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Abstract: We study the isometry groups of (non-compact) Lorentzian manifolds with
well-behaved causal structure, aka causal spacetimes satisfying the “no observer hori-
zons” condition. Our main result is that the group of time orientation-preserving isome-
tries acts properly on the spacetime. As corollaries, we obtain the existence of an invariant
Cauchy temporal function, and a splitting of the isometry group into a compact subgroup
and a subgroup roughly corresponding to time translations. The latter can only be the
trivial group, Z, or R.
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1. Introduction

The celebrated theorem of Myers and Steenrod [32] states that the isometry group
Isom(M, g) of a Riemannian manifold (M, g) is a Lie group, and that if M is com-
pact, then so is Isom(M, g). While the first part is true for semi-Riemannian manifolds
of any signature, the statement about compactness is not. In particular, there exist simple
examples of Lorentzian metrics on the torus with non-compact isometry group.

Recall that on a spacetime (a Lorentzian manifold with a time-orientation, i.e. a
preferred choice of “future” light-cones), one has the causal relation between points,
defined as follows: p < ¢ if and only if there exists a future-directed causal curve from p
to ¢, meaning that the tangent vector stays in the solid future-lightcone. Time-orientation
preserving isometries clearly preserve the causal relation, a fact that we exploit in this
paper.

On compact spacetimes, it is known that the causal relation cannot be anti-symmetric,
because there always exist closed causal curves. Because of this, spacetimes considered
in general relativity are generally non-compact, since closed causal curves would imply
the possibility of time-travel, which is considered unphysical. In the present paper, we
will see that constraints on the causal relation lead to isometries being quite rigid, because
they have to preserve the global causal structure. This contrasts with the defining property
of an isometry, i.e. preserving the metric tensor, which is merely local.

In addition to causality (i.e. antisymmetry of <), we assume the “no future observer
horizons” condition (NFOH), which ensures that every observer is able to receive sig-
nals from every point in spacetime (after waiting long enough). The precise definition is
that 1~ (y) = M for every future-inextendible causal curve y. This condition has been
extensively studied in the context of the causal boundary and Bartnik’s splitting conjec-
ture [17]. As pointed out by Penrose [35], the combination of causality and the NFOH
implies another standard causality assumption, namely global hyperbolicity with com-
pact Cauchy surfaces. It has been shown by various authors that spacetimes with certain
kinds of “time-translation like” symmetry must satisfy the NFOH [10,15,20]. Here, we
turn the situation around, and study how the NFOH restricts the possible symmetries of
the spacetime.

Theorem 1.1. Let (M, g) be a causal spacetime satisfying the no future observer hori-
zons condition. Then the group Isom™ (M, g) of time orientation preserving isometries
acts properly on M.

Under the same assumptions, the following two statements hold.

Corollary 1.2. There exists a Cauchy temporal function T: M — R such that the action
of Isom" (M, g) on M preserves the differential dt.

Corollary 1.3. The isometry group splits as a semi-direct product
Isom™(M,g) =L x N, (1)

where N is a compact Lie group, and L is either trivial, Z, or R. Any function t as
in Corollary 1.2 is preserved by N, while L acts on T by translations. In the case that
L =R, the connected component of the identity splits as a direct product

Isom™(M, g) =R x N°.

Properness of the action (which we recall later on) means essentially the action has a
non-chaotic dynamics, so that all orbits are topologically closed, and even more, the orbit
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space is Hausdorff. Corollary 1.3 shows that, when the NFOH is satisfied, the splitting
of the spacetime into a product of time and space via a Cauchy temporal function (due to
Geroch [21] and Bernal and Sanchez [7]) induces a splitting of the isometry group. The
NFOH is essential here; a counterexample is given by de Sitter spacetime, which has
compact Cauchy surfaces, but does not satisfy any of our conclusions. See also Miiller
[31] for prior work on temporal functions invariant under a Lie group action, where the
spacetime is only assumed globally hyperbolic, but the Lie group is assumed compact.

In comparison, in Riemannian signature, the isometry group always acts properly. A
largely open question is to classify globally hyperbolic spacetimes having their isome-
try group acting non-properly. This leads to non-Riemannian behavior and relativistic
phenomena, which can already be observed in Minkowski spacetime endowed with the
Poincaré group action, as well as de Sitter and anti de Sitter spacetimes. There are, how-
ever, few works addressing this question, essentially (to our knowledge) due to Monclair
on 2-dimensional spatially compact globally hyperbolic spacetimes [29,30]. It is actually
in the non-physical case of compact Lorentzian manifolds that the analogous question
was intently investigated, e.g. by Zimmer [44], Gromov [22], Adams and Stuck [1,2],
Zeghib [42,43], Piccione and Zeghib [36], Frances [13]... The motivation here comes
from the rigidity theory of group actions preserving geometric structures on compact
manifolds.

The paper is structured as follows: In Sect.2 we discuss preliminaries on Lie group
actions, Lorentzian geometry, and the physical context. The goal is both to make the
paper more accessible, and to prove certain basic results that are not found in the lit-
erature in that precise form. Section3 contains the proofs of the results stated in this
introduction (restated there with some added detail), and many examples. In Sect.4, we
have included some additional results and examples. In particular, we prove uniform
bi-Lipschitz continuity of certain subgroups of isometries, and give an application to
spacetimes equipped with a regular cosmological time function.

2. Preliminaries

2.1. Lie groups. We recall some basic facts about Lie groups (see [24] for details).
First, we recall the definition of semi-direct product. Let L, N be groups and ¥: L —
Aut(N), I +— W; a homomorphism from L to the group Aut(N) of automorphisms of
N.Then N xy L is defined as the Cartesian product N x L equipped with the operation

(n, 1) - (', 1) = (nW(n), 1I') .

Note that in the statement of Corollary 1.3 we have reversed the order of the factors (to
better accommodate to the conventions in Lorentzian geometry, where the “time part”
comes before the “space part”), and we have omitted the map W (because we are not
making any claims about it). The above construction is the “outer” semi-direct product.
There is also an “inner” semi-direct product, defined as a decomposition of a given group
G into subgroups, as follows: N is a normal subgroup, and L is a subgroup such that
N NL = {e} and G = NL. The latter means that every element g € G is of the form
g =nlforn € N and! € L (where n and [ are necessarily unique). If we then define

W: L —> Aut(N), [+—> (n > Inl"Y), )
where Inl~! € N because N was assumed normal, we see that

nln'l' = nin'1711" = nW; ()L,
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implying that G is canonically isomorphic to the outer direct product N xy L. The map
W plays the role of specifying the commutation rules between elements of N and L. A
direct product is one where ; is the identity on N for all /, i.e., where all elements of
N commute with all elements of L.

Now let G be a Lie group. Its Lie algebra g is the vector space of smooth left-invariant
vector fields on G, equipped with the usual Lie bracket [-, -]. There is a canonical
isomorphism of vector spaces g — T,G between the Lie algebra and the tangent space
at the identity e € G. The exponential map exp: g — G sends a vector X € g to
exp(X) := ¢(1) € G, where ¢: R — G is the unique one-parameter subgroup with
¢'(0) = X. A word of caution is appropriate here: We will also use exp to denote the
exponential map on a semi-Riemannian manifold (defined through geodesics); it should
be clear from context which one is meant.

The Lie algebra of a semi-direct product G = N xy L is of a specific form, called
the semi-direct sum of Lie algebras, denoted by n G4y [. Here dW: | — Der(n) is
the differential of W: L — Aut(/N), but the semi-direct sum can also be considered as
an abstract construction. As a vector space, n @gy [ is the direct sum of n and [. It is
equipped with the bracket that restricts to the respective brackets on n and [, and satisfies

[X,Y] =d¥(X)(Y)forX €1, Y €n.

A somewhat related concept is the adjoint representation Ad: G — GL(g), which
assigns to g € G the differential Ad(g) := dv,: g — g of the map

Ye: G — G, x+— gxg_l,

cf. (2). It then holds that
exp(Ad(g)X) = gexp(X)g .

2.2. Group actions. An action of a group G on a space M is amap G x M —
M, (g, p) — g(p) such that for all p € M, g(h(p)) = (gh)(p) forall g,h € G
and e(p) = p for e € G the identity element. Let us start with a standard proposition.

Proposition 2.1 ([26, Prop. 21.5]). Let M be a smooth manifold and G a Lie group
acting continuously on M. The following are equivalent:

(1) The action is proper, meaning that G x M — M x M, (g, p) — (g(p), p)isa
proper map.
(ii) For every pair of sequences (p;)i in M and (g;); in G such that (p;); and (gi(p;))i
converge in M, (g;); has a convergent subsequence in G.
(iii) For every compact set K C M, theset Gg := {g € G | KNg(K) # @} is compact.

For the rest of this subsection, let M be a smooth manifold, and let g be a semi-
Riemannian metric on M of signature (k,[). The orthonormal frame bundle O (M)
consists of all pairs of a point p € M and an ordered g-orthonormal basis of T, M (a
frame). One can also view a frame at the point p € M as a linear isometry Fj: Rk
(TyM, gp), which necessarily maps the standard basis to an orthonormal basis. This
way, one has a canonical action of the indefinite orthogonal group O(k, /) on O(M)
by mapping F), to Fj, o ¢ for ¢ € O(k, ), equipping O (M) with the structure of an
O(k, I)-principal bundle. In this section, we fix

n:=dim(M) and 7 :=dim(O(k,[)) = @
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and therefore dim(O (M)) = n + n.

Theorem 2.3 below, telling us that the isometry group acts properly on O (M), will be
a central tool in many of our proofs. We are not aware of a reference where it appears in
this exact form, but similar ideas can be found in the book of Kobayashi [25, Chap. II.1]
and, with more details, in the lecture notes by Ballmann [5]. In those references, it is
proven that the isometry group of a (semi-)Riemannian manifold is a Lie group. Before
we start, we need the following well-known lemma.

Lemma 2.2. The orthonormal frame bundle admits a parallelization, that is, a diffeo-
morphism )
®: OM) x R"™ — TOM)

such that ®(F,, -): R™*" —» TF, O(M) is an isomorphism of vector spaces. Moreover,
@ can be chosen invariant under isometries of (M, g), meaning that if y € Isom(M, g)
then

O(DpY(Fp), 2) = DY (P(Fp,2)) forallz € R™™. 3)

Here D, denotes the differential of v at the point p € M, and D the differential
as a map on the tangent bundle 7M. Note that F), — ®(F),, z) defines a vector field
on O(M). Such vector fields are called constant. The automorphism group Aut(®) is
defined as the group of diffeomorphisms of M satisfying (3). Hence the last statement
of the lemma is equivalent to stating that Isom(M, g) is a subgroup of Aut(®).

Proof. We follow [5, Sec. 3]. Let w: O(M) — M denote the canonical projection. Our
first goal is to split the tangent bundle 7 O (M) into a vertical and a horizontal part,
TOM) =V & H. Here V = ker Drr, and we want D : HFp — T,M to be an
isomorphism of vector spaces. While V is uniquely defined, H is not, and our task is to
find a such an H that is compatible with our geometric structure (i.e. with the metric g).

For F, € O(M) and z € R", we set v := F,(z) € TpM. Choose a curve
c: (—€,€) — M with ¢(0) = p and ¢'(0) = v. Let E: (—¢,€) — O(M) be the
unique parallel (with respect to the Levi-Civita connection on (M, g)) frame along ¢
such that £(0) = F,. We claim that the map

Oy: OM) xR" — TOM), (Fpy,z) —> E'(0).

is well-defined (i.e. independent of the choice of ¢), smooth, and linear in z. This can be
verified by choosing coordinates around p such that the Christoffel symbols vanish at
p, and extending them to a local trivialization of O (M). In such coordinates, E’(0) =
', ..., vP*,0,...,0).

The image H of &y defines the desired horizontal distribution. This is so, because
Dr(¢(Fp,z)) = Fp(z),and hence @y (Fp, -): R" — T, O(M) is an injection. More-
over, when restricting the target space to H, we obtain a trivialization

®y: OM) x R" — H,

which we denote again by ® . The action of O (k, ) on O(M) also provides a trivial-
ization for the vertical distribution V, namely

dy: OM) xo(k,l) — V, (Fp, x) > 0|;=0(Fp o exp(tx)).

After choosing an identification of the Lie algebra o(k, /) with R”, we obtain the desired
parallelization by setting

®: O(M) x R TOM), (Fp,(x,2))r—> Py(Fp,x)+Py(Fy,2).
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By construction, @ is invariant (i.e. satisfies (3)) under Dy : O(M) — O (M) for any
isometry ¥ € Isom(M, g) (since Dy preserves the bundle structure of O (M) and the
Levi-Civita connection). |

Theorem 2.3. The isometry group Isom(M, g) of a semi-Riemannian manifold (M, g)
acts freely and properly on the orthonormal frame bundle O (M).

Proof. Let @ be the parallelization of O (M) obtained in Lemma 2.2. By [5, Prop. 1.5],
the action of the automorphism group Aut(®) is free, and the orbit map of any given
F,e OM),

OF,: Aut(®) — O(M), ¢ > D,¥(F,),

is a proper map. We want to prove that, in fact, the action of Aut(®) is proper. Then
also the action of Isom(M, g) is proper, because Isom(M, g) is a closed subgroup of
Aut(®). The latter is true if ¥; —  in the C'-topology, then Dy; — D1, and thus
wl.*g = g implies ¥*g = g. In words, the limit of a sequence of isometries is again
an isometry. Note that the C? and C! topologies on Isom(M, g) coincide, because the
exponential map is a local diffeomorphism, and hence convergence of 1; on a normal
neighborhood of a point p € M is equivalent to convergence of D,; on T, M.

Notice that the parallelization @ allows us to define an invariant Riemannian metric &
on O (M) as follows. Let (e;); be the standard basis of R”*", We declare that (W (Fp,ei))i
is an orthonormal basis for & at F, € O(M). By (3), h is invariant under Aut(®).

The rest of the proof consists in arguing that an action that preserves a Riemannian
metric and has proper orbit maps is proper. Suppose that F; € O(M), ¢; € Aut(d) are
sequences such that F; — F and ¢;(F;) — F converge in O(M). We need to show
that ¢; has a convergent subsequence in Aut(®) (see Proposition 2.1). Choose » > 0
be small enough so that the i-balls B, (F) and By, (F ) are compact. Let iy > 0 be large
enough such that d(F;, F) < r and d(¢;(F;), F) < r forall i > iy, where d is the
distance induced by /. Then

¢ (F) € ¢i(B,(F)) C ¢i(Bar(F;)) = Bar(¢i(F;)) C Bur(F).

Hence the sequence ¢; is contained in @;1 (B4r(I:" )), and the latter set is compact by
properness of the orbit map ® . It follows that ¢; has a convergent subsequence, and
hence the action is proper. O

2.3. Lorentzian geometry. We start with a brief summary of definitions relevant to this
paper; a more complete introduction can be found in books such as [6,33].

A (smooth) spacetime is a smooth connected Lorentzian manifold (M, g) together
with a time orientation, i.e. a smooth vector field 7 on M such that g(T,T) < 0
everywhere (i.e. T is everywhere timelike). Vectors X € T M that are timelike or causal
(meaning g(X, X) < 0 or g(X, X) < 0, respectively) are then called future-directed
(f.d.) if g(X, T) < 0. This then gives rise to notions of f.d. timelike (or causal) curve
y: I — M by requiring that y is Lipschitz and its tangent vector y is f.d. timelike (or
causal) almost everywhere. This, in turn, defines the chronological and causal relations
« and < on M via: p < q if there is a f.d. timelike curve from p to g, and p < ¢
if there is a f.d. causal curve from p to g or p = gq. We say that (M, g) is causal if <
is antisymmetric. It is a standard fact that p < ¢ is an open condition in M x M. We
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denote the timelike and causal futures and pasts of a point p € M by

I"(p)={qgeM|p<Kq} J'(p)={geM|p=q)
I"(p)=1{g e M| p>q}, J (p)={geM|p=>q}

For subsets A € M, we set I*(A) := (J,c4 I*(a), etc. For curves y: I — M, we
denote I*(y) := I (y(I)).

Definition 2.4. Let (M, g) be a smooth spacetime.

(i) A (smooth, spacelike) Cauchy surface is a smooth hypersurface ¥ C M such that
glTx is positive definite and every inextendible causal curve in (M, g) intersects X
exactly once.

(i1) A time function t: M — R is a continuous function that is strictly increasing along
all f.d. causal curves.

(>iii) A temporal function t: M — R is a smooth function such that dt(X) > 0 for
every f.d. causal X € TM. It is called Cauchy temporal function if the level set
() isa Cauchy surface, for every r € R.

Notice that temporal functions form a special class of time functions. The following
theorem is central. It summarizes results of Geroch [21] and Bernal and Séanchez [7,8].

Theorem 2.5. Let (M, g) be a spacetime. The following are equivalent:

(1) (M, g) is globally hyperbolic, meaning that < is antisymmetric andforall p, g € M,
J~(p) N J*(q) is compact.
(ii) There is a Cauchy surface ¥ C M.
(iii) There is a Cauchy temporal function t: M — R.

Moreover, any two Cauchy surfaces are diffeomorphic, and every Cauchy temporal
function T gives rise to a diffeomorphism M — R x X such that T coincides with the
first projection.

Thanks to the above, a spacetime having compact Cauchy surfaces is a well-defined
notion, which we indirectly assume throughout the paper, as a consequence of our main
hypothesis below.

Definition 2.6. A spacetime (M, g) is said to satisfy:

(i) The No Future Observer Horizons condition (NFOH) if 1~ (y) = M for every
future-inextendible causal curve y.
(ii) The No Past Observer Horizons condition (NPOH) if 1*(y) = M for every past-
inextendible causal curve y.
(iii) The No Observer Horizons condition (NOH) if it satisfies NFOH and NPOH.

Itis equivalent to require the same conditions only on timelike curves [12, Prop. 3.32].
Moreover, the NFOH (NPOH) is equivalent to the future (past) causal boundary con-
sisting of a single point. We formulate most results for the NFOH, but there is always
an analogous version for the NPOH. We first prove that the NFOH upgrades one of the
lowest levels on the causal ladder, causality, to the highest level, global hyperbolicity
(see also [35, p. 624] and [11, Sec. 9]).

Proposition 2.7. Let (M, g) be a causal spacetime satisfying the NFOH. Then (M, g)
is globally hyperbolic with compact Cauchy surfaces.
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Proof. The NFOH is equivalent to the absence of future lightlike rays, i.e. future inex-
tendible achronal causal curves. Clearly, if y is future-inextendible, then I~ (y) = M
and y cannot be achronal. Conversely, if /(o) # M for some future-inextendible
causal o, then 3/~ (o) is non-empty and is ruled by future inextendible lightlike rays.
Minguzzi proved that if (M, g) is chronological and has no future lightlike rays, then
it is globally hyperbolic [28, Thm. 8], settling the first part of the proposition. Then
Theorem 2.5 implies there is a Cauchy surface ¥ C M. A result of Wald and Yip [40,
Lem. 2] states that for every future inextendible causal curves y, ¥ N1~ (y) is compact,
which in our case means that ¥ N M = X is compact (note that the NFOH implies that
the future causal boundary is a singleton, and hence it is spacelike, so the assumptions
of [40, Lem. 2] are met). O

Lemma 2.9 below provides an alternative characterization of the NFOH.

Definition 2.8 ([34, p. 3]). A pair of subsets A, B C M is called rotally timelike con-
nected if for all points p € A and g € B it holds that p < ¢.

Note that the order matters, since in particular, it follows that B is in the future of A.
Moreover, total timelike connectedness defines a transitive relation on subsets.

Lemma 2.9. Suppose (M, g) is globally hyperbolic with compact Cauchy surfaces. Then
the following are equivalent:

(i) (M, g) satisfies the NFOH.
(i1) For every Cauchy temporal function T: M — R and every s € R, there exists a
t > s such that t—'(s) and T='(t) are totally timelike connected.

Proof. (ii) = (i). Let t: M — R be a Cauchy temporal function, let y be a future
inextendible causal curve, and let p € M be a point. For s = t(p), assumption (ii)
guarantees the existence of a ¢ € R such that p « ¢ for all g with t(g) = ¢. Since y is
inextendible, it must intersect the level set 1 (¢), and hence p € I (y). Since p was
arbitrary, I~ (y) = M.

(i) == (ii).Let T be a Cauchy temporal function, s € R, and let = denote 7! (s).
By Theorem 2.5, M splits into R x X. By (i), since A — (X, x) is an inextendible causal
curve for every x € X, the collection 7~ ((%, x)) N X for all A € R forms an open cover
of X. By compactness of X, there is a finite subcover, and hence a value Ty such that
¥ C I~ ((Ty, x)). Property (ii) then follows if we can choose 7, independent of x.

To see the latter, let x € ¥ be fixed, and notice that if y € ¥ N I~ ((Ty, x)), then
there exist neighborhoods U of y and V of (T, x) such that every point in U is in the
chronological past of every point in V. By compactness, we may cover X by finitely
many such U, and take the intersection V of the corresponding V’s.Let p: Rx ¥ — X
denote the canonical projection. Then, for all z € p(\7), we have that ¥ C I~ ((Ty, 2)).
Repeating this construction for every x € X, we obtain an open cover of X by sets of the
form p(V,-), and corresponding values 7; suchthat ¥ C 1~ ((7;, z)) forallz € p(Vi). By
compactness, there is a finite subcover p(Vj) for j =1,..., J. Setting T = max {7}
we conclude that £ and T ~1(T) are totally timelike connected. O

Proposition 2.7 and Lemma 2.9 have the following interesting consequence.

Lemma 2.10. If (M, g) is causal and satisfies the NOH, then every time functiont: M —
R has Cauchy level sets.

Proof. By Proposition 2.7, (M, g) is globally hyperbolic, and hence admits a Cauchy
temporal function 7. Let ¥; be any level set of 7, and p € ¥;. By Lemma 2.9, we can
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find level sets f],l. of T for values t; < ©» = T(p) < t3 such that f)ti and f),m are
totally timelike connected. Because X; is achronal and intersects i)tz, it cannot intersect
I~ (%) or I*(24,). Thus &, € J*(£;,) N J () and by [16, Cor. 2], ; is a Cauchy
surface. |

Note that if (M, g) only satisfies the NFOH, the statement is false in general. One can
adapt the above proof, however, to show that when the NFOH is satisfied, given any time
function t, all level sets corresponding to values larger than some constant are Cauchy
surfaces. For example, on the spacetime (0, co) x S I with product metric —dr? + do?,
the level sets of the time function (¢, 0) = ¢ + 1/2 sin(0) are not Cauchy for values of
7 smaller than 1/2.

2.4. Physical context. Letus conclude this section with a physics oriented discussion of
the NFOH and our results. In fact, it is more reasonable to consider the NPOH instead.
By Proposition 2.7, our spacetimes will be globally hyperbolic with compact Cauchy
surfaces. This places us in a cosmological context, since spacetimes modelling isolated
systems (rather than the whole Universe) are usually asymptotically flat, and hence have
non-compact Cauchy surfaces. Even in cosmology, the observed spatial flatness of the
Universe has popularized FLRW spacetimes with flat slices (isometric to R", hence non-
compact). Recall that an FLRW spacetime is a warped product ((0, 00) x X, —dt? +
az(t)h), where (X, h) is one of the Riemannian model spaces of constant curvature, and
a(t) is called the scale factor.

There are, however, reasons not to discard compact Cauchy surfaces altogether. Re-
cently, the notion that spatial isotropy leads one to consider only FLRW spacetimes
has been challenged [4,38]. Specifically, Sdnchez has introduced cosmological models
which are foliated by spacelike slices of constant curvature, but which are not FLRW
spacetimes, and where the sign of the curvature and the topology of the slices can change.
In particular, there can be flat (non-compact, non-Cauchy) slices, even if the spacetime
is globally hyperbolic with compact Cauchy surfaces.

Moving on, recall that for FLRW spacetimes, there is the no particle horizons con-

dition
|
——dt = oo. 4
| o

In the case of compact spatial slices X, this condition is equivalent to the NPOH (see
[39, Prop. 3.6] for a proof, which is valid for more general warped products, as it is not
used that the slices are simply connected and of constant curvature). Current inflationary
cosmology stipulates that there are no particle horizons, or at least that they are very
large (i.e. the integral (4) is very large) [41, Chap. 4]. This is because the observed
isotropy of the cosmic microwave background is explained by thermalization, which
requires different spatial regions to have been in causal contact in the early universe.
The characterization of the NPOH given by Lemma 2.9 provides a very strong version
of this: any two points in space are causally connected in their past.

Let us use this opportunity to also discuss the intuitive meaning of the NFOH. One can
interpret it as requiring that the spacetime has compact Cauchy surfaces (as is established
by Proposition 2.7) and that additionally, the lightcones do not become excessively nar-
row towards future infinity (analogously for past infinity when considering the NPOH).
Choosing a Cauchy splitting of the metric

M=RxYX, g=—Bdt>+h=pB(—dt*>+h/p),
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a sufficient condition for NFOH is

&/B < h(t)go/(Bli=0)

where A (¢) cannot diverge too fast when t — +oo (this meaning that the cones are not
narrowing too fast towards the future). This can be made precise in terms of the future
arrival time function [37, Prop. 4.3]. Using this language, Lemma 2.9 can also be proven
via continuity of the future arrival time function [37, Lem. 4.1].

3. The Action of Isom™ (M, g) is Proper

In this section, we prove the main results stated in the introduction, and then provide some
related examples. We denote by Isom™ (M, g) the group of time-orientation preserving
isometries of (M, g), i.e. isometries ¢: M — M such that for every future-directed
causal vector X € TM, d¢(X) is again future-directed. By abuse of nomenclature, we
will sometimes refer to IsomT (M, g) simply as “the isometry group”.

3.1. Proofs of the main results. We start by proving the main theorem, or, in fact, a slight
strengthening of it: we only need the no observer horizons condition in one direction,
i.e., the NFOH (or the NPOH).

Theorem 3.1. Let (M, g) be a causal spacetime satisfying the NFOH. ThenIsom' (M, g)
acts properly on M.

Proof. By Proposition 2.1, the action is proper if and only if for every pair of sequences
pi € M and ¢; € Isom™ (M, g) such that p; and g; := ¢;(p;) converge in M, a
subsequence of ¢; converges in Isom' (M, g). By Theorem 2.3, we know that this will
be the case if there is a converging sequence of frames F; at p;, for which a subsequence
of D¢, (F;) converges in O (M).

We proceed to show that, in fact, for every converging sequence of frames F;, the
sequence D¢; (F;) is contained in a compact set of O (M). Note that for a sequence of
Lorentzian orthonormal frames whose basepoints converge, the sequence leaves every
compact set if and only if there is a subsequence that becomes degenerate in the limit.
By this we mean that the hyperplane spanned by the spacelike vectors of the frame tends
to a null plane (equivalently, the timelike vector in the frame tends to a null vector).

Suppose that we have a converging sequence of frames F; at p; — p such that
D¢, (F;) has converging basepoints g; but becomes degenerate in the limit. This can
only happen if there is a sequence of spacelike vectors v; at p; that converges to a
spacelike v # 0, such that w; := ¢; D¢; (v;) converges to a future-directed null vector
w at g := lim;_, » ¢; (p;). Here ¢; is a sequence of positive numbers, which necessarily
tends to 0, chosen so that w; converges (for instance, the ¢;’s can be normalization
constants with respect to an auxiliary Riemannian metric). This situation is depicted in
Fig. 1.

By Proposition 2.7, (M, g) is globally hyperbolic, so we may choose a convex normal
neighborhood U of p. Then, there is ¢ > 0 small enough such that for all ¢ € (0, ¢] and
alli € N, we have p;, exp(tv;) € U and p; & exp(tv;). We may also multiply all the
w; by the same constant ¢’, so that w := ¢'w; — w’ := ¢'w. Since s — exp(sw) is an
inextendible causal curve, the NFOH implies that for ¢’ large enough, g < exp(w’). On



Isometries of Spacetimes Without Observer Horizons Page 11 of 26 84

exp(w)

& L

WL L Lot 1 L /

W;

Fig. 1. A drawing of the proof of Theorem 3.1. The situation depicted here leads to a contradiction with the
NFOH

the one hand, by continuity of exp and openness of <, this implies that ¢; (p;) < exp(w;)
for all large enough i. On the other hand, because the ¢; are isometries,

exp(w;) = exp(c'c; D (v;)) = i (exp(c’civ;)).

Since ¢; — 0, it holds that ¢’c; < ¢ for all large enough i, which implies that p; &«
exp(c’c;v;). But the isometries ¢; must preserve <, so we have reached a contradiction.
It follows that for any converging sequence of frames F;, the sequence of frames D¢; (F;)

must remain in a compact set, concluding the proof. O
Corollary 1.2 now arises as a special case of the following theorem.

Theorem 3.2. Let (M, g) be a causal spacetime satisfying the NFOH. Suppose that G
is a Lie group acting properly on M by time-orientation preserving conformal transfor-
mations. Then

(i) There exists a Cauchy temporal function t: M — R such that the action of G on M
preserves the differential dt.

(ii) There is an induced smooth proper action of G on R by translations. This action is,
up to scaling, independent of the specific choice of t.

Proof. (i) By Proposition 2.7 and Theorem 2.5, there is a Cauchy temporal function
7: M — R. Let u be a left-invariant Haar measure on G. If G is compact, then u(G)
is finite, and hence

dri= [ ¢'an du). )
G
is a well-defined one-form on M. Moreover,
Ay = {qb*d,,f | ¢ € G} C T;M

is compact and contained in the interior of the future lightcone. Thus d,t is future-
directed timelike, because it lies in the convex hull of A . It is also clear that dt is
G-invariant. By Lebesgue’s dominated convergence theorem,

/ /G $*d2 (@) du(d)ds = fG / $*d2 (@) dsdu(e)
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for every curve ¢ : [0, 1] — M. The right hand side vanishes for closed curves, because
for every ¢, ¢*d7 is exact. It follows that dt is also exact, and hence indeed it is the
differential of a temporal function t.

It remains to deal with the case of non-compact G, the problem being that the integral
(5) is then infinite. To avoid this, we replace T by a suitable function 7y with compact
support K C M. Then,

dr:=!/’¢*dn)du<¢>==/“ *dro du(d), ©)
G Gp

where
Gpy=1{peGlo ' (p)eK)
is compact in G (by properness of the action), and hence the integral (6) is finite.
To define 19, leta < b and let f: R — R be a smooth function such that f(x) =0
forx <a, f'(x) > Oforx € (a,b),and f(x) = 1forx > b. Thenty = foTisa
smooth function on M satisfying

e 7o(p) =0forall p e J7(Z,),
o dry is future-directed timelike on K := It(Z,) N I~ (Zp), and
o To(p) = 1forall p € J*(Zp).

In order for (6) to be everywhere timelike, we need to ensure that every G-orbit has a
representative in K (because if there is p such that the orbit of p is disjoint from K, then
d,t = 0, which we have to avoid).

By Lemma 2.9, there are real numbers a < b < ¢ < d < e such that the correspond-
ing T level sets X, Xp, X¢, 24, and T, are pairwise totally timelike connected. Consider
the compact set A := - ((a, ¢)) = I*(Z4) NI~ (Z,) and a point p € T, C A. By
properness of the action, if G is non-compact, then there must be ¢ € G such that
¢(p) € A.Since X, is a Cauchy surface, sois S1 := ¢ (X.), and it follows by achronal-
ity that S N 271 ((b, d)) = @. Therefore . and S| are totally timelike connected (or S
and 2., but then we may replace ¢ by ¢!, so there is no loss in generality). Moreover,
we recursively construct a family of Cauchy surfaces Sy := X, S; 1= ¢'(Sp) for all
i € Z with S;+1 C I7(S;). We claim that every G-orbit contains a representative in the
compact set

Ki == J"(S) NI (Six1), @)

for, say, i = 0 (compactness follows from global hyperbolicity, given that S; is compact).
To see that every G-orbit contains a representative in Ky, first note that K; = ¢'(Ko).
Hence it suffices to prove that
M=k

i€Z

Viewing M = R x Sy (as in Theorem 2.5), since the S; are Cauchy surfaces, each of
them is the graph of a function F; : Sy — R. We need to show that F; (x) — F0o0 when
i — Zoo, for all x € Sy. Suppose that there is xg € So such that F;(xg) /4 £oo. Since
S; € I7(Si+1), it follows that F; < F;41. Thus, without loss of generality, F;(xg) — C
fori — +oo, where C is a constant. Then, the points x; := (F;(xp), xo) € S; converge
to Xxoo = (C, x0), and since the S; are totally timelike connected, x; < x;+1. We can
construct a timelike curve y from xp to xo, by concatenating maximizing geodesic
segments y; going from x; to x;11. Letd: M x M — [0, co) be the Lorentzian distance
(which is continuous by global hyperbolicity), and define

D; :=inf{d(p,q) | p € Si, q € Si+1}.
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By compactness of the S; and continuity of d, it follows that D; > 0. Moreover, since d
is invariant under isometries, D; is independent of i. Now, the Lorentzian length L(y)
satisfies

Ly)=Y L(y) > Di=oo. ®)
i=0 i=0

It follows that ¥ must be future inextendible, a contradiction.

Itremains to show that t is a Cauchy temporal function. We again distinguish between
the cases of G compact or non-compact. When G is compact, it follows from (5) that t
has, up to an additive constant, the form

t=f To¢du(d).
G

Let y: R — M be an inextendible causal curve (then, so is ¢ o y). Because 7 is Cauchy,
we have that
Togoy(s) > Foo

for every ¢ € G. By compactness of G, it then follows that 7(y(s)) — oo ass —
Fo00, implying that t is Cauchy. In the case that G is non-compact, we use that the
decomposition (7) implies that (M, g) in fact satisfied the NOH. Indeed, any inextendible
causal curve y must traverse all of the S;’s, which are totally timelike connected, and it
is easy to conclude that /= (y) = M. Then, it follows from Lemma 2.10 that T must be
Cauchy.

(ii) Forall p,q € M and ¢ € G, integrating dt along a curve from p to g allows us
to prove

(p) —t(q) = t(¢(p) — (¢ (q)).

It follows that ¢y := t(¢(p)) — t(p) is independent of p. Thus there is an induced
action
G xR — R, (8, X) —> x +cy.

Let K be a compact subset of R. Because the t is Cauchy, by Theorem 2.5, the manifold
M splits as a product M = R x X, where the R factor is parametrized by 7. It follows
that K’ = t=1(K) is compact in M. Therefore Gg = G- (see Proposition 2.1), and
properness of the action of G on R follows from properness of the action on M.

Finally, we show that the action on R is, up to scaling, independent of the specific
choice of t, meaning the following: Suppose 71, 12 are two Cauchy temporal functions
with dty, d7p invariant under the action of G. Then, for each ¢ € G,

11(¢(p) —11(p) =0 = n(d(p)) —n2(p) =0

for one, and hence all, p € M.Indeed, suppose that t; (¢ (p))—t1(p) = Obut o (¢ (p))—
7(p) # 0, and let p, := ¢"(p). On the one hand, p, stays in the compact level set with
value 71 (p). On the other hand, 72(p,) — F00, and hence p,, leaves every compact set,
a contradiction. |

Remark 3.3 (Comments on the proof of Theorem 3.2). In the case of compact G, there
cannot be an isometry ¢ acting on R by a non-trivial translation (otherwise, its powers
¢* would form a sequence with no convergent subsequence). Therefore 7 itself, and
not only dt, is invariant. A similar construction of an invariant temporal function was
given by Miiller in [31]. In the case of non-compact G, it follows from the proof that
there is an isometry ¢ that not only acts by a non-trivial time translation, but even has
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the property that p < ¢(p) for every p € M. In our follow-up work [18], conformal
transformations with this property are called escaping, and a similar argument with a
fundamental domain K is performed. In the present paper, however, we exploit the fact
that we are working with isometries in equation (8), and this allows us to show that when
there is an escaping isometry ¢, the NFOH is automatically promoted to the NOH.

The action of G on R by translations allows us to prove Corollary 1.3, the first part
of which we restate, with added detail, as the following theorem.

Theorem 3.4. Let (M, g) be a causal spacetime satisfying the NFOH, and let t: M —
R be as in Theorem 3.2. Then

Isom™(M,g) =L x N,

where N is the compact normal subgroup of isometries which leave t (and not just dt)
invariant, and L = {e}, Z or R. Moreover, L (up to isomorphism) and N (in the strict
sense, as a subgroup of Isom" (M, g)) are independent of the choice of .

Based on this result, N can be interpreted as spatial isometries, and L as time-
translations. (This motivates the order of the factors in L X N, in analogy to the splitting
of the spacetime in Theorem 2.5.) In particular, elements of N acts by a Riemannian
isometry on each t-level set. However, this interpretation should be taken with a grain
of salt, as Example 3.8 below illustrates. The remaining part of the proof is strictly in
terms of Lie groups, with no further Lorentzian geometry entering the argument. Hence
we phrase it in this generality, and we reverse the order of the factors in the (semi-)direct
product, to conform with the more common notation in group theory.

Proof. By Theorem 3.2, there is a proper action of Isom' (M, g) on R by translations,
unique up to scaling. Hence N is independent of 7, and Lemma 3.5 below proves the
theorem. That L is unique up to isomorphism is because the three options L = {e}, Z or
R imply different topological properties for Isom" (M, g): compact, non-compact with
infinitely many connected components, or non-compact with finitely many connected
components. m|

Lemma 3.5. Let G be a Lie group acting smoothly and properly by translations on R.
Then, the elements acting trivially form a compact normal subgroup N, and

G=NXxL,
where L is either trivial, 7, or R.

Proof. Because the action is by translations, the elements of G that act trivially form
a normal subgroup N. Since {0} C R is compact and is preserved by the action of N,
it follows by properness that N is compact. If every element in G acts trivially, then
G = N, and we are done. It remains to deal with the case when some elements act
non-trivially. To that end, define

A :=inf{c € (0, 00) | 3¢ € G that acts by x — x + ¢}

We distinguish the cases A > 0 and A = 0, which correspond to G = N x Z and
G = N x R, respectively.

Case 1. Suppose that A > 0, and let ¢; be a sequence in G that realizes the infimum.
Because the action of G on R is proper, and ¢; € Gyo,,+1] for large i, the sequence ¢;
has a convergent subsequence, whose limit ¢ acts precisely by x > x + L. Let y € G
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be any element, acting by x — x + ¢ for some ¢ € R. Then c is an integer multiple of
A; otherwise, there would be integers k, [ such that ¢’ := Akl e (0, 1), and then q’)kl//l
would act by x — x + ¢/, a contradiction. Now, for j € Z, define

éj = {¢EG|¢actsbyx»—>x+kj}.

By the previous discussion, G = | J i G ;- Similarly to how a Lie group decomposes into

its connected components, we have that Gy = éoqﬁk and hence every element in G is
of the form vy ¢* for € éo and k € Z. It follows that G = N x Z, where N = éo.
Case 2. Suppose that A = 0, and let ¢; be a sequence in G that realizes the infimum.
Similarly to before, by properness, the sequence ¢; has a convergent subsequence, and
its limit ¢ acts trivially on R. Denote this subsequence again by ¢;. Then y; := ¢~ '¢;
is a sequence of elements that act non-trivially and converge to the identity. Because the
exponential map is a local diffeomorphism around the identity, it follows that there is a
one-parameter subgroup ®: R — G such that ®(s) acts by x — x +s. Let ¢y € G be
any element, acting by x — x + ¢ for some ¢ € R. Then ¢ o ®(—c) acts trivially, and
we can write ¥ = (Y P (—c))P(c). It follows that G = N x R. |

We end this section by proving the last part of Corollary 1.3, i.e. that when
Isom™ (M, g) = R x N, then the connected component of the identity splits as a direct
(and not just semi-direct) product. The relevant lemma about Lie groups below can also
be found in [23, Lem. 5.3]. Its proof requires connectedness, for two reasons: to have a
surjective exponential map, allowing us to argue with the Lie algebra, and to be able to
pass to the universal covering group.

Lemma 3.6. Consider N a compact, connected Lie group, and let G :== N xy L with
L = R. Then, there is a subgroup L' = R of G such that G = N x L'.

Proof. We first deal with the case N = TX x S for S a compact, connected, and semi-
simple Lie group. Since L = R, we may view W: L — Aut(N) as a one-parameter
subgroup s — W (s). Note that Aut(N) = Aut('JI‘k) x Aut(S), because every automor-
phism of N must preserve the identity component of the center Z*(N) = T¥. Since
Aut(T*) = GL(k, Z) is discrete, W(s) € Aut’(S) for all s € R (extended trivially to
N). Note that because S is compact and connected, by [24, Cor 4.48], the exponential
map exp: § — S is surjective. Therefore, the automorphism W (s) € Aut(S) is uniquely
determined by dW(s) € Aut(s). Then s — dW(s) is a one parameter subgroup of
Aut(s). By [24, Chap. 1.14], the Lie algebra of Aut(s) is Der(s) = ad(s). Therefore,
there exists a V € s such that

d

S aws) =ad(v) =1V, .
ds s=0

It follows by the above and [24, Prop. 1.91] that dW(s) = ¢*6V) = Ad(exp(sV)),
where e : Der(s) — Aut(s) is the exponential map, and hence

W(s)exp(X) = exp(dW¥(s)X) = exp(Ad(exp(sV))X) ©))

for all X € n (note that exp: n — N is surjective). On the other hand, since L = R,
we can view L as a one-parameter subgroup s — exp(sT) for T € g, and then, by
definition of semi-direct product,

W(s)exp(X) = exp(sT) exp(X) exp(—sT) = exp(Ad(exp(sT)) X). (10)
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Because exp restricted to a neighborhood of the identity is injective, (9) and (10) together
imply that Ad(exp(sV)) = Ad(exp(sT)). Hence, the differential ad of Ad satisfies
ad(V) = ad(T), which implies ad(T — V) = 0. Let L’ be the one-parameter subgroup
s > exp(sT"), where T" = T — V. Then Ad(exp(sT’)) = 0 for all 5. In other words,
elements of L’ commute with elements of N. Moreover, g = n @ ['. It follows that
G = N x L', as desired.

It remains to deal with the case of general N. We do this by passing to a covering of
the form dealt with in the previous case. By [24, Prop. 1.124] and [24, Cor. 4.25], the
Lie algebra g of G is of the form

g=R@s) @y |

where  is the differential of W, and s is a compact semi-simple Lie algebra. Therefore,
there is a compact, simply connected, semi-simple Lie group S with Lie algebra s.
Then R* x S has Lie algebra RF @ s. By [24, Thm. 1.125], there exists a unique map
®: L — Aut(R¥ x S) such that

G=@Rx%xS) xpL

has Lie algebra equal to g. Because Gis simply connected, by [24, Prop. 1.100], G must
be the universal covering group of G. Hence G = G /T for ' C G a discrete central
subgroup [24, Prop. 1.101]. Note that either L C Z ((~;) (if ¥ and hence @ are trivial)
orLNZ (é) = {e} (else). In the first case, we have nothing to prove, so assume that we
are in the second one, implying I' N L = {e}. Let es € S, e; € L denote the identity
element, define

f=Tn (Rk X {es) x {eL}) . G =G/~

and denote by 7 : G — Gthe quotient map. Moreover, let p: G — S denote the natural
projection. Then p(I") is a discrete subgroup of S, and hence, by compactness of S, p(I'")
must be finite. Since I" is (with slight abuse of notation) a subgroup of [ x p(T) x{er},
it follows that 7 (I") C p(I"), and hence 7 (I") is also finite. Therefore

G = (T" x S) xo L,

since otherwise
G=G/T =G/n()

could not be homeomorphic to N x R for N compact.

By the first part of the proof, there is an isomorphism F': G — T* x § x L', which
restricts to the identity on TX x S. Hence F((I')) N L’ = {e}, and F(G)/F(n(F)) =
N x L’. Moreover, the isomorphism F descends to the quotients, forming a commutative
diagram

G L5 FG)
| |
G— NxL

where the vertical arrows are the quotient maps, and the lower horizontal arrow is the
isomorphism that proves the lemma. O
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3.2. Examples. The simplest class of spacetimes where our theorem applies are product
spacetimes.

Proposition 3.7. Let (X, h) be a compact Riemannian manifold, and equip M = R x X
with the product Lorentzian metric § = —dt? + h. Then

Isom" (M, g) Z R x Isom(Z, h), (11)

where the first factor acts on M by time translations (t, x) — (t +c, X).

Proof. Clearly, the right hand side of (11) is at least a subgroup of Isom™ (M, g). We
need to prove that there are no additional isometries. Let ¢ € Isom (M, g) be arbitrary.
Claim. For every x € X, the vertical line R x {x} C M is preserved by ¢.
This is because the vertical lines maximize the distance between all of their points, and
are unique with this property, hence must be preserved. Indeed, denote by y: R —
M, s — (s, x) aparametrized vertical line, and by o := ¢ o y, o (s) = (£(s), x(s5)) its
composition with ¢. Because ¢ is an isometry and y is a unit-speed geodesic, also o is a
unit-speed geodesic. By standard properties of geodesics in semi-Riemannian products,
it follows that o (s) = (as, x(s)) for a constant a > 0 and a geodesic x: R — X in
(X, h) of constant speed b = h(x, x). Thus

1 =g(6,6) = —a®+b°.

Now consider the sequence of points p, := o(n) € M for n € N. By compactness of
X, a subsequence (x,, )k of x, := x(n) € X converges to a point Xoo € X. Thus, the
Lorentzian distance satisfies

dg(Pnys Pn) = \/az(nl — i) — dp (X, Xn,) — | —ngla ask,l — oo,

where dj, is the Riemannian distance on X. But since o maximizes the Lorentzian length
L
8

dg(pnk» pnl) = Lg((7|[nk,n1]) = |n; — ngl.

It follows that a = 1 and b = 0, and hence x(s) is constant, proving the claim.

To conclude, from the above claim it follows that the coordinate vector field 9, is
preserved by ¢, since it is normalized and coincides with the tangent vector field to the
vertical lines. Thus also g(d;, -) = dt is preserved. The proof of Corollary 1.3 applied
to this specific choice of temporal function then tells us that

Isom™(M,g) =L x N,

where N is the subgroup of isometries that preserve ¢. Hence N acts by a Riemannian
isometry on each slice {t} x X. But because the vertical lines are preserved, N must
act by the same isometry on every slice. Therefore N = Isom(X, #). Moreover, by
Theorem 3.2, every ¢ € Isom' (M, g) acts by a translation 7 > ¢ + ¢ on the R factor
in M = R x X, and we can write ¢ = ¢, o ¥, for ¢.: (t,x) — (¢t + ¢, x) and
Vo=@, I'0¢ e N. Since all such time-translations ¢, are isometries of (M, g), and
commute with all spatial isometries, it follows that IsomT(M, g) =R x Isom(X, h). O
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Fig. 2. The spacetime of Example 3.8

In the above proof, compactness of ¥ is essential. Indeed, Minkowski spacetime R 1"
is also a product spacetime, but its isometry group, the Poincaré group, includes boosts
(which mix space and time), and hence is larger than R x O(n). Note also that product
spacetimes with compact slices always satisfy the NOH. An example where the NOH is
violated and the conclusion of Corollary 1.3 fails, is given by de Sitter spacetime ds*.
On the one hand, dS* can be represented as the warped product dS* = R0 x .2 §3,
implying that it is globally hyperbolic with compact Cauchy surfaces [6, pp. 183—184].
On the other hand, dS* can also be represented as the pseudosphere in Minkowski
spacetime R'#. It follows that its isometry group is the Lorentz group O (1, 4) [33,
Prop. 9.8], which, again because it contains boosts, cannot be written in the form R x N
with N compact. While the obvious examples of spacetimes with isometry group R x N
are the ones that admit a complete timelike Killing vector field (such as 9, in the case of
a product spacetime), the following example shows that they are not the only ones.

Example 3.8 (Fig.2). Consider on R? the Lorentzian metric g := f(y)dx? — dy? for
some function f: R — [0, 1) with f(y) = f(y + 1). Let M be the quotient of R?
by the map (x,y) — (x + 1,y + 1). The metric g descends to the quotient, which
we can model as R x [0, 1] with the identifications (0, y) ~ (1, y + 1). Hence M is
homeomorphic to a cylinder. Because f < 1, there are no closed causal curves, and in
fact, (M, g) is globally hyperbolic with {(s, s) | s € [0, 1]}/ ~ being a compact Cauchy
surface. Moreover, (M, g) satisfies the NOH. The coordinate vector field d, is complete,
spacelike and Killing, with integral curves escaping to infinity. For generic f, it is the
only Killing vector field; hence Isom™?(M, g) = R even though (M, g) does not admit
a timelike Killing vector field.

Next, we provide a concrete example where Isom™ (M, g) = Z x N. This is generally
to be expected when there is some periodic dependence of the metric tensor on a time
coordinate.

Example 3.9 (Fig.3). Consider M := R x S! x §! with metric tensor g := —dt? + h;,
where

hy i= (cos?(t) + 1)d6? + (sin’ () + 1)de>.

Note that the level sets of the #-coordinate are compact Cauchy surfaces, and that the
periodic dependence of g in ¢ implies that (M, g) satisfies the NOH [20, Thm. 1.6].
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Fig. 3. The spacetime of Example 3.9

We are going to show that the subgroup of Isom' (M, g) preserving an invariant time
function is

N =0@Q) x 0(2),

where each factor O(2) acts by symmetries of one of the circles S! (e.g. rotations
and reflections in the 0 or ¢ coordinates). Clearly, these are isometries of (M, g). Let
= {t} x S' x S'. Fort # kn/2+ /4,

Isom(X;, h;) = O2) x O(2).

We can see this because either {r} x {8} x S! or {t} x S! x {¢} is the image of a closed
geodesic of minimal length, for all 6 or all ¢, respectively. Thus, an isometry of (%, /;)
must preserve the splitting of X, and hence act on each S' factor separately.

By Theorem 3.2, there is a Cauchy temporal function 7 such that Isom™ (M, g) acts
by translations in . Clearly, elements of O(2) x O(2) must act by the trivial translation,
since otherwise, they would have to send points to infinity, which they cannot. The orbit
of each point p = (¢, 0, ¢) is

{6(p) [ ¢ e N} =X

Thus, all points on X; must lie on the same level set of . But since the X; are Cauchy

surfaces, they must exactly coincide with the t-level sets, as a proper subset of a Cauchy

surface cannot be a Cauchy surface. Moreover, the normal vector field to %; is preserved

by isometries, and hence an element ¢ € N must restrict to the same map on each %;.

From this and the previous paragraph, it follows that indeed N cannot be larger than

0(2) x O(2), since N must restrict to an isometry on each level-set (X;, h;).
Furthermore, let ¢: M — M be the isometry given by

b(.0,¢0) = (1+ % 0.9).
i.e., a discrete time translation combined with an interchange of 6 and ¢. Clearly, ¢
must act by non-trivial translations of the invariant temporal function t. We claim that
{¢} U N generates Isom™ (M, g). Suppose not. Then there is an isometry ¥ which shifts
T by a smaller constant than ¢ does. Therefore, there must be a point p € M such that
t(¥(p)) —t(p) < %.But then

VISt Zip) — Zi@(p)
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is a Riemannian isometry, which is impossible, because the smaller radius of each torus
(%4, hy) is an invariant, and in this case, they do not match.

Finally, we argue that Isom? (M, g) = L x N, where L is generated by ¢, is a semi-
direct product, and is not isomorphic to Z x N. Clearly, ¢ does not commute with all
elements in N. Concretely, if x = (x1, x2) € O2) x O(2), then

poxod ' =(x2x1)

Suppose that there is another isometry ¥ such that Isom" (M, g) = L’ x N for L’
generated by . Necessarily, ¥ = ¢ o n for n € N. Then

- - - —1 —1
Yoxoy t=¢onoxonltop T =(moxaons moxionh.

One can always find xi, x2 such that the right hand side does not equal (x1, x2). For
instance, take x; = e and x, # e. Hence ¥/ does not commute with all elements of N,
a contradiction.

Example 3.9 not only shows that parts of the conclusion of Corollary 1.2 are sharp.
It also shows that our results are, in fact, useful in order to compute isometry groups.
Starting from a spacetime with a temporal function invariant under a large group of
isometries, we were able to conclude that, in fact, those are all isometries. Compare
this with the similar Example 5.5 in [20], where a computation in coordinates was used
to show that all Killing vector fields are tangential to the level sets ¥;. The following
lemma isolates the argument in the second paragraph of Example 3.9, which does not
depend on the specific form of the metric.

Lemma 3.10. Let (M, g) be a causal spacetime satisfying the NFOH, andlett: M — R
be a Cauchy temporal function. Suppose G is a group acting by isometries on (M, g)
such that, for every t € R and one (equivalently, all) points p € ¥, the orbit G(p) =
{6(p) | ¢ € G} equals X;. Then

(1) There is a diffeomorphism f: R — R such that d(f o t) is invariant under
Isom™ (M, g).
(ii) The foliation by level sets of t, and the complementary normal foliation, are pre-
served by IsomT (M, g).
(iii) For N as in Theorem 3.4, ¢ € N andt € R, ¢ is uniquely determined by ¢|s, €
Isom (3, gs,)-

A large class of examples with isometry group Z x N can be obtained through the
following construction.

Example 3.11. Let k > 2 and let B: R — GL(k,R), ¢t +— f; be a one-parameter
subgroup such that 81 (Z¥) = Z* but B; # Id. On R x R*, consider the equivalence
relation

(t,0) ~ (1, V): & v—1 € B(Z"),

and let M := (R x R¥)/ ~ be the quotient manifold. The torus TF = R¥/Z* acts on M
by
u(t,v) =, v+ p ), (12)

for u € T*, and Z acts on M by

n(t,v) = (t +n,v).
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for n € 7. The TX-action is clearly compatible with the equivalence relation ~, and so
is the Z-action, since

nt,v+B(z) =t +n, v+ Brn(B_n(2))) ~ (t +n,v)

for all z € Z*, given that, by assumption, S_1(z) € 7K. Combining the two actions,
we obtain an action of the group G := Z xg Tk (which is well-defined because S|z
preserves the integer lattice, and hence defines an automorphism of T¥). Indeed,

un(t, v) = u(t +n,v) = (+n, v+ Brn(u)) =n(t, v+ B (Ba(u))) = np,(u)(t, v).

Because the action of G on M is proper, there exists a G-invariant Riemannian metric
gron M. Since G also preserves the foliation X by ¢-level sets X, there is a G-invariant
splitting of the tangent bundle TM = TS @ (TX)"+, where L denotes the orthogonal
complement with respect to gg. We denote the corresponding orthogonal projection onto
TXbyrn: TM — TX. Moreover, the one-form dt is G-invariant, and on each slice
¥ = R"/B:(Zy,), the Euclidean metric h; is G-invariant as well. Hence

g = —di* +*h,

defines a G-invariant Lorentzian metric on M. As in the previous example, the level
sets X; are compact Cauchy surfaces, and the periodic dependence of g in ¢ (due to
G-invariance) implies that (M, g) satisfies the NOH [20, Thm. 1.6].

By Lemma 3.10, the foliation by ¢-level sets is invariant under IsomT(M ,8), and
every ¢ € N is uniquely determined by ¢|5,, i.e. it acts via the same map on each slice
3. Since (%, hy) = R"/B;(Zy) is a flat torus, it follows that

Isom(Zo, ho) = T x F;,

where TX acts via (12), and F; is the finite subgroup of O(k) preserving the lattice
B,(ZF). Hence

N =Tk x F, whereF:ﬂFt.
teR

For a generic choice of ;, F = {£1d}. It follows that N is abelian, and IsomT (M, g) =
Z % N cannot be isomorphic to G’ := Z x N, for the following reason: On the one hand,
the center Z(G’) contains Z as a subgroup. On the other hand, Z(G) is the subgroup of
elements in N that commute with Z, hence compact.

It remains open if there exist spacetimes (M, g) with IsomT(M ,8) = R x N not
isomorphic to a direct product. Due to the last part of Corollary 1.3, this is only possible
if N has more than one connected component.

4. Further Results

In this section, we prove a result on uniform Lipschitz continuity of isometries, and give
an application thereof to spacetimes with regular cosmological time function (where we
do not require the NFOH).
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4.1. Uniform Lipschitzianity of isometries. In complex analysis, Cauchy’s formula

£ (@) = ”—!.f @,
V4

(Z _ a)””

allows one to compute the derivatives of a holomorphic function by integrating the
function over a closed curve. In a similar spirit, we prove a result that establishes a
bound on the differential d¢ of an isometry ¢ from knowledge of only ¢ itself.

Recall that a spacetime (M, g) is called non-totally imprisoning if every (future or
past) inextendible causal curve leaves every compact set (this condition is strictly weaker
than global hyperbolicity). Furthermore, recall that we can define Lipschitz continuity
on a manifold M by choosing an auxiliary complete Riemannian metric on M, the
specific choice thereof being irrelevant (although the value of the Lipschitz constant
does depend on it). As is the case in R”, a smooth map M — M is Lipschitz if and only
if its differential is bounded by a constant. We say that an invertible map is bi-Lipschitz
if itself and its inverse are both Lipschitz.

Theorem 4.1. Let (M, g) be a non-totally imprisoning spacetime, and let U C M be
an open subset. Suppose that G C Isom™ (M, g) is a subset of isometries such that
there exists a compact K' ¢ M with ¢(p) € K' forall p € U and all ¢ € G. Then
G is uniformly Lipschitz on every compact K C U. If G is a subgroup, it is uniformly
bi-Lipschitz.

Proof. Let K C U be compact, and suppose that the assertion of the theorem is not
true. Then there exists a sequence of points p; € K and group elements ¢; € G such
that D, ¢; diverges. By compactness of K and K’, we may assume that p; — p
and ¢; (p;) — gq. Choose a sequence of orthonormal frames F; at p; that converge to an
orthonormal frame F at p. If D, ¢; (F;) converges to an orthonormal frame at g, then by
Theorem 2.3, ¢; converges in Isom' (M, g) in the C! topology (which on Isom" (M, g)
is equivalent to the C° topology), so D, ¢; must converge as well, contrary to our
assumption.

Let 7; denote the unit timelike vector of the frame F;. We conclude from the above
that the sequence of orthonormal frames D, ¢; (F;) cannot converge. Thus there must
be a subsequence that becomes degenerate in the limit, in the sense that the unit-timelike
vectors V; = Dy, ¢; (T;) of the frames D, ¢; (F;) tend (up to scaling) to a null vector V.
Consider the sequence of curves

Yii [0,8] > M, s> exp(sTi),

where exp denotes the exponential map with respect to the Lorentzian metric g. For §
small enough and all i large enough, the image of y; lies in U (we just need a § such that
the image of s — exp(sT) for the limit vector T = lim 7; stays in U). Next, consider a
new sequence of curves o; : [0, 6] — M given by

0i(s) 1= ¢i o yi(s) = exp(sVi).

On the one hand, because the image of each y; lies in U, we have that the image of each o;
lies in K. On the other hand, if we reparametrize the o; with respect to s-arclength, then
by the Lorentzian limit curve theorem [6, Prop. 3.31], o; converges (up to a subsequence)
to a limit causal geodesic o with image contained in K’. But up to reparametrization, o
can be nothing else than the null geodesic

0:[0,00) > M, s> exp(sV),
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where the domain of definition is [0, co) because || V;||, — oo. We reach a contradic-
tion to non-total imprisonment, because then o would be an inextendible causal curve
contained in the compact set K.

It follows that || D¢||;, must be bounded on K C U, and the bound can be chosen
uniform in ¢ € G. If G is a subgroup, then for all ¢ € G, the same bound also applies
to ¢~! € G. This concludes the proof. O

4.2. Spacetimes with a regular cosmological time function. While in Sect.3 we have
exploited the NOH to construct an invariant (up to translations) time function, there
are also cases where such a function is already naturally present. One example is the
cosmological time function

t(p) :==sup {Ly(y) | y: [0, 1) > oo past-directed causal with y (0) = p},

where L (y) denotes the Lorentzian length of y. Andersson, Galloway and Howard call
7 regular when it is finite and T — 0 along every past-inextendible causal curve. This
regularity assumption implies a number of nice properties for  and (M, g), including
that 7 is indeed a continuous time function, and that (M, g) is globally hyperbolic [3].
It also has the following implication on the isometry group.

Theorem 4.2. Let (M, g) be a spacetime with compact Cauchy surfaces. If the cosmo-
logical time function t is regular, then Isom™ (M, g) is compact.

Proof. Let ¥ be a Cauchy surface in M. By continuity and compactness, T attains a
minimum value € on ¥. Let £, := 7~ !(g/2). By construction, ¥, lies in the past
of Xj. Choose any smooth past-directed timelike vector field X on (M, g) (e.g. the
time-orientation vector field). By regularity of 7, every flowline of X must intersect 3.
Hence, the flow of X provides a homeomorphism ¥; — X,, and we conclude that X,
is compact. Since, by construction, 7 is invariant under the action of IsomT(M ,8), 1t
follows that for every ¢ € IsomT(M , 8),

¢ (Z2) N Xy #0.

Compactness of Isom™ (M, g) now follows by Theorem 2.3 if we show that for every
sequence of points p; € X, and isometries ¢; such that p; and ¢; (p;) converge, there is a
converging sequence of orthonormal frames F; at p; such that a subsequence of D¢; (F;)
converges. The latter holds because IsomT (M, g) is bi-Lipschitz, hence D¢; (F;) stays
in a compact set of O(M). Bi-Lipschitzianity follows from Theorem 4.1 applied to
G =Isom"(M, g), U = 17 ((a, b)), K = £5,and K’ = t7([a,b]) for 0 < a <
e/2 <b<e. O

It is a consequence of the above proof (combined with [16, Cor. 1]) that the level
sets of the cosmological time function for small values (smaller than ¢) are Cauchy
surfaces. This had previously been proven in [14] for all level sets, under the additional
assumption that the spacetime is future timelike geodesically complete. Theorem 4.2
also applies to the regular cosmological volume functions introduced in [19, Sec. 6], as
these are also, by construction, invariant under isometries.

We end this section with a class of examples where Theorem 4.2 is applicable, while
Corollary 1.3 is not, because the NOH is not satisfied.
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Fig. 4. The cone Col"" from Example 4.3 (in blue), with one of the hyperboloidal sheets depicted in red

Example 4.3. Let Co"" be the (solid) lightcone of the Minkowski spacetime R (e,
the chronological future 7*(0) of 0). It is foliated by homothetics of hyperbolic space H"
(see Figure 4). Let I' be a co-compact (torsion-free) lattice in the Lorentz group SO(1, n),
meaning that H" /T is a closed hyperbolic manifold. The quotient My = Co'"/T is
globally hyperbolic with compact Cauchy surfaces. Furthermore, it is flat, i.e., locally
isometric to Minkowski. In fact, M is a warped product M = R* x,, S, with§ = H"/T
and warping function w(r) = r2 (as in the case of polar coordinates in Euclidean spaces).
The radius function (i.e., the projection onto R*) turns out to be the cosmological time
of Mr. Finally, Mr satisfies the NOH.

Now, it turns out that besides this exact solution, there are deformations of it, enjoying
the same properties, except for the NOH. For this, let I'” be an affine deformation of T,
that is, I'’ is a subgroup of the Poincaré group Poin!”, such that every y’ € I'” is of the
form x — y(x) +1,, where y € I', and ¢, is a translation vector. It happens that this
deformation can be followed by a deformation of Co'"” which becomes a convex globally
hyperbolic domain D in Minkowski, whose quotient by I'’ is a globally hyperbolic
spacetime M with compact Cauchy surfaces. It is regular from the cosmological time
function point of view, but does not satisfy NOH (unless the deformation is trivial). Its
horizon is complicated, and the initial singularity becomes like a 1-dimensional space,
in the case n = 2, contrary to the big-bang case of Co'"". See [9,27] for more details.
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