a® oo (0 Daigr. (21)
The sum over i > 0 of the right-hand side is equal to 1, so Uyw) ((—o0, —1]) = 0 as w — +o0.
By , this means that the probability of peeling cases decreasing the perimeter goes to 0.
Since these are the cases creating cycles in the dual, the dual of Mq(w) becomes close to a tree
when w — 400, and the vertex degrees in M) go to infinity. O
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Two technical results on the dependance in w. We conclude this section with two tech-
nical results that we will need in the end of the proof (Section . Both deal with the way
that some quantities depend on the parameter w. We fix (o;);>1 such that 2]21 joj =1 and
a1 < 1. By Proposition |§|, we can denote by q“) the unique weight sequence for which the law
of the root face is given by (a;);>1 and wyw) = w.

The first technical lemma states that we can recover q from the law of the root face (o) >1
and a single weight ¢;, provided j > 2.

Lemma 10. For every j > 1, the function w — qj(.w) is nonincreasing. Moreover, if j > 2 and

a; > 0, this function is decreasing.

Since the proof is not particularly enlightening, we postpone it to Appendix [AT]

Our second technical lemma is a reinforcement of a part of Proposition [§] above. It states
that the second convergence result is uniform in w as long as w is bounded away from 1
and +oc.

Lemma 11. Let (Pt(w)) . and <Vt(w)> . denote respectively the perimeter and volume pro-
t t

cesses associated to a peeling exploration of M. The convergence in probability

v —op®  p (Vo — Ve — 1)2

is uniform in w over any compact subset K of (1,400) in the sense that for all ¢ > 0, there is
to > 0 such that, for all t > ty and w € K:
> E) <E.

P ( v —2p (Vo - ve-1)°

t 2 ww—1)
The proof of Lemma [11] is an adaptation of the proof of in [18], but using a uniform
weak law of large numbers. It is delayed to Appendix

3 Tightness, planarity and one-endedness

In all this section, we will work in the general setting of Theorem [2 i.e. we do not assume
ijl jzozj < +00.

Proposition 12. Let (f", gn)n>1 be as in Theorem [2l Then the sequence (Mgn g, ), -, is tight

for dioc, and every subsequential limit is a.s. planar and one-ended.

Our strategy to prove Proposition will be similar to [I5], and in particular relies on a
Bounded ratio Lemma (Lemma . Sections and are devoted to the proof of the
Bounded ratio Lemma, which is significantly more complicated than in [I5]. In Section we
prove that any subsequential limit of (Mgn g, ), -, for dj,. (which exist by Lemma @) is planar
and one-ended. Finally, in Section [3.5 we finish the proof of Proposition [I2] using Lemma[7] and
the Bounded ratio Lemma.
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3.1 The Bounded ratio Lemma

The Bounded ratio Lemma below means that, as long as the faces are not too large and the
number of vertices remains proportional to the number of edges (i.e. basically under the as-
sumptions of Theorem, removing a face of degree 2jy changes the number of maps by at most
a constant factor, provided the faces of degree 2jy represent a positive proportion of the faces.
We recall from that |f| and v(f, g) are respectively the number of edges and of vertices of
a map with genus g and face degrees given by f. For j > 1, we denote by 1; the face degree
sequence consisting of a single face of degree 27, i.e. (1;), is 1 if ¢ = j and 0 otherwise.

Lemma 13 (Bounded ratio Lemma). We fix x,d > 0 and a function A : (0,1] — N. Let f be a
face degree sequence, and let g > 0. We assume that

v(f,g) > k|f|] and Ve >0, Z ifi <elf]. (22)
i>A(e)

Let also jo > 1 be such that jof;, > 0|f|. Then the ratio

By (f)
ﬁg(f - 1j0)

is bounded by a constant depending only on §, x and the function A.

We will not try to obtain an explicit constant. As in [I5], we will use the Bounded ratio
Lemma to estimate the probability of certain events during peeling explorations, so we will need
versions with a boundary. Here are the precise versions that we will need later in the paper.

Corollary 14. Let x,6 > 0 and A(-) be as in Lemma([13] Then there is a constant C' such that
the following holds.

1. Let p,p’,j > 1. Then there is N such that, for all f and g satisfying and jf; > 0|f]
and |f| > N, we have

(pup/) f
(fj,) e
Bg ’ (f - 1j)

and in particular
i ()

BY(E — 1)

2. Let p1,p2 > 1 and i1,42 > 0. Then there is N such that, for all f and g satisfying and
If| > N, we have

< 20C. (23)

Bép1 +i1,p2+12) (f)
5§P1 p2) ()

< Ci1 +12 )

Since this will be very important later, we highlight that the constant C' does not depend
on p,p’,j but that N does. The inequality will be used in the tightness argument just like
in [I5], whereas the statements with two boundaries will be needed in the two hole argument

(Section [5.2)).
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pr+1=3 pL=2

Figure 4: Reducing the size of a boundary by 2 by adding a 2j-gon (here, the boundary is in
blue, and j = 3).
Proof. We first claim that we have the identity

) (F) — 2p(fp + VP (fyr + Lpzp)
P ) ETETd

Bg(f+ 1, +1,). (24)

Indeed, the factor p(f, + 1) corresponds to the number of ways to add a second root to a map
of By(f 4+ 1,) such that this second root has a face of degree 2p on its right (with respect to
the canonical white to black orientation of edges). The factor p/(f, + 1,.,) corresponds to the
number of ways of adding a third root next to a face of degree 2p’ so that the two root faces
are distinct. The (|f| + p + p) in the denominator corresponds to forgetting the original root.
Moreover, if (f,g) satisfy the assumptions of Lemma [13| for §,«, A(-) and |f| is large enough,
then (f 4+ 1, + 1., g) also satisfies the assumptions of Lemma 13| for %, 5, A (5) Therefore, the
first point of the corollary follows from Lemma |13| and . To deduce , just take p’ =1
and use the identity ﬁé ’1)(f) = |f|ﬁép) (f) (adding a 2-gon is equivalent to marking an edge) and
the fact that |f| is large enough.

For the second point, we first note that it is sufficient to prove it for {i;,i2} = {0,1}. Since
C' does not depend on (p1,p2), the general case easily follows by induction on i1 + i2. Without
loss of generality, we assume i1 = 1,49 = 0.

We now note that there is §,j; > 0 depending only on A(-) such that, if is satisfied,
then there is 2 < j < j; such that jf; > 6|f| (we can assume j > 2 because if there are too
many 2-gons, then the number of vertices cannot be macroscopic). We fix such a j. Then, by
the injection that consists in gluing a 2j-gon on the first boundary as on Figure [4] we have

5ép1+17172)(f) < Béplypz)(f +1;) < Cﬁépl,pz)(f)7

where the last inequality uses the first item of the Corollary. This proves the second point. [

Outline of the proof of Lemma[13] The general idea is the same as in [15], namely building
an injection that removes a small piece of a map (here, we would like to remove a face of degree
2j0). Just like in [15], this implies to merge vertices, so we will try to bound the degrees of
the vertices involved, so that the number of ways to do the surgery backwards is not too high.
However, since we work in a more general setting, several new constraints appear. First, the
degrees of the faces are not bounded, so we must make sure that our surgery operations do not
involve faces of huge degrees. This is the purpose of finding "very nice edges" in Section [3.2]
below. Also, we will not always be able to remove a face of degree exactly 2jy. We will therefore
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remove either a face with degree higher than 2jy, or several faces which combined are "larger"
than a face of degree 2j5. We will then use the two (easy) Lemmas |15/ and |16| to conclude.

Lemma 15. If p > jo > 1, then

|f’/8g (f - 1j0) > jijo BQ (f - lp) .

In particular, if jo fj, > 0|f|, then

/Bg(f - 1]'0) = 5Bg(f - 119) (25)

Proof. The second point is immediate from the first. For the first point, the right-hand side
counts maps in B, (f — 1,) with a marked edge such that the face on its right has degree 2jo.
The left-hand side counts maps in B, (f — 1,) with a marked edge, so it is enough to build an
injection from the first set to the second. Take a map m in By (f — 1,) and mark an edge e of
m with a face of degree 27y on its right. We glue a path of p — jp edges to the starting point of
e, just on the right of e as on Figure |5l One obtains a map of B, (f — 1;,) with a marked edge,
and going backwards is straightforward.

Figure 5: The injection of Lemma [15] (here with jo = 3 and p = 5). The marked edge is in red.

O

Lemma 16. If 1 < dy,ds,...,dr < jo and Zf:l(di — 1) > jo — 1, then

k
2||By (f = 1j5) = 2jofjo 5 (f -3 1di> :

=1

In particular, if jo f;, > 6|f|, then

k
/89 (f - 1j0) > 559 (f - Z 1di> . (26)

i=1

Proof. The proof is very similar to Lemma This time, consider a map m in By (f - Zle ldi>

with a marked oriented edge e that has a face of degree 2jy on its right. Let d = l—i—zle (di — 1),
and note that d > jg. If d > jo, transform the face of degree 2jy into a face of degree 2d by
adding a path of d — jp edges like in the previous proof. Then tessellate this face of degree 2d
as on Figure @ We obtain a map of By (f — 1;,) with a marked edge, and this operation is also
injective.

O
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Figure 6: The injection of Lemma (16 (here with jo = 5 and (di, d2,d3) = (2,3, 3)).

3.2 Good sets of edges

The injection we will build to prove the Bounded ratio Lemma takes as input a pair (m, F),
where m is a map and F is a set of edges of m satisfying the properties we will need to perform
some surgery around F. We will call such a set a good set. Our goal in this subsection is to define
a good set and to prove that any map contains a linear number of good sets (Proposition .
We recall that we consider that the edges are oriented from white to black, and therefore it
makes sense to define the left or right side of an edge.

Throughout this section, we work under the assumptions of Lemma Let m € By(f). Let

A :=2A (min (3—”2, ))

Remark 17. We will have several different constants (depending on A(-), ¢ and k) defined
in terms of each other in this subsection. To help convince the reader there is no circular
dependency between them, we provide a "causal graph" of all the involved constants.
A()
~a A
s — 7 TRy,

’\&\

We say that an edge e of m is nice if it is not incident to a face of degree larger than 2A4;.
Fact 18. At least (1 — %) |f] of the edges in m are nice.

Proof. Draw an edge e of m uniformly at random. The face f sitting to the right of e is drawn
at random with a probability proportional to its degree. By the second assumption of (22), the
K

probability that f has degree larger than 24 is less than 5. The same is true for the face

sitting to the left of e. O

We will need to bound the degrees not only of the faces incident to an edge, but also of the
faces close to this edge for the dual distance. More precisely, we will define the dual distance
between two edges e1,es of m as the dual distance between the face on the right of e; and the
face on the right of es. We fix a value r (depending on A; and k) that we will specify later. Let
A, be the function given by Lemmafor A(-) and r, and let Ay = A, (1%) We will call an edge
e of m very nice if it is nice and no edge at dual distance r or less from e is incident to a face
of degree larger than 2A45. By applying Lemma [5] to the stationary random graph obtained by
rooting the dual map m* at a uniform edge, the proportion of edges of m at dual distance r or
less from a face larger than 24, is at most 1. Hence, we get the following observation.
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Fact 19. At least (1 — £) |f] of the edges of m are very nice.

Let D = %. By the first assumption of , we know that D is larger than twice the average
vertex degree in m. Since at most half of the vertices have degree at least twice the average
degree, and since there are more than «|f| vertices, we have the following.

Fact 20. There are at least %|f| vertices of the same colour with degree less than D in m.

Without loss of generality, assume that this colour is white (we recall that the vertices are
coloured black and white so that each edge joins two vertices of different colours and the root
is oriented from white to black). We say that a white vertex is fine if it has degree at most D,
and that an edge is fine if it is incident to a fine white vertex and the face on its right is not of
degree 2. By the previous fact, and since every vertex is incident to at least a face of degree > 2,
there are at least §|f| fine edges in m, incident to %|f| distinct white vertices. An edge is said
to be good if it is both very nice and fine. Summing up the last results, we have the following.

Lemma 21. There are at least §[f| good edges in m, incident to g|f| distinct white vertices.

We now fix the value of r at r = % + 1 (which is possible since A; does not depend on
r, see Remark [L7] above). We call a set S of A; edges of m a good set if all the edges of S are
good, they are incident to distinct white vertices and they are all at dual distance less than 2r
from each other. Our next goal is to find a large number of good sets in the map m. Note that
these good sets do not need to be disjoint.

Proposition 22. There are at least {5|f| good sets of edges in m.

Proof. The proof follows the argument from [I5]. Let G be a set of §|f| good edges incident to
distinct white vertices given by Lemma [21] In this proof, the balls B} (e) that we will consider
will be for the dual distance. We can assume that for every e € G, the ball B (e) does not
contain all the edges of m, since otherwise the proposition is obviously true.

In that case, for all e € G, since m* is connected we must have |B}(e)| > r. We are going to
find a collection of distinct good sets (S;). For this, we build by induction a decreasing sequence
of sets of good edges (G;), such that for each i, the set G;y; is obtained from G; by removing
one element. We set Go = G. Let 0 <1i < {|f|, and assume that we have built Go, G1, ..., G;.
Then |G;| = |G| — i, so

Yo IBie)] > (1G] —i)r > %\f!r > Aylf]
eeG;

by our choice of . Therefore, there must be an " Aj-overlap", i.e. there exist A edges whose balls
of radius r have a nonempty intersection. Thus they are all at distance at most 2r of each other,
and we just found a good set S;;1. Choose e;11 € S;11 arbitrarily, and let G;+1 = G; \ {eiy1}.
This way we can build G; and S; for 1 <i < %]f |, which proves the lemma. O

3.3 Proof of the Bounded ratio Lemma: the injection

We now prove the Bounded ratio Lemma (Lemma . We start with the easy case jo = 1: a
marked digon can be contracted into a marked edge (see Figure (7)), and if fi > J|f|, we have

[£]84(f —11) > 6[£[8y(f)
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Sk - K
Figure 7: Contraction of a digon.

which yields the result.

We can now assume that jo > 1 and jo fj, > |f|. The injection we will build takes as input
a map of By (f) with a marked good set of edges, and outputs a map of Bg(f') with a marked
edge and some finite information (i.e. with values in a finite set whose size depends only on d, K

and the function A), with f of the form:

(i) either
f=f — 1, where jo < p < Ay, (27)

(ii) or
k

k
f':f—ZIdi where k < A and 1 < d; < jo for all ¢ but Zdi >jot+k—1. (28)
i=1 =1

Since the number of possibilities for f is bounded in terms of A, by and , such an
injection will prove Lemma [I3]

The surgery operation is quite complicated and, contrary to [I5], some intermediate steps
affect the topology of the map (although the genus remains unchanged in the end). It is broken
down into four steps for better understanding.

Before describing this operation in details, we first need to give a few definitions. Consider
a map m with a good set S of edges, and a distinguished edge e* € S called the anchor (the
way to choose e* will be specified later). For e € S\ {e*}, let p. be the leftmost shortest pathlﬂ
in the dual m* from the face on the right of e* to the face on the right of e. We denote by P(.S)
the union of all the paths p, for e € S\ {e*} (see the left of Figure[§). With this definition P(S)
forms a tree. Since the edges of S are at dual distance at most 2r from each other, we also know
that the number of dual edges in P(.S) satisfies |P(S)| < 24;r.

We will now describe four injective operations (four "steps"). To make things less cumber-
some, we will use the term finite in lieu of "bounded by a constant that depends only on 9, x
and the function A" (without trying to make the bounds explicit). These steps will involve
marked faces of possibly high but finite degree that we will call megafaces. Since one of the
steps might temporarily disconnect the map, we also precise that by a possibly non-connected
map, we mean a finite gluing of polygons which is not necessarily connected, and where only
one of the connected components bears a root edge.

After having defined the four steps, we will explain how to apply them to a map of By(f)
with a marked good set to obtain the desired injection. In particular, some of the steps depend
on additional parameters (such as the anchor edge in the good set S for step 1), and the way to
choose the parameters will be specified in the end.

“4the leftmost shortest path is constructed by, at each step, taking the leftmost face that gets strictly closer to
the target.
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Step 1: Carving. This step inputs a map m € By(f), with a distinguished good set S, anchored
at some edge €*, and outputs a map my of genus g with a marked face of finite degree, A;
distinguished fine vertices incident to this face, and some finite information.

Start from a map m € By(f), with a distinguished good set S, anchored at some edge e*.
Draw P(S) on m* and cut each edge of m that is crossed by P(S). For every such edge, mark
the two corners corresponding to the ends of this edge (see Figure . The tree structure of
P(S) ensures that the map m; that we obtain is still connected and has genus g. Moreover my
has a distinguished face called the megaface, resulting from merging several faces of m. The A;
white vertices incident to the edges of S will be the A; distinguished vertices output by Step 1.
These vertices are fine (i.e. have degree less than %) by definition of a good set.

Moreover, we claim that there are at most 2417 marked corners of each colour in the
megaface, and that the megaface is of degree less than 4A4;Asr. Indeed, each time an edge
is deleted, two faces merge, and the megaface is the consequence of the mergings of the faces
created by cutting edges. The number of marked corners is twice the number of edges cut, which
is less than |P(S)|. Let 2j1,2j2,...,2js be the degrees of the faces of m that were merged in
the carving process. Then the megaface of m; has degree 2F = 2(j; +jo+ ... +js — £+ 1).
By definition of a good set, £ < |P(S)| + 1 < 2A;r, and also for all 7, we have j; < Ag, which
implies 2F < 4A1Asr. Therefore, given the map my and its megaface, the number of ways to
choose the marked corners is bounded by (4’;‘%‘?7’), so the marked corners are finite information,
which will allow us to forget about them in the next steps.

Finally, note that step 1 is injective up to finite information: given the map m, its megaface
and the marked corners, there is a finite number of ways to pair the marked corners in a planar

way inside the megaface.

Figure 8: The carving operation, from m (on the left) to m; (on the right). The good set S of
edges is in purple with the anchor in red), and the paths P(S) are in blue. Marked corners in

mq are represented as dangling half-edges.

Step 2: Vertex deletion. This step inputs a map m1 of genus g, with a marked face of finite
degree and Ay distinguished fine vertices incident to this face, as well as a number d < Ay. It
outputs (together with some finite information) a possibly disconnected map mo with K connected
components, of total genus g < g with g — ¢’ finite, with v(f, g) — d vertices in total and with M
marked faces of finite total degree, such that there is at least one marked face in each connected
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component, and we have

M<(g—g)+K (29)

Start with a map m of genus g, with a marked megaface to which A; marked fine vertices
are incident, as well as a numberﬂ d < A;. Pick d of the marked good vertices arbitrarily, and
delete them as well as all their incident edges (see Figure @ We obtain a map mo that might
be disconnected (see right before Step 1 for a definition).

Figure 9: Deleting a vertex.

We now precise which are the marked faces. Everytime an edge is deleted in the process,
three cases may happen:

e two faces are merged,
e or a face is split in two and the genus decreases by one,
e or a face is split in two and the number of connected components increases by one.

The marked faces (or megafaces) of mgo are then the result of the consecutive splittings
and mergings. In particular, the last two cases explain . Moreover, in the third case, if a
connected component is split in two, the marked face gets split between both components, so in
the end there is at least one marked face on each connected component.

We now bound the total degree of the megafaces. The edges incident to the megafaces of
mg come from the megaface of mq, plus the "small" faces we merged with it in the process.
By definition of a good set, all these small faces were of degree As or less, and the number of
mergings is bounded by the total number of edges deleted in the operation, which itself is at
most DAy (d < Ay vertices of degree bounded by D were deleted). Hence the total degree of
the megafaces is bounded by DAjAg + 2F, where 2F is the degree of the megaface of my. In
particular, this total degree is finite. On the other hand, the genus variation g — ¢’ is bounded
by the number of removed edges, so it is finite as well.

Finally, we argue that this step is injective up to finite information. To go back to m1, one
only needs to recreate the white vertices and reattach them to the right black corners. The
number of edges to add back is finite (bounded by DA;), and the black corners to which we
may attach them are on the megafaces, so their number is also finite. Therefore, up to adding
finite information in the output, Step 2 is injective.

Step 3: Reconstruction. This step inputs a possibly disconnected map ma with v(f,g) — d
vertices in total for some d, of genus ¢’ < g with g — g’ finite, with K connected components and
M marked faces of finite total degree, satisfying and such that there is at least one marked
face in each connected component. It outputs a connected map ms with v(f, g) —d + 1 vertices,

Sthe number d is a parameter that will be fixed when defining the injection.
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of genus g, with one marked face of finite degree and a marked edge lying in that face, plus some
finite information.

We start with a map my as above, and denote by 2F the total degree of its megafaces. We
create one new white vertex v, select arbitrarily a black corner in each megaface f of ms, and
draw an edge between v and these black corners (see the left part of Figure . We keep track
of one of these newly created edges and call it the special edge. We obtain a map m/, that is now
connected and has a unique megaface of degree at most 2F + 2M (because we added M edges).
This megaface is incident to the vertex v and to the special edge. Let ¢g” be the genus of mb.
We note that when we add one by one the edges joining v to the megafaces of ms, the genus
increases by one everytime we connect a megaface which is not the first one in its connected
component of mo. Hence ¢ — ¢’ = M — K, so implies ¢” < g. If ¢" = g, we set mg = mb.
If ¢" < g, we attach a pair of edges to the right of the special edge as on the right of Figure
Now the resulting map has still only one megaface and is of genus ¢g” + 1. Repeat if necessary
to obtain a map mg of genus g with one megaface of degree bounded by 2F + 2K + 4(g — ¢')
(because we added at most 2(g — ¢') edges to recover the genus). Using again, the degree
of the megaface is bounded by 2F +4M < 6F so it is finite. Moreover, the only vertex we have
added is v, so m3 has v(f, g) — d + 1 vertices.

9

o & | O

Figure 10: The reconstruction. Left: reconnecting the map. The megafaces are in pink, and the
rest of the map is in turquoise. Marked corners are represented as dangling half-edges. Right:
recovering the genus. The special edge is in red, and the added pair of edges is in blue.

Finally, to recover ms from mg, one only has to remember the value of g — ¢”. This is finite
information since g — g < g — ¢’ is finite. We can then simply remove the 2(g — ¢”) edges
on the right of the special edge to recover m), and then delete the vertex v (i.e. the white
vertex incident to the marked edge of ms), together with all its incident edges, to recover mso.
Therefore, Step 3 is injective up to finite information.

Step 4: Filling of the megaface. This step inputs a map mg in By(f') for some £ with a
marked face of finite degree 2F and a marked edge incident to that face. We also assume that f’
satisfies the following assumptions:

1. we have f' =f +1p —1;, —1;, —... — 1j,, where Zle Ji 18 finite;
2. v(f',g) =v(f,d) —d+ 1 for some finite d > 1;
3. there is an index k < £ such that

Gi=D+0G-D+...+0r—1)=d-1 (30)

It outputs a map my € Bg(f) with a marked edge, where f < £ and ‘f —£| is finite.
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We start with a map ms € By(f’) as above, and let d and j,. .., j; be as in the assumptions
on f’. By the Euler formula on f and f’/, we must have

F-1=(-1D)+Ge—1D+...4+Ge—1)— (d—1). (31)
Combining this with the assumption , we obtain
F—1=(ipt1— 1) + (g2 = 1) + ...+ (i = 1).

Hence, we can tessellate the megaface of degree 2F into faces of degrees 2jx11, .. .,2j¢ as in the
proof of . We obtain a map my (keeping the same marked edge) with face degrees given by
f=1- Zle 1;,, in an injective way.

Now we can describe our injection in terms of the different operations mentioned above.
Roughly speaking, we will successively apply our four steps. We will specify the choice of some
of the parameters in the first three steps in such a way that the face degree distribution f’
after Step 3 satisfies all the assumptions required by Step 4, and the face degree distribution f
obtained after Step 4 is of one of the two forms given by and .

More precisely, we start with a map m € By(f) with a marked good set S. For all e € S, let
de be the half-degree of the face sitting on the right of e. We treat two cases separately (which
will in the end correspond to (27) and to (28)).

Case 1: Assume there exists e*

in S such that de» > jo. Take e* as the anchor, and apply
Step 1. Note that the face of degree 2d.+ sitting to the right of e* is one of the faces that have
been destroyed. We then apply Step 2 with d = d«, i.e. we remove d good vertices, including
the one that was incident to e*. We then apply Step 3 to obtain a map ms, and denote by f’ the
face degree sequence of mgz. Note that mg has d — 1 vertices less than m, which ensures that the
d as defined in the assumptions of Step 4 is the same as the one used in Step 2 and 3. Moreover,
it follows from Steps 1, 2 and 3 that f’ is of the form f + 1 — 1;, — 1, —... — 1,,, where 2F
is the degree of the megaface, and 2j1,...,2j, are the degrees of the faces destroyed in Step 1.
In particular Zle ji is finite and, up to reordering the j;’s, we may assume j; = d = de+. This
implies that is satisfied for k = 1, so we can apply Step 4 to obtain a map my. Finally, the
face degree sequence of my is f=f—1y where d = d.- > Jo, and d < Ay by definition of a nice
edge. Hence f is of the form given by .

Case 2: We now assume d, < jo for all e € S. Take any arbitrary ordering ej,es,...,ea, of
the edges of S, and for all 7 let d; = d,, be the half-degree of the face on the right of e;. We first
claim that there is an index k such that

k

Jo—1<) (di—1) <A —1 (32)
i=1

Indeed, by definition of a fine edge, we have d; > 2 for all 7 so Z;‘:ll(dj —-1) > A; > jo— L
Therefore, we can consider the first index k such that Zle(di —1) > jo — 1. Then we have
dr < jo by assumption, so Zle(di —1) < 2jp — 1. Finally, by definition of A;, we have
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Ay > 2A(6) > 2jo (the second inequality follows from the assumption jofj, > 6|f]), so is
indeed satisfied for this k.

We now choose the anchor of .S arbitrarily, and apply Step 1. We then apply Step 2 with d =
1—|—Z§:1(d¢—1), i.e. we delete d good vertices, including the ones incident to ey, . .., ex. Note that
at this point, all the faces that were incident to the edges ey, .. ., e; have been destroyed. We then
apply Step 3 and obtain a map mg with face degree sequence f’. The first two assumptions on f’
in Step 4 are satisfied for the same reason as in Case 1, with f’ of the form f+1p—1; —...—1;,.
Moreover, since the faces incident to eq, ..., ex have been destroyed previously, up to reordering
the j;’s, we may assume j; = d; for 1 < i < k. Therefore, by our choice of d, the third
assumption of Step 4 is also satisfied. After applying Step 4, we obtain a map my4 with face
degree sequence

k
f:f—Zdi.
=1

Finally, we have 1 < d; < jo for all ¢ by the assumption of Case 2, and Zle di > jo+k—1
by , so f is of the form given by .

Conclusion of the proof of Lemma[13 Consider the injection that we have just built. By Propo-
sition [22 the number of inputs m is at least {§|f|3,(f), whereas the number of outputs my is at
most ) ¢ I£| Bg(f'), where the sum is over face degree sequences f of the form either of (28).

When we apply successively Steps 1, 2, 3 and 4, we note that each step is injective up to
finite information. This means that there is a constant ¢ depending only on d, x and A(-) such
that

16 E180(F) < ¢ > [F1By(F) < el Y 5,(F),
f f

where the second inequality uses f < f. Moreover, the number of possible sequences f is bounded
in terms of 0, x and A(-). Hence, there is a sequence f of the form or such that

By(£) < ¢'By(B),

where ¢ depends only on §, k and A(-). We can finally conclude using Lemma (15| if f is of the
form , or Lemma [16]if f is of the form . O

3.4 Planarity and One-Endedness

We fix (f"),>1 and (gn)n>1 satisfying the assumptions of Theorem We recall that by Lemma@
(Mgn g,,) is tight for dj .. In all this subsection, we will denote by M a subsequential limit in
distribution. Since |f"| — 400, it must be an infinite map. To prove Proposition we will
first prove that M is a.s. planar and one-ended (Corolaries [24] and . Like in [15], the proofs
will rely heavily on a recursion counting maps. More precisely, the formula @ proved in [24]
will play the role of the Goulden—Jackson formula in [I5]. This step of the proof only differs
from [15] by minor adaptations, so we will not give the full details. The proofs of Lemmas
and [25| using @ can be found in the Appendix .

As in [I5], to establish planarity, we want to bound, for any non-planar finite map m,
the probability P (m C Mgn g4, ) for n large. For this, we will need the following combinatorial

estimate.
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Lemma 23. We fix (f"),,>1 and (g )n>1 which satisfy the assumptions of Theorem [2 We also
fix h(® a face degree sequence such that h(® < f” for n large enough. Let k& > 2, numbers
l1,0s, ..., 0 and perimeters p] for 1 < j <k and 1 <4 < /{;. Then

i (®),0% 1)) .
> [[8,0 7 09) = o0(8, (")
hD+h@ 4. +hF)=fr_K(0) j=1
9V +g@D 4. +g®) =g, —1-3,(£;,—1)

as n — o0.

Corollary 24. Let (f"),>1 and (gn)n>1 satisfy the assumptions of Theorem . Then every
subsequential limit M of (Mgn, g,) for dj, . is a.s. planar.

Proof. The proof is basically the same as [I5, Corollary 7], with the exception of the assumption
h(®) < f" in Lemma [23| (this assumption was automatically satisfied in [I5]). More precisely, it
is sufficient to prove P (m C M) = 0 for every finite map m with holes and of genus 1. We fix
such a map m.

We also note that almost surely, for every face f of M, we have ageg(f)/2 > 0. Indeed, this
is true for the root face since the root face of M has degree j with probability jo; for all j > 1,
and this can be extended to all faces using stationarity with respect to the simple random walk
on the dual of M. Therefore, if m has a face of degree 2j with o; = 0, then P (m C M) = 0.

If not, let h(®) be the internal face degree sequence of m. Then fj" = 400 as n — 400 for

every j such that h;o) >0, so h(® < f7 for n large enough. In particular, we are in position to
use Lemma The proof is now exactly the same as in [I5]: we use the fact that P (m C M)
can be expressed using the number of ways to fill the holes of m with maps of multipolygons,
which is given by the left-hand side of Lemma O

We now move on to one-endedness. The proof is quite similar, and relies on the following
estimate.

Lemma 25. We fix (f"),,>1 and (g )n>1 which satisfy the assumptions of Theorem [2 We also
fix h(® a face degree sequence such that h(®) < " for n large enough.

e Let £ > 1, numbers #1,4s,...,¢; not all equal to 1 and perimeters p{ for 1 <j<kand
1 <i</{;. Then

LR B
Z H By (W) = o (8, ("))
hM+h@) 4 +hF)=fr—n0© j=1
g(1)+g(2)+,_.+g<k)ign—2j(Zj_l)

as n — oQ.

e Let k > 1 and perimeters py, ..., pk. There is a constant C' (that may depend on everything
above) such that for every a and n large enough we have

e ¢
i )
> [15 ) < =g,,(6).
hW+h®@ 4. yhE)=fr_K0O) j=1
gV +g@D 4. 4gF) =g,
M| |h@)|>q
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Corollary 26. Let (f"),>1 and (g,)n>1 satisfy the assumptions of Theorem . Every subse-
quential limit M of (Mgn, gy) for dj

loc

with holes such that m C M, only one hole of m is filled with infinitely many face&ﬁ

is a.s. one-ended in the sense that, for every finite map m

Proof. The proof given Lemma [25 is exactly the same as [I5, Corollary 9], except for the ad-
ditional assumption in Lemma [25 that h(®) < " for n large enough. We take care of it in the
same way as in the proof of Corollary [24] O

3.5 Finiteness of the root degree

We now finish the proof of tightness for dj,. (Proposition . Let M be a subsequential limit
of (Mgn 4,) for dj .. By Lemma E to get tightness for dj,c, we need to show that almost surely,
all the vertices of M have finite degree. Our argument is now very similar to [15] and inspired
by [0]: we will first study the degree of the root vertex by using the Bounded ratio Lemma, and
then extend finiteness by using invariance under the simple random walk.

Lemma 27. The root vertex of M has a.s. finite degree.

Proof. Following the approach of [5], we perform a filled-in lazy peeling exploration of M. Note
that we already know by Corollary that the explored part will always be planar, so no
peeling step will merge two different existing holes. Moreover, by Corollary if a peeling step
separates the boundary into two holes, then one of them is finite and will be filled with a finite
map. Therefore, at each step, the explored part will have only one hole.

The peeling algorithm A that we use is the following: if the root vertex p belongs to dm,
then A(m) is the edge on 9m on the left of p. If p ¢ Om, then the exploration is stopped. Let 7
be the time at which the exploration is stopped. Since only finitely many edges incident to p are
added at each step, it is enough to prove 7 < 400 a.s.. We recall that 5{4(M ) is the explored
part at time ¢.

We will prove that at each step, conditionally on 5{4(M ), the probability to swallow the root
and finish the exploration in a bounded amount of time is bounded from below by a positive
constant. We fix j* > 2 with a;+ > 0. Note that such a j* exists because of the assumption
0 < %ijl(j — 1)ay;. For every map m with one hole such that p € dm, we denote by m™ the
map constructed from m as follows (see Figure [L1):

e we first glue a "face" of degree 25* to m along the edge of dm on the left of p;
e we then glue together the two edges of the boundary incident to p together;

e during the next j* — 2 steps, at each step, we pick two consecutive edges of the boundary
according to some fixed convention and glue them together.

Note that m™ is a planar map with the same perimeter as m but one more face (of degree
2j*). By the choice of our peeling algorithm, if we have 7 > t and EA(M)* C M, then we have
7 < t+ 2. Hence it is enough to prove that the quantity

P(m*™ c Mim c M)

5This is a "weak" definition of one-endedness. For example, it does not prevent m to be the dual of a tree.
However, once we will have proved that M has finite vertex degrees, this will be equivalent to the usual definition.

35



Figure 11: The construction of m™* from m. In gray, the map m. In red, the root vertex. In
blue, the new face. Here, |Om| = j* = 3.

is bounded from below over finite, planar maps m with one hole such that p € Om.

We fix such an m, with half-perimeter p and internal face degrees given by h. Along some
subsequence, we have Mgn , — M in distribution (for df ). Along the same subsequence, it
holds that

P(m* € Mpng,) . B (f" —h—1;.)

e e ~
(m [m €M)= lim 5 (m € Mpng,) vt B¢ (£n — h)

By our choice of j*, we have fI. > O177*|f”| for n large enough, so we can apply the Bounded
ratio Lemma, which concludes the proof. O

Proof of Proposition[IZ. Let M be a subsequential limit of (Mgn 4. ). We recall that for all n, the
map (Mgn g4, ) is stationary for the simple random walk on its vertices. Therefore, by Lemma
and the same argument as in [5] (see also the proof of Lemma |§| above), almost surely all the
vertices of M have finite degree. By Lemma E this guarantees that (Mgn 4, ) is tight for dc.
The a.s. planarity of M is proved in Corollary Finally, it easy to check that for maps
with finite vertex degrees, the weak version of one-endedness proved in Corollary [26 implies the
usual one. Indeed, if V is a finite set of vertices of M, one can consider a finite, connected
submap of M containing all the faces and edges incident to vertices of V. Then Corollary
ensures that this submap does not separate M into two infinite maps. ]

4 Weakly Markovian bipartite maps

Our goal in this Section is to prove Theorem

Weakly Markovian bipartite maps. For a finite, bipartite map m with one hole, we denote
by |0m| the half-perimeter of the hole of m. For all j > 1, we also denote by v;(m) the number
of internal faces of m with degree 2j.

Definition 28. Let M be a random infinite, one-ended, bipartite planar map. We say that M
is weakly Markovian if for every finite map m with one hole, the probability P (m C M) only

depends on |9m/| and (v;(m)) ;-

Let V be the set of sequences v = (vj)j>1 such that v; = 0 for j large enough. If M is
weakly Markovian and v € V, we will denote by af the probability P (m C M) for a map m
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with [Om| = p and vj(m) = v; for all j. Note that this only makes sense if there is such a map
m, which is equivalent to
P<1+) (5= (33)
Jj=>1
Therefore, if p > 1, we will denote by V, C V the set of those v satisfying . Note that
V1 = V. In particular, by definition, for q € 9, the g-IBPM is weakly Markovian, and the
corresponding constants af, are:

ay(aq) = Cp(q)q”,

where @V :=]] i>1 q;-)j. Therefore, if M is of the form Mq for some random weight sequence Q,
we have af, = E[C,(Q)QV].

Sketch of the proof of Theorem We first note that the second point of Theorem [4] is
immediate once the first point is proved. Indeed, let us write Rootface(m) for the degree of the
root face of a map m. If Rootface(M) has finite expectation, then

E [E [Rootface(Mq)|Q]] = E [Rootface(Mgq)] < +00,

so [E [Rootface(Mq)|Q] < +00 a.s., so Q € Qf as..

The first point of Theoremis the natural analogue of Theorem 2 of [15], where triangulations
are replaced by more general maps. The proof will rely on similar ideas: we fix a weakly
Markovian map M with associated constants a%, and we would like to find a random Q such
that a = E[C,(Q)QV] for all p and v. We will use peeling equations to establish inequalities
between the ak, and the existence of Q will follow from the Hausdorff moment problem. However,
compared to [15], two new difficulties arise:

e the random weights q form a family of real numbers instead of just one real number;

e in the triangular case, with the notations of Definition [28] it was immediate that all the

numbers ab are determined by the numbers al. This is not true anymore.

The first issue can be handled by using the multi-dimensional version of the Hausdorff moment
problem. The second one, on the other hand, will make the proof a bit longer than in [15].
More precisely, the Hausdorff moment problem will now provide us, for every p > 1, a o-finite
measure i, on the set of weight sequences, which describes af for all v. We will then use the
peeling equations to prove that all the yu, are actually determined by 1.

Because of the condition , we will need to find a measure with suitable v-th moments for
all v € V,, which is slightly different than the usual Hausdorff moment problem where v € V.
Therefore, we first need to state a suitable version of the moment problem, which will follow
from the usual one. This is done in the next subsection.

4.1 The incomplete Hausdorff moment problem

To state our version of the moment problem (Proposition below), we will need to consider

the space of sequences (uy) For j > 1, we denote by A; the discrete derivation operator

veVp®
on the j-th coordinate on this space. That is, if u = (uy), we write

(Aju), = Uy — Uyy1,-
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It is easy to check that the operators A; commute with each other. For all k = (k;);>1 such
that k; = 0 for j large enough (say for j > jo), we define the operator A by

k.
Aky = AM AR A0y

"o
In other words, we have
k .
o (I (1)) o
i 7>1
where the sum is over families i = (4;);>1, and the terms with a nonzero contribution are those

for which 0 < i; < k; for every 5 > 1. The "usual" Hausdorff moment problem is then the

following.

Theorem 6. Let (uy)yey be such that, for any v € V and any k > 0, we have
Akuv > 0.

Then there is a unique measure x on Q = [0,1]Y" (equipped with the product o-algebra) such
that, for all v € V, we have

Uy = / q"p(dq).
In particular p is finite, with total mass uyg.

More precisely, this is the infinite-dimensional Hausdorff moment problem, which can be
deduced immediately from the finite-dimensional one by the Kolmogorov extension theorem.

For p > 1, we recall that V, C V is the set of v € V that satisfy 2]21(]' —1lv; >p—1. We
also denote by Vj the set of v € V), for which there is j > 2 such that v; > 0 and v —1; € V.
In other words V; can be thought of as the "interior" of V,. Finally, we recall that

Q" ={q (0,135 >2,¢; > 0}.

Proposition 29. Fix p > 1, and let (uv)vevp be a family of real numbers. We assume that for
all v.€ V, and all k > 0, we have
Akuv > 0.

Then there is a o-finite measure 1 on Q* such that, for all v € V], we have

Uy = / q"p(dq).
Moreover, if p = 1, then p is finite and pu(Q*) < ugp.

Note that this version is "weaker" than Theorem [6]in the sense that it is not always possible
to have uy = [q"u(dq) for v € V,\V;. A simple example of this phenomenon in dimension
one is that the sequence (1;-1),~, has all its discrete derivatives nonnegative. However, there is
no measure on [0, 1] with first moment 1 and all higher moments 0. On the other hand, we can
assume an additional property of our measure u, namely it is supported by Q* instead of Q in
Theorem [6
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Proof. We start with the case p = 1. Then V; = V), so by Theorem [6] there is a measure /i on
Q such that, for all v € V1, we have

mzéf%@-

Let p be the restriction of 1 to Q*. If v € Vj and q € Q\Q*, then there is j > 2 such that
v; > 0 but g; =0, so q¥ = 0. It follows that, for all v € V|, we have

/ _a'ulda) = /Q q"7i(dq) = uy.

Moreover, the total mass of p is not larger than the total mass of ji, so it is at most ug.

We now assume p > 2. Let v € V,. Then v+ w € V), for all w € V, so the sequence
(Uviw)wey satisfies the assumptions of Theorem @ Therefore, there is a finite measure y, on
Q such that

Uvt+w = /qwluv(dq)

for all w € V. Now let v, v’ € V,. For all w, we have
/qV/qw,uv(dq) = Uyyv/+w = /qvqwuv’(dq)'

In other words, the measures q"/ pv(dq) and @Y i1 (dq) have the same moments, so by uniqueness
in Theorem

" v(da) = q¥ sy (da). (34)
In particular, for all v € V,, we can consider the o-finite measure
- v(dq
iv(dq) = “ (v )

defined on {@V > 0}. Then implies that, for any v,v’ € V,, the measures fiy and [y
coincide on {q¥ > 0} N {q" > 0}. Therefore, there is a measure y on Uvey, {a¥ > 0} = @~
such that, for all v € V,, we have

pv(da) = q"p(dg) on  {q" >0} (35)
Since p is finite on {g; > €} for all ¢ > 0 and j > 2, the measure p is o-finite. We would now
like to extend the equality to all Q" under the condition v € V.
For this, let v € V7, and let j > 2 be such that v; > 0 and v — 1; € V,,. We have pl; € V,
so we can apply to v and pl;. We obtain, on {g; > 0}:
v Hpl; (dq)
Q — 5
9
using also for p1;. In other words, holds on {g; > 0}.
On the other hand, for v and v —1,,, we can obtain a stronger version of . More precisely,

piv(dq) = = q"p(dq),

for all w, we have

/ 39" pv—1,(da) = Uy w = / q" pv(da),
so the measures g;jy—1,(dq) and py(dq) have the same moments, so they coincide. But the
first one is 0 on {g; = 0}, so it is also the case for the second. Therefore, holds on {g; = 0},
with both sides equal to 0.

Therefore, we have proved that holds on Q. By integrating over Q" and using that the
total mass of uy is uy and is supported by Q*, we get the result. O
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4.2 Proof of Theorem [4]

As in [I5], we start by writing down the peeling equations, which are linear equations between
the numbers af together. For every p > 1 and v € Vp, we have

p—1
j— i—1 —3
b= alh 2y Y BV (w)ab (36)

j>1 i=1 wey

where we recall that 581;1)(w) is the number of planar, bipartite maps of the 2(: — 1)-gon with
exactly w; internal faces of degree 2j for all 7 > 1. These equations, together with the facts
that a(l) =1 and a& > 0, characterize the families (a}) of numbers that may arise from a weakly
Markovian map. In order to be able to use the Hausdorff moment problem, we now need to
check that the discrete derivatives of (a}) are nonnegative.

Lemma 30. Let M be a weakly Markovian bipartite map, and let (a}) be the associated
constants. For every k > 0, p > 1 and v € V,,, we have

(Akap)v > 0.

Proof. The proof is similar to the proof of Lemma 16 in [I5], with the following modification: in
[15], it was useful that in the same peeling equation, we had al) appearing on the left and ag 11
on the right. However, in al +1; does not appear in the right-hand side (this is because we
are using the lazy peeling process of [10] instead of the simple peeling of [I]). Therefore, instead
of using directly the peeling equation, we will need to use the double peeling equation, which
corresponds to performing two peeling steps, instead of one in .

More precisely, the peeling equation gives an expansion of af. The double peeling
equation is obtained from by replacing all the terms in the right-hand side by their expansion
given by . Note that this indeed makes sense because if v € Vp, then v +1; € V,;_; for
allj>1,and v+weV, ;foralli>1and we V.

The equation we obtain is of the form

P _ 4 Dt
ay = Z c{)/,wav—&—w’ (37>
i€Z,wey

where the coefficients ¢}y are nonnegative integers. An explicit formula for these could be

computed in terms of the ﬂ(()z) (w), but this will not be needed. Here are the facts that will be
useful:

1. the coeflicients ngw actually do not depend on v, so we can write them ce(,i,

2. we have c@fiﬁﬁ =1 for every j > 1,

3. we have cg’]o > 1 for every j > 2.

The first item follows from the fact that at each time, the available next peeling steps do not
depend on the internal face degrees of the explored region. The second item expresses the fact
that, for a given peeling algorithm, there is a unique way to obtain a map with half-perimeter
p + 2j — 2 with internal faces v 42 - 1; in two peeling steps. This way is to discover a unique
face of degree 2j at both steps. The third item means that it is possible (not necessarily in a
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— — —
Step 1 Step 2
o0—e

Figure 12: In two peeling steps, the perimeter stays constant and one face with degree 2j is
added (here j = 3).

unique way) to obtain in two peeling steps a map with the same perimeter but one more face of
degree 2j. This is achieved by discovering a new face of degree 2j at the first step, and gluing
all but two sides of this face two by two at the second step (see Figure |12)).

We now prove the lemma by induction on |k| = >_ -, k;. First, the case [k| = 0 just means
that af > 0forallp>1andv € Vp, which is immediate. Let us now assume that the lemma is
true for k and prove it for k + 1;, where j > 1. We will first treat the case where j > 2. Using
the double peeling equation for (p,v + 1) for different values of i, we have

(Akap)v _ Z C&i (Akap—i-i)

1€EL,weY viw

Therefore, using the induction hypothesis and Item [2] above, we can write
0 < (Akart272)

= L2 ( Akap+2j—2)
it v+2-1;

= (Akap)v — Z ek (Akap+i)

(i’w)7$(2j_272'lj)

V+2~1j

vV+w )

Using the induction hypothesis again, we can remove all the terms in the last sum except the
one where (i, w) = (0,1;). Moreover, by Item [3| above, we can replace the coefficient c’ijo by 1.
We obtain
0< (Akap) — (Akap)
v

which proves the induction step for j > 2. If j =1, Item is not true anymore (it is not possible
to add only one face of degree 2 in 2 steps without changing the perimeter). Therefore, instead
of , we use the simple peeling equation like in [I5]. More precisely, in the induction
step, we fix j/ > 2 and write, using :

0< (Akap+j’—1)

- (s

v+1; v

v+1;
= (Akap>v - ]275:] <Akap+j”_1)v+1jn - 22:2_;1 ZW: B (w) ( Akap—i>v+w ‘

Each term in the two sums is nonnegative by the induction hypothesis, so we can remove the
second sum and keep only the term j” = 1 in the first one to obtain

0< <Akap)v — (Akap) = (Ak+11ap)

v+11 v
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This concludes the proof of the lemma. ]

By Lemma [30[ and Proposition for all p > 1, there is a o-finite measure p, on Q* such
that, for all v € Vj,

= [ e (39)

and furthermore 11 (Q*) < a = 1. We now replace a% by this expression in the peeling equation

. We get
p—1 )
/ Q" ip(da)=>) / QY ey (da) +2) 0 3 85V (w) / q""™ py-i(dq)

§>1 i=1 wey

p—1
— [ [ 3 0w + 23 Wis(a) e |

§>1 i=1

where we recall that W;_;(q) is the partition function of Boltzmann bipartite maps of the
2(i — 1)-gon with Boltzmann weights q. In particular, the right-hand side for ¢ = 2 must be
finite, which means that p, is supported by the set Q, of admissible weight sequences. Moreover,
the last display means that the two measures

p—1
pp(dq) and vy(da) = gj pprj-1(dq) + 2 Wi 1(q) pp-i(dq)
j>1 =1

have the same v-th moment for all v € V. In particular, if we fix j > 2, this is true as soon
as v; > p, so the measures q? tp(dq) and q;’ vp(dq) have the same moments so they are equal,
so pp and v, coincide on {g; > 0}. Since this is true for all j > 2 and p,, v, are defined on
o = szz{qj > 0}, the measures p,, and v, are the same, that is,

p—1
dq) =Y qj pprj-1(dq) + 2> Wi1(q) pp—i(dq). (39)
j>1 i=1

We now note that this equation is very similar to the one satisfied by the constants C},(q) used to
define the g-IBPM. More precisely, we fix a finite measure p such that all the p, are absolutely
continuous with respect to u (take e.g. p(dq) =3 w, where g,(q) > 0 is such that
the total mass of g,(q)u,(dq) is at most 1). We denote by f,(q) the density of p, with respect

to u. Then becomes

Q) =Y gfpri1la +QZW21 ) fo—i(a)

Jj=1

for p-almost every q € Q. In other words, (fy(q)),s, satisfies the exact same equation as
(Cp(a)),>; in [I2, Appendix C|. These equations have a nonzero solution if and only if q € Qj,
so the measures p, are actually supported by Qp. Moreover, by uniqueness of the solution (up
to a multiplicative constant), we have

Cp(q)

S Ci(q)

fi(a) = Cp(q) f1(a)
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for p-almost every q, so p,(dq) = Cp(q)p1(dg). Now let ov < 1 be the total mass of the measure
p1, and let Q be a random variable with distribution a~!x. We then have, for all p > 1 and
v €V, if mis a map with half-perimeter p and face degrees v:

Pimc M)=d = /qv,up(dq) =aE [C,(Q)QY] = aP (m C Mq). (40)

Note that Q is not well-defined if o = 0, but in this case u, = 0 for all p so remains true for
any choice of Q. To conclude that M has the law of Mq, all we have left to prove is that a = 1
and that can be extended to any v € V,. For this, we will show that, when we explore
M via a peeling exploration, the perimeter and volumes of the explored region at time ¢ satisfy
v € V) for t large enough.

More precisely, if A is a peeling algorithm, we recall that 5{4(M ) is the explored part of M
after t steps of a filled-in peeling exploration according to A. We denote by P; the half-perimeter
of the hole of 5{4(M ) and by V; the sequence of degrees of its internal faces (that is, V; ; is the
number of internal faces of 8{4(M ) with degree 2j). Since M is weakly Markovian, the process
(P, Vi);>q is a Markov chain whose law does not depend on the peeling algorithm A.

Lemma 31. We have
P(VieVp) —— 1.

t—+o00

Proof. Since the probability in the lemma does not depend on A, it is sufficient to prove the
result for a particular peeling algorithm. Therefore, we can assume that A has the following
property: if the root face of m and its hole have a common vertex m, then the peeled edge A(m)
is incident to such a vertex. We will prove that for this algorithm, we have a.s. 'V, € Vp, for t
large enough.

More precisely, since the vertex degrees of M are a.s. finite and by definition of A, all the
vertices incident to the root face will eventually disappear from the boundary of the explored
part. Therefore, for t large enough, no vertex incident to the root face is on & (M). We now
fix ¢ with this property. If we denote by Inn(m) the number of internal vertices of a map m with
a hole and by 2J the degree of the root face of M, this implies Inn (§4(M)) > 2J for ¢ large
enough.

On the other hand, the total number of edges of £*(M) is p + >_j>1 V4, so by the Euler
formula

Inn(Ef(M))zZ—i— Pt-l-Zth,j - 1+ZV;5J — 25
Jj=>1 j=1
=1—Pt+2(]'—1)vt,j'
=1

Taking ¢ large enough to have Inn (5{4(M )) > 2J, we obtain
G-y | -(J-1)=@J+P-1)-(J-1)=P+J>P -1,
j>1

so Vi,g >0and V —1; € Vp,. This proves V; € Vl*pt for ¢ large enough. ]
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We now conclude the proof of Theorem 4| from . We consider a finite map mg with a
hole and a peeling algorithm A that is consistent with mg in the sense that mg is a possible
value of 5{(‘} for some ty > 0. We note that Egg‘(M) = my if and only if mg C M. Indeed, the
direct implication is immediate. The indirect one comes from the fact that, if mg C M, then all
the peeling steps until time ¢ty must be consistent with mg, so mg C M determines the first g
peeling steps. We now take ¢t > tg. We sum over all possible values m of 5{4(M ) such that
mo C m and the half-perimeter p and internal face degrees v of m satisfy v € V;. We get

P (mo C M and Vi € Vj,) = aP (my C Mq and V¥ € Vig)
t

where PtQ and V? are the analogues of P; and V; for Mq instead of M. Since Mq is weakly
Markovian, we can apply Lemma @ to both M and Mq. Therefore, letting t — 400 in the last
display, we get

P (mop C M) = alP (mp C Mq)

for all mg. In particular, if mg is the trivial map consisting only of the root edge, we get @ = 1,
so M and Mg have the same law. This proves Theorem @

Proof of Theorem[3 By Proposition any subsequential limit M of (Mgn g4,) is planar and
one-ended. Moreover, let m be a map with one hole of half-perimeter p and v; faces of degree
27 for all 7 > 1. Then

o o B =)

P(mcM)= ngrilooP(m C Mgny,) = nEIJIrlOO RO
where the limits are along some subsequence. In particular, the dependence in m is only in p
and v, so M is weakly Markovian and the result follows by Theorem [4 O

5 The parameters are deterministic

5.1 Outline

Our goal is now to prove Theorem [[ We fix face degree sequences f" and genuses g, for
n > 0 satisfying the assumptions of Theorem (in particular, we now assume ) ; j2aj < 400
until the end of the paper). By Theorem , up to extracting a subsequence, we can assume
Mgn 4, converges to Mg, where Q is a random variable with values in Q. Moreover, the law
> which has finite
expectation. By the last point of Theorem , we have Q € Qf a.s.. To prove Theorem [I} it is
enough to prove that Q is deterministic, and only depends on (ocj)j21 and 6.

of the degree of the root face in M¢n 4, converges in distribution to (jo;)

Sketch of the end of the proof. Since we will follow similar ideas, let us first recall the
strategy of [15]. If e, is the root edge of Mgn 4 , the parameters Q can be observed on a
large neighbourhood of e,, in Mgn 4, for n very large. The first step of the proof (Proposition
roughly consists of showing that once Mgn 4, is picked, the weights Q do not depend on the choice
of e,. This is proved by the two holes argument: if el and €2 are two roots chosen uniformly on
Mf”,gna
weights observed around the two roots are too different, then the map obtained after swapping

we swap two large neighbourhoods of e, and e? in Mgn ;. We then remark that if the
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does not look like a map of the form Mgq. The second step consists of noticing that the average
value over all choices of the root of some functions of Q is fixed by (a;);-, and ¢ (Corollary.
Finally, in the third step we prove that these functions are sufficient to characterize Q completely
(Proposition [36)).

However, two important difficulties appear here compared to [15]:

e in the first step, we need to find two large pieces around el and ey with the exact same
perimeter, in order to be able to swap them. This was easy for triangulations since
the perimeter process associated to a peeling exploration takes all values. This is not
true anymore in our general setting. This part will make crucial use of the assumption
Zj j?aj < 4oo (this is actually the only place in the paper where we will use it). A
consequence of this difficulty is that instead of performing the swapping operation with
high probability, we will perform it with positive probability.

e In the third step, one of the parameters that we control is the average vertex degree. For
triangulations, it followed from an explicit formula that the average degree characterizes
Q. We do not have such a formula here, so our argument will be more involved, and rely
on the partial results obtained so far in the present paper.

Intermediate results. Let (Mn, ek e%) be a uniform, bi-rooted map with face degrees f” and
genus g, (i.e. el and e2 are picked uniformly and independently among the edges of M,,). We
highlight that we will write M, instead of M¢nr 4, in this section to make notations lighter. Up

to extracting a subsequence, we can assume the joint convergence

1 2 (d) 1 2
((MTL7 en)7 (MTL7 en)) m (MQI ) M 2)
for the local topology, where Q' and Q? have the same distribution as Q. Moreover, by the
Skorokhod representation theorem, we can assume this joint convergence is almost sure. We will
stay in this setting in Section[5.4 and[5.3 The first step of the proof will consist of proving the
following.

Proposition 32. We have Q' = Q? almost surely.

From here, the second step will be to deduce the next result. For q € Q},, we recall that

ja;(q) is the probability that the root face of Mg has degree 2j, and that d(q) = E [m .
qa

Corollary 33. Under the assumptions of Theorem [I} let Mg be a subsequential limit. Then
almost surely, we have

1
d(Q) = 3 (1 — 20 — Za,) and, for all j > 1, ¢;(Q) = a;.

Structure of the section. In Section [5.2] we will address the issue of finding two large
neighbourhoods of the two roots with exactly the same perimeters. In Section [5.3] we use this
to prove Proposition and Corollary Finally, Section is devoted to the end of the
proof of Theorem |1} and consists mostly of showing that d(q) and (a;(q)),>, are sufficient to
characterize q.
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5.2 Finding two pieces with the same perimeter

As explained above, given the uniform bi-rooted map (Mn, el 6721), we want to find two neigh-
bourhoods of el and e? with the same large perimeter 2p. For this, we will perform a peeling
exploration around the two roots and stop it when the perimeter of the explored region is exactly
2p. However, since the perimeter process has a positive drift, it can make large positive jumps,
we cannot guarantee that both perimeters will hit the value p with high probability. We will
therefore show a weaker result: roughly speaking, the probability that the perimeter processes
around e’ and e2 both hit p is bounded from below, even if we condition on Q' and Q2.

More precisely, we fix a deterministic peeling algorithm A, and let p,vg > 1. We recall from
the end of Section that we can make sense of a filled-in peeling exploration on the finite map

M,, around el or e2. We perform the following exploration:

e we explore the map M,, around e according to the algorithm A until the number of edges
in the explored region is larger than vg, or the perimeter of the explored region is exactly
2p, and denote by 7.} the time at which we stop;

e we do the same thing around e? and denote by 72 the stopping time.

We write Sy, 4, for the event where both 7} and 72 occur because the perimeter hits 2p, and
where the two regions explored around e} and e? are face-disjoint (the dependence of S in A
will stay implicit). We note right now that (M, el) has a planar, one-ended local limit. Hence,
with probability 1 — o(1) as n — +o0, the exploration is not stopped before 7.}
reason stated in the end of Section

The goal of this subsection is to prove the next result. We recall that the functions 7;(q) for
j € N*U{oo} and q € Q) are defined in Proposition

or 72 for the

Proposition 34. Let (M,,el, e?) and Q!, Q? be as in Section . We fix j € N* U {00}, and
€ > 0. Then there is 6 > 0 with the following property. For every p > 1 large enough, there is
vg such that, for n large enough:

it P (|r(Q") —r(Q%)] > ¢) > ¢,

then P (|rj(Q1) — Tj(QQ)’ > 5

We recall that we have used the Skorokhod theorem to couple the finite and infinite maps

ny-nr+n

and (M, el 62) € Sn,p,'uo) > 4.

together, so the last event makes sense.

Here is why Proposition [34 seems reasonable: we know that conditionally on (Q', Q?), the
perimeters of the explored region along a peeling exploration of M%Ql and M?QQ are random walks
conditioned to stay positive. Moreover, since Q', Q? € Q t, these random walks do not have a
too heavy tail, so each of them have a reasonable chance of hitting exactly p. However, there
is no reason a priori why M(IQ1 and M%QQ should be independent conditionally on Q! and QZ,
so it might be unlikely that both processes hit p. Therefore, the sketch of the proof will be the
following:

e we fix a large constant C' > 0 (C' will be much smaller than p),

e we prove that both walks have a large probability to hit the interval [p,p + C] before the
explored volume exceeds vy(p) (Lemma ,
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e once both perimeter processes around el and e2 in M, have hit [p,p + C], we use the
Bounded ratio Lemma (Lemma item 2) to show that, with probability bounded from
below by roughly e~ both perimeters fall to exactly p in at most C' steps. This will prove
the proposition with § ~ ee~¢ and vy = vo(p).

The point of replacing p by [p, p+ C] is to deal with events of large probability, so that we don’t

need any independence to make sure that two events simultaneously happen.

o

p+C]

the first time at which the half-perimeter is in [p, p + C] (this stopping time might be infinite).

We define o™ (resp. oB® gt )
[p.p+C] [pp+C1 = [pp+C]

around e} (resp. in M?y, in (M, e2)).

For this, consider the peeling exploration of M}Ql according to A. We denote by a[lp’

as the analogue quantity for the exploration in M,

Lemma 35. We have
. . . Loo _
m miaf P (o7, < +o0) =1

Proof. We know that Q' € Qy a.s.. Hence, it is enough to prove that, for any q € Qy, we have

lim liminfP (aﬁl;j;;c] < +00|Q = q) _ . (41)

C—+o0 p—+00

The lemma then follows by taking the expectation and using Fatou’s lemma. Conditionally on
Q' = q, the law of M}Ql is the law of M. In particular, the process P describing the half-
perimeter of the explored region has the law of X conditioned to stay positive, where X is a
random walk with step distribution vq.

To prove , we distinguish two cases: the case where q is critical, and the case where it
is not. We start with the second one. Then by the results of Section the walk X satisfies
E[|X1]] < +o00 and E[X;] > 0, so the conditioning to stay positive is non degenerate. Therefore,
it is enough to prove

lim liminfP (X hit C)) =1. 42
Am lim inf P (X hits [p,p + C]) (42)

This follows from standard renewal arguments: if we denote by (H;);>o the ascending ladder
heights of P, then (H;) is a renewal set with density E[H;] = ﬁ > 0. Let I, be such that
Hj, <p < Hj, . Then the law of Hy

.1 — Hi, converges as p — +00 to the law of Hj biased

by its size, so

P (P does not hit [p,p + C]) (Hi,,, ¢ p,p+C))

<P
E[Hi1mg,~c]

<

<P (Hlp+1 p—r+00 E[Hl] ’

—H]p >C)

and this last quantity goes to 0 as C' — +o0.

We now tackle the case where q is critical, which by the results in the end of [2.4] implies
Y o>t i3/ 274 (i) < +00. This case is more complicated since renewal arguments are not available
any_more, and the conditioning is now degenerate, so absolute continuity arguments between P
and X become more elaborate. On the other hand, the growth is now slower and the noncon-
ditionned walk X with step distribution 74 is now recurrent, so it seems more difficult to jump
over a large interval. And indeed, we will prove

lim P (P hits p) =1,

p—+00

which is a much stronger version of .
For this, our strategy will be the following: let x;, be the first time at which P is at least p.
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e The scaling limit of P is a process with no positive jump, so Py, = p + o(p) in probability
as p — +00.

e Between time x,, and 7, + 0(p2/ 3), the process P looks a lot like a nonconditioned random
walk X started from P .

e If X is started from p + o(p), the time it takes to first hit P is o(p?/3). This is a stronger
version of the recurrence of X, and will follow from a local limit theorem for random walks.

Let us now be more precise. By Theorem 3 of [10] (see also [I8, Chapter 10]), we have the

Pnt (d) N +
<n2/3>t>0 n—+00 (qut )tZO

for the Skorokhod topology, where ST is a 3/2-stable Lévy process with no positive jump con-

convergence

ditioned to stay positive, and bg > 0 (the precise value will not matter here). Since this limiting
process has no positive jump, we have P, —p = o(p) in probability. Hence, there is a determin-
istic function f(p) with % — 0 when p — +00 such that, for any € > 0,
—n> .

P(P., —p=>cf(p)) P 0
We now fix € > 0, and condition on P, = p for some p < p’ < p+ ef(p). We claim that then
(PTp+i _p/)ogigf(p)?’/? can be coupled with (Xi)ogiéf(p)wg in such a way that both processes
are the same with probability 1 — o(1). For this, recall from that P can be described as a
Doob h-transform of X, where h is given by . Hence, the Radon—Nikodym derivative of the
first process with respect to the second is

P+, 372 (D)

hy (1) “3)

Xf(p)3 2

. / . . . X f(p)3/2
Since F(p) ~ converges in distribution, we have —2-—

— 0 in probability. By using the fact

that % — 0 uniformly in p’ and that hi(x) ~ ¢y/z for some ¢ > 0 (see Section , we conclude
that goes to 1 as p — +o0, uniformly in p’ € [p,p + ef(p)]. This proves our coupling claim.
Note that under this coupling, the time where P hits exactly p is 7, plus the time where X hits
p—7r.

We will now show that, if p is large enough, for any k € [—ef(p), 0], we have

P (X hits k before time f(p)3/?) > 1 —d(e), (44)

where §(e) — 0 as e — 0. Together with our coupling result, this will imply that the probability
for P to hit p before time 7, + f(p)>/? is at least 1 — d(¢) — o(1) as p — +oc. Since this is true
for any € > 0, this will conclude the proof of Lemma [35]in the critical case.

The proof of relies on the Local Limit Theorem (this is e.g. Theorem 4.2.1 of [22]).
This theorem (in the case av = 3/2) states that

k
sup [n?°P(X,, = k) — <>
ver | ( AV

0,

n—-+00

48



where ¢ is a continuous function (the density of a 3/2-stable variable). On the other hand, let
us denote t = f(p)*/2. By the strong Markov property, for all k € Z, we have

=0

t

Z Lx,—k

1=0

Eo < Py (X hits k before time t) Ey,

t
= Py (X hits k before time t) Eg [Z ]le.()] )
i=0

Therefore, using the local limit theorem, we can write, for —ef(p) < k < 0 and p large (the o
terms are all uniform in k):

ZE*O Po (Xi - k)

Py (X hits k before t) >

t .
—etVP+ Y (*/ N _e1/3,0 9 + O (L/))

>
- 3t1/3g(0) + et/3
N —2et/3 4 (3¢1/3 = 3133 ) min__iss g
B (39(0) +¢)t1/3
—2 +3(1 —¢€'/3) ming_1/3 g 9
39(0) + ¢ ’

where the third line uses that, for any index ¢ > et, we have

0> b5 S0 _
=23 (ct)23
We obtain a lower bound that goes to 1 as € — 0, so this proves , and Lemma, O

Proof of Proposition[34 The subtlety in the proof is that we would like to say something about
the finite maps M, conditionally on the values of Q! and Q?, but Q' and Q? are defined
in terms of the infinite limits. However, we can condition on the maps explored at the time
when the perimeters of the explored parts hit [p,p + C] for the first time. Then Proposition
guarantees that from these explored parts, we can get good approximations of Q' and Q? if p
is large enough.

In this proof, we will use a shortened notation for our peeling explorations. For ¢ € {1,2}
and ¢t > 0, we will write Etn’i =&t (My,€},) and Stoo’i =&t (M&J

We fix € > 0. By Lemma let C' be a constant (depending only on ) such that

P 1,00 _i
lim inf P (UWHC] < +o°> >1=5

For p large enough (where "large enough" may depend on ¢), there is vg = vo(p) such that

3

P <goo,1+c] < vp and ‘502;31 >0 (45)

[p-p T[p,p+C]

§U0>>1—
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where |m| is the number of edges of a map m. On the other hand, let us fix j € N* U {o0}.

Proposition |8 provides a function 7; on the set of finite maps with a hole such that 7;(&;° ’1) —
’I“j(Ql) almost surely as t — 4+00. Let n < 1 be a small constant, which will be fixed later and
will only depend on e. For p large enough, we have

7 (si’;h ) —r;(QY)

7 [p,p+C]

P (J[j:]’;*_c} < wvo(p) but

19 g
. £ 46
—8><"20 (46)

From now on, we take p large enough so that both and hold. By almost sure local
convergence and , for n large enough (where "large enough" may depend on ¢ and p), we
571,1

1 n,2 n,2 €
]P’(a"’ o’ < vy and ) 7 §U0)>1—.
pp+Cl” " lpptC] lp,p+C] Tlp.p+C] 10

By the assumption that |r;(Q") —r;(Q?)| > & with probability at least ¢ and by (4€]), we deduce
that

have

)

n,1 n,2 n,1 n,2
o o’ <wvg and |E"; ET < v
C Cl = n,1 9 n,2 —=
P [pp+C1 7 [pp+C] Ip,p+C] 7p,p+C) > ég‘
and |7 (502,}1 ) —7 <5°:;22 > > 3¢ g
o’ o’
[p,p+C] [p,p+C]
Note that if this last event occurs but the two regions 5”531 and 5";32 have a common
g g

[p,p+C] [p,p+C]

face, then the dual graph distance between the two roots is bounded by 2vg. However, by
Proposition the volume of the ball of radius 2vg around e} is tight as n — 400, so the
probability that this happens goes to 0 as n — +o00. Hence, for n large enough:

5";11,1 ,5",’32 are well-defined, face-disjoint, have at
pp+C]  Tlpp+C] 4
P > 55. (47)

most vy edges and > %5

~ 0071 ~ 80072
rj o_oo,l - rj 0_00,2
[p,p+C] [p,p+C]

Now assume that this last event occurs and condition on the o-algebra F, generated by the

pair <€:;}1 ,S:;i ) of explored regions. Then, let I1, I € [0, C] be such that the perimeters
[p,p+C] [p,p+C]

of the two explored regions are 2p+ 211 and 2p+ 215. Then the complementary map is a uniform

map of the (2p + 211, 2p + 2I5)-gon with genus g, and face degrees given by F" as follows. If

Fj' is the number of internal faces of degree 2j in 8”,’31 U 8",’32 , then 1:3” = fj” - F.
g g
[p,p+C] [p,p+C]

We now perform I peeling steps according to A around 5:&171 , followed by I peeling steps
[p,p+C]

according to A around 8:;32 . We call a peeling step nice if it consists of gluing together two
[p,p+C]
boundary edges, which decreases the perimeter by 2. The number of possible values of the map

M\ (5”;}1 UE™, > is
T [p,p+C] %[p,p+C] _
Bép-l—lhp-&-fz)(Fn)'

On the other hand, if the I} + I> additional peeling steps are all good and the regions around
el and e? are still disjoint after these steps, the number of possible complementary maps is

Blp) 6.
It follows that

épvp) (f\n)

P (the I; + I2 peeling steps are all nice|F,) = —.
g Bép+117p+12)(Fn)
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Since |F"| is bounded by wvg(p), for n large enough (where "large enough" may depend on p), the
Bounded ratio Lemma applies to F". Therefore, by the Bounded ratio Lemma (more precisely,
by Corollary item 2), the last ratio is always larger than a constant  depending on €. More
precisely n may depend on I and I3, but 0 < I1,Is < C(¢g), so (I1,I2) can take finitely many
values given ¢, so n only depends on ¢ (and not on p). This is the value of 1 that we choose for
[@6). For i € {1,2}, we write 75" = O'f;’jquC} + I;. If the last I; + I peeling steps are nice, then
after they are performed, both explored regions have perimeter 2p. Therefore, it follows from

the last computation and from that, for n large enough, we have

Sn;fl and 5",’32 are both face-disjoint, have perimeter 2p
Tp Tp
Blem Y-l )
g g
[p,p+C] [p,p+C]

Finally, we can use to replace back the approximations 7 <€ 00, > by rj(Qi). We obtain

P >

(SR

en.

and volume < vy, and > %8

0,1

[p,p+C]

P P > —en.

b STI;Z- and Ef;f; are both face-disjoint, have perimeter 2p 3
and < vy edges, and ‘Tj(Ql) - rj(QQ)‘ 2 %8 0

On this event, we have (M, el,e2) € %, »u,- Therefore, this concludes the proof of the propo-

ny EnsEn

sition, with § = 2ne. O

5.3 The two holes argument: proof of Proposition and Corollary

Now that we have Proposition [34] the proof of Proposition [32]is basically the same as two holes
argument in [I5] (i.e. the proof of Proposition 18). Therefore, we will not write the argument
in full details, but only sketch it. We first stress two differences:

e The first one is that the involution obtained by (possibly) swapping the two explored parts
is now non-identity on a relatively small set of maps (but still on a positive proportion).
The only consequence is that in the end, instead of contradicting the almost sure conver-
gence of Proposition [§ on an event of probability ¢, we will contradict it on an event of
probability § < e, where ¢ is given by Proposition [34]

e The other difference is that in [I5], the only observable we were using to approximate the
Boltzmann weights was the ratio between perimeter and volume, which corresponds to
our function r+. Here we also need to deal with the functions 7; for j € N*. For this,
we simply need the observation that, if ¢ is much larger than p, the proportion of peeling
steps before 7, where we discover a new face of perimeter 2j depends almost only on the
part of the exploration between 7, and 7,.

Sketch of proof of Proposition[39 Fix j € N* U {oo}. Let € > 0, and assume
P (Ir/(Q") — 14(Q?)] > &) > =, (48)

Let 6 > 0 be given by Proposition . Consider p large (depending on €) and let vy be given by
Proposition We assume that the peeling algorithm A that we work with has the property
that the edge peeled at time ¢ for ¢ > 7, only depends on Sf(m)\gé(m) (see [15] for a more
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careful description of this property). This is not a problem since Proposition [34]is independent
of the choice of A.

We define an involution ®,, on the set of bi-rooted maps with genus g, and face degrees f™
as follows: if m € .7, ;,4,, then ®,(m) is obtained from m by swapping the two regions 5;7; and

Effn. If m & S pu, then ®,(m) = m. Note that ®,(M,,el,e2) is still uniform on bi-rooted

ny '~ nirtn
p
maps with prescribed genus and face degrees. This map rooted at e} converges to a map M ,
with either
M = M,
or
5%(]\7) =&l and ]\7\5;3 (M) = M \E%.
Moreover, by Proposition 4] if p has been chosen large enough, then with probability at

least &, we are in the second case and furthermore |r;(Q') — r;(Q?)| > §. Now assume that this
last event occurs and that ¢ > p > 1. Then we have

7 (E4GD) ~1y(QY)  and 7 (EADD) ~15(Q2), (49)

where 7 is the first step where the perimeter of the explored part of M is at least q. The
approximations of can be made arbitrarily precise if p and g were chosen large enough, so
for p large enough and ¢ large enough (depending on p), we have

i ( 7 (5:‘ (1\7)) — 7 (5;3(1\7))‘ > Z) > 4, (50)

On the other hand M is a local limit of finite uniform maps, so by Theorem [2| it has to be a
mixture of Boltzmann infinite planar maps. But then (50) contradicts the almost sure conver-
gence of Proposition |8 so cannot be true. Therefore, we must have r;(Q') = r;(Q?) as..
Since this is true for all 7 € N* U {oo}, by the last point of Proposition , we have Q! = Q2,
which concludes the proof. ]

The passage from Proposition [32]to Corollary [33]does also not require any new idea compared
to [15], so we do not write it down completely.

Sketch of the proof of Corollary[33 The proof is basically the same as the end of the proof of
the main theorem in [I5]. The only difference is that we could not prove directly that d(q) and
(a; (q))j21 are sufficient to characterize the weight sequence q, so the result that we obtain is
only Corollary [33] and not Theorem

More precisely, by the Fuler formula, any map with genus g, and face degrees f” has exactly
|£7] edges and [£7| =3, f}'+2—2gy vertices, so, by invariance of M, under uniform rerooting,
we have

1 7 =>". "4+ 2—2g, 1
E{ ];' =2 g S 1-20-3q,

degyy. (p) 2|f7| n—s4oo 2 -

By the exact same argument as in [15], we deduce from Proposition [32| that if M,, — Mgq, then
d(Q) = % (1 —20-3; aj) a.s.. Similarly, by invariance under rerooting, for all j > 1, we have
2517

2n  n—+oo

P (the root face of M, has degree 2j) = joy.

By the same argument as for the mean vertex degree, we obtain a;(Q) = a; a.s.. O
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5.4 Monotonicity of the mean inverse degree

To conclude the proof of the main theorem, given Corollary 33| it is enough to show that if
ijl j%a;(q) < 400, the weight sequence q is completely determined by (a; (q))j21 and d(q).
For all this subsection, we fix a sequence (a;);>1 such that 3, ja; =1 and 3, j?a; < +oo and
a1 < 1. We recall from Proposition |§| that the weight sequences q such that a;(q) = «; for all
j > 1 form a one-parameter family (q(‘*’))w>1 given by

() Jo  -(G-1) 4
4 = ——77 7 ~Cuwy > Where cyw) = T 21 o
wi=thj(w) 1—3 s F(ilfl)#hi(w)

To prove Theorem [1} it is sufficient to prove the following.

Proposition 36. Under the assumption ijl j2a; < +oo, the function w — d(q™)) is strictly
decreasing.

Since we were not able to establish this result by a direct argument, we will prove it using

Corollary

5.4.1 Basic properties of the mean inverse degree function

Before moving on to the core of the argument, we start with some basic properties of the function
w — d(q“)).

Lemma 37. e The function w — d(q“)) is continuous on [1, +00) and analytic on (1, +o0).
e We have d(q“)) > 0 for all w and lim,,_, o d(q“)) = 0.
e We have d(q) <1 — >_j>1 ¢4 for allw > 1, with equality if and only if w = 1.

Proof. The proof of the analyticity and continuity on (1,400) is a bit long and delayed to
Appendix The third item will follow from results of Angel, Hutchcroft, Nachmias and
Ray [3]. The other properties are quite easy.

We start with the continuity statement in the first item. The analyticity proved in Ap-
pendix implies continuity on (1,400) so it is sufficient to prove the continuity at w = 1. By

()

the monotone convergence theorem, the function w — Cq(w) 1s continuous at w = 1, so q; is

continuous at w = 1 for all j. Therefore, for every finite map m with one hole, we have
P (m - Mq(w)> ﬁ P (m - Mq(1)> ,

so Myw) — My in distribution for the local topology. Since the inverse degree of the root
vertex is bounded and continuous for the local topology, the function w — d(q(‘”)) is continuous
at 1.

We now prove the second item: d(q(‘“)) > 0 is immediate by finiteness of vertex degrees and
d(q™)) — 0 is equivalent to proving degy; © (p) — 400 in probability when w — +o0. For this,
we notice (see above) that when w 5 +00, we have hij(w) — 1 for all 4 > 1 and

- 0ifi < —1,
Vq(w)(z) E— ) o
w—+00 (Z + 1)0@'4_1 ifi>0.
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In other words, the probability of any peeling step swallowing at least one boundary vertex goes
to 0 when w — +o00. Therefore, if we perform a peeling exploration where we peel the edge on
the right of p whenever it is possible, the probability to complete the exploration of the root in
less than k steps goes to 0 for all k. It follows that the root degree goes to 400 in probability.
Finally, we move on to the third item. Since Mg is stationary, if we denote by Mgni a map
with the law of M biased by the inverse of the root vertex degree, then Mg is unimodular. A

simple computation shows that d(q) <1—3_,5; a; is equivalent to E [/{Mam (p)} > 0 where, if

deg(f
fim Z deg ™

and the sum is over all faces that are incident to v in m, counted with multiplicity. Moreover,

v is a vertex of a map m:

we have equality if and only if E[ﬁMam (p)] = 0. The fact that E[”Mgﬂ‘(ﬁ)] > 0 is then a conse-
quence of [3, Theorem 1]. Moreover, [3] shows the equivalence between 17 different definitions of
hyperbolicity. In particular, we have E[HMgm (p)] > 0 (Definition 1 in [3]) if and only if p. < p,
with positive probability for bond percolation on Mg™. This is equivalent to P (pe < pu) > 0 for
bond percolation on Mg, which is equivalent to q being critical (i.e. w = 1) by [I8, Theorem
12,97 O

5.4.2 Proof of Proposition

Sketch of the argument. Roughly speaking, the idea behind the proof of Proposition [36] is
the following observation. We fix j > 2 and recall that Mg, stands for a uniform map in By(f).
If fis a face degree sequence with f; > 1, we write f~ = f — 1;. We can describe the law
of Mg , in terms of the law of Mg . Indeed, let m? be the map of Figure |13| with a hole of
perimeter 2 and only one internal face which has degree 2j. Then M- , has the law of Mf7g\m§-)
conditioned on mg C Ms 4, where the two boundary edges have been glued together.

Therefore, if we know for some suitable face degree sequences f*¥ that M , converges to

an infinite map of the form Mgq, we can deduce that Mgk, o converges to ayigap Mgq- and
express Q in terms of Q. A simple computation (Equation |60| below) shows that Q™ has the
law of Q biased by @;. By Lemma this means that if Q is not deterministic, then Q~ is
"strictly less hyperbolic" than Q (in the sense that wg- < wq). On the other hand, the maps
Mgx 4, and Mgk, o, have the same genus but the second one is smaller, so it would be natural
to expect it to be "more hyperbolic" than the first. We will derive a contradiction from this
paradox by considering, for a fixed genus g, the smallest value ky(g) of k such that the expected
w corresponding to Mgk 4, is smaller than a certain threshold.

To make this sketch precise, we need to define precisely several objects. We will first build
the face degree sequences f*, then explain how to approximate wq on finite maps, and finally

give the precise definition of ky(g) (which will actually depend on an additional parameter t).

"More precisely [I8, Theorem 12.9] is about half-plane supercritical maps. Here is a way to extend it to
full-plane maps: there is a percolation regime on the half-plane version of Mq such that with positive probability,
there are infinitely many infinite clusters. For topological reasons, at most two of them intersect the boundary
infinitely many times. Hence, by changing the colour of finitely many edges, with positive probability there are
two infinite clusters that do not touch the boundary. Since there is a coupling in which the half-plane version of
My is included in the full-plane version, we have with positive probability two disjoint infinite clusters in Mg in
a certain bond percolation regime, so p. < p, with positive probability.
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) — 1 vertices

0
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Figure 13: The map m
The face degree sequences F¥. Since we want our face degree sequences to respect the
proportions («;), it makes sense to build the face degree sequences f¥ randomly, by adding at
each step a face of degree 2j with probability proportional to a;. This roughly means that we
take j random in the sketch above. More precisely, we build our family (F*) x>0 of face degree
sequences as follows: let (Jj)g>1 be i.i.d. random variables on N* with

o]

P(J,=j)= S o
i>1 Qi

We write FJIc = Zle 1j,—j, so that F” is a random face degree sequence with k faces in total.

Approximating w on finite maps. In order to define ko(g), we would like to build variables
Qg such that if Mgk g, is close to M) for the local topology, then €2 4 is close to €2. For this,
we will rely on Lemma [II] We fix an arbitrary peeling algorithm .4 throughout this section. We
recall that Lemma [11] gives the convergence

V;("J) _ 2Pt(°~’) (P)
t t—+o00

r(w),

where Vt(w) — ‘8{4 (Mq(w))‘ and pt(w) = ‘68{4 (qu)‘ are respectively the half-perimeter and
A _ (Vaven)’ ;

the total number of edges of &; (Mq(w)), and r(w) = EVzr=. is a homeomorphism from

(1, +00] to [0,+00). Therefore, for k,g > 0 and ¢ > 1, we define

Of  — 1 <|554 (MF’“,g)‘ _2‘8554 (MF’“g)’>
kg — r )

t

with the convention Qf g = 1o if Mgk , does not exist or if the peeling exploration of Mgr 4
using A is stopped before time ¢. Note that with this definition we always have 2, g € [1, +o0].

Defining k{(g). We now fix 1 < wp < w1 < +00. As explained above, for ¢ > 0 we want to
consider the smallest k for which the average value of QZ g 18 smaller than wgy. Because we will
need the uniform convergence of Lemma [T1] which holds only for w bounded away from 1 and
+o00, we first exclude artificially the values of k that are too small or too large. More precisely,
let € > 0 be small enough to satisfy

e < min (d(q(l)) - d(q(‘”))> and &< min d(q“)). (51)

w>min(wo,w1) 1<w<max(wo,w1)
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Note that the existence of such an ¢ is guaranteed by the second and third items of Lemma [37]
For g > 0, we write

Fmin(g) =

235519 1
j=>1"7
g and kpax(g) = — ga- g.
1—5—221%’ & e \= J

Since € will be fixed until the end, we omit the dependence in ¢ in the notation. These values
were chosen so that a map with face degrees FFmin(9) and genus ¢ has average degree of order %
(in particular such a map exists), whereas in a map with face degrees Fhmax(9) and genus ¢ the
genus is about € times the size.

We now set, for t > 1 and g > 0:

. -1 _
Kb(g) = min {k € lnin(9), kmax(9)][E [(2h,) '] 2 w5} (52)
. -1 _
K (9) = min {k € [kmin(9), Fmax (9)][E [(2%,) '] = w1}
The only reason why we use w, ! instead of wp in the definition is to have a bounded quantity
in the expectation, and pass easily from convergences in distribution to convergences of the

expectation later. We first prove that this definition indeed makes sense and that the map
M is well-defined with high probability.

FrO© 4
Lemma 38. There is ty depending only on wp,w; such that for all ¢ > tg:
1. for g large enough the number kf(g) is well defined;

2. for g large enough we have k{(g) > kmin(9);

3. with probability 1 — o(1) as g — 400, we have v <Fk3(9),g) > 5
true with kf(g) — 1 instead of k{(g).

Fk(t)(g)’, and the same is

Moreover, the same is true if we replace kf(g) with kf(g).

Proof. We first recall that

v (Fk,g) =229+ (j - 1)F~
j=1

Moreover, by the law of large numbers and the definition of F¥, we have

1 . a.s. 1
E Z(j - 1)F]k

k— . (67}
> oo Dlin1 i i

. 1 a.s. ]-
~ Do and - ‘Fk‘ .
Z(] )Oé] an A PR ZZZI ”

From here, by the choice of knin(g), it follows easily that almost surely, for g large enough, we
have v (Fk,g) > 5 ‘Fk‘ for all & > kmin(g). In particular, the third item of the Lemma will
follow from the first and the second.

We now prove the first item. We need to prove that the minimum in the definition of k{(g)
is over a nonempty set, so it is enough to prove that, if ¢ is larger than some ty, we have

E [(Qimax@)g)l] >wy (53)
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for g large enough. We know that v (Fk, g) > 5 }Fk‘ for g large enough, so by Theorem [2| and
Corollary [33] up to extracting a subsequence in g, we have the local convergence

(d)
Mkaax(Q)yg m Mq(ﬂmax)7 (54)

where Qpax is a random variable on (1,400). On the other hand, by the law of large numbers
and the definition of kyax(g), we have

L, (Fhmaxts) ) as._ 1S U | phmax(o)| s, 1
§U<F g g—+oo 2'}‘22(] 1)()4] and ;‘F ‘g—)-ﬁ-oo g

Jj=1

Therefore, the average degree in Mgmax(o) , tends to —e + % (1 — Zj aj> =d (q(l)) —¢. By

Corollary [33] we must have

almost surely. By the first inequality in our choice of £, this implies Qpax < wo a.s., so
E [Qna] > wp -

On the other hand, let ¢ > 1. Since the explored map at time ¢ of a peeling exploration is a
local function, the convergence implies

(Qmax) _ (Qmax)
(d) 7”71 (‘/;f 2Pt ) . (56)

t
kmax(9):9 g1 oo n

Moreover, by the third item and the continuity in Lemma [37] we also get that Qyax is supported
on a compact subset of (1,+00) depending only on € (and not on the subsequence in g that we
are working with). Therefore, by the uniform convergence result of Lemma the right-hand
side of converges in probability to Qu.x as ¢ — 400, at a speed independent from the

subsequence. Hence, remembering [E [Q;Hllx] > wy ! there is ty depending only on e such that

(Qmax) _ (Qmax) -1
E [t (Vt 25 ) >w0_1.

for t > tg, we have

t

Combined with (56), this implies E [(Q',;mx(g),g

-1
) ] > wy ! for g large enough. We have proved
that for ¢ > ¢, every subsequence in g contains a subsubsequence along which holds for g
large enough, so holds for g large enough. This proves the first item of the lemma.

To prove the second item, we need to show that there is ¢, such that if ¢ > t{,, then

E [(szin(g),g>_1:| < wy?

for g large enough. The proof is very similar to the proof of , so we do not write it in full
details. The only difference is the computation of the average degree: this time, if Qi plays
the role of Quax for the first item, using the definition of kyin(g) we get d (q(Qmin)) =5 as.
Hence, by the second inequality of , this implies Qunin > wg, and the end of the proof is the
same. O
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Proof of Proposition[36 Let t be larger than the ¢y from Lemma [38 By the third item of

Lemma (38| and Theorem we know that (Msz

t(0) is tight and any subsequential limit is

B
IF5]
when k — 4o00. Therefore, by Corollary any subsequential limit Mq must satisfy a;(q) = «a;
for all j > 1, so Q is of the form q(¥ for some random Q. Moreover, the same holds if k(g) is
replaced by kf(g) — 1, or k! (g), or k%(g) — 1. Therefore, for all ¢t > ty, we can fix a subsequence

St (depending on t) such that when g — 400 along S the following convergences hold jointly:
(d) ()

of the form Mg. Moreover by the law of large numbers, for all j > 1 we have — aj as.

M. M M M
FrH9) 4 g—+oo q(ﬂgw Fki(g)yg g—+o0 g
d d
M kt(q)—l %( ) M Qt,— 3 M kt(q)—l —>( ) M Qt’_ 5
Fo¥ g g—=+o0 q'% ) F'1¥%7 79 g—+o00 q )
t @ &t ¢ @ 5
Q166(9)79 g—s+00 o, Qkﬁ(g),g g—+00 &,
t (d)  =t— ¢ (d)  =t—
Qké(g)*l g——+oo QO ’ Qki(g)*l g—+o0 Ql ’
g (d) ¢ g (d) ¢

’Fké(g) ‘ g—+0o

0y ‘Fki(g)’ g—+oo

1>

where the first four convergences are for the local topology. We highlight that for our purpose
it is sufficient to consider one subsequence S?, and that we will not try to understand all
subsequential limits. In what follows, we will always consider g in the subsequence S? and
omit to precise it. Note that we have QE,QB’_ € [1,400) and @6,@6’_ € [1,4o0], since we
have no bound a priori on Q'];é @) We also have 6} € [5, % (1 —e—> j ozjﬂ by the inequality
Emin(9) < k5(9) < kmax(g) and the law of large numbers to estimate FFmin(9) and Fkmax(9), By
Corollary we also know that almost surely

a () = (¢ = % - 20, — ;aj

In particular d (q(%)) and d (q(%’_)) are bounded away from 0 and d(q(l)). By Lemma

this implies that Qf and Q(t)’_ take their values in a compact subset of (1,400) that depends
only on €. Therefore, there is a subsequence S such that, when ¢ — 400 along S the following

(57)

convergences hold jointly:

Qb —=— Q, Qb —2 5,
t—+o00 t——+o0
t, (d) _ t— (d) _
QO Q0 ’ Q1 Q1 ’
t—4o00 t——+o0
NN ~ () =
QO QO, Ql —> 917
t—+o0 t——+o0
St (A = St— (@ 5-
Q0 Q0 ) Q1 ’ Ql ’
t—+o0 t——+o0
(/ — 0t —— 0,
t——+o0 t——+o0

where Qg,Q; € (1,+00) and ﬁo,ﬁa € [1,400] and 6y € [5,% (1 —e— Zj aj)] From now on,
we will always consider ¢ > tg with ¢ in this subsequence S, and we will omit to precise it.
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The rough sketch of the argument is to show that
E [(ﬁg)_l] <w'<E [(ﬁo)_l] —E|(@) "] <E[(2%) "] =E [(ﬁg)_l] . (58)

and deduce from the equality in the third inequality that Qg is deterministic and therefore equal
to wy.
More precisely, by definition of k{(g) and since k{(g) > kmin(g), we have

E [(Q;;é(g)_l)l] <wyl <E [(QZB(Q))l] .

By letting g — +oo (along S*) and then t — 400 (along S), this implies

~ \—1 ~ N1
E [(ﬂa) } <wp' <E [(%) ] , (59)
which are the first and second inequalities in .
On the other hand, the third inequality will be obtained by the argument sketched in the

beginning of this Subsection Let us first look at the relation between Mgk , and Mgk-1 4.
We recall that F*¥ = FF~1 + 1, | where P(J; = j) = Zi" for all j > 1. If we condition on

1@

F*~! and F*, then the law of Mgr-1 4 is the law of MFkTg\mOJk, conditioned on mgk C Mg» 4,
where mOJk is the map with perimeter 2 of Figure Therefore, for any map m with one hole,
we have

P (m C MFk—17g|Jk = ]) =P (m+m9 C MFk79|Jk =7, m? C MFk’g) ,

where m + m? is the map obtained from m by replacing the root edge of m by a copy of mg.
By summing over j, we obtain

1 IP’(m—l—mQ

J
P(m C Mgpr-1,) = =—— a;

C MFk,g)

We now take k = kf(g) and let g — +oc (along S*) to replace Mgi-1 , and Mgw , by respectively
M @) and I\\/JIq(% y- We note that m? 4+ m has the same perimeter as m but one more internal

face of degree 2j. We obtain, for every finite map m with one hole,
_ E|C @) x I1 @) 60
T 2 1 om \ 4 m 4 q
E | Clom (0% 7) TT dhesis) 2| = ﬁZaj Oon (4") ;e f;gt()fw ]
fem i1 % 5= E [C’l (q( o)) g 0 }

This can be interpreted as a Radon—Nikodym derivative, i.e. the map M (@b has the law of
q
qug , biased by

(%)
1 q;
Oéj s
using the fact that C1(q) = 1. Since 2 is a measurable function of the map M@ by Proposi-
tion |8}, it follows that Qé’_ has the law of Qf biased by . In particular, we have

- E g™ ()"
E[(Qg ) 1] :Z;ai;% [;E[q@@o] ]

J

(60)
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We can now let ¢ — 400 (along S) to get

_ E g™ (0)7
"] :zllagl“ {fg[qmo} |

E [(Qg (61)

But by Lemma we have E [q](-go) (QO)_I} >E [q](-ﬂo)] E [(Qo)_l} for all § > 1, so the last
display implies E [(Qa)fl] >E [(QO)_I}, which is the third inequality of the sketch .

We now move on to the two equalities of . For this, we need to argue that 626 is a good
approximation of Qf for ¢ large. By definition of Q) and by local convergence, we have (the
limits in g are along S%)

2[(@)"] = i 2| (o) ]

A _ A
= lim E|[r! “% (MF’%(g),g)‘ 2‘8‘5} (MF’“B“”,g)‘
g—+oo t

@) op@)\\ ¢

-\ -1
When ¢t — 400 (along S), the left-hand side of goes to E [(QO) } On the other hand,

-1

we recall that implies that Qf lies in a compact subset of (1,+00) depending only on e.
Since Qf — Qo along S, by Lemma [11{ we have the convergence (along S)

Vo _gp@h)
t t——+o00

7(Q0)-

Therefore, when ¢t — 400 (along S), the right-hand side of goes to E {(Qo)_l} . This proves

the first equaliEy of . The second one is proved in the exact same way, using Qg’_, 56’_
instead of Qf, QF.
We have therefore proved all of , so all the inequalities must be equalities. In particular,

becomes

L g, Bl 0]
- .
Yo 5 E ¢

E[(@0)7"] =

However, we also know by Lemmathat E [qj(ﬂo) (Qo)_l} >k {q](.ﬂ‘))} E [(QO)_I] for all j, so
for all j > 1 we must have the equality

0% [ (00)"] = a8 ] & [100)].

In particular, we fix j > 2 such that a; > 0 (such a j exists because oy < 1). Then
E [qj(ﬂo) (Qo)_l} =FE %}0)] E [(QO)_I}. Since w — w™! and w — q](-w) are two decreasing
functions (by Lemma [10)), this is only possible if g is deterministic. But then yields
E [(Qo)fl] = wo_l, so Qg = wp a.s..
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We can now finish the proof. By the exact same argument as for {2y, we also have ; = w;
a.s.. We recall that wyp < w;. By letting ¢ — +oo (along S) in and using the continuity
result of Lemma [37], we get

d (g« Y . : (63)
( ) 2 0 ]Z;O‘J
and similarly
a(a) =3 [1-20, - Y0, . (64)
2 j>1

On the other hand, by the definition of kf(g) and k! (g), since wy < wy, we have

kh(9) > ki(g)

for all t and g. Therefore, we have ‘Fké(g)’ > ’Fki(g)’. By letting g — 400 (along S*) we deduce
05 < 0. Letting t — 400 (along S) we get 6y < #;. Combining this with and (64), this
proves d (q(wo)) >d (q("“)), so the function w — d (q(w)) is nonincreasing on (1,400). Since
it is nonconstant (for example by the second item of Lemma and analytic (first item of
Lemma [37), it is decreasing on (1, +00). Finally, we extend the result to [1,+00) by continuity
at 1 (first item of Lemma [37)). O

6 Asymptotic enumeration: convergence of the ratio

Proof of Corollary[ll Fix j > 1, and let m? be the map of Figure |13|with a hole of perimeter 2.
On the one hand, we have
P (m? C Mq) = CZ(q)Qj~
On the other hand,
Buu (£ — 1)
P mo C an L) = Eon\" 777
( ! 7 ) /Bgn (fn)

The last equality is proved by contracting mg-) in Mgn g4, into the root edge of a map with face
degrees given by f" — 1,. The corollary follows by letting n — +o0. O

A Appendices: proofs of technical lemmas

A.1 Monotonicity of qj(»w) in w

The goal of this appendix is to prove Lemma Let us recall the context: we fix a sequence
(aj)j21 such that 3, jo; = 1. Following (16)), for w > 1, we have

2i—1 i g1
v a1 T ) s
(w) |

qj N wj—lhj 4

where h;(w) = Zi;% ( 401J)S (2;). We want to prove that q](-w) is nonincreasing in w, and even

decreasing for j > 2 provided a;; > 0.

61



Proof of Lemma[I0 We first note that qgw) = (1 is constant, so the result is immediate for j = 1.

()

We now assume j > 2. Let us write g;(w) = (Aw)i—15—
p= 0

@) This is a decreasing function

Eoig
of w > 1, since the denominator is a polynomial with nonnegative coefficients. Moreover, we

have

d (w) j—2 1-— > 10 g; (w -2
4 :47)1.%( Szt NS s ()~ (0(0) G~ Dy (el(0)-

2j—1
dw (jﬂ_l 4 =
(65)
Therefore, we want to prove that for all 4,7 > 1 and w > 1:
9;5(w) — gj(w)gi(w) — (j — 1)gj(w)gi(w) < 0. (66)

For i > 1, we denote by P;(w) the polynomial in the denominator in the definition of g;(w),

2i—1
so that g;(w) = % We also set the convention Py = 0. We then have the recursion

Paatw) = toriw) + (%)

7

for all # > 0. We can then rewrite as F; j(w) > 0, where for i, j > 0, we have defined

Figt)i= PP - (17 ]) (P + G - DP@R).

We only need Fj;(w) > 0 for i,j > 1, but we will prove it for 4 > 1 and j > 0. For this, we

introduce

AF;j(w) = Fijp1(w) — 4wFj j(w)
—anrte) - (57 (15re) 4 () i) + awr)p)

by the recursion. We also set

AQF‘Z'J'(W) = AFZ'7]‘_|_1((,U> — 4wAFi,j(w) (67)

(- (223) o
()92 o )

> (M) (a2 - (U2)) (o) v o) ). (69)

J

where the last inequality just follows from w > 1.

Now let G;(w) := P?(w) — (2;‘711) (Pi(w) + 3P/ (w ) We will prove that for w > 1 and i > 1,
we have Gj(w) > 0. On the one hand, since deg( ) =1 — 1 and P; has positive coefficients, it
is clear that for all k£ > i:

[wk]Gz 2 0.
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On the other hand, let £ < i — 2. Then

W < e - (57w

_ Z; 4,{(2(;_—11_—;)> (2(;_—11_—:))

T (2;_—11) <2(;__22__:)> ,

It is easily checked that the quantity (2(}1‘_1_“)) (2(.1.711:;)) is maximal when a = k or b = k.

i—l—a i—
Finally, since we have

2 —1\ [(2(i — 2 — k) 2(i — 1)\ [2(i — 1 — k)
4( . . > ) . )
i—1 i—2—k . 1—1 1—1—k
we can conclude that
[WHG; <o.
Therefore, we have proved that, starting from the highest order coefficients, the coefficients of
the polynomial G; are all positive, then all negative. For ¢ > 2, since G; is nonconstant, this

implies that G; has a unique nonnegative real root w*, and G;(w) is positive for all w > w*. We
now claim that w* = 1. Indeed, it is easily checked that

-4(2) - ().

so G;(1) = 0 and w* = 1. Therefore, if i > 2, we have G;(w) > 0 for w > 1. This is also true for
i =1, since then Gj is constant and equal to 1.
Therefore, by , for all 3,5 > 1 and w > 1, we have

A%F; j(w) > 0.

But since AF; o =0, we have AF; j(w) > 0, and since Fj o = 0, we have
F,;,j(w) Z 0.

This proves , and the nonincreasing statement in the lemma.

It remains to check that q](-w) is decreasing if j > 2 and «; > 0. For this, note that if i > 2,
then G; is nonconstant so G;(w) > 0 for w > 1. From here, we deduce A?F; ;(w) > 0 for i > 2,
j>0and w > 1, so AFjj(w) >0fori>2,j>1andw > 1, so Fj(w) >0 for 7,5 > 2 and

w > 1. Therefore is strict for 4,5 > 2 and w > 1. By and the fact that a; > 0, this

o dg . (@)
implies —— < 0 for j > 2 and w > 1, so ¢q

;s decreasing in w for j > 2. O

A.2 Estimation lemmas for planarity and one-endedness

Our goal here is to prove Lemmas [23| and 25| We first restate the recursion (6] of [24], which

will be our main tool:

] +1 v (h®), ¢ v (f,g) +29°
G LGRS SR U (ARl ERCI PRI Sl (s D)
h4h@=f g*>0

g +93) +g*=g
(70)

We start with a few easy but useful consequences of .
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Lemma 39. Fix £ > 0 and assume that v(f, g) > &lf|.

1. We have 16
ST OB, (D) x [0P)[3,0) (0®) < 7 |£]3,(£).
h(D)+h®) =f r
9P+ =g
2. We have 39
> By m)Bue (b)) < =55, (f).
h()+h®@)=f
9 4¢P —g

3. For every g* > 0, there is a constant C' > 0 such that, if |f| is large enough:
Bg—g*(f) < C|f|_2g*ﬁg(f)-

Proof. We start with the first item. By only keeping the terms with g* = 0 and v (h®),g)) >
v (h(l),g(l)) in the first sum of (70), we get:

v (h®_ @
(mﬂ)ﬁg(fw > <1+Ih(”!>< o ) ))Bw<h(”>ﬁg<2>(h(2)>- (71)

2
hV)4+h®@) =f
g4 =g
U(h<2>,g(2>)2v(h(l),g(l>)

Since v (h(2),g(2)) +v (h(l),g(l)) = (f,g) + 2, in every term of , we have*

v (B2, g®) ~1> Zu(t.9)> D1t > S )

This implies (U(h< ) )) > %Zlf\ x |h?)]|. Using the crude bounds (lf‘zﬂ) < |f|? and 1+ [h(M)| >
[hM|, we obtain
2
K
F28,(5) > o > I WY WP B (0D) By (b)), (72)
h(D) h@—f
9+ =g

v(h®,g)>u(hD 4M)

The equation is now symmetric, so up to losing an extra factor two, we can remove the assump-
tion v (h(2),g(2)) > (h(l),g(l)) and we get the first item. The second item follows straight
from the first one and the inequality |h()| x [h®)| > %, since |h(M| 4+ |h®?)| = @ (except if
h( = 0 or h® = 0, but then the terms with g1, go > 0 do not contribute and the terms g; = 0
or go = 0 contribute exactly fq(f) each).

Finally, for the third item, we simply need to consider the term corresponding to g* in the
second sum of and use v(f, g) > k|f]. O

: . (] P]eeep) )

Proof of Lemma[23. Let i* > 1 be such that a;» > 0. Considering a map m of ng 7 we
can tesselate each boundary face of m into faces of degree 2i* as in the proof of Lemma [16] to
obtain a map m’. We need at most pg faces for a boundary of length pr . We then root m’ on
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the first boundary of m, and add a marked edge on each of the other boundaries. This operation
is injective, so we obtain

W] Phol ) N o~
g(j1> 20P (h(J)) < ‘h(])’ég 1ﬁg(j>(h(]))a (73)

where h() = h0) 4+ (Zf”zl p{)li*. Using the crude bound [h@)| < |f*|, we can bound each term
of the left-hand side of Lemma 23] as follows:

k (p{,p;',“.,pij) ) (-1 : h)
1150 (W) <[ GY T By (WD), ™
j=1 =

On the other hand, by the second item of Lemma [39| and an easy induction on k, we have

k
> 118,00 (09) < C'Bg,—g- (E7), (75)
hW1Lrh®@ oy 1hFE)=fn_K) j=1
gV 4P+ +gW =g, —1-3(£;~1)

where f* = h)+h®@ 4. +h® | the constant ¢’ does not depend on n, and g* = 1+ °(4;—-1).
Note that f* = f* — h(® + plx, with p = Z;?:l ijzlpz Therefore, we can write

69n—g* (/f}n) < /BQn_g*(fn +P1i*) =0 (5gn—g*(fn)) ) (76)

where the last inequality comes from the Bounded ratio Lemma (Lemma [13), which applies

since by our choice of 7" we have > | for n large enough.

By combining (74} , and ( ., we have bounded the left-hand side of Lemma by
O (|t 9*_lﬁgn_g*(f”)). By the third item of Lemma this is O (|f*|79" =18, (f")). Since
g* > 0, this concludes the proof. O

Proof of Lemma[25. The proof of the first part works in the exact same way as the proof of
Lemma with the exception that now g* = 3 ,(¢; — 1) (the +1 term was coming from
m having genus 1 and is not there anymore), so the last bound becomes O (|f"|79"3,, (f")).
Nevertheless, since the ¢;’s are not all equal to 1, we have g* > 1 and the conclusion remains
the same.

Now we prove the second point. As in the proof of Lemma let +* > 1 be such that
a;= > 1. First, for the same reason as in , we can get rid of the boundaries by writing

Bg(g)( ) < Bg(j)d\l(j))? (77)

where h() = h(@) 4 pj1i+. Combining this with the first item of Lemma and an easy induction
on k, we get

>

hD+h®@) 4 thF)—fn_n©) j
g(1)+g(2)+...+g(k)—gn

D127, (D) = 0 ([818,, ("))

||E?r

where * = h@® + h® 4+ ..+ h®_ Now consider a term of the last summand such that
both [h("| and |h(®| are larger than a. Then the product H ]h )| has at least one factor
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n|_|h(0)
larger than £ =h ]
(IF"—m@))a _ |f7]a
% > ok

, and another one larger than a. Hence, it can be bounded from below by

for n large enough. Therefore, from the last display we get

k
. 1 -
> [T5E) =0 (L5,.)) (78)
hW4h@ 4 yhF)=fr_KH©) j=1

9D 1@ 4g®) =g,
bW, [h®)]>a

where the O is uniform in a. Finally, we have fr=fn _h© + pl;+, where p = Z?:l pj. Hence,
using the Bounded ratio Lemma just like in the end of the proof of Lemma we have

By (1) < B (£ + pLix) = O (B, (£7)) .

Combined with , this proves the lemma. O

A.3 Proof of the analyticity in Lemma

We fix (oj);j>1 such that } ., ja; = 1 and recall that, for all w € [1, +00), the weight sequence
q“ is given by . More precisely, we have

@) _ Jo
4= wile(w)i=1hj(w)’ (79)

where hj(w) = Zg;é (28)(4w)*s and

S

e(w) = -

5T —.
L— Zizl 41‘7—1(;71 ) wi—ll%-(w)

If we denote by p the root vertex of an infinite map Mg, our goal is to prove that the function

(80)

1
w—E|——-—+
[degM (@) (P)]

q

is analytic (and therefore continuous) on (1, 4+00). We will show this by expressing the expec-
tation as a sum over possible neighbourhoods of the root. The first step will be to prove that
the probability to observe a fixed neighbourhood around the root is analytic. Our analyticity
arguments will rely on extending certain functions to complex values of w, which we start doing
in the next lemma. We note that the definition of ¢(w) from (80)) still makes sense for w complex
provided the series in the denominator converges.

Lemma 40. There is a complex neighbourhood of (1,400) on which the function w — c(w) is
well defined, analytic and on which ¢(w) # 0.

Proof. To show that c¢(w) is well defined and analytic, we will prove that for each wy € (1, 4+00),
the infinite sum in the denominator of converges uniformly on a complex neighbourhood of
wp. Since each term of the sum is analytic (as an inverse of a polynomial), this will be enough
to conclude.
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We fix wg > 1 and write § = %(wg —1). We also fix an integer sg which will be specified in a
few lines. For w complex with |w —wp| < J, we have |w| > 1+ g. Hence, for i > sp, we can write

1—1 5\ —So
2s s o (1+39)
> (Bl s T
s=so+1 8>S0

Therefore, we have, for i > sg, we have:

i <2:) (40)

s=0

|hiw)| =

- % (1 4 g) - (81)

We now fix the value of sg: we choose sg > 1 large enough to have

We now know that the function w — Z;n:iré(i’so) (258) (4w)~* is continuous and is at least 1 + ﬁ

for w = wy (it is a sum of nonnegative terms where the term s = 0 is 1 and the term s = 1 is

%) Therefore, there is 0 < € < § such that, for w complex with |w — wy| < €, we have

2w
> (%)

s=0

1
>1+—.
+4w0

From now on, we consider w in this complex ball. By , we have

1
hi(w)| > 14+ —,
)| 2 1+ o

for all 7 > sg, so

sup
w€B(wo,e)

1 [(2i—1 1Qy < 1 [(2i—1 10y
41\ 5 -1 Jwi-lhy(w)| ~— 41\ i—1 (1+9)" (1 I SL)’
wo

which is summable over i. Therefore, the infinite sum in the denominator of converges
uniformly on B(wy, €), so ¢(w) is well defined and analytic on a complex neighbourhood of wy.

Moreover, we know that c¢(wp) > 0, so ¢(w) # 0 on a complex neighbourhood of wy. Since
this is true for all wy € (1, 400), this proves the lemma. O

Note that in the complex neighbourhood given by Lemma the "weights" q§w) given by
also make sense for all j > 1 and are analytic in w. To control the terms of the sum giving the

expected inverse degree, we will need to make sure that the q§w) are not too large, i.e. that they

are "admissible" even for w complex.

Lemma 41. Let wy > w1 > 1 be real. There is a complex neighbourhood of wy on which for all

7 > 1 we have ’qj(w)‘ < qj(.wl). In particular, on a complex neighbourhood of the line {w > 1},

the sequence (’qj(w)D o is admissible and subcritical.
J>
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Proof. First, the last part of the lemma is an immediate consequence of the first one, since a
weight sequence dominated term by term by an admissible and subcritical weight sequence is
also admissible and subcritical. We now prove the first part.

() @ _ (1)

For j =1, we have ¢, = ay for all w, so ¢’ = ¢; "/ in particular. We now find a complex
neighbourhood of wg on which ’qj(.w)‘ < q§w1) for all j > 2. Let § > 0 (to be specified later). By
the same argument as in the proof of Lemma [0} there is a complex neighbourhood of wy on
which

hj(w)| = (1 = 6) [hj(wo)l

for all j > 1. Moreover, we have wyc(wg) > 0, so by continuity there is a complex neighbourhood
of wp on which
we(w)] = (1= 0) [woc(wo)| -

By combining the last two equations and , we get, for w in a complex neighbourhood of wy,

i—1
@< 1 wy_ 1 wiewn) 7T hi(w1) ) 5
‘q] ‘ =10l 1-9 ((1 — 5)woc(wo) hj(wo) B (82)

for all j > 2.

We now claim that woc(wp) > wic(wi). Indeed, let j > 2 be such that a;; > 0. We know from
Lemma |10| that q§w0) < qj(.wl). On the other hand hj(wp) < hj(wi) since hj(w) is a polynomial
with positive coeflicients in % Hence, the claim that woc(wp) > wic(wr) follows from (79).
Aty < 1. Since o < M2 < OVj
for some absolute constant C', we conclude by that, on a complex neighbourhood of wy, we

Therefore, if § is chosen small enough, we have

have
)qu)‘ < g (83)

for all j > jg, where jp may depend on wy and wy but not on w. Moreover, for 2 < 7 < jp, we
know by Lemma |10| that q](-wo) < qj(wl) and that qj(-w) is continuous in w, so up to shrinking our
neighbourhood of wy, holds for all j > 2. This proves the lemma. O

We now move on to the proof of analyticity. For this, we will write the expected inverse
degree of the root as an infinite sum over all possible values of the "ball" of radius 1. We first
precise the notion of ball that we will useﬂ We consider a peeling algorithm A; such that,
if the root vertex p is on dm, then Aj(m) is the edge on dm on the right of p. If M is a
map, we perform a filled-in peeling exploration of M using the algorithm A, and denote it by
(5{41 (M)>t>0. We stop the exploration at the first time 7 where p & OE (M), which is finite

almost surely if p has finite degree. We denote by B$(M) the explored map £241(M). Finally,
we denote by H the set of possible values of B} (M), where M is an infinite, one-ended planar
map with finite vertex degrees. Note that H is an infinite set of finite planar maps with one
hole.

We can now write, for w > 1:

E

! ] = Z del)pa(%u)a (84)

degy , (p)
qa

8This notion is actually closer to the hull of a map. Since it is not useful here, we will not compare it to other
notions of hull introduced in the literature.
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where pfff) =P <B{ (Mq(u)> = m) We have

P =P (m € Mg ) = (o)) ™" higmy (@) TT dfs-
fem

deg(f)
2

where |Om| is the half-perimeter of the hole of m and |f| = , and the product is over

(@)

internal faces f of m. Since q; " 1s well-defined and analytic in w on a complex neighbourhood of

(1, +00), the right-hand side still makes sense for w complex, so there is a complex neighbourhood
of (1,400) on which p%f ) makes sense for all m.

We now fix wg > 1. To prove analyticity in a neighbourhood of wy, it is enough to prove that
the sum in converges uniformly in w on a neighbourhood of wy. Therefore, it is sufficient

to find a complex neighbourhood N of wy on which

Z sup ’pﬁfj)’ < +o00. (85)
meHwGN

For this, in the computation of pgff ), we first replace qj(-w) using to obtain

«
9] = (o) =1 Zrem 710 s )] ¢ \’Lﬁ i
fem

The Euler formula shows that [0m| —1— 3", (|f| —1) = —Inn(m), where Inn(m) > 0 is the
number of internal vertices of m. We now fix wq,ws real with 1 < w1 < wg < we. By using on
the one hand the fact that w — we(w) is increasing on (1,400) (see the discussion right after
(82])), and on the other hand the same argument as in the proof of Lemma there is a complex
neighbourhood Ny of wy on which

1

\/1—w1_1

For w € N, we

lwe(w)] > wic(wr) and Vi > 1, hj(wa) < |hj(w)| < hj(wr) <

where the rightmost inequality comes from the Taylor expansion of —
;]

have /]
1 «
) < —Inn(m) |f‘
- gl hyg (@

1-— wfl fem
On the other hand, for m € H, we have

P (BI (Mq<w2>> = m) = Pii?) = higm (2) (wac(wn)) H fLJ;‘O‘fI

with hgp,|(we) > 1. It follows that

@) 1 (,UQC(w2> Inn(m)
sup |pn| < — P (m C Mq(%)) ;

wEeNy 1—w wlc( 1)
N (51 (4,00)
1 Inn B; M (u.z )
5 a2 [ (o) T .
oo, weNy 1 —wt | \wre(@)



Therefore, to prove (85)) and therefore analyticity, it is sufficient to prove that for any wp > 1,
we can find 1 < wy < wy < wg < 400 such that the last expectation is finite. This will follow
from the next lemma.

Lemma 42. Let wg > 1. We can find 1 < w3 < wy < wg < +00 and a constant 79 > 1 such
that, for all w € w3, ws], we have

Yo < +-00.

= i)

First, let us explain how Lemma [42| proves the finiteness of the right-hand side of . We
fix w3, w4 as given by Lemma . Since w — wg(w) is continuous at wy, there are w; € (w3, wo),
w2 € (wp,ws) and yo > 1 such that

wag(w2)
wig(wi)

Such w; and wy suit our needs, so all we have left to do is to prove Lemma [42]

< Y0-

Proof of Lemma[{3 We want to track down the number of inner vertices created at each step
of a peeling exploration. The sketch of the proof is the following:

e we first argue that by an absolute continuity argument, the number of internal vertices
created by a peeling exploration can be replaced by a random walk with known step
distribution;

e we then bound the number of internal vertices created by one step of this random walk;
e we finally estimate the number of peeling steps needed to complete the exploration of BY.

From now on, the values of w that we will consider will be real and larger than 1. For ¢t > 0,
we denote respectively by Pt(w) and Igw) the half-perimeter and the number of inner vertices of

5{41 (Mq(w)>. We also write 7() for the first peeling step at which the root vertex of M)
disappears from the boundary, and note that Inn (BI (Mq(w))) -

T(w) :

We recall that P() has the law of a random walk P“) with step distribution ﬁq(w), started
from 1 and conditioned on the positive probability event {Vt > 0, ﬁt(w) > 1}. Moreover, condi-

tionally on P, the law of I“) can be described as follows:

@ _ @

e the increments I, 7} — I, are independent;

o it P“) = P >0, then 1) — 1) = 0;

o if Pt(ﬂ — Pt(w) < —1, then It(ﬂ — It(w) = 0 has the law of the total number of vertices
of a q@“)-Boltzmann map of the 2 (—1 — ﬂ(ﬂ + Pt(w)>—gon (with the convention that the

unique map of the 0-gon has a single vertex and no internal face).

Let 1) be the process obtained from P®) in the exact same way as 1) is obtained from P«).
Then (P(W),I(w)) has the law of (P(“’),I(w)) conditioned on {Vt > O,Pt(w) > 1}. Moreover,

by the choice of our peeling algorithm A;, we know that 7(“) is the first time at which the
perimeter decreases and the swallowed part is on the left of the peeled edge. Therefore, it
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is the G-th time where the perimeter decreases, where G is a geometric variable (starting at
1) with parameter %, independent from P®) and I®). Similarly, let 7*) be the G-the time

where P@) decreases. Then (P("J),I(“’),T“’) has the law of (]B(w),f(‘”),?w) Conditionedﬂ on
{vt >0, ﬁt(w) > 1}. Therefore, for all y > 0, we have

E [ylnn<B; (Mq(w)»] < 1~ .
P (Vt >0,P“ > 1)

I«

F(w)

In particular, since the conditioning is nondegenerate, it is enough to find y¢ > 1 such that, for
w in a real neighbourhood of wp, we have

1)
E |y

Let 1) have the distribution of ﬂw), conditionned on {j}w) > 1} (ie. I is the law of the
number of internal vertices created by a peeling step, conditioned to be nonzero). We recall

< +o00. (87)

that 7(w) is the G-th time where the walk J@) increases, where G is independent from 1) and
P(G=1)= 21% for all ¢+ > 1. It follows that 1:;‘(% has the law of the sum of G i.i.d. copies of

1), Therefore, we need to get bounds on the variable 1), For that, we will first get bounds
I,

More precisely, by summing all possible peeling cases, for all y > 1 and w € (1,+00), we

i+1
e ]2 (G) X e )
; fem

>0 |Om|=i

where the sum is over all finite maps of the 2i-gon, the product over inner faces and |f| =

on the law of

have

7(w)

deg(f)/2. We have computed the expectation of yﬁm — 1 instead of yﬁm because y'1 — 1
vanishes in the "peeling cases" where ﬁl(w) > 0 (i.e. when a peeling case discovers a new face, no
internal vertex is created). We first fix ' € (1,wp) and prove that there is y (that may depend
on w’) such that E [yf (w’)} < 4o00. Indeed, using the Euler formula, if m is a finite map of the
2i-gon, the total number of vertices of m is equal to ¢ + 14>, (| f| — 1), where the sum is over
internal faces. We recall from Section that W;(q) is the partition function of g-Boltzmann
maps of the 2i-gon and W2 (q) is the corresponding pointed partition function (i.e. biased by
the number of vertices). Bounding g Vertices(m) _ 1 1oy g #Vertices(m) e can rewrite as

, i+l
Fw') y
E |yh <142 - W; (qwsv)
{y }— *2) (w,c(w,>) (a+)

i+1
<142)° (w,;zw,)> we <q(ws,y>) ,
i>0

where q“'¥) is the weight sequence given by qj(.w/’y) = J(w/)yj —1. We first claim that if y > 1 is

small enough, then q“’¥) is still admissible. Indeed, using the notation of Section we have

9The triplet (ﬁ(“’), T W) 77“) can be interpreted in terms of a peeling exploration of the half-plane analog of
M (), but this will not be necessary for us.
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fq(w,m (x) = fq(w/) (yx), so q(‘*’"y) is admissible if and only if the equation

1
! =1-- 90
faten (y) - (90)
has a solution. We already know that q(wl) is admissible, and the smallest solution to is
%cq(w/) = Lc(w') for y = 1. Moreover, by definition of the walk 7’ Vg, We have
qu wcw Zu(w/) ) <1< 400,
j>1 i>0

which proves that the radius of convergence of q“") is at least w ‘e(w'), so the radius of conver-
gence of f . is at least iw’c(w') > Zc(w'). Now let 2 € (%e(w'), fw'e(w’)). By convexity of
f ) and concav1ty of x =+ 1 — =, we have

1
1--< faen (@) < +o0.

It follows that for y > 1 small enough
{ 1
T Ty < Sy (Y % (2/y)) < +o0.

On the other hand, the inequality is reversed if we replace x/y by 1. Hence, by the intermediate
value theorem has a solution, so q"¥ is admissible for y > 1 small enough. Moreover
Y = Cyel ) is continuous in a neighbourhood of y = 1. On the other hand, using the formula (5)),
the right-hand side of is finite if and only if m X Cole )
by continuity in y this is also true for some y > 1. We have therefore proved that for some fixed

< 1. This is true for y = 1, so

F)
w' € (1,wp), there is 4/ > 1 such that E [(y’)ll < +o00.

Let us now come back to (88). By Lemma [10| and the fact that w — wec(w) is increasing
(see the discussion right after ), each term in the right-hand side is nonincreasing in w and
nondecreasing in y. By the dominated convergence theorem, it follows that is continuous
in (w,y) for w € [w',+00) and y € [1,4]. Since the left-hand side is equal to 0 for y = 1, there
is yo € (1,%') and a real neighbourhood N7 of wy such that, for w € N7, we have

E I 1 71 91

yo a 2woc(w0) (1)

On the other hand, we recall that T@) has the law of j}w) conditionned on the event {151(‘”) <-1 },
which has probability Uy ((—00, —1]). Therefore, for all w € [1, +-00), we can write

“(w) “(w)
E yo -1 E yO -1
) we(w) 7
E[yo -1 <= < — = E |y, -1},
Vg (=00, =1]) 7 Vg (=1) 2

using the definition of 4. Therefore, using , for w in the neighbourhood N7 of wy, we have

4 woc(wp)

. 1
E[yg( )} <4 Lwdw)
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In particular, by continuity of ¢(w), there is a neighbourhood N3 of wy such that, for w € N3,
we have E [yﬂw)] <3
0 >3-
Finally, let (j}f))kx be i.i.d. copies of 7@, We recall that the quantity that we are
interested in has the law of
f{w) _|_f(2w) _|_..._|_f(G"J)7

where GG is geometric with parameter % and independent from the ]A}(f) . For w € N3, we have

T o 7 1 )1k 1 3\"
E |y’ = Z 2k+1E [3/0 } < Z ohtT \ g ) < Too
E>1 k>1
This proves , and therefore the lemma. ]

A.4 Uniform convergence of the volume process

The goal of this appendix is to prove Lemma [T} which states that the approximation of w given
by Proposition a is good uniformly in w. If (Xt(w))tzl,weﬁ and (ngj))weg are random variables,
we say that Xt(w converges in probability to Xé‘g)) uniformly in w over ) if for all € > 0, there is
to > 0 such that, for all t > ty and w € Q:

P (‘Xt(“’) - X&;’)‘ >e) <.

To prove Lemma we will adapt the proof of from [I8 Prop 10.12]. For this, we
will need the uniform weak law of large numbers below. This result is probably not new but we
could not locate it in the literature. We give a proof for the sake of completeness.

Lemma 43. Let (X ("J)) be a uniformly integrable family of random variables on RT. For

we
each w € Q, let (Xt(w)>t>1 be i.i.d. copies of X@). Then the convergence in probability

X = % i: X ——E|x@)

‘ t——+o0
=1
is uniform in w € .

Proof. We adapt one of the classical proofs of the weak law of large numbers: we truncate the
variables at some cutoff A and use the second moment method on the truncated variables.

- : w,<4) _ 5 (w) >A) _ y(w)
More precisely, for A > 0, we write X, = X,” ]lXt(‘”)SA and Xt(w = X,” 1X§“>>A'
We also write

t
—(w<a) 1 (w),<A (w>4) _ 1 (w),>A
X = X and X, = EZXZ. :

=1 =1

Fix € > 0. By uniform integrability, let A be such that E [X(w’>‘4)] < % for all w € Q. By
a variance computation, we have

(el |2 ) < 4
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We also have
) - x| - freo] 5 <

Finally, by the Markov inequality
(‘X (w,<A) gw)‘ > Z) < 4IE [X(w >A)} _ i [X(w,>A)] <
€

Combining the last three displays, we get P (‘ng) —E [X(w)] ) > 5) <
w € Q, and the lemma follows by taking t > 86%2. O

We can now prove Lemma . We recall that we have fixed (a;);>1 with 3_ -, ja; =1 and
a1 < 1 and that, for all w > 1, we denote by q'“) the unique weight sequence such that Wq = w

and aj(q) = «; for all j > 1. We finally recall that (Pt(w)) .
t>

the perimeter and volume processes associated to a peeling exploration of M;(w).

and (Vt(w)) are respectively
>0

Proof of Lemma[I1. We know that (Pt(w, Vt(w)>t>0 has the law of a random walk (]Bt(w), 17;(“’)> 0

on Z? started from 1 and conditionned on the event that ]Bt(w) > 1 for all £ > 0. Moreover, the
step distribution of P is Vg Since the function (1p>1hp(w)) s, is harmonic for P®) on
{1,2,...}, by a simple martingale argument we have

hi(w) w—1

B(w) ) _
Vvt > 0, P > 1Py =1 =
( | limp s 4 o0 hp(w) w

by . Since w lies in a compact subset of (1,+00), this probability is bounded away from 0.
Therefore, it is enough to prove

‘Z(w) _ Qﬁt(W) (\f o — )
t t—+o0 2\/w(w —1)

7(\@_ w_1)2 is
24/ w(w—1)

in probability, uniformly in w. Note that the computation E [YN/I(UJ) — Qﬁl(w)} =

given by Proposition 10.12 in [I8], so the convergence holds for w fixed.

To prove that it is uniform, by the uniform weak law of large number (Lemma , it is
sufficient to prove that 171(“)) — Zﬁl(w) is uniformly integrable in w for w in a compact subset of
(1,+00). This can be deduced from continuity both in distribution and for the expectation.
More precisely, assume that this is not the case. Then we can find a sequence (w;);>1 such

that (171(“”) — 2ﬁ1(wi)) - is not uniformly integrable. By compactness, up to extraction we can
i>
assume w; — Woo € (1,400). Then we claim that

‘7‘1(‘*)1') _ 2ﬁl(wz) (d) ; V( )

1——+00

— ople), (92)

Indeed, \71(“)) — 2]31(w) can be interpreted as the number of inner edges created by one peeling
step in the half-plane version of M ). As proved in the beginning of Appendix |A.3} each q§w>

is a continuous function of w, so the probability of each peeling case is a continuous function of
w, so for all k£ the probability P (Vl W) _ 2P1(w) = k:) is continuous in w, which proves .
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On the other hand, we know from the computation above that E {‘N/l(w) — 2]51(w)] is a contin-
uous function of w, so E [171(%') — Qﬁl(w")} —E [171(%") - Qﬁl(w‘x’)} as i — +00. By the Skorokhod

embedding theorem and Scheffé’s lemma, it follows that we can couple the variables 171(“”) —Qﬁl(wi)
in such a way that they converge to Vl(w‘”) — 2P1(w°°) in L'. In particular they are uniformly
integrable, which concludes the proof. O
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