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Abstract

We prove the statement in the title of the paper, in the case of the square lattice, and
derive the sharpness of the phase transition.

Introduction

Since random-cluster models were introduced by Fortuin and Kasteleyn in 1969 [4], they have
become an important tool in the study of phase transitions. The spin correlations of Potts
models get rephrased as cluster connectivity properties of their random-cluster representations,
which allows for the use of geometric techniques, thus leading to several important applications.
Nevertheless, only few aspects of the random-cluster models are known in full generality.

The random-cluster model on a finite connected graph is a model on bonds of this graph,
each one being either closed or open. The probability of a configuration is proportional to

open bonds closed bonds clusters
p* P (1-p)* 7" :

where the bond-weight p € [0,1] and the cluster-weight g € (0,00) are the parameters of the
model. For ¢ > 1, these models can be extended to infinite-volume lattices where they exhibit
a phase transition at some critical parameter p.(q) (depending on the lattice), yet there are no
general conjectures for the value of the critical point.

However, in the case of planar graphs, there is a connection (related to the Kramers-Wannier
duality [7] for the Ising model) between random-cluster models on a graph and on its dual with
the same cluster-weight ¢ and appropriately related bond-weights p and p* = p*(p). This relation
leads in the particular case of Z? (which is isomorphic to its dual) to a natural conjecture: the
critical point is the same as the so-called self-dual point satisfying psq = p*(psq), which has a

known value: \[
q
Pe(q) = psalq) =

C1+q

In the present article, we prove this result for ¢ > 4 and we derive an even stronger result
(Theorem 2): The random-cluster model exhibits a sharp transition at its self-dual point.

Theorem 1 Let q > 4. The critical point p. = p.(q) for the random-cluster model with param-
eter q on the square lattice satisfies
Va

:1+\/a‘

Theorem 2 Let g > 4. For every p < pe, there exist 0 < ¢, C < 0o such that

Pc

P,4(0 is connected to a) < Ce e

for any a € Z* (where P, is the unique infinite-volume measure and || is the Euclidean norm,).



The critical point was previously known in three famous cases. For ¢ = 1, the model is
simply Bernoulli bond-percolation, proved by Kesten [6] to be critical at p.(1) = 1/2. For
q = 2, the self-dual value corresponds to the critical temperature of the Ising model, as first
derived by Onsager [10]; one can actually couple realizations of the Ising and FK models to
relate the critical points of each, see [5] and references therein for details. Finally, for ¢ > 25.72,
a proof is known based on the fact that the random-cluster model exhibits a first order phase
transition (see [8, 9]).

It is conjectured that among all random-cluster models, the phase transition is of first order
if and only if ¢ is greater than 4. Theorem 1 is therefore optimal in this class of models.
Nevertheless, we were not able to prove that the transition is of first order: it remains a
challenging open problem.

Extensive literature exists concerning these models in statistical physics; we refer the in-
terested reader to the monograph of Grimmett [5] and references therein. Exact computations
can be performed in many cases (see [1]), and despite the fact that they do not lead to fully
rigorous mathematical proofs, they do provide insight and further conjectures on the behavior
of these models at and near criticality.

The current article belongs to a series devoted to the implications and the extensions of the
so-called parafermionic observables for two-dimensional lattice models [2, 3]. These observables
were first introduced in [11] for random-cluster models with parameter ¢ € [0,4], as (anti)-
holomorphic parafermions of fractional spin o € [0, 1], given by certain vertex operators. So
far holomorphicity was rigorously proved only for ¢ = 2, and probably holds exactly only for
this value. Our proof uses an appropriate generalization of these vertex operators to random-
cluster models with ¢ > 4. Interestingly, the spin variable becomes purely imaginary, therefore
it does not have an immediate physical interpretation. However, this allows us to write better
estimates even in the absence of exact holomorphicity and relates our observables to the con-
nectivity properties of the model. For p # psq we prove that observables behave like massive
harmonic functions and decay exponentially fast with respect to the distance to the boundary
of the domain. Translated into connectivity properties, this implies the sharpness of the phase
transition at pgg.

Section 1 give an overview of probabilistic properties of the random-cluster model. Section 2
introduces the observable. In Section 3, we derive a representation formula, similar to the
formula for massive harmonic functions. Section 4 then contains the proofs of Theorems 1
and 2.

1 Basic features of the model

We start with an introduction to the basic features of random-cluster models; more details and
proofs can be found in the Grimmett’s book [5].

Definition of the random-cluster model. The random-cluster measure can be defined on
any graph. However, we will restrict ourselves to the square lattice, denoted by L = (Z2,E)
with Z? denoting the set of sites and E the set of bonds. In this paper, G will always denote
a connected subgraph of L, i.e. a subset of vertices of Z? together with all the bonds between
them. We denote by G the boundary of G, i.e. the set of sites of G linked by a bond to a site
72\ G.

A configuration w on G is a random subgraph of GG, having the same sites and a subset of
its bonds. We will call the bonds belonging to w open, the others closed. Two sites a and b
are said to be connected, if there is an open path — a path composed of open bonds only —
connecting them. The maximal connected components will be called clusters.



A set £ of boundary conditions is a set of “abstract” bonds (i.e. in addition to those in L)
in between the sites of the boundary, they encode the way in which these sites are connected
outside of G. We denote by w U & the graph obtained by adding the new bonds in £ to the
configuration w. Let o(w) (resp. ¢(w)) denote the number of open (resp. closed) bonds of w and
k(w, &) the number of connected components of w U . The probability measure IP’; q.c Of the
random-cluster model on G with parameters p and ¢ and boundary conditions £ is defined by

o) (1 — p)ew) gh(w.€)
p p q
P, o)) = Zg) , (1.1)
jne

for any subgraph w of G, where Zf) 0.G is a normalizing constant referred to as the partition
function. When there is no possible confusion, we will drop the reference to parameters in the
notation.

The domain Markov property. Another property that will be instrumental in our study is
the so-called domain Markov property: One can encode, using appropriate boundary conditions
&, the influence of the configuration outside G. Consider G a graph and F the set of sites of
G. For F C E, consider the graph G’ with F as the set of sites and the bonds of G in between
sites of F as the set of bonds. Then, for any boundary conditions ¢, IP"é conditioned to match

some configuration w outside of the box G’ is equal to P%, where ¢ describes the connections
inherited from w.

The FKG inequality and comparison between boundary conditions. Random-cluster
models with parameter ¢ > 1 are positively correlated. This property has two important conse-
quences: The first one is the Fortuin-Kasteleyn-Ginibre inequality:

P, G(ANB) =P (AP (B), (1.2)
which holds for every pair of increasing events A and B and any boundary conditions £. (An
event is called increasing if it is preserved by addition of open bonds, see [5].) This corre-
lation inequality is extremely important to the study of random-cluster models, allowing the
combination of several increasing events such as the existence of open paths in a configuration.

The second property is a comparison between boundary conditions: More precisely, for any
boundary conditions ¢ < £ (meaning that the abstract bonds existing in ¢ exist in £ as well),
we have

P, o(A) <P o (A) (1.3)

p.q,

for any increasing event A.

Dobrushin boundary conditions. The following definition is deliberately not as general as
would be possible, in order to limit the introduction of notation. Let G be a finite subgraph
of IL; assume that its boundary is a self-avoiding polygon in L, and let ¢ and b be two sites of
O0G. The triple (G, a,b) is called a Dobrushin domain. Orienting its boundary counterclockwise
defines two oriented boundary arcs ab and ba; the Dobrushin boundary conditions are defined
to be free on ab (there are no extra bonds between boundary sites) and wired on ba (all the
boundary sites are pairwise connected). We will refer to those arcs as the free and the wired arc,
respectively. The measure associated to these boundary conditions will be denoted by Py, 4 G.a6
or simply Pg qp.

Planar duality for Dobrushin domains. In two dimensions, one can associate to any
random-cluster measure with parameters p and ¢ on a Dobrushin domain (G, a,b) a dual mea-
sure. First, define the dual graph G* as follows: Place a site in the center of every face of G



and every face of I adjacent to the free arc. Bonds of the dual graph correspond to bonds
of the primal graph and link nearest neighbors. Construct a bond model on G* by declaring
any bond of the dual graph to be open (resp. closed) if the corresponding bond of the primal
lattice is closed (resp. open) for the initial random-cluster model. The new model on the dual
graph is then a random-cluster measure with Dobrushin boundary conditions and parameters

p* = p*(p,q) and q satisfying

1—
p*(p,q) = ( (1= plg , or equivalently

p'p _yq
L-plg+p )

(1—p)(-p

This relation is known as the planar duality. It is then natural to define the self-dual point fixed
by solving the equation p*(psd, ¢) = psq, which gives

Psa = a4/ (1 +/q).

Infinite-volume measures and the critical point. The domain Markov property and
the comparison between boundary conditions allow us to define infinite-volume measures as
the limit of a sequence of random-cluster measures in finite boxes (with well-chosen boundary
conditions).

The infinite-volume measure is not necessarily unique since the definition can depend on the
sequence of random-cluster measures one considers. Nevertheless, it can be shown that for a
fixed ¢ > 1, uniqueness can fail only on a countable set D, (see Theorem ??? of [5]).

Since the infinite-volume measure is unique for almost every p (at fixed ¢), there exists a
critical point p. such that for any infinite-volume measure with p < p. (resp. p > p.), there is
almost surely no infinite component of connected sites (resp. one infinite component).

An elegant argument (due to Zhang in the case of percolation) provides the inequality
Pe = Psa (see Theorem 6.17 of [5]): the hard part of the proof is to show the reverse inequality.
Together with general arguments on uniqueness of infinite-volume measures, it can be shown
that uniqueness can fail only when p = /q/(1+ ./q) (see Chapter 6 of [5]). Hence, the infinite-
volume measure is unique whenever p # psq. We denote this measure by P, ,. Interestingly, it
is conjectured that uniqueness does fail at the self-dual point if and only if ¢ > 4, which is our
case.

2 Definition of the observable

The medial lattice and the loop representation. Let (G,a,b) be a Dobrushin domain.
In this paragraph, we aim for the construction of the loop representation of the random-cluster
model, defined on the so-called medial graph. In order to do that, consider L together with its
dual L*; declare black the sites of the primal lattice I and white the sites of the dual lattice
[L*. Replace every site by a colored diamond, as on Figure 1. The medial graph G, = (V,, Es)
is defined as follows (see Figure 1 again): E, is the set of edges of L, which belong to both a
diamond corresponding to a site of G and a diamond corresponding to a site of G*; V,, is the set
of all the endpoints of the edges in F,. We obtain a subgraph of a rotated (and rescaled) version
of the square lattice. We give G, an additional structure as an oriented graph by orienting its
edges clockwise around white faces.

The random-cluster measure with Dobrushin boundary conditions has a rather convenient
representation in this setting. Consider a configuration w, it defines clusters in G and dual
clusters in G*. Through every vertex of the medial graph passes either an open bond of G or
a dual open bond of G*, hence there is a unique way to draw Eulerian (i.e. using every edge
exactly once) loops on the medial lattice — interfaces, separating clusters from dual clusters.
Namely, a loop arriving at a vertex of the medial lattice, always makes a /2 turn so as not
to cross the open or dual open bond through this vertex, see Figure 1. Besides loops, the
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Figure 1: Left: Construction of the medial lattice and the loop representation. The black (resp. white)
sites are the sites of G (resp. G*). The open bonds of G (resp. G*) are represented by solid (resp.
dashed) bonds. Right: Orientation around a vertex v.

configuration will have a single curve joining the vertices adjacent to a and b, which are the
only vertices in V, with three adjacent edges (the fourth edges emanating from them will be
denoted by e, and e, respectively). This curve is called the ezploration path; we will denote it
by «. It corresponds to the interface between the cluster connected to the wired arc and the
dual cluster connected to the free arc.

This gives a bijection between random-cluster configurations on G and Eulerian loop con-
figurations on G,. The probability measure can be nicely rewritten (using Euler’s formula) in
terms of the loop picture:

.’E# open bonds \/a# loops

Pgap(w) = Z00.0.C) , Wwhere z=

p

(1-p)Va

and Z (p, q, G) is a normalizing constant. Notice that p = pgq if and only if x = 1. This bijection
is called the loop representation of the random-cluster model. Note that the orientation of the
medial graph gives a natural orientation to the interfaces in the loop representation.

Observables for Dobrushin domains. Fix a Dobrushin domain (G,a,b). Following [11],
we now define an observable F' on the edges of its medial graph, i.e. a function F': E; — Ry.
Roughly speaking, F' is a modification of the probability that the exploration path passes
through an edge. First, we introduce the following definition: The winding Wr(z, ') of a curve
I between two edges z and 2’ of the medial graph is the total rotation (in radians) that the
curve makes from the mid-point of the edge z to the that of the edge 2’.

We define the observable F¢, for any edge e € E, by

F..(¢) = Eg.ap (e—ian(ea,e)]lee,y> , (2.1)

where v is the exploration path and o is given by the relation

cos(om/2) = ? (2.2)

(remember that we are limiting ourselves to the case ¢ > 4 in most of what follows, hence o
will be pure imaginary). We define the function F,, associated to the value —o similarly.



Remark 3 For g € [0,4], the observables F and F are holomorphic and anti-holomorphic
parafermions of spin o, which is a real number in [0,1]. For q > 4, o is pure imaginary and
doesn’t have an obvious physical meaning; it would nonetheless be amusing to find one.

Remark 4 For q > 4, the winding weight in the definition of the observable is always real
positive, and so are F' and F. Moreover, the positive weight allows an easy estimate of the
probability of passing through an edge in terms of the observables:

Fo.(e) + Fu,(€) = 2B a[cos(0W (€q, €)) Leey] = 2Pgas(e € 7). (2.3)

Observables in infinite strips. We shall consider the loop representation and the observable
for random-cluster measures in a slightly more general setting. More precisely, we will consider
the random-cluster measure on a horizontal strip Sy with free boundary conditions on the
bottom side and wired boundary conditions on the top side. Formally, define the following sets
(for m, L > 0):

S =7 x[0,L],
B(m, L) = [-m,m] x [0, L]

and the points a,, = (—m,0) and b,, = (m,0). Here and in the following, [-,-] denotes the
integer interval between the two (real) end-points, i.e. the interval [-,:] N Z. By extension, we
still call these horizontal strips Dobrushin domains.

The decreasing sequence of measures (IP’B(W L),am,bm)m>0 converges weakly when m goes to
infinity (for a fixed L). The limit is called the random-cluster measure on the infinite strip
with Dobrushin boundary conditions and is denoted by Ps; o, —oo. When p # pyq, this measure
should be seen as the (unique) infinite-volume measure under the conditioning that all of the
bonds below Z are open and all of those strictly above iL + Z are closed.

The Ps, oo, —oo-probability of having an infinite cluster is 0 (for fixed L, the model is essen-
tially one-dimensional). Applying the same construction as in the finite volume case, we define
a family of loops together with a single interface going from —oo to oo (the exploration path).
Since this curve cannot turn infinitely many times around an edge of the medial lattice, the
winding W, is well-defined (up to an additive constant). We set the winding to be equal to 0
for edges of the bottom side which point inside the domain.

The observables are defined exactly as in the case of the finite Dobrushin domains and are
the limits of the observables in domains (B(m, L), am, by,). Indeed, the exploration path in Sy,
coincides with the exploration paths v, in B(m, L) for m large enough almost surely since there
is no infinite cluster. Moreover, in this case, the windings W (e) and W, (e) in Sy, and B(m, L)
are equal, so that a.s.

e_i"W’"(e)]le@m — e_iaw‘”(e)]le@ when m — oo. (2.4)

Lebesgue’s dominated convergence theorem implies that the observable in Sy, is the limit of the
observables in finite volume.

3 A representation formula for the observable

In this section, we study the observable F' in a Dobrushin domain (we drop the dependency on
€q in the notation). More precisely, we bound the sum of F' over a set A C E, in terms of the
sum over the boundary edges of A. Let (G, a,b) be a Dobrushin domain, we set 9,V,, to be the
boundary of G, — i.e. vertices which have less than four neighboring edges. For a set A of edges
of Es, 0.A denotes the set of edges of E, \ A sharing a vertex with an edge of A (also called
the external boundary of the set).



Proposition 5 For any z # 1 and q # 4, there exists C1 = C1(p,q) < oo such that for any set
of edges A C E, not containing any edge adjacent to a vertex of 9,V,, there exists a function
a: 0.A — [—C1,Ch] such that

ZF(@): Z a.F(e).

ecA e€0. A

The proposition is obtained by summing a local relation which is a massive version of one
n [11]. Consider a vertex v € V, \ 9,V,. It has four neighboring edges in G, which we label
counterclockwise NW, SW, SE and NF, so that the SW and NE edges point away from v
(see Figure 1). There are a priori two ways to do so, but the choice will be irrelevant.

Lemma 6 Forx >0, g # 4 and every vertez v € V,, \ 0, Vs,

F(NW)+ F(SE) — A(x) (F(SW) + F(NE)) =0, (3.1)
where A(x) is given by
eiafr/2 T+
ANz) = —n——.
(:E) elUﬂ/2x+ 1

Observe that A(x) = 1 if and only if x = 1.

Proof: We handle the case of finite Dobrushin domains. The case of the infinite strip Sy,
follows harnessing the convergence of observables in finite boxes to the observable in the strip.

Let v be a vertex of V; \ 0,V, (which corresponds to a bond of the primal lattice). It has
four adjacent edges, oriented as explained above. We consider the involution s on the space
of configurations which switches the state (open or closed) of the bond of the primal lattice
corresponding to v.

Let e be an edge of the medial graph and denote by e, = e Lecyp(w) the contribu-
tion of w to F(e) (here p(w) is the probability of the configuration w). Since s is an involution,
the following relation holds:

—icWx (eq,€)

F(e) = Zew = %Z lew + €s(w)] -

w

In order to prove (3.1), it suffices to prove the following for any configuration w:
NW, + NWS(UJ) +SE, + SES(UJ) = A(:B) (SWW + SWs(w) + NE, + NES(W)) . (3.2)

When 7 (w) does not go through any of the edges adjacent to v, it is easy to see that neither
does y(s(w)). All the contributions then vanish and identity (3.2) trivially holds. Thus we
can assume that v(w) passes through at least one edge adjacent to v. The interface follows
the orientation of the medial graph, and thus can enter v through either NW or SE and leave
through NFE or SW. Without loss of generality we assume that it enters first through the edge
NW and leaves last through the edge SW; the other cases are treated similarly.

Two cases can occur (see Figure 2): Either the exploration curve, after arriving through
NW , leaves through N FE and then returns a second time through SFE, leaving through SW; or
the exploration curve arrives through NW and leaves through SW, with NE and SF belonging
to a loop. Since the involution exchanges the two cases, we can assume that w corresponds to
the first case. Knowing the term NW,,, it is possible to compute the contributions of w and
s(w) to all of the edges adjacent to v. Indeed,

e the probability of s(w) is equal to 2,/g times the probability of w (due to the fact that
there is one additional open edge and one additional loop);



Figure 2: Two associated configurations w and s(w)

configuration NW SE NE SW
w NW,, e TNW,, | e 19T 2NW, el T2 NW,
s(w) x\/QNW,, 0 0 e 2z JANW,,

Figure 3: The contributions of the different edges.

e windings of the curve can be expressed using the winding of the north-west edge. For
instance, the winding of the north-east edge in the configuration w is equal to the winding
of the north-west edge plus an additional 7/2 turn.

Contributions are computed in Figure 3. Using the identity e'o™/2 4 e¢=i07/2 = V4, we deduce
(3.2) by summing the contributions of all the edges around v. O

Proof of Proposition 5: Recall that A(z) # 1 since  # 1 and ¢ # 4. Sum Identity (3.1)
over all vertices adjacent to edges of A, and divide by (1 — A(x)). It provides a weighted sum
of F(e) (with coefficients denoted by c(e)) identical to zero:

Z cle)F(e) + Z c(e)F(e) =0.

e€cA ecdA

For an edge e € A, F(e) will appear in two identities, corresponding to its endpoints. Since
e is oriented away from one of its ends and towards the other one, the coefficients will be 1 and
—A(x). Thus F(e) for e € A will enter the sum with a coefficient c¢(e) = (1-A(z))/(1-A(x)) = 1.

For an edge e € 0. A, F(e) will appear in one identity, corresponding to its endpoint belonging
to A. The coefficient will be 1 or —A(x), depending on the orientation of e with respect to this
endpoint. Thus F(e) will enter the sum with a coefficient c(e) equal to either 1/(1 — A(x)
or —A(z)/(1 — A(x)). The proposition follows immediately by setting o, := —c(e) and C :
max{L, [A2)[}/|1 — Aa)].

~—

ol

4 Proof of Theorems 1 and 2

The main step of the proof is to show that, whenever p < p4q, there is a very low probability of
having vertical crossings of an extremely large rectangle. This statement is sufficient to prove
Theorem 1: On the one hand, when p < pgy, the previous estimate provides bounds on the
size of the cluster of the origin (in particular, it is almost surely finite): It implies that p is
sub-critical and p. > psq. As explained earlier, this statement is already proven (see Chapter
6 of [5]), nevertheless, these bounds will be instrumental for the proof of Theorem 2. On the
other hand, duality implies that the probability of having a horizontal crossing of an extremely



large rectangle is very close to 1, whenever p > psq. It is an easy step to deduce that there is
an infinite cluster when p > pgg, thus p. < psg. Theorem 2 is derived using Theorems (5.64)
and (5.66) of [5] and the estimate on the size of the cluster at the origin.

For L > 0, consider an infinite horizontal strip S;, = Z x [0, L] together with its medial
lattice. We define two families of sets, the former ones being subsets of the strip and the latter
of the set E, of edges of its medial graph. More precisely, write e ~ « if the edge e € F, is
adjacent to the site a € L. For every n > 0, we define the following (possibly empty) sets, as
depicted in Figure 4:

R(m,n):=[0,m] x [n, L —n], Re(m,n):={e € E,: Ja € R(m,n),e ~ a},
R~ (m,n):=[0,m] x [0,n — 1], Ry (m,n):={e€ E,: Ja € R~ (m,n),e ~ a},
Rt (m,n):=[0,m] x [L —n+1,L], Rf(m,n):={e€ E,: Ja € RT(m,n),e ~ a}.

Figure 4: Definition of the different rectangles and events A and B.

Recall that in a Dobrushin domain, « denotes the exploration path, i.e. the interface between
the open cluster connected to the wired arc and the dual open cluster connected to the free
arc. The following lemma bounds the probability that the exploration path passes through the
rectangle R(m,n):

Lemma 7 Let ¢ > 4 and p # psq, then there exist positive constants co = ca(p,q) and Co =
Ca(p, q) such that for any n < L/2 and m > Cs,

PSL,OO,—OO ('7 N Ro(m,n) 7£ @) < Cyme™ 2",

Proof: Consider the observable I’ defined in the strip Sy, and recall that in our setting
x # 1 and F is non-negative by Remark 4. Set ¢y := —log(2C,/(2C1 + 1)) and Cy =
max {4C1, 8 exp(|o|27)} where C} is defined in Proposition 5.

Fix m > Cs and consider some n < L/2. Denote

U= Y. Fle), V= > Fle)

eERs(m,n) e€ERs(m,n)

Proposition 5 along with the non-negativity of F' implies the following estimate:

U= Y. aF(e<C Y  Fle) (4.1)

e€0eRo(m,n) €€ Ro(m,n)



Divide the boundary 9.R.(m,n) into four parts: the bottom Ay, the top Agop and both
sides Ajery and Ayigh-

On the one hand, since F' is invariant under horizontal translations, the sums over the left
and right sides are the same as over any vertical cross-section of R (m,n) and we conclude that

2
Y Fle)= = Un. (4.2)
e€ Aleft UAright
On the other hand, the top and the bottom are contained inside U, \ U,,, and therefore
>, F()<Una~Un (43)
eeAtopUAbottom

Combining Equations (4.1), (4.2) and (4.3) and using the inequality m > Cy > 4C, we
obtain that

2 1
U, < &U + C1(Up—1 —Up) < (2 — C’l) U, + C1U,_1,
hence 50
n X Wj_lUn_l = e_CQUn_l. (44)

Take now n = 0, Ayop and Apottom are thus at a distance one to the boundary of the strip:
an interface arriving there must have a winding bounded by +2m. Thus for e € A¢op U Apottom
we have

F(e) = ESZ,OO,—oo[eiiUW(e) ]166’7] < e|o.‘2ﬂ-]P)$l,oo,—oo(e € 7) < elg‘zﬂ-

(the curve cannot wind around an edge). Summing this over all 4m edges in the top and bottom
sides we arrive at

1
> Fle) < 4melPT < 5 Cam. (4.5)
6€AtopUAbottom
Combining Equations (4.1), (4.2) and (4.5) for n = 0 we deduce that
2C
Uy < 71U0 + sz < *Uo + sz
therefore
U() sz (4.6)

Estimate (4.6) along with the iterated Estimate (4.4) imply
Up, < Upe™ 2" < Cayme™ ", (4.7)

Similar reasoning applies to F, yielding the same inequality for V,,. Combining the two inequal-
ities with Estimate (2.3), we obtain the claim:

PSL,oo,foo (7 N Ro(m7n) 7é Q) < Z IP>$L,oo,foo(e € 7)
e€ERs(m,n)

g% > (P +F@) < %(U + Vi) < Come=e".

eERs(m,n)

O

For a rectangle R, we define the event C,(R) (resp. C,) to be the existence of an open path
from the left-hand to the right-hand side (resp. from the top to the bottom) of R. Similarly,
We define C;(R) and C};(R) in terms of the dual open paths through the rectangle R shifted by
3 L4 5, so that it belongs to the dual lattice. In the next lemma, we bound the probabilities of
such events for rectangles of aspect ratio 1/3 whenever p < pyq (duality provides estimates for
P > psq as well).

10



Lemma 8 Let ¢ > 4 and p < psq, there exist 0 < c3,Cs < 00 such that for every m > 0,
Py (Co([0,3m] x [0,m])) < Cze™V™ as.
where Py, 4 is the unique infinite-volume measure.

This result is not surprising once we consider typical (not formerly proved) sub-critical
behavior. Indeed, the probability for two points to be connected by an open path in the sub-
critical phase should decay exponentially fast with respect to the distance between them. It
implies that the probability for large rectangles to be crossed from bottom to top is extremely
low.

Proof: Throughout the proof, we will implicitly round up the side lengths of rectangles in-
volved (for instance, y/n will actually mean [v/n | in that context).
Fix p < psq and take m large enough satisfying

1
Cgme_cm/ﬁ < 3

We will work with L > 2n, n = /m and the following events, depicted in Figure 4:

A:CU(R7<m7 \/%))7 B :C;(RJr(m? \/%))

Recall that the exploration path is an interface between the open cluster connected to the
(wired) bottom side and the dual open cluster connected to the (free) top side. Therefore, if
both A and B occur, the exploration path is forced to pass through R(m,+/m), thus Lemma 7
implies the estimate

1
Ps, co,—oo(AN B) < Cyme™2V™ < 3 (4.8)

Consider the symmetry of the strip exchanging its sides and add % so that the lattice
is mapped to its dual. Note that it preserves Dobrushin boundary conditions, e.g. the wired
boundary conditions on the bottom part are sent to the dual wired (= free) boundary conditions
on the top part. Therefore, by duality, the random-cluster measure Ps, ~, o With parameters
p*(p,q) and ¢ gets mapped to the random-cluster measure on the dual strip with the same
boundary conditions and parameters p and g. This symmetry also maps the event A to the
event B, so we can write

Pp.g,81,,00,—00 (B) = Pp+.q,51,00,—0 (A) 2 Ppg,8,,00,—00 (A) >

since A is an increasing event and we are assuming that p*(p,q) > p (since p < psq).

Hence (we return to the fixed parameters p and ¢), event A has smaller probability than B,
and (4.8) implies

2]P)SL,OO,*00(A) -1< PSL,OO,*OO(A) + PSL,OO,*OO(B) -1< PSL,OO,*OO(A NB) <

Y

W =

concluding that
2

Py 00,-00(Co(R™ (m; vVim))) = P 0,-00(A) < 3

Letting L go to infinity, the measure Ps; oo —o converges to the random-cluster measure P, 4
in the upper-half plane with wired boundary conditions on Z. Therefore, for m large enough,
the probability of the event C,(R™(m,+/m)) given that the bonds of Z are open is bounded
from above by 2/3.

Since these boundary conditions stochastically dominate all the others and A is an increasing
event, we deduce from (1.3) that the probability of A is always smaller than 2/3, uniformly with
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respect to the boundary conditions on Z — in other words, uniformly on what happens below the
rectangle. Consider m large enough, we divide the rectangle [0, 3m] x [0, m] into rectangles R;
(where i = 1---1/m/3) with height v/3m and width 3m. Let A; be the event that R; is crossed
vertically. Notice that for every i, A; is a translate of the event A. If there is a vertical crossing
of [0,3m] x [0,m], there must exist a vertical crossing for each of these \/m/3 rectangles so

that
vm/3 vm/3

Ppq (Co([0,3m] x [0,m])) <Ppg | () Ai | = [ PralAildj i <i).
=1 =1

Estimating the conditional probabilities of events A; one by one, using the domain Markov
property and the uniform bound on boundary conditions, we deduce the claim. O

We are now in a position to prove our main theorems.

Proof of Theorem 1: First consider the case of ¢ > 4. Recall that P, ; is the unique infinite-
volume measure. Even if p. > psq is already known (see [5]), we give another proof, which
provides an explicit estimate for the probability of 0 being connected to a site at distance n.

Consider p < p,q and let n > 1, define the box B,, = [-n,n]? and denote by {0 <+ BS} the
event that there exists an open connected path from the origin to the boundary of the box B,,.
Define R; to be the rectangle [0,n] x [—n,n] and Ry, R3, R4 to be its rotations around the
origin by the angles m/2, m and 37 /2 respectively. If 0 is connected to the boundary of the box,
one of these four rectangles is crossed by an open cluster joining its two longer sides. Employing
Lemma 8, we obtain

P4 (0 <+ BS) < 4Cze~3V™, (4.9)

Hence, the probability that the origin belongs to an infinite cluster is 0 and p must be sub-
critical. We deduce p. = psq by letting p go to psq.

For p > psq, consider the sequences of events (E,) and (F},) defined as follows:
En = Cy([0,3"] x [0,3"*]),
F, = Cy([0,3™"] x [0,3"]).

If all the events E,, and F,, occur simultaneously, out of the corresponding crossings we can
build a curve connecting the origin to infinity (an event denoted by {0 <> co}). From the FKG
inequality and the estimate of Lemma 8 we obtain

o oo
Ppg(0 ¢+ 00) = [ [ Ppg(En)Pog(Fu) = [ | (1 — Cge3" 2)2 > 0.
n=0 n=0
Thus, the origin is connected to infinity with positive probability for every p > psq, which
implies psq = pe.

The case g = 4 is derived through stochastic domination between random cluster measures
(see [5] for details). Indeed, for every p < psq, there exists (p', ¢) with ¢ > 4 and p’ < ps4(q) such
that the random-cluster measure with parameters (p/, q) stochastically dominates the random-
cluster measure with parameters (p,4). Since the former parameters are sub-critical, the latter
must also be. Therefore, we obtain p. > psq(4) = 2/3. For every p > 2/3, there exists ¢ > 4 such
that p > p.(q), a fact which implies the existence of an infinite cluster for the random-cluster
measure with parameters p and ¢. Since PP, , is stochastically dominated by P, 4, we deduce
that there exists an infinite cluster for ¢ = 4. Thus, the value p must be super-critical in a way

that p.(4) < p. The claim follows readily due to the fact that this conclusion holds for every
p>2/3. O
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Proof of Theorem 2: The main ingredients in our proof are Lemma 8 and several classical
theorems on sharp threshold and exponential decay which can be found in [5]. In brief, we show
that our estimate on the rate of decay of the 1-point function is accurate enough to deduce
exponential decay.

Denote by C' the cluster containing the origin: Inequality (4.9) implies that any finite power
of its diameter (hence also of its number of vertices) is integrable; in particular, if we denote by
|C| its cardinality, we obtain that

Epq(|C]%) < oo

This is precisely the hypothesis needed in order to apply Theorems (5.64) and (5.66) of [5] and
thus obtain exponential decay for every p’ < p. Since this holds for every p < p., we obtain the
claim of our theorem for every q > 4.

The case of ¢ = 4 can be derived exactly as in the proof of Theorem 1, using stochastic
domination between random-cluster measures. O
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