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TUTORIAL VI

1 Feedback Capacity

In a feedback channel, all received symbols are sent back immediately to the sender noiselessly. Define a (2nR, n)-
feedback code as a sequence of mappings xi(W,Y i−1), where each xi is a function only of the message W ∈ 2nR

and the previous received values Y1, Y2, . . . , Yi−1 and a sequence of decoding functions g : Yn → {1, 2, . . . , 2nR}.
So, P (n)

e = Pr[g(Y n) 6= W ], when W is uniformly distributed over {1, 2, . . . , 2nR}. The capacity with feedback,
denoted CFB of a discrete memoryless channel is the supremum of all rates achievable by feedback codes.

1. Show that CFB = C = maxpX I(X;Y ).

2 Binary Erasure Channel

A binary erasure channel with input alphabet {0, 1} and output alphabet {0, 1,E} is defined by the following
transition probabilities.

pY |X(0|0) = pY |X(1|1) = 1− α, pY |X(E|0) = pY |X(E|1) = α

Essentially, a fraction α of the input bits are erased (represented by the symbol E).

1. Determine the capacity of the channel.

2. If there is (noiseless) feedback, how do you achieve a rate approaching the capacity with low probability of error?

3. Suppose that there is no feedback and we use the following coding scheme: encode 0 as 000 and 1 as 111.
Decode 000, E00, 0E0, 00E, EE0, E0E, 0EE to 0 and similarly decode 111, E11, 1E1, 11E, EE1, E1E, 1EE
to 1. In case EEE is received, then choose one of 0, 1 at random. What is the probability of error for the code?

3 Maximum likelihood decoding

Let W be a symmetric binary input channel with output alphabet Y and defined by the transition probabilities p(y|0)
and p(y|1) for all y ∈ Y .

1. Prove that the capacity of W is equal to

1

2

∑
b∈{0,1}

∑
y∈Y

p(y|b) log2
2p(y|b)

p(y|0) + p(y|1)
.

2. Suppose a bit c was transmitted and we receive y ∈ Y . We decode y into the bit 0 if p(y|0) > p(y|1), and 1
otherwise. Show that the probability that we make a decoding error is at most

Z(W ) =
∑
y∈Y

√
p(y|0) · p(y|1)

.



3. Suppose a code C ⊆ {0, 1}n is used for transmitting a sequence of n bits on the discrete memoryless channel
W . Consider the following maximum likelihood decoding rule at the receiver: if y ∈ Yn is received, output a
codeword c ∈ C for which p(y|c) =

∏n
i=1 p(yi|ci) is maximum, ties are broken arbitrarily.

Prove that if a codeword c0 ∈ C was transmitted on the channel, and y0 was received, the probability that the
above decoding rule outputs a codeword different from c0 is at most

n∑
j=1

djZ(W )j ,

where dj is the number of codewords in C at Hamming distance j from c0 (i.e., the number of codewords that
are different from c at exactly j positions).
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