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Stationarity: a mathematical concept

Definition (Stationarity)

A random process X is said to be second-order stationary if:

E{X (t)} = m, ∀t ,
E{X (t)X (τ)} = k(t − τ), ∀(t, τ) .

Spectrum:

Gives the distribution over frequencies of the power of X .

Many methods to estimate the spectrum from a single realization of
the stationary process X (e.g. Welch method).
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Nonstationarity

The stationarity assumption is often irrelevant to study real-life signals,
such as audio signals, or physiological signals.

⇒ Questions:

1 Which classes of nonstationarity should we consider?

2 How should we analyze nonstationarity?
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Doppler effect

Assumptions:

A source emits a stationary sound x(t).

The source follows a uniform linear motion, at speed V .

From a fixed station, we record the sound y(t) emitted by the
source.

d

V

⇒ Due to the Doppler effect, the sound we receive is time-warped:

y(t) = x (γ(t)) ,

with

γ′(t) =
c2

c2 − V 2

(
1− V 2t√

d2(c2 − V 2) + (cVt)2

)
.
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Wavelet transform

Wavelet transform

Wx(s, τ) =

∫
R
x(t)ψ∗sτ (t)dt with ψsτ (t) =

1√
s
ψ

(
t − τ
s

)
,

where ψ is the analysis wavelet.
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Figure: “Sharp wavelet” for two different values of s.
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Doppler effect
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Experimental setting

M. Lagoin, C. Crauste-Thibierge, and A. Naert, Human-scale Brownian
Ratchet: A Historical Thought Experiment, Phys. Rev. Lett. 129,
120606 (2022).

Goal: Determine the instants when the beads hit the blade.
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EMF Signal
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e(t) =
∑
p

ap s(t − tp),

ap is the magnitude of the pth impact;

tp is the time of the pth impact;

s is the impulse response of the system.
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Time-frequency

Short time Fourier transform (STFT)

Gx(ν, τ) =

∫
R
x(t)g∗ντ (t)dt with gντ (t) = g(t − τ)ei2πνt ,

where g is the analysis window.
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Figure: Modulated window for two different values of ν.
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Time-frequency
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Nonnegative Matrix Factorization (NMF)

Idea: Low rank decomposition of the spectrogram S (= squared modulus
of the STFT)
Method: Find W and H two matrices of nonnegative elements such that

S ≈WH.

Credits: Qwertyus, CC BY-SA 3.0, via Wikimedia Commons
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NMF of the spectrogram
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Third component of the NNMF
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Questions?
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