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LIE GROUPS WITH ALL LEFT-INVARIANT

SEMI-RIEMANNIAN METRICS COMPLETE
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AND ABDELGHANI ZEGHIB

Abstract. For each left-invariant semi-Riemannian metric g on a Lie group
G, we introduce the class of bi-Lipschitz Riemannian Clairaut metrics, whose
completeness implies the completeness of g. When the adjoint representation
of G satisfies an at most linear growth bound, then all the Clairaut metrics
are complete for any g. We prove that this bound is satisfied by compact and
2-step nilpotent groups, as well as by semidirect products K �ρ Rn , where
K is the direct product of a compact and an abelian Lie group and ρ(K) is

pre-compact; they include all the known examples of Lie groups with all left-
invariant metrics complete. The affine group of the real line is considered to
illustrate how our techniques work even in the absence of linear growth and
suggest new questions.

1. Introduction

A striking difference between Riemannian and indefinite semi-Riemannian left-
invariant metrics on a Lie group G is the possibility of (geodesic) incompleteness
for the latter. Abundant examples are known [G94,BM08]; indeed, even the affine
group of the real line exhibits this property (see Section 6). Here, we study condi-
tions which ensure the completeness of every left-invariant metric g on G.

With this aim, two notions which might have interest in their own right are
introduced, namely, the Clairaut metrics associated with g and the possible (at
most) linear growth applicable to G. The former is inspired by the techniques
of a celebrated theorem by Marsden [M73], which ensures the completeness of
compact semi-Riemannian homogeneous manifolds, while the latter comes from
natural estimates of growth on the geodesic vector field implying completeness (see
the review [S15, §3] or Section 3). Our goals can be neatly summarized as follows:

(1) Any left-invariant semi-Riemannian metric g on the Lie group G deter-
mines the class of its Clairaut metrics. These metrics are Riemannian and
bi-Lipschitz bounded, thus, determining a single uniformity (Proposition
2.4). The completeness of this uniformity implies the completeness of g
(Theorem 2.6).
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(2) For any Lie group G, the behavior of the adjoint representation Ad : G →
GL(g) on the connected part of the identity defines a natural notion of
(at most) linear growth (Definition 4.2). When G is of linear growth, the
Clairaut metrics of every left-invariant metric g on G are complete (Theo-
rem 4.7) and, thus, g is complete from item (1).

(3) The list of groups of at most linear growth includes compact ones, 2-step
nilpotent groups and the semidirect productsK�ρR

n, whereK is the direct
product of a compact and an abelian group, and ρ(K) is pre-compact in
GL(n,R). All the left-invariant semi-Riemannian metrics on these groups
are complete from item (2) and the above list includes the known cases
(contained in [M73,G94,BM08]).

(4) A simple example as the affine group of the line exhibits the subtleties
appearing when the linear growth assumption is dropped.

Next let us explain briefly the ideas in these items.

1.1. Clairaut metrics. Marsden’s proof is based upon the use of Clairaut first
integrals. For Y a Killing vector field on a semi-Riemannian manifold (M, g),
the 1-form ωY , dual to Y , defines a function on TM , which is invariant under
the geodesic flow of g. Under Marsden’s hypotheses, this is enough to show that
any tangent vector lies in a compact subset of the tangent bundle TM which is
invariant under the geodesic flow; this implies the completeness of any geodesic γ.
As pointed out in [RS94], completeness is also ensured if, when γ is restricted to a
finite interval, its velocity γ̇ lies in a compact subset of TM . This permits to extend
Marsden’s theorem in several directions. In particular, the compactness of M is
dropped in some cases when a complete Riemannian metric h can be constructed
from the semi-Riemannian one. In [RS94, Prop. 2.1] such an h is constructed by
using a suitable set of conformal-Killing vector fields. However, as it will be shown
in Section 2, the case of a left-invariant metric g on G is especially well suited for
going beyond these ideas.

Specifically, any basis (ei) of the Lie algebra g yields a frame (Yi) of (right-
invariant) Killing vector fields and their dual forms (ωi) generate the Clairaut
metric h =

∑
i(ω

i)2, as seen in Section 2.2. A change of basis would generate a

Clairaut metric h̃ bi-Lipschitz related with h and, so, the same Clairaut uniformity
on G. In Section 2.3, we show that

completeness of the Clairaut uniformity implies completeness of g
(Theorem 2.6);

moreover, these ideas also provide a variant to the proof of Marsden’s theorem
(Remark 2.9). The following observations are in order.

First (Section 2.1), if the left-invariant metric g is chosen Riemannian (thus,
trivially complete), then the uniformity associated with its distance agrees with
the natural uniformity associated with the Lie group structure of G. However, in
principle, this uniformity is not equal to the Clairaut uniformity associated with g
(this suggests a further study, see the prospects subsection below).

Second (Section 2.3), the freedom in the choice of the Lie algebra basis (ei)
for the construction of a Clairaut metric h, permits to use a convenient “Wick
rotated” left-invariant Riemannian metric g̃ so that (ei) is orthonormal for g, g̃ and
h on g(≡ T1G), which will yield technical simplifications (Proposition 2.10).
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Finally (Section 2.4), notice that the Clairaut metrics h are neither left nor
right-invariant, in general. To better understand their transformation law and
the role played by the adjoint representation, an abstract viewpoint is introduced;
subsequent consequences (Proposition 2.13) will be used later.

1.2. Linear growth and completeness. In order to prove the completeness of
the Clairaut metric h, a Wick rotated left-invariant Riemannian metric g̃ can be
used. Then, the issue becomes a purely Riemannian one, studied in Section 3.
Namely, estimate the possible completeness of a Riemannian metric h in terms of a
prescribed complete one gR = g̃. As a consequence of a general result on so-called
primary bounds, h is complete if it is lowerly bounded by g̃ divided by an affine
function of the distance to a point (Proposition 3.1).

In Section 4, this bound is implemented for the Clairaut metric h in terms
of the growth of the adjoint map Adp with p ∈ G. Indeed, there is a natural
notion of (at most) linear growth for the operator norm ‖Adp‖ (Definition 4.2).
Because of the group structure, this type of growth implies a lower and an upper
bound (Proposition 4.4). The linear growth can be suitably expressed in terms of
eigenvalues of the self-adjoint operator Ad∗ ◦ Ad (see (4.2)), which is the key for
a crucial technical characterization: the linear growth of Ad is equivalent to the
required lower bound for the completeness of h (Lemma 4.6).

So, as the linear growth of G is defined exclusively in terms of its Lie group
structure,

when G is of linear growth, all its Clairaut metrics h and, thus, all
its left-invariant semi-Riemannian metrics g, are complete (Theo-
rem 4.7).

It is worth pointing out that the bounds associated with the linear growth preserve
completeness but not the uniformities (Example 3.3). What is more, when G is
not of linear growth then the growth of Ad is equal for all the Wick rotated left-
invariant metrics, no matter their signature, in spite of the fact that completeness
of both the left-invariant g and Clairaut h do depend on signature (Remark 4.8,
see the prospects below).

1.3. Extended list of groups with all left-invariant metrics complete. A
case by case study of the linear growth of groups yields our main result (Section 5),
namely:

Theorem 1.1. A Lie group G is of linear growth if it lies in one of the following
classes

- compact
- 2-step nilpotent (including abelian)
- the semidirect product K �ρ R

n where K is the direct product of a compact
and an abelian group and such that ρ(K) is pre-compact in GL(n,R)

- a subgroup or the direct product of the groups above,

and, then, every left-invariant semi-Riemannian metric on G is complete.

This contains as particular cases all known cases of groups having all their left-
invariant semi-Riemannian metrics complete, as far as we know. They are due
to Marsden [M73] for the compact case, Guediri [G94] for 2-step nilpotent and
Bromberg-Medina [BM08] for the Euclid group (isometry group of the Euclidean
plane).
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The cases of Theorem 1.1 give alternative proofs of the first two items and a
proper extension of the third one. The last item is not trivial, since an embedded
submanifold of a complete Lorentzian manifold which is closed as a subset may be
incomplete (an example can be constructed by using a spacelike curve in Lorentz-
Minkowski which converges to a lightlike line so fast that its length is finite). It
is not clear whether, in the case of left-invariant metrics on Lie groups, a general
result on completeness for subgroups is possible.

For the sake of completeness of exposition, we also prove that k-step nilpotent
groups are not of linear growth for k ≥ 3 (thus arriving at Corollary 5.7) and
that the groups admitting an idempotent have exponential growth along a curve
(cf. Proposition 5.12). This is consistent with the existence of incomplete left-
invariant metrics on these groups, which has been known since [G94] and [BM08],
respectively.

1.4. The affine group of the line and prospects. As an application of our tech-
niques, we present a detailed study of the group Aff+(R) of orientation preserving
affine transformations of the real line R in Section 6. This group is bidimensional
and it is not of linear growth. There are two orbits by the action of Aut(g) of
Lorentzian left-invariant metrics, both incomplete, so:

Corollary 1.2. A left-invariant metric g on Aff+(R) is complete if and only if g
is (positive or negative) definite.

These results are consistent with the case of left-invariant metrics on the hyper-
bolic group, studied in [VS20]. Here, the aim of our study is twofold. First, the
explicit computations illustrate the subtleties of our approach. In particular, the
computation of the Clairaut metrics shows an announced behavior: for two Wick
rotated left-invariant metrics g(ε), one of them Riemannian (ε = 1) and the other
Lorentzian (ε = −1), the Clairaut metrics h(ε), have the same growth, even if h(1) is
complete and h(−1) is incomplete (and accordingly so are g(1) and g(−1)). A heuris-
tic reasoning and detailed proofs are provided in Sections 6.4 and 6.5, respectively.
Other properties, shown explicitly, include the exponential growth associated with
idempotents or the absence of bi-Lipschitz bounds for Clairaut metrics associated
with different classes of incomplete Lorentzian metrics. Second, we expect that such
techniques might be applicable further. What is more, this behavior suggests open
technical questions, as: (i) in which cases the completeness of the left-invariant
metric g implies the completeness of its Clairaut uniformity and (ii) to what extent
the Clairaut uniformities of different left-invariant metrics which are complete must
be equal.

From a more general viewpoint, the following questions are left open for a further
study: (a) to what extent the list of groups of linear growth is complete, (b) whether
a Lie group may or not admit a non-linear primary bound (see Remark 3.2) and
(c) find Lie groups with all its left-invariant metrics complete but not satisfying a
primary bound.

2. Clairaut metrics

We proceed with a detailed construction of the Clairaut metrics, remark how
they allow us to transform a problem of semi-Riemannian geometry into a problem
of Riemannian geometry and, furthermore, provide some abstract formalism.
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2.1. The left-invariant metrics and uniformity of G. As any topological
group, see [B89a, Chap. II and III.3] and [B89b, Chap. IX.1], G admits a nat-
ural left uniform structure whose basis of entourages is

{VU : U is a neighbourhood of 1} where VU :={(p, q) ∈ G×G : q−1.p ∈ U}.
Recall that any Lie group has a natural class of Riemannian metrics, the left-
invariant ones, which are complete. In this respect, we can easily prove the follow-
ing.

Lemma 2.1. Any two left-invariant Riemannian metrics gR, g′R on G are bi-
Lipschitz bounded, that is, there is a constant c > 0 such that

c gR ≤ g′R ≤ gR/c.

Thus, they induce equivalent distances and the same uniformity on G. This uni-
formity is complete and equal to the left uniformity of G.

Proof. At 1, gR and g′R are scalar products, which are always bi-Lipschitz bounded
(say, by suitably bounding the maximum and minimum eigenvalues of a naturally
associated symmetric matrix), and such a bound is extended to G by left-invariance.
The completeness of the induced uniformity comes from the completeness of gR and
its agreement with the left uniformity of G follows by taking the neighborhoods U
above as balls centered at 1 for gR. �

Remark 2.2. If gR and g′R are bi-Lipschitz bounded then the identity map (G, gR)
−→ (G, g′R) is a quasi-isometry and, as consequence, a pseudo-isometry. Further-
more, in particular, (G, gR) and (G, g′R) are rough isometric in the sense of Kanai
[K85].

2.2. The construction. Let G be a Lie group, with unit element 1, endowed with
a left-invariant semi-Riemannian metric g and let (ei) be any vector basis of the
Lie algebra g = T1G. Take Xi as the extensions of ei as left-invariant vector fields,
and Yi as the extensions of ei as right-invariant vector fields (so Xi(1) = Yi(1) =
ei). Since g is left-invariant, all g(Xi, Xj) are constant on G and, moreover, the Yi

are Killing fields. We will adopt an obvious simplified notation for left and right
translations Lp, Rp and their tangent maps, so that Xi(p) = p.ei, Yi(p) = ei.p.

Let ωi be the dual form of Yi with respect to g, i.e. ωi = g(Yi, ·). More precisely
ωi(u) = g(Yi(p), u), for u ∈ TpG. We remark that the (ωi) span the cotangent
bundle T ∗G and that they are invariant under the geodesic flow of g, that is, if γ(t)
is a geodesic, then ωi(γ̇(t)) = ωi(γ̇(0)), cf. for example [ON83, Lem. 9.26].

Definition 2.3. The 2-symmetric tensor h =
∑

ωi ⊗ ωi is a Riemannian metric
on G which will be called the Clairaut metric associated to g from the basis (ei).

We observe that h is also a first integral of the geodesic flow of g. We remark,
furthermore, that the Riemannian metric h is not, in general, left-invariant. In fact,
letting u ∈ T1G, it satisfies the following transformation law

ωi
p(p.u) = gp(Yi(p), p.u) = gp(ei.p, p.u) = g1(Adp−1(ei), u)(2.1)

= g1(ei, ((Adp)
−1)†)(u)) = ωi

1((Ad†p)
−1(u)).(2.2)

Here † denotes the formal adjoint of a linear map with respect to the semi-Riemann-
ian metric g (note that taking the inverse commutes with taking the formal adjoint).
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A similar computation shows that h is also not right-invariant,

ωi
p(u.p) = gp(ei.p, u.p) = g1(Rp(ei), Rp(u)) = g1(R

†
pRp(ei), u),

unless g is bi-invariant. Finally, letting u, v ∈ T1G, from equation (2.1) it follows
that

(2.3) hp(p.u, p.v) =
∑
i

g1((Adp−1)(ei), u) g1((Adp−1)(ei), v).

Proposition 2.4. Let (ei), (êi) be two vector bases of T1G and h, ĥ be the Clairaut

metrics associated to g from them, respectively. Then h and ĥ are bi-Lipschitz
bounded and, in particular, induce uniformly equivalent distances on G. Moreover,

if the transition matrix M between (ei) and (êi) is orthonormal then h = ĥ.

Proof. The transition matrix M = (M i
j) satisfies êj =

∑
i M

i
jei. From (2.2),

ω̂j
p(p.u) = g1(êj , ((Adp)

−1)†)(u)) =
∑
k

Mk
j g1(ek, ((Adp)

−1)†)(u))

=
∑
k

Mk
j ωk

p (p.u).

Thus, ∑
j

(ω̂j)2 =
∑
k,l

∑
j

Mk
j ω

kM l
jω

l =
∑
k,l

ωk(MT ·M)kl ωl

and the required inequality follows by taking a constant c > 0 to suitably bound
the minimum and maximum eigenvalues of the (positive definite, symmetric) matrix
MT ·M . For the last assertion, use MT ·M = I (identity matrix). �

Definition 2.5. The set of bi-Lipschitz Clairaut metrics associated to g will be
called the Clairaut class of g and the corresponding unique uniformity the Clairaut
uniformity of g. Eventually, any representative of the Clairaut class will be called
the Clairaut metric of g if the properties to be considered are independent of the
choice.

2.3. Completeness. As a consequence of the fact that ωi(γ̇(t)) is a constant for
any inextensible geodesic γ of g and, thus h(γ̇(t), γ̇(t)) is a constant, one has the
following fundamental result.

Theorem 2.6. The left-invariant semi-Riemannian metric g is geodesically com-
plete if its associated Clairaut metric h is complete.

Proof. The curve γ restricted to any bounded interval I ⊂ R has finite h-length.
Thus, by the completeness of h, γ is continuously extensible to the closure of I and,
then, it is extensible as a geodesic of g (see [ON83, Prop. 3.28, Lem. 1.56]). �

As a simple application, an alternative proof of a well-known result on complete-
ness (see, for example, [ON83, Prop. 11.9]) is obtained.

Corollary 2.7. Any bi-invariant semi-Riemannian metric g on G is complete.

Proof. As seen above, each ωi is right-invariant in this case and, thus, so is the
Clairaut metric h. As h is Riemannian, then it is complete and Theorem 2.6
applies to g. �

Another direct consequence is the following.
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Corollary 2.8. Any left-invariant semi-Riemannian metric g on a compact Lie
group G is complete.

Proof. The Clairaut metric associated to g is complete by the compactness of G
(use Hopf-Rinow theorem) and apply Theorem 2.6. �
Remark 2.9. Corollary 2.8 is also a particular case of Marsden’s theorem. However,
this theorem can be easily reobtained by extending the idea of Clairaut metrics to
homogeneous manifolds. In this case, one does not have enough pointwise linearly
independent Killing vector fields on M to define an (everywhere non-degenerate)
h as above. However, for each p ∈ M , the homogeneity of M permits to define a
positive semidefinite metric hp on M which is positive definite in a neighborhood
U � p, namely, choose any basis (ej) of TpM , extend it to Killing vector fields

Y
(p)
j and put hp = Σω2

Y
(p)
j

. Using the compactness of M , the required complete

Riemannian metric h can be found as a finite sum h =
∑

hpk
.

Taking into account Theorem 2.6, our aim will be to prove the completeness of
Clairaut metrics under appropriate hypotheses.

2.4. Wick rotation. As shall be seen, a way to prove the completeness of the
Clairaut class is to suitably bound it in terms of a left-invariant Riemannian one.
Given the left-invariant semi-Riemannian metric g, we will choose a representative h
of the Clairaut class by using an orthonormal basis (ei) of g1 and, then, constructing
a left-invariant Riemannian metric g̃ by imposing that (ei) is also orthonormal for
g̃1. We will say that such metrics g, g̃ are obtained byWick rotation. More precisely,
let

g1(ei, ej) = εiδij , εi =

{
−1, i = 1, . . . , s

1, i = s+ 1 . . . , n
, δij =

{
1, i = j

0, i �= j
.

Consider the linear map ψ such that ψ(ei) = εiei and let g̃ be the left-invariant
Riemannian metric such that g̃1(ei, ej) = δij = g1(ei, ψ(ej)). Notice that ψ is self-
adjoint with respect to both g1 and g̃1. Now, taking (2.3) and using the positive
definite scalar product g̃1, we have that

hp(p.u, p.v) = Σi g̃1((Adp−1)(ei), ψ(u)) g̃1((Adp−1)(ei), ψ(v))(2.4)

= Σi g̃1(ei, (Adp−1)∗(ψ(u))) g̃1(ei, (Adp−1)∗(ψ(v)))

= g̃1((Adp−1)∗(ψ(u)), (Adp−1)∗(ψ(v))),(2.5)

where ∗ is the formal adjoint (or transpose) with respect to the positive definite
scalar product g̃1. Summing up:

Proposition 2.10. Let g, g̃ be Wick rotated metrics and h be the Clairaut metric
constructed from one common orthonormal base (ei). Then h is unique (indepen-
dent of the chosen (ei)) and

hp(p.u, p.v) = g̃1(Ad∗p−1(ψ(u)),Ad∗p−1(ψ(v))).

Proof. Use (2.5) and, for the uniqueness of h, the last assertion in Proposition 2.4.
�

Remark 2.11. We have, in particular, that if the left-invariant metric g is Rie-
mannian, then the Wick rotated metric is g̃ = g. Notice that even in this case the
expression of the Clairaut metric h is non-trivial (see Remark 4.8).
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2.5. Abstract formalism. Let Sym(g) be the vector space of symmetric bilinear
forms on g and Sym+(g) the convex subset containing all the positive definite ones
(i.e, the Euclidean scalar products). Choose m ∈ Sym+(g) and let SEnd(g,m) be
the vector space of endomorphisms on g which are self-adjoint for m. Recall that
there exists a natural isomorphism:

Sym(g) → SEnd(g,m), b → Φb where b(u, v) = m(u,Φb(v)), ∀u, v ∈ g.

Let GL(g) be the group of vector automorphisms of g. Any A ∈ GL(g) induces a
map

Sym(g) → Sym(g), m → A.m

where (A.m)(u, v) = m(A−1(u), A−1(v)), ∀u, v ∈ g

(this naturally restricts to a map Sym+(g) → Sym+(g)). Any representation of G
in g permits to extend each m ∈ Sym+(g) to a Riemannian metric on G (as well
as any b ∈ Sym(g) to a semi-Riemannian or degenerate one). Explicitly for the
adjoint representation Ad : G → GL(g):

Sym+(g) → Riem(G), m → Ad.m

where (Ad.m)p(p.u, p.v) = m(Adp−1(u),Adp−1(v)),

for all u, v ∈ g, p ∈ G (notice that the trivial representation, p → Identity, yields
the left-invariant metrics).

In this abstract framework, the Clairaut metrics are constructed as follows.
Given any left-invariant metric g on G and basis (ei) of g, consider the positive
scalar product m such that (ei) is an m-orthonormal basis. Put b = g1 and take
the m-self-adjoint endomorphism Φb=g1 , such that

g1(ei, ej) = m(ei,Φ
g1(ej))

for all i, j. This is regardless of whether (ei) is g1-orthonormal or not and Φg1 is
g1-self-adjoint or not. Then, formula (2.3) still follows from (2.4) putting ψ = Φg1 ,
i.e.:

hp(p.u, p.v) = Σi m((Adp−1)(ei),Φ
g1(u)) m((Adp−1)(ei),Φ

g1(v))

= m(Ad∗p−1 ◦ Φg1(u),Ad∗p−1 ◦ Φg1(v)),

where ∗ is the m-adjoint. Using that Φg1 is a linear isomorphism, Ad∗p−1 ◦ Φg1 =(
(Φg1)−1 ◦Ad∗p

)−1
and

(2.6) hp =
(
(Φg1)−1 ◦Ad∗p

)
.m.

Remark 2.12. Regarding the abstract formula (2.6), we observe the following:

(1) The consistency in the use of m above comes from the uniqueness of h in
Proposition 2.10.

(2) The change of m by a different Euclidean scalar product m̂ corresponds
to a change of basis (ei) � (êi), which was shown to imply bi-Lipschitz
bounded Clairaut metrics in Proposition 2.4. The previous formula (2.6)
permits to identify where the bi-Lipschitz bounds come from.

(3) However, the change of Φg1 (i.e. of the left-invariant metric g) do not lead to
bi-Lipschitz bounds, as will be stressed in Remark 4.8 and shown explicitly
in Section 6.
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(4) By using different combinations of the 1-forms ωi in Definition 2.3, one can
construct norms and Clairaut Finsler metrics as, for example, Maxi|ωi|,∑

i |ωi| or 4
√∑

i(ω
i)4 (the two first examples might be simpler to compute

in some cases). Notice that, using (2.1), a Finslerian combination as the
previous ones would lead to an expression similar to (2.3) and, then, a
bi-Lipschitz bound as in Proposition 2.4 would also hold. Such a metric
would be also a first integral of the geodesics and, following the proof of
Theorem 2.6, the completeness of a Finsler Clairaut metric also implies the
completeness of g (the g-adjoint † can also be extended directly to these
Finsler metrics).

We can consider also the action of the group Aut(g) < GL(g) containing the Lie
algebra automorphisms of g. Aut(g) acts on Sym(g) (as a restriction of the action
of GL(g) above) and the next result summarizes the properties of the orbits of
the non-degenerate bilinear forms in Sym(g). Recall, by Lie’s second theorem, that
Aut(g) is in a natural one-to-one correspondence with the Lie group automorphisms
of the universal cover of G.

Proposition 2.13. Let G be a connected Lie group, g a left-invariant semi-Rie-
mannian metric, ϕ ∈ Aut(g) and gϕ the left-invariant metric such that (gϕ)1 =
ϕ.g1. (i.e., the ϕ-pushforward of g1). Then:

(1) The metric gϕ is complete if and only if so is g.
(2) All the left-invariant semi-Riemannian metrics in each orbit of Sym(g) by

the action of Aut(g) are either complete or incomplete.
(3) All the Clairaut metrics associated to left-invariant metrics on the same orbit

are bi-Lipschitz bounded.

Proof. (1) The completeness of G with a left-invariant metric is equivalent to the
completeness of its universal covering, so, we can assume thatG is simply connected.
Then ϕ can be regarded as the differential at 1 of a Lie group automorphism ρ which,
regarded as a map between semi-Riemannian manifolds ρ : (G, g) → (G, gϕ), is an
isometry. Thus, a curve γ on G will be a complete geodesic with respect to g if and
only if so is ρ ◦ γ with respect to gϕ.

(2) Straightforward from (1) as, trivially, the action is transitive on each orbit.
(3) Consider an orthonormal basis (ei) of g with respect to g1. Let g̃1 be the Wick

rotated Euclidean scalar product and ψ the self-adjoint map such that g̃1(·, ·) =
g1(·, ψ·). Let ωi and (ωϕ)i be the Clairaut first integrals obtained from (g, (ei)) and
(gϕ, (ei)), respectively. We have that

(ωϕ)ip(p.u) = g̃1(ϕ
−1(Adp−1(ei)), ψϕ

−1(u)) = g̃1(Adp−1(ei), (ϕ
−1)∗ψϕ−1(u)).

Since (ϕ−1)∗ψϕ−1 is g̃1-self-adjoint, g̃1(·, (ϕ−1)∗ψϕ−1(·)) is thus another scalar
product and so is g̃1(·, ψ·). Therefore, since all scalar products are equivalent, we
have that (ωϕ)i is bi-Lipschitz bounded to ωi, since ωi(p.u) = g̃1(Adp−1(ei), ψ(u)).
Thus, we can conclude that the Clairaut metrics associated to g and gϕ are bi-
Lipschitz bounded. �



This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.

5846 A. ELSHAFEI, A. C. FERREIRA, M. SÁNCHEZ, AND A. ZEGHIB

3. Completeness under growth bounds

3.1. General result on preservation of completeness.

Proposition 3.1. Let (M, gR) be any (non-compact) connected complete Riemann-
ian manifold, choose x0 ∈ M and let M � x → dR(x) be the corresponding distance
function from x0. Let ϕ : [0,∞[→]0,∞[ be any locally Lipschitz function which is
primarily complete i.e., satisfying

(3.1)

∫ ∞

0

1

ϕ(r)
dr = ∞.

If h is a Riemannian metric on M with pointwise norm ‖ · ‖h satisfying:

‖vx‖h ≥ ‖vx‖R
ϕ(dR(x))

, ∀x ∈ M, vx ∈ TxM,

then h is complete. In this case, ‖ · ‖h is said to be lowerly primarily bounded with
respect to the (primarily complete) bounding function ϕ.

In particular, this occurs when the bounding function ϕ grows at most linearly,
that is, ϕ(r) ≤ a+ b r for some constants a, b ≥ 0, so that

(3.2) ‖vx‖h ≥ ‖vx‖R
a+ b dR(x)

, ∀x ∈ M, vx ∈ TxM.

Proof. Recalling Hopf-Rinow theorem, it is enough to check that any (regular,
piecewise-) smooth curve γ on M starting at x0 which is diverging (i.e., its image
is not included in any compact subset of M) must have infinite h-length.

With no loss of generality, we can assume that γ is reparametrized with respect
to the arclength for gR, thus γ : [0,∞) → M , by the completeness of gR. The
function dR is gR-Lipschitz everywhere and smooth outside the cut locus from x0.
The composition dR ◦ γ is gR-Lipschitz with constant 1 too, as:

|(dR ◦ γ)(t+ s)− (dR ◦ γ)(t)| ≤ dR(γ(t+ s), γ(t)) ≤ lengthR(γ|[t,t+s]) = |s|,

the first inequality following from the triangle one. By Rademacher theorem r :=
dR ◦ γ is differentiable almost everywhere and, then, its derivative ṙ satisfies

(3.3) ṙ(t) ≤ |ṙ(t)| ≤ 1 = ‖γ̇(t)‖R ≤ ϕ(r(t))‖γ̇(t)‖h a.e. for t ∈ [0,∞).

As r(0) = 0 and limt→∞ r(t) = ∞ (recall that gR is complete),

lengthh(γ) =

∫ ∞

0

‖γ̇(t)‖hdt ≥
∫ ∞

0

ṙ(t)

ϕ(r(t))
dt =

∫ ∞

0

dr

ϕ(r)
= ∞,

(the inequality by (3.3) and, then, a change of variable in an interval), as required.
�

Remark 3.2.

(1) Similar type of bounds have been known for several purposes on complete-
ness since the seventies (as explained in the classical Abraham-Marsden’s
book, [AM87, p. 233]) and applications to the trajectories of many mechan-
ical systems are known also, [CRS13]. In our case, a more straightforward
approach is used and a simple self-contained proof adapted to our case is
provided (compare with the review [S15]).
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(2) With more generality, ϕ is primarily complete not only when it grows at

most linearly but also whenever ϕ(r)≤r(log r)(log(log r)). . .(logk(. . .(log r)))
for large r and some k ∈ N. Next, we focus on the at most linear hypothesis
because this is natural in the framework of Lie groups (as they are analytic);
however, the general primary bound could be also used in what follows.

3.2. Non-preservation of uniformities. Notice that, for ϕ satisfying (3.1), the
inequalities

(3.4)
‖vx‖R

ϕ(dR(x))
≤ ‖vx‖h ≤ ϕ(dR(x))‖vx‖R, ∀x ∈ M, vx ∈ TxM,

imply that gR is complete if and only if so is h; in this case, gR and h will have the
same Cauchy sequences. However, even in this case the uniformities of gR and h
may be different as, in particular, Example 3.3 shows.

Example 3.3 (Unpreserved uniformities). Consider R = dz2 and h = dz2/(1+z2),
z ∈ R (this is a particular case of (3.2) and (3.4)). These metrics are both complete,
they have the same Cauchy sequences and the uniformity of h is less fine than the
one of R (as dh ≤ dR). The converse would hold if and only if for any ε > 0,
there exists δ > 0 such that if dh(x, y) < δ then dR(x, y) < ε (for this criterion, see
[B89b, Chap. IX.3]). We will find a contradiction for, say, ε = 1 as follows. Recall∫
dx/

√
1 + x2 = arcsinh(x), thus, if 0 < x < y:

dh(x, y) = arcsinh(y)− arcsinh(x).

Taking sinh on both sides one has:

sinh(dh(x, y)) = y
√

1 + x2 − x
√
1 + y2 =

y2 − x2

y
√
1 + x2 + x

√
1 + y2

= (y − x)
y + x

y
√
1 + x2 + x

√
1 + y2

= dR(x, y)
y + x

y
√
1 + x2 + x

√
1 + y2

.

Now, choose any δ > 0 and take, for each x > 0, y(x) := x + δ(x) with δ(x) > 0
such that dh(x, y(x)) = δ/2 (such a δ(x) exists by the completeness of h). Solving
for dR(x, y = y(x)) above:

dR(x, y(x)) = sinh(δ/2)
y(x)

√
1 + x2 + x

√
1 + y2(x)

y(x) + x

≥ sinh(δ/2)
(x+ δ(x))x+ x(x+ δ(x))

y(x) + x

= sinh(δ/2)
2x+ 2δ(x)

2x+ δ(x)
x ≥ sinh(δ/2)x,

and the last term diverges when x → ∞ (taking, in particular, values greater than
ε = 1).

4. Groups of linear growth

4.1. Development of the notion. Let gR be a left-invariant Riemannian metric
on a Lie group G. Consider the map r : G −→ R where r(p) = dR(1, p) and dR is
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the distance induced by the Riemannian metric gR, more precisely

r(p) = dR(1, p) = inf
c

{∫ t1

t0

‖ċ(t)‖R dt | c curve, c(t0) = 1, c(t1) = p

}
.

Lemma 4.1. For a left-invariant Riemannian metric gR, we have that r(p) =
r(p−1), for every p ∈ G.

Proof. The statement is immediate from the fact that each left translation Lp is a
gR-isometry; hence, dR(1, p

−1) = dR(Lp(1), Lp(p
−1)) = dR(p, 1). �

Definition 4.2 (Linear growth). We say that a Lie group G has (at most) linear
growth if there exist a left-invariant Riemannian metric gR on G, a Euclidean scalar
product with norm ‖ · ‖ on g and constants a, b such that

(4.1)
‖u‖

a+ b r(p)
≤ ‖Adp(u)‖ ≤ (a+ b r(p))‖u‖

for every p ∈ G and for every u ∈ g.

Remark 4.3. If a Lie group satisfies the linear growth condition for a left-invariant
Riemannian metric gR and a scalar product norm ‖·‖ then it satisfies this condition
with respect to any other g′R and ‖ ·‖′. Indeed, this occurs taking into account that
there exists c > 0 such that

c‖Adp(u)‖ ≤ ‖Adp(u)‖′ ≤ ‖Adp(u)‖/c, c‖u‖ ≤ ‖u‖′ ≤ ‖u‖/c,
c r(p) ≤ r′(p) ≤ r(p)/c,

and using (4.1). What is more, linear growth can be defined analogously with
respect to any left-invariant norm. So, with no loss of generality, we will choose a
left-invariant Riemannian metric gR and ‖ · ‖ will be the norm associated to (gR)1.

Proposition 4.4. For a Lie group G, the following conditions are equivalent:

(1) G has linear growth.

(2) There exist constants a, b such that
‖u‖

a+ b r(p)
≤ ‖Adp(u)‖, for every p ∈ G,

for every u ∈ g.
(3) There exist constants a, b such that ‖Adp(u)‖ ≤ (a + b r(p))‖u‖, for every

p ∈ G, for every u ∈ g.

Proof. It suffices to show that (2) and (3) are equivalent. Suppose that (2) holds.
Then we have

‖u‖ = ‖Adp−1(Adp(u))‖ ≥ ‖Adp(u)‖
a+ b r(p−1)

and using the fact that r(p) = r(p−1) then we get that (3) holds. Proving the
converse is analogous. �

Next, let us study the meaning of linear growth and, with more generality, the
bounds on Adp, p ∈ G. Where there is no possibility of confusion, ‖ · ‖ will also
denote the supremum norm on operators, that is,

(4.2) ‖Adp‖ = Max‖u‖=1{‖Adp(u)‖} = λ+(p),

where λ+(p) > 0 (resp. λ−(p) > 0) denotes the maximum (resp. minimum) of

{
√
Λi : Λi is a eigenvalue of Ad∗p ◦Adp}
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(∗ denotes the gR-adjoint). As the eigenvalues of (Ad∗p ◦ Adp)
−1 are Λ−1

i one also
has

(4.3) ‖Adp−1‖ = 1/λ−(p), and using (4.2), ‖Adp‖ ‖Adp−1‖ ≥ 1.

These considerations can be summarized as follows.

Proposition 4.5. Let ρ : G →]0,∞[, p ∈ G,

(1) The following upper bounds are equivalent:
(i) ‖Adp(u)‖ ≤ ρ(p)‖u‖ for all u ∈ g, (ii) λ+(p) ≤ ρ(p), and
(iii) ‖Adp‖ ≤ ρ(p).

(2) The following lower bounds are equivalent:
(i) ‖u‖/ρ(p) ≤ ‖Adp(u)‖ for all u ∈ g, (ii) 1/ρ(p) ≤ λ−(p), and
(iii) ‖Adp−1‖ ≤ ρ(p).

Moreover, if ρ(p) = ρ(p−1), for all p ∈ G, then the upper and lower bounds are
equivalent.

4.2. Linear growth of Clairaut metrics and proof of completeness.

Lemma 4.6. Let G be a Lie group with linear growth. Then, the Clairaut metric
h associated to any pair of Wick rotated semi-Riemannian metrics (g, g̃) satisfies
inequality (3.2) of Proposition 3.1 with respect to the Riemannian metric gR = g̃.

Proof. Using Proposition 2.10,

(4.4)
hp(p.u, p.u) = g̃1(Ad∗p−1(ψ(u)),Ad∗p−1(ψ(u)))

= g̃1(ψ(u),Adp−1 ◦Ad∗p−1(ψ(u))) ≥ λ−(p
−1)2 g̃1(ψ(u), ψ(u))

where, in the last equality, we have used the definition of λ− below (4.2). Then,
using that ψ is an isometry for g̃ and (4.3),

(4.5) hp(p.u, p.u) ≥
g̃1(u, u)

‖Adp‖2
.

Now, taking into account the linear growth of G, we have ‖Adp‖ ≤ a + b r(p), for
some constants a, b, and thus:

‖p.u‖h =
√
hp(p.u, p.u) ≥

√
g̃1(u, u)

‖Adp‖
≥

√
g̃p(p.u, p.u)

a+ b r(p)
=

‖p.u‖g̃
a+ b r(p)

,

as required. �
Theorem 4.7. All the left-invariant semi-Riemannian metrics of a Lie group with
linear growth are geodesically complete.

Proof. Given the left-invariant metric g, we can choose any of its orthonormal bases
and construct the corresponding Wick rotated metric g̃ and the Clairaut metric h.
Lemma 4.6 permits to apply Proposition 3.1 and ensure the completeness of h.
Therefore Theorem 2.6 applies and g is necessarily complete. �
Remark 4.8. The inequalities (4.4) and (4.5) are sharp, as they are attained when
ψ(u) ∈ g is an eigenvector associated to the eigenvalue λ−(p

−1)2 of Adp−1 ◦
(Adp−1)∗. As a consequence, the following noticeable properties occur:

(1) Fix a basis (ei) of g and consider all the left-invariant metrics of any signature
such that this basis is orthonormal; in particular, all of them have the same Wick
rotated Riemannian g̃. Then, the same bound (4.5) of the corresponding Clairaut
metrics with respect to g̃ holds, with independence of the signature.
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(2) However, if linear growth is not imposed, the completeness of these Clairaut
metrics do depend on the signature (and explicit example will be given in Section 6).
The underlying reason is that the g̃ isometry ψ does depend on the signature and,
thus, the direction of the eigenvector corresponding to λ−(p

−1) also depends on
the signature. Intuitively, if the velocity of a curve γ lies in the λ− direction
its length is “small” and, thus, if γ diverges its length may be finite and yield
incompleteness. However, if γ remains in a compact subset then completeness can
occur. In particular, the behavior of the Clairaut metric is not trivial even when
g = g̃, as anticipated in Remark 2.11.

5. Groups of linear growth in Theorem 1.1

In this section, we will prove that each class of Lie groups in the list of Theorem
1.1 has linear growth which, in particular, completes its proof. Moreover, the non-
linear growth of some related groups will be remarked upon.

5.1. Bounded growth: abelian and compact groups. We start by showing
that abelian and compact groups not only have linear growth but, what is more,
they have bounded growth.

Proposition 5.1. If G is an abelian Lie group, then G has linear growth.

Proof. This is immediate from the fact that Adp = I, for all p ∈ G. It suffices to
take a = 1 and b = 0 in Definition 4.2. �

Proposition 5.2. If G is a compact Lie group, then G has linear growth.

Proof. As the adjoint map Ad is C∞ (see for example [W83, Th. 3.45]), its com-
position with the norm ‖ · ‖ is continuous and, thus, the map p → ‖Adp‖ attains a
maximum (and a minimum), by the compactness of G. For the supremum norm, we
also have ‖Adp(u)‖ ≤ ‖Adp‖‖u‖, for every u ∈ g. Therefore, G has linear growth
with a = max‖Adp‖ and b = 0. �

5.2. Subgroups and direct products. We will now show that the linear growth
condition is closed under taking subgroups and direct products.

Proposition 5.3. Let G and H be Lie groups such that H is a subgroup of G. If
G has linear growth then so does H.

Proof. Let gGR be a Riemannian metric on G and gHR be the restriction of gGR to H.
Fix p ∈ H, clearly dG(1, p) ≤ dH(1, p). Moreover, since the Lie algebra h of H is

a Lie subalgebra of the Lie algebra g of G, then ‖AdHp ‖ ≤ ‖AdGp ‖. Thus, for some

constants a, b, we have ‖AdHp ‖ ≤ ‖AdGp ‖ ≤ a+ b dG(1, p) ≤ a+ b dH(1, p), therefore
proving that H has linear growth. �

Proposition 5.4. If K and N are Lie groups with linear growth, then their direct
product K ×N also exhibits linear growth.

Proof. Let k and n be the Lie algebras of K and N , respectively. Consider left-
invariant Riemannian metrics gKR on K and gNR on N , with induced norms ‖ · ‖k on
k and ‖ · ‖n on n, and denote rK(k) = dK(1k, k), r

N (n) = dN (1N , n), the induced
distances to the identity ofK and N , respectively. From the linear growth condition
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on K and on N , there exist constants aK , bK , aN , bN such that, for every k ∈ K
and n ∈ N ,

‖Adku‖k ≤ (aK + bK rK(k))‖u‖k and ‖Adnv‖n ≤ (aN + bN rN (n))‖v‖n
for all u ∈ k, for all v ∈ n. Taking the (left-invariant) product Riemannian metric
on K ×N with induced norm ‖ · ‖k×n on k× n, we have

‖Ad(k,n)(u, v)‖k×n ≤ ‖Adku‖k + ‖Adnv‖n
≤ (aK + bK rK(k))‖u‖k + (aN + bN rN (n))‖v‖n.

Considering the orthogonal projection on each factor, then dN (1N , n) ≤
dK×N ((1K , 1N ), (k, n)) and dK(1K , k) ≤ dK×N ((1K , 1N ), (k, n)), since the met-
ric on K × N is the product of gNR and gKR . Thus, rN (n) ≤ rK×N (k, n) and
rK(k) ≤ rK×N (k, n). Therefore,

‖Ad(k,n)(u, v)‖k×n ≤ (aK + bK rK×N (k, n))‖u‖k + (aN + bN rK×N ((k, n)))‖v‖n
≤ ((aK + aN ) + (bK + bN )rK×N (k, n))‖(u, v)‖k×n,

yielding the result. �

5.3. 2-step nilpotent groups.

Proposition 5.5. If G is a 2-step nilpotent Lie group, then G has linear growth.

Proof. Let Z be the centre of G. We have that π : G −→ G/Z is a fibration and
its fibres are naturally isomorphic to Z. Consider g and z the Lie algebras of G
and Z, respectively. We have that ker dπ1 = z, and for this reason we will call the
elements of z the vertical vectors. Take any left-invariant Riemannian metric on G,
which induces a positive definite inner product on g, and define p as the orthogonal
complement of z in g, which we will call the horizontal vectors. Remark that p can
be identified with T1(G/Z). The left-invariant Riemannian metric has a well-defined
projection on G/Z, yielding G/Z as a Riemannian homogeneous space (in fact, a
Lie group since Z is normal in G), and such that dπ : (ker dπ)⊥ −→ T (G/Z) is an
isometry. In other words, the map π : G −→ G/Z is a Riemannian submersion.

Observe, in fact, that since Z is the centre and G is 2-step nilpotent, G/Z is
abelian, more concretely isomorphic to some R

d (endowed with a left-invariant

Riemannian and so Euclidean metric). Indeed, if G̃ is the universal cover of G,

then, its fundamental group π1(G) is contained in the centre of G̃, [OV90, Chap.
I.3, p. 47, Cor. 2]. Hence the quotient of G by its centre is isomorphic to the

quotient of G̃ by its centre. The last quotient is a simply connected abelian Lie
group.

Let us now recall some properties of Riemannian submersions ([ON83, §7, p. 212-
213]). First, they are distance contracting: for any p, q ∈ G, dG/Z(π(p), π(q)) ≤
dG(p, q). Also, a geodesic t → γ(t) in G is horizontal if it is somewhere, and hence
everywhere, orthogonal to the fibres. Its projection t → π(γ)(t) is a geodesic and
π establishes an isometry between γ and π ◦ γ. In our case, all geodesics in the
Euclidean space G/Z are (globally) minimizing, and thus all horizontal geodesics
of G are minimizing. That is, dG(γ(t), γ(s)) = |t − s| [= dG/Z(π(γ(t)), π(γ(s)))],
for any t, s (assuming γ is arc-length parameterised).

If z ∈ Z, and γ(t)z is a point in the fibre of π(γ(t)), then, dG(γ(t)z, γ(s)) ≥ |t−s|.
Indeed a geodesic joining γ(t)z and γ(s) projects to a curve joining π(γ(t)) and
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π(γ(s)), and hence (by the contracting character of π) has length greater than or
equal to |t− s|.

Our aim now is to show that horizontal geodesics through 1 are in fact one-
parameter subgroups of G. Consider such a geodesic γ, with γ(0) = 1 and γ̇(0) = a,
with a ∈ p (the orthogonal of z). We will show that γ(t) = exp(ta). Given any
curve γ in G, we can consider the associated curve x(t) = γ−1(t)γ̇(t) ∈ g and, by
the Euler-Arnold theorem, [A66], the geodesics are in one-to-one correspondence
with the solutions of

(5.1) ẋ(t) = ad∗x(t)x(t),

where ∗ stands for the formal adjoint with respect to the (positive definite) inner
product on g. The curve γ(t) = exp(ta) is a geodesic if and only if x(t) = a is a
solution of the Euler-Arnold equation (5.1). Clearly, ẋ(t) = 0. Moreover, for any
b ∈ g, we get that 〈ad∗aa, b〉 = 〈a, adab〉. Since g is 2-step nilpotent then adab ∈ z

and since a ∈ p then 〈a, adab〉 = 0. Thus, x(t) satisfies equation (5.1).
Let p ∈ G\Z, we proceed to showing that there exists z ∈ Z with pz of the form

exp(ta), with a ∈ p such that ‖a‖ = 1. There is a w ∈ g such that p = exp(w).
Consider the decomposition w = u + v with u ∈ p and v ∈ z and take z =
exp(−v). Since v ∈ z, then z ∈ Z and, by the Baker-Campbell-Hausdorff formula,
[B89c, Chap. II, §6.5, p. 161], since [w, v] = 0, we get pz = exp(w) exp(−v) =
exp(u), so that our claim follows with a = u/‖u‖.

Since γ(t) = exp(ta) is a minimizing unitary geodesic, r(pz) = dG(1, pz) = |t|.
From our discussion above, r(p) = dG(1, p) ≥ dG(1, pz) ≥ |t|.

Remark now that Adp = Adpz. Also, Adexp(ta) = expadta = I + t ada, since G
is 2-step nilpotent. Let β = ‖I‖ and α = ‖ada‖. Thus, for any u ∈ g, ‖Adpu‖ =
‖Adpzu‖ ≤ (α|t| + β)‖u‖ = (αr(pz) + β)‖u‖ ≤ (αr(p) + β)‖u‖. If z ∈ Z, then
Adz = I, and the same inequality holds. �

Proposition 5.6. If G is a m-step nilpotent Lie group, with m ≥ 3, then G does
not have linear growth.

Proof. Fix a left-invariant Riemannian metric gR on G. There exists k > 2, there
exist a, u ∈ (u) such that adk−1

a (u) �= 0, and adkb = 0 for any b ∈ g. We can assume
that ‖a‖ = 1. Let p = exp(ta), t > 0, then dR(1, p) ≤ t (since γ(s) = exp(sa) is a
curve joining 1 to p with length t) and

Adp(u) = exp(adta)u = u+ t adau+
t2

2
ad2au+ · · ·+ tk−1

(k − 1)!
adk−1

a u.

For large values of t, we obtain

‖Adp(u)‖
tk−1

≥ C +O(t)

where C = ‖adk−1
a (u)‖/(k−1)! > 0 and O(t) → 0 as t → ∞ . Thus, again for large

values of t, we have

‖Adp(u)‖ ≥ Ctk−1 − 1 ≥ CdR(1, p)
k−1 − 1

which implies non-linear growth. �

Combining Propositions 5.1, 5.5 and 5.6, we obtain the following result which
characterizes linear growth for nilpotent groups.
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Corollary 5.7. If G is a m-step nilpotent Lie group, then G has linear growth if
and only if m ≤ 2.

Remark 5.8. The proof of Proposition 5.6 shows that, for a m-step nilpotent Lie
group G, the adjoint representation Ad has growth bounded by the (k − 1) power,
for some k > 2, of the distance to 1 ∈ G (up to additive and multiplicative con-
stant). This is an obstruction to the existence of idempotents for G, as seen from
Proposition 5.12.

5.4. Semidirect products. We will be mainly interested in certain types of
semidirect products as shall be explained shortly. For the general theory of semidi-
rect products of Lie groups, we refer to [B89c, Chap. III.1.4].

Let K be any Lie group and V (� R
n) be a real vector space, and suppose that

we have a representation ρ : K −→ GL(V ). The semidirect product K �ρ V is
defined by considering the group structure on K × V given by

(k1, v1).(k2, v2) = (k1k2, v1 + ρ(k1)(v2)).

The Lie algebra of K �ρ V is then the semidirect product k�ρ∗ V , where ρ∗ : k −→
gl(V ) is the derived representation of ρ, that is, the differential map of ρ at 1K .
Here V is the abelian Lie algebra of dimension n. The adjoint representation of
K �ρ V is seen to be given by

Ad(k,v)(u,w) = (Adku, ρ(k)w − ρ∗(Adku)v)

and the bracket structure on k�ρ∗ V can be written as

[(u1, w1), (u2, w2)] = ([u1, u2], ρ∗(u1)w2 − ρ∗(u2)w1).

For our purposes, it suffices to take faithful representations ρ since K �ρ V is
isomorphic to K ′ × (K/K ′

�ρ V ), where K ′ = ker ρ (and Proposition 5.4 applies).
Assuming that ρ is faithful then K can be seen as a subgroup of GL(V ) and
K �ρ V thought of as a subgroup of the group of affine motions GL(n)� R

n with
multiplication given by the matrix product(

ρ(k1) v1
0 1

)(
ρ(k2) v2
0 1

)
=

(
ρ(k1k2) v1 + ρ(k1)v2

0 1

)
.

In the sequel, K will be the product of a compact Lie group and a vector space.
To shorten terminology, we will call such a group K a pseudo-compact Lie group.
Recall that a Lie group is pseudo-compact if and only if it can be equipped with a
bi-invariant Riemannian metric, [M76].

Lemma 5.9 is a general result on Riemannian metrics of semidirect products
K �H where K is taken to be pseudo-compact but H is not necessarily a vector
space. The case where K is compact and H is the Lie algebra of K seen as a vector
space appeared in [AF17].

Lemma 5.9. Let K be a pseudo-compact Lie group and H be another Lie group
such that there is a homomorphism ρ : K −→ Aut(H) with ρ(K) pre-compact. If G
is the semidirect product K �ρ H, then there is a left-invariant Riemannian metric
on G which is also left-invariant for the direct product K ×H.

Proof. SinceK is pseudo-compact, there exists a bi-invariant Riemannian metric on
K, but, moreover, since ρ(K) is pre-compact then there exists an Ad(K)-invariant
positive definite inner product on the Lie algebra g of G. Now take gR to be the
Riemannian metric on G induced by left translations.
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The isometry group of (G, gR) contains not only G (where each g ∈ G is identified
with its left translation) but K ×G where K is acting on G by multiplication from
the right. More precisely, the map

(K ×G)×G −→ G such that (k, x, y) −→ xyk−1

is an action of K × G on G which preserves the Riemannian metric gR. Consider
the restriction of this action to K ×H. Concretely, we have

(K ×H)×G −→ G such that (k, h, y = (a, b)) −→ hyk−1 = (ak−1, hb).

Clearly this is an action of K ×H on G which is transitive and free thus rendering
G into the principal homogeneous space (K ×H)/{1G}) ∼= K ×H. Furthermore,
the map

K ×H −→ G such that (k, h) −→ (k−1, h)

is an isometry for the pullback metric of gR to K ×H. Since

K −→ K such that k −→ k−1

is also an isometry for the bi-invariant metric on K then the identity map between
K ×H and G is also an isometry and the pullback metric on K ×H is thus left-
invariant. �

Proposition 5.10. Let K and H be two Lie groups such that K and H satisfy the
conditions of Lemma 5.9. Then any pair of left-invariant Riemannian metrics on
the semidirect product K �ρ H and on the direct product K × H are bi-Lipschitz
equivalent.

Proof. This is an immediate consequence of Lemmas 5.9 and 2.1. �

Proposition 5.11. Let G be the semidirect product K�ρ V , where K is a pseudo-
compact Lie group and V is a vector space, and let ρ : K −→ GL(V ) be a represen-
tation with ρ(K) pre-compact inside GL(V ). Then G has linear growth.

Proof. We start by noting that any (k, v) ∈ G can be written as (1, v)(k, 0) and
therefore Ad(k,v) = Ad(1,v)Ad(k,0). Thus, for (u,w) ∈ k�ρ∗ V ,

‖Ad(k,v)(u,w)‖ ≤ ‖Ad(k,v)‖‖(u,w)‖ ≤ ‖Ad(1,v)‖‖Ad(k,0)‖‖(u,w)‖.
Since Ad(K) and ρ(K) are pre-compact then k −→ ‖Ad(k,0) = (Adk, ρ(k))‖ is
bounded and, therefore, it is sufficient to consider the action of V via the adjoint
representation. We have that

Ad(1,v)(u,w) = (u,w) + (0,−ρ∗(u)(v))

which can be rewritten as

Ad(1,v)(u,w) = (I + ad(0,v))(u,w)

and thus

‖Ad(1,v)(u,w)‖ ≤ (‖I‖+ ‖ad(0,v)‖)‖(u,w)‖.
From the bilinearity of ρ∗ we get that

‖ad(0,v)(u,w)‖ = ‖ − ρ∗(u)v‖ ≤ ‖ρ∗‖‖u‖‖v‖.
Then taking the operator norm ‖ad(0,v)‖ ≤ b‖v‖, with b ≤ ‖ρ∗‖. For the standard

metric on R
n we have ‖v‖ = rV (v). Thus

‖Ad(1,v)(u,w)‖ ≤ (a+ b rV (v))‖(u,w)‖
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with a = ‖I‖. Taking rK×V the distance with respect to a (left-invariant) product
metric, we obtain

‖Ad(1,v)(u,w)‖ ≤ (a+ b rK×V (k, v))‖(u,w)‖.
We can now use Proposition 5.10 and this yields the result. �

Combining the results of this section, we have now completed the list in Theo-
rem 1.1 and therefore its proof. We finish this section with a class of groups which
not only do not have linear growth but have, in fact, exponential growth.

5.5. Existence of idempotents. Recall, as observed in (5.1), that given a Lie
group G equipped with a left-invariant semi-Riemannian metric g, the geodesics
of (G, g) are in one-to-one correspondence with the solutions of the Euler-Arnold
equation

(5.2) ẋ = ad†xx

on the Lie algebra g, [A66], where now † denotes the adjoint with respect to the
pseudo-scalar product g1. It is well-known that the existence of an idempotent,
that is, an x0 �= 0 such that ad†x0

x0 = x0, gives an incomplete solution of (5.2), cf.
[BM08]. Observe also that such a geodesic (for instance, γ(t) = exp(− ln(1− t)x0))
gives a divergent curve of finite length for the Clairaut metric associated to g. Using
Theorem 4.7, such a group G cannot, therefore, have linear growth. In fact, this
can be proven directly, and what is more, the existence of an idempotent implies
exponential growth, as we shall see in the following.

Proposition 5.12. Let G be a Lie group that can be equipped with a left-invariant
semi-Riemannian metric g for which the Euler-Arnold equation has an idempotent.
Then, there exists a curve such that G has exponential growth along that curve.

Proof. We start by proving that if x0 ∈ g is an idempotent then adx0
has an eigen-

vector y0 with eigenvalue 1. From the definition of idempotent we have that, for any
y ∈ g, g1(x0, y − adx0

y) = 0. Thus the map y −→ y − adx0
y has non-trivial kernel

and there exists a y0 such that adx0
y0 = y0. Take any left-invariant Riemannian

metric gR on G and consider the curve [0,∞) � t → p(t) = exp (tx0). Assuming,
without loss of generality, that ‖x0‖ = 1, hence, as seen before, dR(1, p(t)) ≤ t.
Moreover,

Adp(t)(y0) = exp(adtx0
)y0 =

(
I + tadx0

+
t2

2
ad2x0

+
t3

3!
ad3x0

+ · · ·
)
y0 = ety0.

We then have exponential growth along p(t), as ‖Adp(t)(y0)‖ ≥ edR(1,p(t))‖y0‖. �

6. Example: the affine group of the real line

The affine group does not satisfy the linear growth condition and admits both
complete and incomplete left-invariant metrics. We will study this group with two
aims. First, it provides an interesting illustration of the properties of the Clairaut
metrics, their possible growth and completeness (these possibilities were stressed in
Remark 4.8).

Second, but no less important, the technique permits to determine exactly all
its complete and incomplete left-invariant metrics. More precisely, our aim will
be to divide these metrics into three classes, depending on the behavior of their
Clairaut metrics. One of them is the class of the positive definite (and negative
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definite) ones; such metrics are complete and so are their Clairaut metrics. The
other two classes include all the indefinite (necessarily Lorentzian) metrics and they
have incomplete left-invariant Clairaut metrics. The existence of one incomplete
representative in each class implies the incompleteness of all these metrics.

6.1. Framework. Consider Aff(R) the group of affine transformations of the real
line: f(x) = ax + b, with a �= 0. Take the connected component of the identity,
which we will denote by Aff+(R). It can be seen as semidirect product R+

�R and
as a matrix group can be concretely written as

Aff+(R) =

{(
x y
0 1

)
: x > 0, y ∈ R

}

with global coordinates (x, y). Its Lie algebra, denoted by aff(R) is thus

aff(R) =

{(
u v
0 0

)
: u, v ∈ R

}

with the Lie bracket given by the usual commutator. Choosing the matrices

e1 =

(
1 0
0 0

)
and e2 =

(
0 1
0 0

)

as generators of aff(R), they satisfy the relation [e1, e2] = e2. An easy computation
shows that X1 = x∂x and X2 = x∂y are the left-invariant vectors fields induced by
e1 and e2, respectively.

Let g be any left-invariant metric on Aff+(R). Using the fact that g(Xi, Xj) are
constant functions, we can compute that g is given by

(6.1) g =
1

x2
(c1 dx

2 + c2 (dxdy + dydx) + c3 dy
2),

where c1, c2, c3 are constants verifying c1c3 − c22 �= 0 (imposing the non-degeneracy
of the metric).

6.2. Two left-invariant metrics g(ε) and their completeness. Let us consider
the following choices for the parameters in (6.1),

c1 = 1, c2 = 0, c3 = ε,

with ε = ±1. The corresponding left-invariant metrics will then be:

g(ε) =
1

x2
(dx2 + εdy2).

Notice that g(1) is complete since it is a left-invariant Riemannian metric (what
is more, g(1) is a hyperbolic metric). However, the Lorentzian metric g(−1) is

incomplete; indeed, a simple computation shows that the curve γ(t) =
(

1
1−t ,

1
1−t

)
is

an incomplete geodesic for g(−1). This curve comes from an idempotent of the Euler-
Arnold vector field, but can also be checked directly by computing the Christoffel
symbols and substituting in the geodesics equations.
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6.3. Clairaut h(ε): equal non-linear growth. We now compute the Clairaut
metrics h(ε) for g(ε). The right-invariant vector fields induced by e1 and e2 are
given, respectively, by Y1 = x∂x + y∂y and Y2 = ∂y. Thus the Clairaut first
integrals are given by

ω1 =
1

x2
(xdx+ εdy) and ω2 =

ε

x2

and the Clairaut metric h(ε) = (ω1)2 + (ω2)2 is thus

(6.2) h(ε) =
1

x4

(
x2dx2 + (1 + y2)dy2 + εxy(dxdy + dydx)

)
.

Notice that the matrix of h(ε) in these coordinates (x, y) is:

(6.3)
1

x4

(
x2 εxy
εxy 1 + y2

)
.

Computing the determinant and eigenvalues evl± of this matrix:
(6.4)

det =
ε2

x6
, evl± =

1

2x4

(
x2 + ε2(1 + y2)±

√
(x2 + ε2(1 + y2))2 − 4ε2x2

)
(clearly, 0 < evl− < evl+).

The eigenvalues measure the growth of h(ε) with respect to the usual metric
dx2 + dy2. Notice that the left-invariant metric g(1) is conformal to the usual one
and, thus, up to a conformal factor, these eigenvalues also measure the growth of
h(ε) with respect to g(1) (see details in Section 6.5).

It is interesting to observe that the eigenvalues are independent of sign(ε). Thus,
the growth of h(ε) with respect to g(1) is independent of sign(ε). As g(−1) is incom-
plete, this growth cannot be linear for g(−1) and, thus, neither for g(1). This will
be proved directly in Section 6.5 (indeed, exponential growth is proven, which is
compatible with the existence of idempotents, cf. Proposition 5.12) and exemplifies
a general property established in Remark 4.8(1).

6.4. Heuristics on eigendirections. As g(−1) is incomplete, we know that so is
h(−1). We have also seen that the growth of the Riemannian metrics h(ε) is equal
for ε = ±1. However, this does not imply that h(1) must be complete. As pointed
out in Remark 4.8(2) the direction of the eigenvectors for evl− is crucial at this
point. Indeed, in our example the eigenvectors do depend on sign(ε) and h(1) will
be complete.

Even though working directly with the eigenvectors is complicated, here, we can
understand the qualitative behavior by rewriting (6.3) as

1

x2

(
1 ε yx
ε yx ε2 1+y2

x2

)
=

1

x2

(
0 0

0 ε2

x2

)
+

1

x2

(
1
ε yx

)(
1 ε yx

)
.

The last term is a singular matrix with pointwise kernel spanned by the vector field:

V := (−εy, x) ≡ −εy∂x + x∂y.

It may seem that, following the integral curves of V , the metric h(ε) will be small
and, then, we might find an incomplete curve. As we will see, the behavior of these
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integral curves changes with sign(ε). The integral curves satisfy:

(6.5)
ẋ = −εy
ẏ = x

}
thus,

ẍ = −εx
ÿ = −εy

}
.

From the last equation, the expected behavior is then:

• For ε = −1, V = y∂x+x∂y. There exist diverging integral curves with finite

length, thus proving incompleteness of h(−1).
• For ε = 1, V = −y∂x + x∂y(≡ r∂θ). Its integral curves are trigonometric
and cannot yield incompleteness.

6.5. Metrics h(ε): explicit (in-)completeness and exponential growth. Let
us rigorously prove the claimed behaviors for h(ε).

Case ε = −1 (incompleteness). Consider the following curve solving (6.5):

γ(t) = (x(t), y(t)) = (cosh t, sinh t)

[so γ̇(t) = (ẋ(t), ẏ(t)) = (sinh t, cosh t)] ∀t ≥ 0.

It is clearly diverging, and showing that it has finite length suffices. Using (6.2):

h(ε=−1)(γ̇(t), γ̇(t))

=
1

cosh4 t

(
cosh2 t sinh2 t+ (1 + sinh2 t) cosh2 t− 2 cosh2 t sinh2 t

)
=

1

cosh4(t)
cosh2(t) =

1

cosh2(t)

and the result follows directly, since

length(γ) =

∫ +∞

0

1

cosh(t)
dt ≤

∫ +∞

0

2e−t dt = 2.

Case ε = 1 (completeness). In order to prove completeness, let us consider any
diverging curve γ(t) = (x(t), y(t)), t ∈ [0, b), b ≤ ∞ and check that its length is
infinite.

We claim that to consider only curves γ(t) = (x(t), y(t)) with r2(t) = x(t)2+y(t)2

unbounded is sufficient. Indeed, the minimum eigenvalue of h(1) in (6.4) is such
that

(6.6)

evl− =
1

2x4

(
(1 + x2 + y2)−

√
(1 + x2 + y2)2 − 4x2

)
=

4x2

2x4
(
1 + x2 + y2 +

√
(1 + x2 + y2)2 − 4x2

)
≥ 1

x2(1 + x2 + y2)
.

So, if x(t), |y(t)| < C,

h(1) ≥ dx2 + dy2

x2(1 + x2 + y2)
≥ dx2 + dy2

x2

1

(1 + 2C2)

which is a (complete) hyperbolic metric.
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Now, using again (6.2) and putting r2 = x2 + y2, (r2)′ = 2xẋ+ 2yẏ:

h(ε=1)(γ̇(t), γ̇(t)) =
1

x4
(x2ẋ2 + (1 + y2)ẏ2 + 2xẋyẏ) =

1

x4

(
(xẋ+ yẏ)2 + ẏ2

)
≥ 1

x4
(xẋ+ yẏ)2 =

1

x4
(
1

2
(r2)′)2

≥ 1

r4
(
1

2
(r2)′)2 = (

1

2r2
(r2)′)2

=

(
1

2
(ln(r2))′

)2

.

Thus, taking tn ↗ b such that {γ(tn)}n is an unbounded sequence:

length(γ) ≥ lim
tn→b

1

2

∫ tn

0

(ln(r2))′(t)dt

=
1

2

(
lim
tn→b

ln(r2(tn))− ln(r2(0))

)
= lim

tn→b
ln(r(tn))− ln(r(0)) = ∞,

i.e., it goes to infinity albeit slowly.

Exponential growth. Let us check the claimed growth on the x-semiaxis. According
to (4.3),

‖Ad(x,0)‖ =
1

λ−((1/x), 0)
,

where, from (4.4), λ2
−((1/x), 0) is the minimum eigenvalue of h

(ε)
(x,0) with respect to

the Riemannian metric g̃(−1), which in our case is equal to g(1)(= g̃(1)), i.e., it is
the minimum eigenvalue of φ(x,0) defined on Aff+(R) from

h
(ε)
(x,y)(u, v) = g

(1)
(x,y)(u, φ(x,y)(v)), ∀(x, y) ∈ R

+ × R, ∀u, v ∈ R
2.

The eigenvalue evl− was computed with respect to dx2 + dy2 = x2g(1), thus
λ2
−((1/x), 0) = x2 evl−(x,0) and using the second equality in (6.6)

λ2
−((1/x), 0) =

2

1 + x2 +
√
(1− x2)2

,

that is, ‖Ad(x,0)‖ =
1√
2

√
1 + x2 + |1− x2|.

To check that this behavior is not linear for g(1), notice that γ(t) = (et, 0) is a unit
(minimizing) geodesic for this metric and r(γ(t)) = dg(1)((1, 0), γ(t)) = |t|, thus,

lim
t→∞

‖Adγ(t)‖
er(t)

= lim
t→∞

√
1 + e2t + |1− e2t|√

2 et
= 1.

6.6. A third left-invariant metric g(0). Consider also the following choices for
the parameters

c1 = 0, c2 = 1, c3 = 0.

The corresponding left-invariant metric will be then:

g(0) =
1

x2
(dxdy + dydx).
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Another computation shows that the curve γ(t) =
(

1
1−t , 0

)
is an incomplete ge-

odesic for g(0) and, thus, its Clairaut metric h(0) must then be incomplete. This
metric is

h(0) =
1

x4

(
(1 + y2)dx2 + x2dy2 + xy(dxdy + dydx)

)
and we can check directly its incompleteness, since the curve γ : [1,+∞[−→ R such
that γ(t) = (t, 0) is diverging and has finite h(0)-length. Notice that this curve has
infinite length for the Clairaut metric h(−1) in (6.2) and, thus, h(0) and h(−1) are
not bi-Lipschitz related.

6.7. The three classes of left-invariant metrics and their completeness.
We will now show how the analysis of these three choices of parameters allows
us to further conclude that all the Clairaut metrics associated to Riemannian
left-invariant metrics are complete and all the Clairaut metrics associated to left-
invariant semi-Riemannian metrics are incomplete.

Following Section 2.5, next we consider the action of the automorphism group of
g = aff(R), Aut(g), on Sym(g). If ϕ : g −→ g is an automorphism of g, it satisfies
[ϕ(e1), ϕ(e2)] = ϕ(e2) and with respect to the basis {e1, e2} can be represented by
the matrix

M =

(
1 0
α β

)
, β �= 0.

Then ϕ−1 ∈ Aut(g) acts on Sym(g) by MTBM , for a bilinear form B. We will
study the orbits of the action of Aut(g) for non-degenerate forms on Sym(g). As we
will see the Euclidean scalar products are all in the same orbit and the indefinite
scalar products are in two orbits, which correspond to the cases where e2 is isotropic
or non-isotropic.

• Orbit of B =

(
1 0
0 1

)
:

MTBM =

(
1 0
α β

)T (
1 0
0 1

)(
1 0
α β

)
=

(
1 + α2 αβ
αβ β2

)

and thus, up to (positive or negative) scaling, this orbit contains Euclidean
(or negative definite) scalar products and, moreover, all of them. The
last assertion can be seen by directly solving the equation MTBM = λP ,
where P is the matrix of a general Euclidean scalar product, and taking
λ ∈ R\{0}.

• Orbit of B =

(
1 0
0 −1

)
:

MTBM =

(
1 0
α β

)T (
1 0
0 −1

)(
1 0
α β

)
=

(
1− α2 −αβ
−αβ −β2

)
and, reasoning as above, up to scaling, this orbit corresponds to all Lorentz-
ian scalar products such that 〈e2, e2〉 �= 0.

• Orbit of B =

(
0 1
1 0

)
:

MTBM =

(
1 0
α β

)T (
0 1
1 0

)(
1 0
α β

)
=

(
2α β
β 0

)
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and thus this orbit corresponds to all Lorentzian scalar products such that
〈e2, e2〉 = 0.

As we have found one incomplete geodesic in each class of Lorentzian orbits of
Aff+(R), Proposition 2.13(2) proves that all the left-invariant Lorentzian metrics
on Aff+(R) are incomplete and, therefore Corollary 1.2. Furthermore, Proposi-
tion 2.13(3) shows the existence of only three bi-Lipschitz classes of Clairaut met-
rics.
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UMPA, CNRS, École Normale Supérieure de Lyon, 46, Allée d’Italie 69364 Lyon

Cedex 07, France

Email address: abdelghani.zeghib@ens-lyon.fr

https://mathscinet.ams.org/mathscinet-getitem?mr=4184054
https://mathscinet.ams.org/mathscinet-getitem?mr=722297

	1. Introduction
	1.1. Clairaut metrics
	1.2. Linear growth and completeness
	1.3. Extended list of groups with all left-invariant metrics complete
	1.4. The affine group of the line and prospects

	2. Clairaut metrics
	2.1. The left-invariant metrics and uniformity of 𝐺
	2.2. The construction
	2.3. Completeness
	2.4. Wick rotation
	2.5. Abstract formalism

	3. Completeness under growth bounds
	3.1. General result on preservation of completeness
	3.2. Non-preservation of uniformities

	4. Groups of linear growth
	4.1. Development of the notion
	4.2. Linear growth of Clairaut metrics and proof of completeness

	5. Groups of linear growth in Theorem 1.1
	5.1. Bounded growth: abelian and compact groups
	5.2. Subgroups and direct products
	5.3. 2-step nilpotent groups
	5.4. Semidirect products
	5.5. Existence of idempotents

	6. Example: the affine group of the real line
	6.1. Framework
	6.2. Two left-invariant metrics 𝑔^{(𝜀)} and their completeness
	6.3. Clairaut ℎ^{(𝜀)}: equal non-linear growth
	6.4. Heuristics on eigendirections
	6.5. Metrics ℎ^{(𝜀)}: explicit (in-)completeness and exponential growth
	6.6. A third left-invariant metric 𝑔⁽⁰⁾
	6.7. The three classes of left-invariant metrics and their completeness

	References

