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Abstract

We introduce the language and give the classical results from the theory of de-
formations : deformations and framed deformations, representability, tangent spaces
computation via Galois cohomology, formal smoothness...

Then we give a technic, due to Mark Kisin, which allows us to study the general fiber
of the deformation spaces.

As an application we describe, after Kisin, the generic fiber of the deformation scheme
of a representation p : G — GLo(F), where F is a finite extension of F,, and G the
absolute Galois group of a local field of residual characteristic ¢ # p.

1 Introduction

These notes are divided in 3 parts.

The first part is a survey of the deformation theory of Galois representations. Our main
source is Barry Mazur’s original article [5]. Given a continuous Galois representation p
into a finite F-vector space (F a topological field) and O a complete local noetherian ring
having residue field F, we define the notions of lifting and deformation of p to certain
artinian O-algebras. This leads, under mild restrictions on p, to the construction of uni-
versal O-schemes parameterizing the deformations of p. Fundamental geometric properties
of these spaces are encoded in the Galois cohomology of the adjoint representation of p.

The aim of the second part is to explain a technique, due to Mark Kisin ([2] and [3]),
which allows us to study the general fiber of the deformation spaces : let p be a Galois
representation in GLy(F) with F a finite field and let O be an integer ring of a local
field E, whose residue field is finite over F. Let pg be a lifting of p to GLy(OFg). One can
build the deformation theory for pg ® F out of the deformation theory of p.

This has the following interesting consequence : let R be the universal deformation ring of
p. The deformation pg defines an E-point £, lying on the generic fiber of R. A corollary
of the preceding result is that Spec R[1/p] is locally isomorphic at £ to the universal defor-
mation space of pg. As a result the local geometry of Spec R[1/p] at { can be computed
via the Galois cohomology of pg.

The last and main part of these notes is dedicated to the generic fiber of the framed
deformation scheme of a representation p : G — GLa(F), where F is a finite extension of
F, and G the absolute Galois group of a local field of residual characteristic £ # p. We



continue the analysis initiated by Mark Kisin in [3] and [4]. We list here the main results
and give an idea of proof:

e We show that the generic fiber is a union of smooth components. Since this is a local
statement, it is essentially proven by using the results explained in the second part
of these notes and reduces to Galois Cohomology computations. We also describe
the eventual intersections.

e We classify these components according to the Galois representation family lying
over. This is understood by exploiting the rigidity of the situation (¢ # p) and
identifying the parameters that may vary on the components.

o We give multiplicity statements : We discuss the number of occurrence of a compo-
nent of a given type in the generic fiber and prove that it is almost always less or
equal to one. These are the most delicate results since they are of global nature on
the generic fiber and since this one does not have an easy modular interpretation.
To prove this kind of properties, following an original idea of Kisin, we construct
certain resolutions of the deformation space whose geometry is very simple.

2 Deformations

2.1 Basic definitions

Let G be a group. We assume that G arises from one of the following situations :

e Local non — archimedean situation: Let £ be a prime and let L be a finite extension
of Q¢ , let L be an algebraic closure of L, and then G = Gal(L/L).

e Local archimedean situation : G = Gal(C/R).

e Global situation: Let L be a number field, S a finite set of places of L and Lg C Q
the maximal extension of L unramified outside S. Then G = Gal(Lg/L).

Let F be a topological field. In all applications F will be either a finite extension of I,
(with the discrete topology) or a finite extension of @, (with the p-adic topology).

Let O be a local noetherian complete algebra, whith maximal ideal mp and with residue
field F. We fix an isomorphism O/mp = F. In all applications O will be either F itself
(char F = 0) or the ring of integers of a p-adic field (char F = p).

Let AR be the category of artinian local O-algebras, A with maximal ideal m 4 such that
the structural map O — A induces an isomorphism O/mp = A/my. Maps are local ring
homomorphisms compatible with the identification of residue fields with F.

Consider also the category ARO ) of complete noetherian local O-algebras. One can view
AR as a full subcategory of AR@ and any object A in AR@ can be written as the
projective limit of its quotients A/m’} which lie in ARp.

Any object A in A/R\@ is given the coursest topology which is finer than the m4-adic
topology and which makes the map A — [F continuous.

Let N > 0 be an integer and let p : G — GLn(F) be a continuous representation of
G.

All the representations we consider in the sequel are continuous.
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Definition 2.1.1. Let A be an object in J@

1. A representation ps : G — GLy(A) is a lifting or a framed deformation of the rep-
resentation p if pa composed with the map GLy(A) — GLN(F) induced by reduction
modulo m4 s equal to p.

2. Two liftings are said to be equivalent if they differ by a conjugation by an element of
GLnN(A) reducing to the identity modulo my4.

3. A deformation of p to A is an equivalence class of liftings of p to a representation
pa:G— GLy(A).

The group PGLy, o acts by conjugation on GLy/0. We set @V for its completion

along the unit section of the special fiber. The group @ acts on the set of liftings and
a deformation is an orbit under this action.

We can define the deformation functor :

D:ARo — SET
A~ {deformations of p to A}

In the same fashion we define the framed deformation functor :

DY: ARy — SET
A~ {framed deformations of p to A}

There is a natural transformation :
©:D” —D
defined by sending a framed deformation to its deformation class.

We say that the functor D is representable if there exist a pair (R, puniy) with R an
object in AR and pypiy an element of D(R) such that the canonical map of functors :

Puniv : Hom(R, ) — D

is an equivalence of category. The pair (R, pyniv) is unique up to a unique isomorphism.
Sometimes we drop the pyniy and simply say D is represented by R or Spec R.

We say that the functor DM is representable if there exist a pair (RD, Puniv) satisfying
similar properties.

2.2 Determinant condition and change of group

2.2.1 The determinant

Let p: G — GLy(F) a representation of G and D the deformation functor of p. Consider
the determinant det : GLy — GLq, and let A be the deformation functor of the represen-
tation detp.

The study of 2-dimensional p-adic Galois deformations in the ¢ # p case m 3



If Aisin .,4/759 and pg4 is a lifting of p then detpy is a lifting of detp.
Hence there is a natural transformation

det : D — A.

If both functors are representable, say respectively by rings R and A, then R becomes
naturally a A-algebra.

2.2.2 Deformations with fixed determinant

Let x : G — O be a lifting of detp. One can consider a sub-deformation functor DX of D
by letting DX(A) C D(A) consist of deformations of p to A having determinant equal to

G5 0% - AX

Assume again the representability of D and A by R and A. The character x corresponds
to a morphism A — O and the functor DX is represented by the scheme Spec R ®5 O
which is a closed subscheme of Spec R.

2.2.3 Twisting

Let A be the deformation functor for the trivial character. For any A in .A/R\o the tensor
operation on characters gives A(A) a natural group structure. Hence A is a group functor.
Let p : G — GLy(F) a representation and D its deformation functor. Then we have a
natural group action A x D — D sending a pair (1, pa) € A(A) x D(A) to n ®4 pa.

2.2.4 Global and local deformations

Suppose now that G = Gal(Lg/L), with L a number field, S a finite set of places and
Lg C Q the maximal extension of L unramified outside S. Choose, for some prime ideal
B € Or, a decomposition group Dy C G. Then p induces, by restriction, a representation
pgp : Dy — GLN(F).
Now let Dy be the deformation functor for pg. The restriction to Dy induces a natural
transformation

D — Dg.

All this section can be immediately generalized by replacing D by DU.

2.3 Representability
2.3.1 The main theorem

The following proposition follows easily from Schlessinger’s representability criterion ([8]):
Proposition 2.3.1. The framed deformation functor DV is representable.

The representability of the deformation functor is more delicate :
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Theorem 2.3.2. If the natural map F — Endg(g)(p) is an isomorphism the deformation
functor is representable.

Proof. See [6], p 264. O

Corrolary 2.3.3. If p is absolutely irreducible the deformation functor is representable.

2.3.2 The case N =1

Let p : G — F* be a one dimensional representation. Then by the above theorem the
deformation functor is represented by a pair (A, puniv). One can construct explicitly the
pair (following [5], section 1.4):
Let G®P be the abelianized p-completion of G and if g is in G let g be its image in Gabr,
Put A = O[[G%P]] which is an object of ARp (by Class Field theory). Let p: G — O
be a lifting of p and finally let

Puniv : G — A~
g — plg)-g

2.3.3 The case N =2

Let p : G — GLy(F) be a 2-dimensional representation. If p is absolutely irreducible or
if p is a non-trivial extension of two distinct characters then the deformation functor D is
representable.

2.4 Tangent space calculations

Let A in ARo with maximal ideal m 4, let mo be the maximal ideal of © and let Fle] be
the ring of dual numbers.

Definition 2.4.1. The Zariski tangent space of A is the F vector space Hom(A,Fe]) =
Homp,vect(mA/mi +mp, F). Its dual we denote t 4 is the Zariski cotangent space.

If d is the dimension of t 4 and if {ay, ..., aq} is a collection of elements of m 4 mapping
to a base of t 4, then the map O[[X1, ..., X4]] — A which sends X; to a; is a surjection and
induces an isomorphism on the tangent spaces.

Let p : G — GLy(F) be a representation and let D be the deformation functor of p,
we define in a similar fashion the tangent space of I and D5 :

Definition 2.4.2. The set D(F[e]) (respectively DU(Fle])) as a natural F-vector space
structure and we call it the Zariski cotangent space of D (respectively DU ).

Let Adp be the adjoint representation of p.
Proposition 2.4.3. There is a natural isomorphism D(F[e]) ~ HY(G, Adp).

Proof.([5], section 1.2) The construction of the natural isomorphism is as follow : choose a lifting
pe of p to Fle] and write p. = p(1 4+ eC) where C is a map from G to My (F). C is a 1-cocycle
for the adjoint representation. Changing p. to some other representative of its deformation class
changes C' by a 1-coboundary. O
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Let x : G — O* be a character lifting detp and let DX be the deformation functor with
fixed determinant y. Let Ad’p be the adjoint representation of p on trace zero matrices.
We have a natural map H'(G, Ad’p) — H'(G, Adp). We denote by H(G, Ad’p)’ the
image of H'(G, Ad’p) in H'(G, Adp). Note that if N is invertible in F the above map is
injective.

Analogous to the previous proposition we have :

Proposition 2.4.4. There is a natural isomorphism DX(F[e]) ~ H'(G, Ad%p)’.

Recall that we have a morphism © : DY — D. The fibers of the induced map on
tangent spaces DU(F[e]) — D(F[e]) are principal homogeneous spaces under Adp/AdpS
and hence:

Proposition 2.4.5. dimzDP(Fe]) = dimpD(F[e]) + dimgAdp — dimg AdpC.

2.5 Smoothness and Dimension

2.5.1 Formal smoothness

Let F' and F’ be two functors on .%TR\O with value in SET, and ¢ : F' — F’ a natural
transformation.

Definition 2.5.1. The map ¢ is formally smooth if for any surjective map A — B in
ARo, the morphism

F(A) — F(B) xpp) F'(A)
18 surjective.

In general, if we say that a functor is formally smooth it means that it is smooth over
the base O. If A € ARp is formally smooth then it is isomorphic to a power series ring
over O.

The following proposition follows immediately from the definitions :

Proposition 2.5.2. The map © : DY — D is formally smooth

2.5.2 Obstruction

Let A1 — Ap be a surjective mapping of artinian rings in AR with kernel I such that
my, -/ = 0. We may view [ as a finite dimensional F-vector space. Let pg : G — GLy(Ay),
then there is an obstruction class in H?(G, Adp) ® I depending only on the deformation
class of pp and which vanishes if and only if there exists a lifting p; : G — GLx (A1) of po.
The construction is as follow : Let 73 : G — GLx (A1) be a set theoretic mapping lifting
po, we can form the obstruction 2-cocycle :

c(o,7) = y(om) (o) ()T € 1+ 1 @ My(F).
Hence we get the following :
Proposition 2.5.3. The deformation functor D is formally smooth if H*(G, Adp) = 0.
Let d’ be the dimension of H*(G, Adp). Assume that D is representable by a ring R.
Proposition 2.5.4. The ring R admits a presentation:
O[[X1, ..., X4,]]% — O[[X1,..., Xg,]] = R— 0
Proof. See [5], 1.6, proposition 2. O

All the above results hold if one replaces D by DX and Adp by Adp.
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3 Generic fibres

Let p be a prime, we now assume that [F is a finite field extension of I, and that O is a
discrete valuation ring, finite flat over W (F), having I as residue field. Let p : G — GLn (F)
a representation. The aim of this section is to explain a technic, due to Kisin ([2] and [3]),
for the study of the generic fibers of the (framed) deformation ring.

3.1 Preliminary

Let E be a totally ramified extension of O[1/p], with ring of integers Op. We denote AR g
the category of artinian F-algebras having residue field FE.

Let B in ARp, we denote by IntB the category whose objects are finite Opg-subalgebras
A C B such that A ®p, F = B. Morphisms are given by natural inclusions.

Let ﬂzo,(OE) denote the category whose objects are O-algebras A in J@\o equipped with
a map of O-algebras A — Opg. Hence IntB is a subcategory of ﬁoy(@E).

Let F be a functor on ARo with value in SET and let ¢ € F(Og). First we define a
functor Fi¢) on ZU\Q@’(@E). If (A,AS Op)isin ﬂ%@,(oE) we put

Fiey(A) = {n € F(A) such that F(a)(n) = £}

Then we define a functor we call again F¢) on ARp by setting :

Fie)(B) = Dig)(A)

lim
— A€lntp
for B in ARE.

Proposition 3.1.1. If F' s represented by a complete local O-algebra R, then F¢) is
(pro)represented by the complete local O[1/p|-algebra ]%5 obtained by completing R ®o, £
along the kernel I¢ of the map R ®o, E — E induced by &.

Proof. Let B in ARg. Any element in F(¢)(B) comes from a map R — A for some A € IntB
which fits in the following commutative triangle of Og-algebras :
R0 O — A

L7
Ok

Thus by extension of scalars to E we get a map R ®o £/ — B whose kernel contains a power of I.
On the other hand for any map R®o £ — B which kills some power of Iy we consider A the image
of R®p Op in B. Then A is in IntB and gives rise to an element of Fi¢)(B). O

3.2 Application

Let D and DY be the deformation and framed deformation functors of p. Consider some
¢ € DY(Og), whose image O(¢) in D(E) we denote again by &.

Consider now D¢ and ]D)gD the deformation and framed deformation functor of £. Both are
functors on AR . Consider also D) and ]D)(Dg) as defined in the preceding section.

Proposition 3.2.1. There are natural isomorphisms of functors

O O
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Proof. Let B in ARp and A in IntB. An element in D) (A) is a PGLy(A) orbit of some
pa: G — GLy(A) which is equal to £ after base change to O. Hence there is a natural map

D) (B) =" 4 1 5D(e) (A4) — De(B)

obtained by sending pa to pa4 ®o, E.
This map is surjective : Let v € D¢(B) and let A be an object of Int(B). Let mp be the maximal
ideal of B kernel of the projection map b : B — E and define an increasing family of algebras in
Int(B) by setting for any positive integer n:
A, = Z(mB NAYp~™ + A.
j=1

We have : |, An = b1 (OFg). As a result v(G) C GLy({J,,>o An) and by compacity of G this
map must factor through some A,,. B

This map is injective: Let A and A’ in IntB and p4 and pa: be two lifings which are conjugated
by an element in GLy(B) reducing to the identity modulo mg. An adaptation of the preceding
argument shows that we can find an A” in IntB containing A and A’ and such that pa4 and pas
become conjugated over A”.

Similarly there is a map
D) (B) — DZ(B)

which is seen to be bijective by the same arguments. O

4 The generic fibre of the deformation ring in the local ¢ # p
case

Let ¢ and p be two distinct primes and let L be a finite extension of Q; and L an algebraic
closure of L. In this section G is the Galois group Gal(L/L). Let F be a finite extension
of F, and p : G — GL2(FF) be a two dimensional Galois representation. Our aim is to
analyze the generic fibre of the framed deformation ring of p. The important parts 4.6, 4.7
and 4.8 of the following are entirely taken from [3], section 2.6 and [4], section 2.5. They
contain the key ideas.

We give here the plan of our study:

In section 4.1 we state the results. Sections 4.2 to 4.10 are dedicated to proving them.
Sections 4.2, 4.3 and 4.4 are preliminary : we recall the needed results in Galois cohomol-
ogy, local class field theory and some generalities about 2-dimensional representations of
G in a p-adic field of characteristic zero.

In section 4.5 we prove a rigidity statement : The representation of inertia is (up to the
monodromy logarithm) constant on the connected components of the generic fibers of the
deformation space.

Section 4.6 is crucial : we construct a resolution of the deformation space in case p is an
extension of some character v by (1) and are able to exhibit a unique irreducible com-
ponent of the generic fiber parameterizing such extensions. The kind of arguments of this
section will be used extensively in the rest of the work (see also [3]).

In section 4.7 we prove that if p is unramified, there is a unique irreducible component
parameterizing unramified representations.

In section 4.8 we apply the results of sections 4.6 and 4.7 to prove that the deformation
space is the union of formally smooth components, and we explain when it happens that
two components intersect.
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In section 4.9 we study components that parameterize split representations.

Section 4.10 is dedicated to components parameterizing absolutely irreducible representa-
tions.

In section 4.11 we explain why, when p # 2, we also have a determinant condition-free
version of the results of 4.1.

4.1 Statement of the theorems

Let p : G — GLy(F) be a representation. Let RY be the universal framed deformation
ring of p. Let ¢ be a lifting of detp and let R¥'™ be the universal framed deformation
ring with fixed determinant equal to ©. Let puyniw : G — GLz(RD) be the universal
representation. Let also (p;m-m Nuniv) be the universal representation of the Weil-Deligne
group over Spec RU[1/p] (see section 4.5). Let K be an algebraic closure of O[1/p]. For
any geometric point z : Spec K — Spec RF, pz : G — GL2(K) is the representation
deduced from pynie-

4.1.1 Local properties

Theorem 4.1.1. The generic fiber of Spec R¢’D[1/p] s 3-dimensional, reduced, and the
union of formally smooth components.

4.1.2 Rigidity

Theorem 4.1.2. Let z,y : Spec K — Spec RU[1/p] be two geometric points lying in
the same geometrically connected component. Set pl, and pfy for the representations G —
GLa(K) deduced from pi,,,;,. Then the restriction to inertia of p, and pi, are isomorphic.

Remark 4.1.1. The result holds in general, for N-dimensional representations.

4.1.3 Modular description of the irreducible components

Theorem 4.1.3. Any geometrically irreducible component C of Spec R¥'U[1/p] admits
one of the following descriptions :

1. Unipotent monodromy case : There exists a character v : G — K> such that for any
geometric point x : Spec K — C the representation p, is an extension of v by y(1).
We say that C is of unipotent type ~y.

2. The unramified (up to twist by a character) case : There exists a character v : G —
K* such that for any geometric point x : Spec K — C the representation p, becomes
unramified after a twist by v~'. We say that C is of unramified type 7.

3. The absolutely irreducible case : There exists an irreducible representation £ : G —
GLy(K) such that for any geometric point x : Spec K — C the representation p, is
isomorphic to €. We say that C is of absolutely irreducible type .

4. The split ramified case : There are two characters n,\ : G — K* such that n.\"! is
ramified and such that for any geometric point x : Spec K — C the representation
Pz is isomorphic to n.¢ ® \.¢~! where ¢ is some unramified lifting of the trivial
character. We say that C is of split ramified type {n|r,, Al1g}-
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If two distinct geometric components intersect then they are of unipotent type v and un-
ramified type v. If x is a geometric point lying on there intersection, the representation p,
is isomorphic to v @ y(1).

4.1.4 Multiplicity

Theorem 4.1.4. Let z,y : Spec K — Spec R¥U[1/p] be two geometric points. Assume
that p; and py are isomorphic representations. Then x and y lie on the same geometrically
wrreducible component.

In the same spirit we also have :

Theorem 4.1.5. 1. There is at most one component of unipotent type v, of unramifed
type v or of absolutely irreducible type & in Spec R¥D[1/p].

2. There is at most one component of split reducible type {n|1s, g+ in Spec R¥'5[1/p]
except when p is a split representation isomorphic to 7 ® X with 7.\~ a nontrivial
unramified character. Then there are exactly two components of split reducible type
{nl1q, Al1g} in the generic fiber.

4.2 Galois cohomology

We recall here some results we need in Galois cohomology.

Let E be a field, either a finite extension of Q, or a finite extension of F,. Let V be
a finite dimensional E-vector space equipped with a continuous action of G. Let V* =
Hom(V, E(1)).

Theorem 4.2.1. The cohomology groups H'(G,V) are finite dimensional for i > 0 and
=0 for ¢ > 3 and we have the following identities :

dimpH®(G,V) = dimpH*(G,V*)
dimpH®(G,V) — dimpHY (G, V) + dimgH?*(G,V) =0

Proof. For a proof, see [7]. O

0 A
characters 7 and A. Then A~!-b gives a class in H'(G,\~!-5). This class is trivial if and
only if the extension splits.

Let p : G — GL2(FE) be a reducible continuous representation, p ~ (77 b) for two

Corrolary 4.2.2. If E is characteristic 0, and if p is non split then n-\"1 is either trivial
or the cyclotomic character.

If E is characteristic p, and if p is non split then n- A\~' is either trivial or the cyclotomic
character modulo p.

Now let L“" C L be the maximal unramified extension and set G*" = Gal(L“"/L).

Proposition 4.2.3. Let V be a 1-dimensional E vector space on which G*" acts through
a character \. The cohomology groups H'(G¥", V) are trivial for all i if X # 1.

Proof. See [7]. O

Corrolary 4.2.4. An unramified 2-dimensional representation is either split or an exten-
sion of an unramified character by itself.
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4.3 Characters

Class Field Theory gives an injective map with dense image L* — G® which induces an
isomorphism Opx =~ Iqa, where Iqa is the inertia subgroup of G%. Hence the pro-p
abelianization G*P is isomorphic to Zp x H with H a finite group. Hence the deformation
ring of a character is represented by the algebra A ~ O[[T]][H].

4.4 Representations in characteristic zero

4.4.1 The local monodromy theorem

The group G admits the following two step filtration :

1—-Ic—-G—-G" —1

1—-P,—Ig — Igy — 1.

The group Ig is the inertia and the group I ) is its maximal pro-p quotient. It is isomor-
phic to Z,(1) via the tame character t, : g, — Zy(1).

Let E be a finite field extension of Q,, V' a finite dimensional E-vector space and p: G —
GL(V) a continuous representation.

Theorem 4.4.1. There exists a unique N € End(V')(—1) nilpotent called the logarithm
of monodromy and a finite index subgroup Iy of Ig such that

Vo € I, p(o) = exp(ty(o)N).
Proof. See [9)]. O

Corrolary 4.4.2. We can associate to p a pair (p',N), where N is the logarithm of
monodromy and p' : G — GL(V) is defined by the following rule :

§(F"0) = p(F")eap(~t,(c)N)
where F is a lift of the Frobenius to G and o € Ig. The group p'(Ig) is finite.

The pair (p/, N) is a representation of the Weil-Deligne group of L (See [1] for more
information).

4.4.2 2-dimensional representations

We now assume that V' is a 2-dimensional representation and list the possibilities for p :

Non trivial monodromy If N # 0 then p is a non split extension of some character
v:G — E* by v(1).

Trivial monodromy, reducible case In this case p is an extension of a character

by a character . If X £ v this extension splits, otherwise it may not split but p becomes

unramified after a twist by y~.
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Absolutely irreducible case We now assume p is irreducible.

Proposition 4.4.3. There exists a character v such that the representation p ® v has
finite image.

Proof. This statement is valid in any dimension. For F' a lift of the Frobenius, p(F) acts by
conjugation on the finite group p(Ig). Hence there is an integer n > 1 such that p(F)™ centralizes
p(Ig) and hence p(G). By Schur’s lemma, p(F)" is a scalar matrix al. We can take for v an
unramified character which maps F to some n'*-root of a~!. O

We choose a basis of V and view p as a morphism G — GLy(E). We also let p° :
G — PGLy(F) be the projectivization of p. It has finite image.

We know that a finite subgroup of PGLQ(@p) is either cyclic, dihedral, isomorphic to Ay
(the alternating group over 4 symbols), to Sy (the symmetric group over 4 symbols), or to
As.

The group Aj is simple of order 60, the group S4 has order 24, and it admits a filtration
Z/2 X Z/2 C Ay C Sy

Considering the filtration by ramification subgroups in G we see that if ¢, the residual
characteristic of L, is different from 2 then p"(G) is dihedral, whereas in case £ = 2 the
image can be either dihedral, isomorphic to A4 or to S4. In the dihedral case one gets
easily the following proposition :

Proposition 4.4.4. If p°(G) is dihedral there exists a subgroup H C G of index 2, and
a character v : H — E* such that p ~ Ind%v (remark that the assumption p being
irreducible forces 47 # ~y, for o € G\H ) .

4.5 Deformations in characteristic zero

Let p: G — GLy(F) a representation. Let RZ be the universal framed deformation ring.
We start with a version of Grothendieck’s local monodromy theorem. The proof is the
same as in the usual case.

Proposition 4.5.1. Let puniv : G — GLN(RB[1/p]) be the universal representation.
There exists a unique Nynip, € My (RP[1/p])(—1) nilpotent and a finite index subgroup I
of Ig such that

Vo € I, puniv(c) = exp(ty(o) Nuniv).

We can associate to puniy the pair (pl, ., Nuniv) where pl,.. : G — GLyx(RY[1/p]) is
defined by the following rule :

pimiv(FnU) = Puniv(an)exp(_tp(U)Numv)

where F is a lift of the Frobenius to G and o € Ig. The group p'(Ig) is finite. The pair
(Pl rivs Nuniv) s a representation of the Weil-Deligne group.

Let = : Spec KL — Spec RD[l /p] be a geometric point. We denote by p, the represen-
tation G — GLy(K) deduced from z and also by (p/, N;;) the induced representation of
the Weil-Deligne group.

Proposition 4.5.2. Let =,y : Spec K — Spec RD[l/p] be two geometric points lying in
the same geometrically connected component. Then the restrictions of pl, and p’y to the
inertia I are isomorphic (i.e conjugate).
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Proof. Let K; C K be a finite extension of O[1/p] over which the isomorphism classes of
irreducible representations of I /I; are defined. Set R%I = R ®p K1, and let C = Spec C be a

closed, irreducible and reduced subscheme of SpecR%1 [1/p].
The representation p/, . induces a representation py, : G — GLy(C). For any o € Ig we let
P(pg, o) € C[T] be the characteristic polynomial of pj. (o).

Lemma 4.5.3. The polynomial P(p,,c) has its coefficients in K;.

Let m be the number of isomorphism classes of N-dimensional representations of Ig/I; in
Ky, let {m,...,mm} be representatives of these isomorphism classes and let P(n;,0) € Ki[T] be
the characteristic polynomial of n;(c). For any j = 1,...,m we define the set Maz; C Spec C of
all maximal ideals m such that P(pc,0) — P(n;,0) = 0 modulo m. We claim that there exist jo
such that Max;, is dense in Spec C. Indeed C is a Jacobson ring, so closed points are dense and
on the other hand Spec C' is not the union of finitely many strict closed subschemes because C' is
a domain. As a result P(pp,0) = P(n;,,0).

We go back to the proof of the proposition. If 2,y : C — K are as in the proposition, the
lemma shows that

2(P(pg:0)) = y(P(pg: )

for any o € Ig. As a result p) |1, and p; |, have the same character and are isomorphic. Since
this is true for any subdomain C we get the proposition. O

This proposition implies theorem 4.1.2.

4.6 Unipotent monodromy

We let x : G — Z, be the cyclotomic character and we assume that p is an extension of
x mod p *

0 1
functor and DX the framed deformation functor with fixed determinant y. These functors
are respectively represented by O-algebras R and RX¥H. We now define a new functor :

1 by x mod p, that is p ~ < > Let us consider DY the framed deformation

Lt . A/R\o — SET

by setting LXU(A) = {pa, La} with ps : G — GLy(A) a framed deformation of p and L
a rank 1 direct factor A-submodule of p4 acted on by x.
We have a natural morphism LX2 — DXH defined on A-points by sending {pa, La} to

pA-

Proposition 4.6.1. The morphism LX5 — DX js represented by a projective morphism
II: £xH — SpecRXH.

Proof. Over Spec RX¥U is the universal rank 2 free RXH-module. Let P be the projectivization
of this bundle and P its completion along the closed point of Spec RXH. Then LX5 is represented
by the closed subscheme of P with equation "o.[v] — x(c).[v]” where [v] is the universal line over P.
By formal GAGA this subspace comes from a unique projective RX'U-scheme £X5. O

Proposition 4.6.2. The scheme £X5 is formally smooth over Spec O. Its generic fibre
s connected.

Proof. Let A’ — A be a surjective map in ARp. An element 7 in £X5(A) gives a class
c(n) € Exti‘[G] (A, A(1)) and to lift 1) to an element 5’ in £LX5(A’) it is enough to lift the class ¢(n)
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to a class in Exti‘,[G] (A, A'(1)). Hence we are done if we can prove that for any p-order, finite
Zp-module M the canonical map :

HY(G,Zy(1)) ®z, M — H'(G, M ®z, Z,(1))

is an isomorphism. By dévissage it is enough to prove it when M = Z/p™, in this case this map is
seen to be injective with cokernel equal to H%(G,Z,(1))[p"]. This last group is trivial because by
local duality H?(G,Z,(1)) is isomorphic to Z,.

Let us prove that £X[1/p] is connected. Set I1,0,,o = L. This is a finite RX'U-algebra and
hence is equal to a finite product of local rings because RX'Y is henselian. First notice that £ is
already local. Indeed the fiber of II above the closed point of Spec RXJ is either a single point or a
P! in case F ~ F(1) and p is split - that is in case p is trivial. In both cases this fiber is connected.
Now let e € L[1/p] be an idempotent, and let 7 be a uniformizing element in O. Then choose the
smallest n € Z such that 7”e is in £. Then we get 72"e? = n2"e. But recall that £X5 — Spec O
is formally smooth and as a result the special fiber is reduced. The only possibility is » =0 and e
is a global idempotent and is equal to 1. O

Let E be a finite extension of O[1/p] and ¢ € LXD(E) whose image II(¢) in RX¥5 is a
representation we denote again by ¢ : G — GLo(E).

Proposition 4.6.3. The map 11 : LZ‘S’)D — Dé’)m makes Lé’)m a subfunctor ofID)é’)D. In case

& is indecomposable, 11 is an isomorphism.

Proof.. Let B € ARg and let £g be a framed deformation of £ and let L be a y-variant line in
&p. We have to show that Lp is unique. Indeed Hom(B(1),{5/Lp) = 0 because detép = x and
&p/Lp is a trivial, free of rank 1 B-module.

Suppose now ¢ undecomposable. In this case ID)Z‘E) is representable by F itself because

dimpH" (G, Adp°) = dimpH® (G, Adp°®) + dimpH*(G, Adp®(1)) = 0.

As a result any deformation is trivial, meaning that £g is obtained from £ by extension of scalars
(up to some conjugation). O

We can now compute that the relative dimension of £XD[1/p] over O is 3, indeed we
do the calculation at a point £ undecomposable as above and we have :

dim gD (Ele]) = dimpDY, (El)) + dimpAdg — dimpH"(G, Adg) = 3

Let Spec RX1H denote the scheme-theoretic image of £X5 in Spec R*H via the morphism
IT.

Proposition 4.6.4. The closed subscheme Spec RXbU

smooth and has dimension 3.

Let E be a finite extension of O[1/p], then a morphism & : RXH — E factors through
RV if and only if the corresponding 2-dimensional representation is an extension of E
by E(1).

is a domain, its generic fibre is

Proof. Put as before £ = I1,O,,.0. Proposition 4.6.2 shows that £ is a domain, since Rx1H g
a subring of £ it is also a domain.
Since £XH is projective, the induced map II : £X5 — SpecRX1U is surjective. By the preceding
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proposition it is an isomorphism at the level of the generic fibers. As a result Spec RX'MD[1/p] is
formally smooth over O[1/p] of dimension 3 and the last assertion follows easily. O

By twisting by a character we can amplify the last proposition. Let v : G — O a
continuous character, whose reduction modulo mp we denote 4. Suppose now that p is an
extension of 4 by ¥(1).

Proposition 4.6.5. There exists a closed subscheme Spec RXVH of Spec RY. It is a
domain, its generic fibre is smooth and it has dimension 3.

Let E be a finite extension of O[1/p|, then a morphism & : R — FE factors through RX'H
if and only if the corresponding 2-dimensional representation is an extension of v by v(1).

This proposition implies the parts of theorems 4.1.3, 4.1.4, 4.1.5 concerning unipotent
type representations.

4.7 Unramified liftings

Assume that p : G — GLg(IF) is unramified, and let ¢ : G — O* an unramified lifting of
detp.

Proposition 4.7.1. There is a closed subscheme Spec R“"%:H of Spec RY which corre-
sponds to unramified framed deformations of p with determinant . It is formally smooth
over O of relative dimension 3.

Proof. Let L“" be the maximal unramified extension of L. Set G*" = Gal(L""/L), and recall
the Galois cohomology : dimH?(G"", Adp®) = 0, dimH'(G"", Adp") = 1 if Frobenius has distinct
eigenvalues and dimH'(G*", Adp®) = 3 if Frobenius has only one eigenvalue. O

Of course one can amplify the result by twisting by a character and in this way get the
parts of theorems 4.1.3, 4.1.4, 4.1.5 concerning unramified (up to a twist) representations.

4.8 Local property

Let p : G — GL2(F) be a representation. Let ¢ be a lifting of detp and let R¥H be the
framed deformation universal ring with fixed determinant equal to .

Proposition 4.8.1. The generic fiber of Spec R¥D[1/p] is 3-dimensional, reduced and
the union of formally smooth components.

If two distinct geometric components intersect, there is a character v such that one com-
ponent is parameterizing representations becoming unramifed after a twist by v~' and the
other is parameterizing extensions of v by v(1).

For any geometric point x : Spec

barK — Spec R¥'D lying on the intersection, py ~~ & v(1).

Proof. Let E be a finite field extension of O[1/p] and ¢ : R»Y — E an E-point. First of all
Spec R¥P[1/p] is formally smooth at & provided H?(G, Ad¢®) = 0 and in this case the tangent
space dimension is

dimpHY (G, Ad€®) + dimpAde — dimpH (G, AdE) = 3.
Suppose now that H?(G, Ad¢®) # 0 and recall that by local duality

dimpH?(G, Ad¢®) = dimpH° (G, Ad£°(1)).
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The calculation shows that this last group is not trivial if and only if £ is isomorphic to a sum
of characters v @ (1) (here we use the fact that H'(G, E(—1)) = 0). Moreover in this case
dimpH?(G, Ad¢Y) = 1 and the tangent space has dimension 4.

Let us suppose that £ is isomorphic to v @ ~(1), because otherwise there is nothing to do. After an
extension of the scalars we can assume that ~y is rational (actually v is already rational if p # 2),
and after a twist by 7! we can assume that « is trivial.

Consider the schemes Spec R*"%5[1/p] (which parameterizes unramified representations) and
Spec RMO[1/p] (which parameterizes the extensions of 1 by x). We claim that these are two
distinct irreducible, 3-dimensional, formally smooth, subschemes of Spec R¥:H [1/p] passing through
&. To prove that they are distinct we prove that there tangent spaces at € are distinct. We construct
two infinitesimal deformations : Let ¢ € H'(G, E(1)) a non zero class which has to be ramified and
let also i : G — Ele]* be a non trivial unramified deformation of the trivial character. Consider

. X c XM 0
over Ele] the framed deformations ( 0 1) and ( 0o 1. #1)

The complete local ring of Spec R¥P[1/p] is isomorphic to the quotient of O[1/p][[X1, ..., X4]]
by a monogenous ideal J. If the ideal J were zero then Spec R’l”D[l /p] would be formally smooth
everywhere. In this case we get a contradiction if we take any closed point of Spec R¥P[1/p] lying
on Spec RX1B[1/p] inducing a non-split representation (it exists !). The dimension at this point
is only 3, but it is on the same irreducible component as £ so it should have dimension 4. As a
result J is not zero and Spec R¥"P[1/p] has dimension 3.

Let C be a geometric irreducible component passing by £. Let = be a geometric point lying on this
component. The representation p/, is unramified by theorem 4.1.2. Either N, = 0 and z lies in
SpecR“"¥H[1/p] or N, # 0 and x lies in Spec RX“P[1/p]. As a result the union of Spec RX-\:H[1/p]
and Spec R“T’w*m[l/p] is dense and closed in C, so C must be equal to one of these two. O

This proposition completes the proof of theorem 4.1.1 and of the last part of theorem
4.1.3.
4.9 The split ramified case

Let n : G — O* be a ramified character. We denote by 7 its reduction modulo mp. Let

. We let as usual R"H be

p: G — GLa(F) be an extension of 1 by 7, that is p ~ (g :

the universal ring representing the functor DH.

4.9.1 Preliminary

We define a functor: -
LY ARy — SET

by setting L"5(A) = {pa, La} where p4 is a framed deformation of p to A with deter-
minant 7 and L4 is a line in the space of p4 on which G acts via 1.9)(L4) where (L 4) is
some unramified character depending on L 4.

We have a natural morphism L72 — D0 defined by forgetting the line.

Proposition 4.9.1. The morphism L5 — D" s represented by a projective morphism
of schemes © : L5 — SpecR™H.

Proposition 4.9.2. The scheme L5 is formally smooth.

Proof. Let A’ — A be a surjective morphism in ARe. Let {pa, La} be a point in £L75(A). We
want to lift it to an A’-point. We first lift the character /(L 4) to a character ¢’ : G — A’*. Then
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we need only to show the surjectivity of the map : H'(G, A'(n.4'?)) — HY(G, A(n.o(La)?)).

We identify O[[T]] with the universal unramified deformation ring of the trivial character. Hence
any topological O[[T]]-module M is naturally a G-module, G acting through G*" and the Frobenius
acting by multiplication by 1 4+ T. Moreover we let M (n) be the module M with twisted Galois
action by 7.

The above surjectivity will follow from the lemma :

Lemma 4.9.3. Let M be any O[[T]]-module of finite length. Then the map
HY(G, O[[T]|(n)) ®oyry M — H'(G, M(n))
18 surjective.

By Nakayama’s lemma we can assume that M is of m-torsion (7 is the uniformizer of O).
Then we reduce to the case where M = F[T]/T™. We take the following resolution of M (n)

()

— O[[T](n) @ O[[T1}(n)

(v _T7)

0 — O[[TT(n) — " O[[T|(n) — 0.

Taking the associated spectral sequence we see that the obstruction to the surjectivity is in the H*
of the following complex concentrated in degree 0,1 and 2

() (= )

H*(G,O[[T|(n) — H*(G,0[[T]|(n)) & H*G,O[[TN|(n) ~ — * H*(G,O[T]](n))
But we can check that H2(G, O[[T]](n)) = 0 because we have the classical isomorphism
H(G, O[[T]](n)) =", H?(Gy, O(n))

<« cor

where G,, is the Galois group of the unramified extension of L of degree p™ and because all the
H?(G,,,0(n)) are zero by local duality. O

Proposition 4.9.4. The generic fiber of £L75 is connected except when p is split and 7 is
non trivial and unramified in which case there are two connected components.

Proof. The connected components of the generic fiber are in bijection with those of the fiber of
L5 over the closed point of Spec R (see proposition 4.6.2). O

Proposition 4.9.5. Let E be a finite extension of K and let & : Spec E — L5 be
point. We call again € its image in Spec RM5. Then the following maps of functors from
ARpg to SET is an isomorphism :

n,0 n,00
L — D

Proof.. The point ¢ induces a diagonal E-representation which is isomorphic to 7.9¢ @ wg L We
define a subfunctor

D‘g“gﬂ : ARp — SET

by setting D#*9:0(B) = {reducible and split liftings of « to B}. The proof of the following lemma,
is left to the reader.

Lemma 4.9.6. The functor Dg{iwﬂ 1s representable by a formally smooth scheme of dimension 3.

We deduce that we have a natural isomorphism ngg b, ID)Z’g’)D. Let Bin ARg and g be a
framed deformation of £. The above result implies that {p is isomorphic to .95 ® wgl for some
unramified character ¥ . Furthermore there is a unique stable line in the space of £ on which

the inertia acts via 7|, and the proposition follows. O
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Corrolary 4.9.7. The map L5 — Spec R induces an open and closed immersion at
the level of the generic fiber.

We define a subfunctor L5 of L™D by setting L"5U(A) = {p4, La} where p4 is a
framed deformation of p to A with determinant 1 and L, is a line in the space of p4 on
which G acts via . This functor is represented by a closed subscheme £71H of £7H.

Proposition 4.9.8. The scheme £7H is formally smooth.
Proof. As in proposition 4.6.2. it is enough to prove that for any Z,-module M, the map:
HY(G, Zy(n)) © M — H'(G, M(n))

is an isomorphism. By dévissage it is enough to prove it for M = Z/p™, and it follows from
H2(G, Z,(n) = 0. -

Proposition 4.9.9. The generic fiber of the scheme L7V is connected.

Proof. The fiber of £71F over the closed point of Spec R™H consists either of one point or of a
P! if p is trivial. O
Corrolary 4.9.10. Assume that x,y : Spec K — Spec R™D[1/p] are two geometric points,

whose associated representations are both isomorphic to n & 1. Then x and y lie on the
same geometrically irreducible component.

4.9.2 Generalization

We go back to a general situation : let p : G — GL2(F) be a representation, ¢ : G — O*
a lifting of detp and R¥'H be the universal framed deformation ring with determinant .

Proposition 4.9.11. Let = : Spec K — Spec R¥D be a geometric point. Suppose that
pz : G — GLo(K) is isomorphic to a diagonal representation n @ X and that the character
n.\"1 is ramified. LetC be the geometrically connected component in Spec Rw’D[l/p] which
contains the image of x. Then for any geometric point y : Spec K — C the representation
py 18 isomorphic to a diagonal representation 1.¢ © \.¢~ L for some unramified character
0.

Proof. After twisting we can assume that A = 1, p is an extension of 1 by 1. We need only show
that z factorizes through £75. The representation p, is defined on a finite extension @’ of @ and
we remark that there is a stable O'-line in the space of p, on which G acts via 1 and the result
follows from corollary 4.9.7. O

Definition 4.9.12. We say that a component C as above is of split ramified type {n|1, A1 }-

Proposition 4.9.13. 1. There is at most one component of split ramified type {01y, A1 }
in Spec R"’D, except if p is split diagonal, isomorphic to 1@ X with §.A~ non trivial
and unramified, in which case there are exactly two components of split ramified type
{77|IG’ )\|IG}‘

2. Assume that x,y : Spec K — R”’D[l/p] are two geometric points, whose associated
representations are both isomorphic to n @ X\, with n.A\~1 ramified. Then x and y lie
on the same geometrically irreducible component.

Proof.. This is corollary 4.9.10 and proposition 4.9.4. 0

These two propositions implies the parts of theorems 4.1.3, 4.1.4, 4.1.5 concerning split
ramified representations.
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4.10 The absolutely irreducible case

Let p: G — GLo(F) be a representation, let ¢ : G — O be a lift of the determinant and
let R¥U be the universal framed deformation ring of p.

Set X[1/p] equal the generic fiber of the space Spec RY¥H. We make the assumption that
there is a geometric point = : Spec K — X|[1/p], such that the representation p, : G —
GL2(K) deduced by pull back is absolutely irreducible. Note that, in general, this does
not imply that p itself is irreducible.

4.10.1 Exceptional case

We assume that the residual characteristic £ of L is 2, and that the image p%(G) in
PGLy(K) is either isomorphic to A4 or Sy.

Lemma 4.10.1. The residual representation p is irreducible.

Proof.. We claim that there is a subgroup H C G of finite index such that p°(H) is a dihedral
group of order 4. Indeed recall that we have a filtration Z/2 x Z/2 C A4 C Sy.

In particular it means that p, |z ~ Ind%,~, where H ¢ H has index 2 and v is a character of H’.
Moreover if o € H'\H, then v°.y~! is a character of order 2.

1

This proves that p|g is residually irreducible, because 47.4~" is again non trivial since p # ¢. O

Proposition 4.10.2. The deformation functor of p with determinant ¥ is isomorphic to
O and RY5 is a formal power series ring in 3 variables.

The generic fiber X[1/p] is irreducible and for any geometric point y : Spec K — X[1/p]
the representation py is isomorphic to ps.

Proof.The proof follows from the computation of the cohomology groups H*(G, Ad°p). O

4.10.2 Rigidity

Proposition 4.10.3. Let y : Spec K — X[1/p| be another geometric point lying in the
same geometrically irreducible component as x. Then py is isomorphic to py.

Proof. We already gave a proof in the exceptional case and can restrict our attention to the case
where p, is induced from a character. We start with a lemma :

Lemma 4.10.4. There is a closed subscheme X[1/p]*® — X[1/p], such that a geometric point
z: Spec K — X[1/p] factorizes through X [1/p]®® if and only if p. has an abelian image.

Over X[1/p] we have the Weil-Deligne representation (p.,...., Nuniv). Let F' be a lift of the
Frobenius in G, and o1, ..., 0, be element of I generating the finite group p,,;,(Ic). We define
X[1/p]® by the relations

Nuynin = 0,

p;niv(oi)p;niv(aj) = p;niv<0j)p;niv (Ui) for 1 S 27.7 S t>
p{unw(o’l)p;nw(F) = p{u,nw(F)p;nw(o’l) fori=1...t.

Now we base change X[1/p] to a finite extension K; C K of O[1/p], such that all irreducible
components of X[1/p]x, are geometrically irreducible and such that the isomorphism classes of
irreducible representations of G in GLy(K) with determinant v are defined over Kj.

We need a second lemma, :

Lemma 4.10.5. Let C be the geometrically irreducible component where x lies. The subset of
closed points in C with irreducible associated representation is dense in C.
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We can assume that p, ~ Indflv for a character ~, and a subgroup H of index 2 in G. Let
o € G\H , we recall that v7 # ~.
First we consider the case where H corresponds to the unramified extension of L. Then o is a lift
of the frobenius. We easily see that
~ (7 0
py‘IG - (0 ,ya>

where v |1, # V|1o. The relation py(0)p,(7)py(c)™t = py(oc7o™1) for any 7 € I forces py (o) =
(2 8) and p, to be absolutely irreducible. Now we consider the case where H corresponds to a

ramified extension, and we let Iy be the inertia subgroup of H, which is of index 2 in Ig. We have
Pal1e =~ Indf{'y. Then there are two possibilities, either v7|1,, # v|r, and ps|1. is irreducible or

’YU|IH = 7|1H and
~ (7 0
o= (§ )

where yg is the order 2 character G — G/H. But there are no reducible and non-split 2-
dimensional representation with such a restriction to inertia, this proves that p, is either abelian
or absolutely irreducible.

We conclude the proof of the proposition with a third lemma whose proof, left to the reader,
is similar to that of lemma 4.5.3. We set C = Spec C and we let pc : G — GL2(C') be the universal
representation above C.

Lemma 4.10.6. For any g € G, the characteristic polynomial P(p¢c,g) € C[T] lies in K1[T).

We deduce the equality of the characteristic polynomials P(py,g) = P(ps,g) for any g € G
and conclude that p, and p, are isomorphic. O

This proposition completes the proof of theorem 4.1.3.

4.10.3 Number of components

We say that a geometrically irreducible component C is of absolutely irreducible type if
there is a geometric point & : SpecK — C such that the associated representation still
denoted by & is absolutely irreducible. The last proposition shows that the isomorphism
class of £ is an invariant of the component.

Definition 4.10.7. We say that a geometrically irreducible component C as above is of
absolutely irreducible type &.

We use the notation of the last part : X is the universal deformation space of p and
x : Spec K — X|[1/p] is a geometric point whose associated representation p, is absolutely
irreducible. We can suppose that = maps to a rational point.

Proposition 4.10.8. There is exactly one geometrically irreducible component in X[1/p]
of irreducible type p,.

Proof. We already proved the proposition in the exceptional case and we restrict our attention
to the case where p, ~ Indg% for a subgroup H C G of index 2 and a character v : H — (’);—(. We
choose o € G\ H, and we recall that 77 # ~. We set 7 for the residual character of v

If we assume that 4% # 7 then p is residually irreducible and R¥ is a formal power series
ring. The proposition follows.
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Assume now that 47 = 4. We shall construct a scheme X — X, whose generic fiber is con-
nected and maps onto the irreducible components of type p, of X[1/p].

First we remark that p|g is a reducible representation, as a result we can assume p|g = (g :)
We consider the following functor :

D . ARo — SET

by setting D¥ (A) = {pa, La} where ps : H — GLy(A) is a framed deformations of p|g with
determinant 1) and L 4 is a stable line acted on via . We claim that this functor is representable
Y Quniv

0 ~°

To any point £ = (pa, La) € Y(A), we attach the set M(&) of matrices M, € GLy(A) such that

by a formally smooth scheme Y. We have a universal representation over Oy, pg =

o M7 = pa(o?).

o detM, = (o).

o M;'paM, = pa(oc~t.0o).
e M, = p(o) modulo m4.

We define a functor I : I@ — SET by setting D(A) = {¢ € Y(A), M, € M(£)}. This functor
is represented by a scheme X, affine over Y.

Lemma 4.10.9. The scheme X[1/p] is connected.

Z) Let A4/o be the completion of the affine space (of
2 x 2 matrices) A* at the point (@,b,,d) of the special fiber. Let M, = (CCL 2

matrix over X. We embed X in A% /v and compute the equations defining X at the level of the
generic fiber. We remark that, on the generic fiber, aun;, is proportional to v — 47 (because the
extension class vanishes), and hence that conjugating by M, sends quyniv 10 —Quniv. We easily
deduce that X[1/p] is defined by the equations :

We describe X[1/p]. Let p(o) = (

Q1 Ql

) be the universal

e a=—d.

e a? +bc =v(o?).

e a’.(77 — ) = Qunivac.
e ac.(Y7 =) = QunivC
o ab.(v7 — ) = aunivbe.

Since Y[1/p] is a domain ¢ needs to be invertible and hence the two coordinates (a,c) are param-
eters of X[1/p] over Y[1/p]. We define a structure of GL;-torsor on X[1/p] over Y[1/p] by setting
A.(a,¢) = (Aa, Ac) for A € GL; which proves the lemma.

We have a map IT : X — X defined as follow : to (¢ = (pa,La), M,) € X(A) we associate
the framed deformation py defined by p/s|m = pa and p/y(0) = M,.

Lemma 4.10.10. Let y : Spec K — X a geometric point such that Py = pz. Then y factorizes
through I1.
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Since p, ~ Ind%y, py|a comes from some K-point y° of Y. And the pair (y°, M, = p,(0))
defines a point on X.

To conclude the proof of the proposition it is enough to prove that all geometric points induc-
ing representations isomorphic to p, are in the same connected component as x and this follows
from the two lemmas. O

This proposition completes the proof of theorem 4.1.4 and 4.1.5.

4.11 The determinant

As usual let p : G — GLo(F) be any representation and R" its universal framed deforma-
tion ring.

Most of the analysis of the preceding sections has been done for the closed subscheme
Spec R¥D of Spec RY of deformations with determinant ). Nevertheless, in the case
p # 2, it is easy to extend all the results to Spec RHY. We shall explain this.

Let Y be the universal deformation space for the trivial character and let Y’ =Y which
we see as the universal deformation space of the character detp.

There is an action Y x Spec RY — Spec RY : If py : G — GLy(A) is a lifting of p to A
and if n : G — A* is a lifting of the trivial character, we can construct the representation
pa ®4 n which is still a lifting of p to A.

Similarly there is an action Y x Y’ — Y’ defined by sending a pair (1, i) to n? - i where
n and p are characters G — A* lifting respectively the trivial character and detp .

These two actions are compatible with the determinant map Spec RH — Y.

Lemma 4.11.1. Assume that p = charF is odd. Then the action Y xY' — Y’ is transitive
and free.

Proof. A p-group is uniquely 2-divisible if p # 2. O

Theorem 4.11.2. We make the assumption that p # 2.

Let ¢ be a lifting of detp and let RYD be the universal framed deformation ring with
determinant 1.

The map Y x Spec R¥'H — Spec RU is an isomorphism.

In particular the generic fiber Spec RD[l/p} is a union of 4-dimensional formally smooth
irreducible components.
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