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Abstract

This work establishes, under natural hypotheses, the asymptotic expansion of integrals of the
form

ZN,Γ[V ] =

ˆ

ΓN

N∏
a<b

(za − zb)β
N∏
k=1

e−NβV (zk) dz

as the dimension N goes to infinity, for a complex valued polynomial function V , an even integer
β and an unbounded contour Γ ⊂ C such that the integral converges. This question has already
been settled when the contour Γ is the real line and V is real-valued. In this case, it is well
known that the large-N expansion is characterised by an equilibrium measure corresponding to the
minimiser of an appropriate energy functional, and the method used to derive the expansion bears
a structural resemblance to the Laplace method. By contrast, in the complex valued setting we are
considering, the analysis structurally resembles the classical steepest-descent method, and involves
finding an equilibrium measure and a steepest descent curve, the latter being a deformation of the
original integration contour Γ. Our analysis deals with the one-cut regular regime of the associated
equilibrium measure.
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1 Introduction

1.1 Classical asymptotics of integrals
Numerous problems in mathematics or theoretical physics require analysing the behaviour of inte-
grals of the form

Jx[f ] =

ˆ

ΓN

e−xf(z)dz (1.1)

when x is very large. Here, Γ is a simple curve homeomorphic to R, unbounded in both directions,
while f is a complex valued function on Γ such that Re(f) goes to infinity fast enough as z =
(z1, . . . , zN ) ∈ ΓN goes to infinity. Finally, N is some fixed integer and dz = dz1 · · · dzN is the
natural product measure on ΓN .

In the simplest case corresponding to the real valued setting (Γ being the real line and f smooth
and real valued), one may estimate the integral’s large-x asymptotics by Laplace’s method. In
the simplest setting, f has a unique critical point zc: Dzf(zc) = 0, whose associated Hessian is
positive definite. Then, Laplace’s method shows that the integral’s logarithm is dominated by the
contribution of that minimum : lnJx[f ] = −xf(zc) + o(x). The remainder term may be estimated,
to the desired precision, by localising the integration in some open neighbourhood of zc where f
admits a Morse representation, which reduces the problem to one of Gaussian integration, up to
exponentially sub-leading contributions.

For genuinely complex valued integrands Laplace’s method may not be immediately applied
because the integrand is oscillatory. Let us first consider the one dimensional setting N = 1 and as-
sume that f is sufficiently nice, in particular holomorphic on a sufficiently large open neighbourhood
Uf of Γ in C. In this context, one may access the large-x behaviour of Jx[f ] by applying the steepest
descent method, see e.g. [31]. The implementation of this method demands more care than in the
real setting. Indeed, one first needs to find the critical point of f on Uf , viz. zc such that f ′(zc) = 0,
and then find the steepest-descent curve Γc ⊂ Uf passing through zc, so that Im(f) is constant
along Γc in a neighbourhood of zc. This latter condition is equivalent to finding a curve through
zc for which Re(f) grows the fastest along the curve away from zc. With such a data at hand, one
invokes Cauchy’s theorem to deform the original integration curve Γ to Γc. With the oscillations
removed the integral may be approached by Laplace’s method and its large-x expansion extracted.
Thus the implementation of the steepest-descent method involves identifying two ingredients: the
critical point zc and the steepest descent contour Γc. The steepest descent method extends to
higher dimensions, along conceptually similar lines, although its precise implementation is delicate
and requires paying attention to many specific features of the integrand one is considering. Since
this will not shed more light, we shall omit discussing such cases here.

1.2 β-ensembles and the large-N asymptotics
The above mentioned methods allow one to access "classical" asymptotics of an extremely large
class of multiple-integrals; these being integrals whose integrand depends on a large parameter but
whose dimensionality remains fixed. A natural generalisation of the asymptotic analysis of integrals
pertains to studying integrals Jx[f ] in the regime N → +∞ while at the same time x ↪→ xN and
f ↪→ fN become N dependent, with xN → +∞, while fN remains appropriately "well-behaved" in
N . Problems for which such asymptotics are needed are multifarous: the discretised approach to
the construction of a path integral, asymptotic enumerative problems in particular stemming from
enumerations of geometric objects, N -fold integrals defining coefficients of series as e.g. for Fredholm
determinants, asymptotics of N × N determinants to name a few. Such kinds of asymptotics are
of particular interest in random matrix theory and Coulomb gases. In fact, among all random
matrix models, one may single out the so-called orthogonal, unitary and symplectic ensembles.
These consist, respectively, of random symmetric, Hermitian and Hermitian self-dual matrices whose
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probability distribution is invariant under the adjoint action of orthogonal, unitary and symplectic-
unitary matrices. A particularly interesting form of probability distribution for these ensembles
takes the form

dS(M) =
e−Ntr[Q(M)]

ZN ;tot[V ]
dM (1.2)

where dM is the Lebesgue measure on the independent entries, Q is some continuous function grow-
ing fast enough at ±∞, and ZN ;tot[V ] a normalising factor called the partition function. When
appropriately chosen, the orthogonal, unitary and symplectic-unitary transformations diagonalise a
given matrix belonging to one of the associated ensembles. This entails that the probability density
factorises as

dS(M) = dPVN,R(λ) dUβ (1.3)

in which β = 1, 2, 4 respectively for the orthogonal, unitary and symplectic ensembles. dUβ is the
corresponding Haar measure on the N × N orthogonal, N × N unitary or 2N × 2N symplectic-
unitary group, while PVN,β is the probability distribution on the Eigenvalues λ = (λ1, . . . λN ), each
having multiplicity 1 when β = 1, 2 and multiplicity 2 when β = 4:

dPVN,R(λ) =
1

ZN,R[V ]

N∏
a<b

|λa − λb|β ·
N∏
a=1

e−NβV (λa) · dλ with V = 1
β · d

β
2 eQ (1.4)

and dλ stands for Lebesgue’s measure on RN . ZN,R[V ] is a normalising factor given by the N -fold
integral

ZN,R[V ] =

ˆ

RN

N∏
a<b

|λa − λb|β ·
N∏
a=1

e−NβV (λa) · dλ . (1.5)

While β = 1, 2, 4 partitions functions associated to any potential V are naturally connected with
random matrix models [28], those for β ∈ R+\{1, 2, 4} are known to admit a representation in terms
of a random matrix model only for certain special potentials, such as quadratic [32]. Furthermore,
ZN,R[V ] may be interpreted as the partition function of a 2-dimensional gas of N charged particles
confined to the real line and trapped by an external confining potential V .

Often in random matrix theory or statistical mechanics one is interested in obtaining a precise
description of the various statistical properties of the relevant matrix ensemble (or particle system)
in the regime when its size N tends to infinity. This naturally leads to the problem of extracting
the large-N behaviour of the partition function ZN,R[V ]. In particular, such questions are also
paramount when interpreting matrix integrals as oversimplified "baby" models of discretisations of
quantum field theory path integrals.

There has been a long series of efforts to reach this goal on rigorous grounds. The first heuristic
estimation of the leading large-N asymptotics of ln ZN,R[V ] goes back to the work [17] which
considered the regime β = 2 and V quartic. In very heuristic terms, one starts by recasting the
integrand of ZN,R[V ] as

N∏
a<b

|λa − λb|β ·
N∏
a=1

e−NβV (λa) = e−N
2 β

2
HN (λ) (1.6)

where

HN (λ) =
2

N

N∑
a=1

V (λa) −
1

N2

N∑
a6=b

ln |λa − λb| . (1.7)

Then one looks for its minimum λ∗: DλHN (λ∗) = 0 and argues by straightforward analogy with
the classical Laplace method that the leading asymptotic behaviour of ZN,R[V ] is captured by a

4



saddle-point like estimation of the integral1, leading to

lim
N→+∞

{ 1

N2
ln ZN,R[V ]

}
= −β

2
lim

N→+∞

{
HN (λ∗)

}
. (1.8)

To compute the limit in closed form, it is argued in [17], that the empirical measure L(λ∗)
N ,

L
(z)
N =

1

N

N∑
a=1

δza ∈ P
(
C
)

with δz Dirac mass at z ∈ C , (1.9)

should converge to a probability measure µeq. After another leap of faith, one concludes that
lim

N→+∞

{
HN (λ∗)

}
= E [µeq] with E being a functional on P(R), the space of Borel probability

measures on R:

E [µ] =

ˆ

R2

{
V (s) + V (t) − ln |s− t|

}
dµ(s)⊗ dµ(t) . (1.10)

In fact, one may show, see e.g [53], that E admits a unique minimiser on P(R) given precisely by µeq.
The saddle-point like arguments leading to the answer were hard to make rigorous. However, by
adopting a different perspective, the work [8] managed to set the estimation of the large-N behaviour
of ZN,R[V ] into the framework of large deviation theory which, among other things, indeed yields
that

lim
N→+∞

{ 1

N2
ln ZN,R[V ]

}
= −β

2
inf

µ∈P(R)

{
E [µ]

}
= −β

2
E [µeq] . (1.11)

This approach should be seen as the appropriate infinite dimensional analogue of the finite-dimensional
Laplace method for evaluating the leading asymptotics of real-valued N -fold integrals as N → +∞.
As in the case of classical asymptotics for the real-valued setting mentioned earlier on, this method
allows one to obtain systematically, order-by-order, asymptotics of ln ZN,R[V ]. Linear statistics

L
(λ)
N (f) =

1

N

N∑
k=1

f(λk) =

ˆ
f(s)dL

(λ)
N (s) (1.12)

defined as integrals of a measurable function f with respect to the empirical measure L(λ)
N of λ

distributed according to PNN,β are a central object in such an approach. It turns out that owing to
the reparameterisation invariance symmetry of ZN,R[V ] these satisfy so-called loop equations [2]:
a tower of equations relating expectations of products of linear statistics. As soon as one knows
the leading asymptotics of the constituents, these equations allow one to fix the order-by-order
large-N expansion of EVN,β

[
L

(λ)
N (f1) · · ·L(λ)

N (fk)
]
. The form taken by the latter depends on the

nature of µeq’s support. In the case of analytic V , the latter is a union of segments, each called a
cut. The large-N expansions of expectations of products of linear statistics were rigorously proven
in [19, 39, 49] for the one-cut regime, in [20] for the multi-cut regime in the case of real analytic
off-critical potentials V and for Coulomb gases with more general mean-field interactions in [21]. In
particular, one observes that linear statistics enjoy some form of universality in the sense that, in
certain settings, these converge to Gaussian random variables as N goes to infinity.

The knowledge of the all-order asymptotics of EWN,β
[
L

(λ)
N (f)

]
for a sufficiently large class of

potentials W allows one to deduce a similar expansion for ZN,R[V ], at least in the one-cut regime
on which we shall focus. Indeed, one observes that ZN,R[VG] with VG = aλ2 + bλ is explicitly
computable by means of the Selberg integral formula. Then, by setting Vt = tV + (1 − t)VG, one
finds

ZN,R[V ] = ZN,R[VG] −N2β

1ˆ

0

EVtN,β
[
L

(λ)
N (V − VG)

]
dt , (1.13)

1The fact that this holds in this case stems from the presence of the N2 prefactor in the rhs of (1.6). If it were only
N , then such naive intuition would fail as entropic effects deriving from the Lebesgue measure would also play a role.
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which yields the claim upon order-by-order t-integration of the expansion of EVtN,β
[
L

(λ)
N (V − VG)

]
,

provided the bound on the remainder is uniform in t. All-in-all, this allows one to establish, in the
one-cut regular regime, the following form of the large-N asymptotic expansion

ln ZN,R[V ] =
β

2
N lnN +

3 + β
2 + 2

β

12
lnN +

K∑
k=−2

fk(β, V )

Nk
+ O(N−K−1) , as N → +∞ (1.14)

for any K ≥ −2 and for a sequence of complex numbers fk(β, V ), see Proposition 1.2 of [19]. The
first two terms are explicitly given as

f−2(β, V ) = −β
2

E [µeq],

f−1(β, V ) =

(
β

2
− 1

)ˆ
R

ln
{dµeq

dz
(z)
}
· dµeq(z) + ln

β

2

+
β

2
ln

2π

e
− ln Γ

(
β

2

)
.

Conversely, the asymptotic expansion of the partition function ZN,R[V ] was key to studying the
fluctuations of linear statistics in the multi-cut case where the equilibrium measure has a discon-
nected support, in order to capture the fluctuations of the number of particles living in each of the
pieces [20].

The above discussion illustrates how far the infinite dimensional analogue of the Laplace method
has been developed. While we have chosen to discuss β-ensembles owing to their relative simplic-
ity, the method described has been successfully applied—with various modifications—to a wide
range of more involved N -fold integrals—also related to higher "ambient" dimension—or to discrete
generalizations thereof [7, 18, 21, 22, 23, 25, 26, 34, 55].

Thus arises the natural question of pushing the large-N analysis of N -fold integrals beyond
the setting considered so-far: can one extract the N → +∞ regime of various kinds of N-
fold integrals having complex valued integrands? In other words, can one invent an infinite
dimensional analogue of the classical steepest-descent method described earlier on?

This type of questions arises naturally in statistical physics, in particular in the context of study-
ing the so-called Fisher zeroes, i.e. zeroes of partition functions after extending the temperature
T to take complex values. It can become rather involved even for relatively simple models like
Curie-Weiss at complex temperature [54].

The aim of the present work is to provide a suitable infinite-dimensional framework, based
on large deviation theory ideas, that would allow to implement the ideas of the steepest descent
method to the case of large-N asymptotics of N -fold integrals involving holomorphic complex-valued
integrands.

1.3 β-ensembles with complex integrands: motivations
We shall focus on the most natural complex-valued extension of a real-valued β-ensemble, namely
we consider the large N behaviour of integrals of the form

ZN,Γ[V ] =

ˆ

ΓN

N∏
a<b

(za − zb)β
N∏
k=1

e−NβV (zk) dz (1.15)

where V ∈ C[X] has degree κ ≥ 2, β ∈ 2N∗ is a positive even integer and Γ is a simple contour
smoothly homeomorphic to R and going to infinity in such a way that Re[V ] → +∞ as z → ∞
along Γ so that the integral is convergent.

The motivations for studying the complex valued partition functions (1.15) are multifarious. In
the case β = 2 and Γ = R, such integrals are related to counting surfaces of a given genus [33],
of great importance because of the relevance to quantum gravity. Here one is interested in how
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fk(β, V ) depend on the coefficients of V , more precisely, how fk(β, V ), when Taylor expanded in
the coefficients of V , behaves deep into the expansion. This behaviour is governed by the structure
of singularities in the complex plane, and so one is forced to consider a polynomial potential V
with complex coefficients. This has motivated recent work studying integrals of the form (1.15),
for β = 2, in the cubic [5, 14] and quartic [15] cases by means of the Riemann-Hilbert approach to
orthogonal polynomials. Riemann-Hilbert techniques are, however, difficult to extend beyond β = 2
and Riemann–Hilbert formulations are only known to exist for β ∈ {1, 2, 4}. The partition function
(1.15) also appears in the theory of non-Hermitian orthogonal polynomials on curves in C; namely
it appears as the denominator in a Heine-type formula. The asymptotics of such non-Hermitian
orthogonal polynomials were considered in the quartic case by [13], again by Riemann-Hilbert
techniques.

Finally, correlation functions in truly interacting, i.e. non-equivalent to free fermions, quantum
integrable models are conjectured to be given by series of multiple integrals, viz. series of the form

∑
N≥0

ˆ

ΓaN

aN∏
s=1

dλs · FN
(
λ | x

)
(1.16)

where aN is typically an affine function of N , FN an explicit integrand and Γ a simple smooth
curve in C. x is a set of parameters on which the given correlator may depend. The building
blocks of (1.16) are dependent on the model under consideration and on the correlator of interest.
The main mathematical issue with these representations is that their convergence theory is not well
developed. For this very reason, one may only speak of representations (1.16) as conjecturally giving
the correlators in truly interacting quantum integrable models. The only case where it has been
possible to establish convergence pertains to the space-like separated vacuum two-point functions
in the integrable Sinh-Gordon quantum field theory [46]. There, one has aN = N and Γ = R, which
allowed [46] to exploit techniques developed for the large-N analysis of real valued β-ensembles and
real-valued generalisations thereof so as to obtain an upper bound in N for the N -fold integrals
making up the series and so deduce convergence. While constituting a definite progress, more tools
are needed to treat the case of more general models for which the contour Γ does not coincide
with R and FN is genuinely complex valued. The techniques of large-N analysis for β-ensembles
in the complex valued setting (1.15) developed in the present work may be thus seen as paving
the way for developing a convergence theory for series of multiple integrals describing correlation
functions in quantum integrable models. Reaching this long-standing goal is paramount for various
reasons. First of all, in purely abstract terms, correlation functions of quantum integrable models
correspond to matrix elements of π(g) where π is a representation of an affine quantum group Uq

(
ĝ
)

associated with the quantum deformation of the enveloping algebra of an affine Lie algebra, and
g ∈ Uq

(
ĝ
)
. This is reminiscent of the group theoretical understanding of classical special functions,

as pioneered by Bragmann [16] and systematically developed by the school of Vilenkin [43, 44, 45]:
these can be seen as given by matrix elements of representations of classical Lie group evaluated
at some group element. The quantum group Uq

(
ĝ
)
is a deformation of the enveloping algebra of a

Lie algebra g, and thus repeating the construction for such a more complex structure should lead
to more involved special functions. Indeed, already when q = i, there occur tremendous algebraic
simplifications in the representation theory of Uq

(
ĝ
)
, and one obtains a class of special functions

lying above the higher transcendental ones: the Painlevé special functions [38]. See e.g. [37] where
the construction was first pioneered. This class contains in particular special functions given by
Fredholm determinants of id + W with W an integrable integral operator, Toeplitz determinants
etc. The choice q = i corresponds, in the physical language, to what is referred to as free fermion
equivalent models. However, most interesting quantum integrable models, the truly interacting ones,
pertain to generic values of q. Famous examples thereof correspond to the XXZ spin-1/2 chain or
the Sine-Gordon quantum field theory. In these models, representations of correlation functions as
(1.16) yield one parameter deformations of Painlevé τ -functions: see e.g. [42] for the generalisation
of the PV transcendent or [4] which generalises the PIII transcendent of [10]. Following numerous
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heuristic demonstrations, we expect these generalisations to yield special functions belonging to
the next layer "above" Painlevé transcendents. On top of the purely special function aspects of
these series, demonstrating that they are well-defined would allow one to tackle deep and exciting
questions related to the universal behaviour of the scaling regime of correlation functions in critical
integrable models of two-dimensional statistical mechanics and of 1 dimensional quantum many-
body physics. This stimulating field is so far in its mathematical infancy, and begs for further deep
understanding.

1.4 Main result
First of all, by rescaling the integration variables we can, without loss of generality, focus on the
setting where

V (z) =
zκ

κ
+ O(zκ−1) . (1.17)

The restriction on β in ZN,Γ[V ] produces an analytic integrand allowing us to deform the integration
curve in (1.15) by Cauchy’s theorem: as one may expect from the steepest descent method, this
property plays a crucial role in our analysis. Note that the case of odd β is trivial as it would
produce an antisymmetric integrand (under permutation of the variables), making the integral
(1.15) vanish. Due to the integrand’s analyticity, even if one would start with a partition function
ZN,Γ[V ] involving a contour Γ of limited regularity, e.g. obtained by concatenating a finite number
of C1 arcs, it is always possible to deform Γ to a new curve that is C∞ and behaves "nicely" at
infinity. More precisely, "nice" curves satisfy the following properties:

(Γ1) Γ is the homeomorphic image of R under an infinitely differentiable injective function γ:

γ : R −→ C
γ(R) = Γ.

(Γ2) |γ(x)| → +∞ as x → ±∞ and furthermore there exists integers α, α′ ∈ [[ 0 ; κ − 1 ]], α 6= α′,
and K > 0 such that

arg γ(x) =
2πα

κ
∀x ∈]−∞ ;−K],

arg γ(x) =
2πα′

κ
∀x ∈ [K ; +∞[ .

These are respectively the incoming and outgoing directions of Γ.

Remark 1.1. Note that (Γ2) implies that

lim
|z|→∞
z∈Γ

V (z)

|z|κ
=

1

κ
. (1.18)

This means that the "nice" curves coincide at∞ with directions of the fastest growth of the confining
potential.

Moreover, (Γ1) and (Γ2) imply that there exists a constant 0 < Cγ < 1 such that

0 < Cγ ≤
|γ(x)− γ(y)|
|x− y|

≤ C−1
γ ∀x, y ∈ R. (1.19)

Note that (1.19) holds automatically if x and y are confined to a compact set so long as γ is C1 and
injective.

Before stating our main theorem, it is necessary to introduce the notion of the complex energy
functional, which should be thought of as the complex analogue of the real beta ensemble energy
functional E given in (1.10). Its definition demands, first, to specify what one means by complex
logarithm, in particular by carefully choosing its system of cuts.
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Definition 1.2 (Complex energy functional). Let Γ ⊂ C be a smooth, simple, unbounded contour
and let µ ∈ P(Γ), the set of probability measures on Γ, and suppose µ has continuous density with
respect to the arc length on Γ. Then introduce the "g-function" as

gΓ[µ] : C \ Γ −→ C gΓ[µ](z) = −
ˆ

Γ

ln(z − w) · dµ(w) .

For w ∈ Γ, the map z 7→ ln(z − w) is defined as having a cut along Γ[∞e
2iπα
κ ;w], the portion of Γ

located between its incoming direction and w. As a consequence, gΓ[µ] has cuts along Γ[∞e
2iπα
κ ; eµ],

in which eµ is the extremal point of suppµ along the direction of Γ. Note that gΓ[µ] has derivative

(
gΓ[µ]

)′
(z) =

ˆ
Γ

1

w − z
dµ(w) . (1.20)

The complex energy associated to the measure µ ∈ P(Γ) is then defined as follows

IΓ[µ]
def
=

ˆ
Γ

(
1

2

(
gΓ[µ]

)
+

(z) +
1

2

(
gΓ[µ]

)
−(z) + 2V (z)

)
dµ(z) (1.21)

where
(
gΓ[µ]

)
± are the left and right boundary values of gΓ[µ] on the contour Γ.

Since IΓ[µ] is genuinely complex valued, there is no sense speaking of its minimisation. However,
the latter makes sense for its real part

IΓ[µ] = Re
(
IΓ[µ]

)
. (1.22)

We shall call IΓ "energy" functional. It takes the explicit form

IΓ : P(Γ) −→ (−∞,+∞]

IΓ[µ]
def
=

ˆ

Γ2

(
ln

1

|z − w|
+ ϕ(z) + ϕ(w)

)
dµ(z)⊗ dµ(w)

where ϕ = ReV . (1.23)

We shall prove later on that, analogously to E , IΓ has a unique minimiser µΓ on P(Γ).
Since ZN,Γ[V ] given in (1.15) does not depend on Γ but only on the equivalence class of contours

of Γ, it is clear that minimising IΓ for some given choice of contour Γ cannot contain all the
information on the leading asymptotics of lnZN,Γ[V ], in contrast to what happens in the real valued
case with E . Indeed, if one compares the real valued Laplace method with the steepest-descent one,
then, in the latter setting, one needs to explore properties of the integrand outside of the original
integration contour by first finding its critical points and then finding the steepest descent curve.
The analogue of that procedure, as will be argued in Subsection 1.5, in the infinite dimensional
complex valued setting corresponds to solving the optimisation problem

sup
Γ̃∈T

inf
µ∈P(Γ̃)

{
I

Γ̃
[µ]
}

= sup
Γ̃∈T

{
I

Γ̃
[µ

Γ̃
]
}
, (1.24)

where T denotes an appropriate set of contours that preserve the value of (1.15), i.e. such that by
the application of Cauchy’s theorem one has ZN,Γ[V ] = Z

N,Γ̃
[V ]. The above corresponds to the

so-called max-min energy problem which consists in searching for a curve such that the supremum in
the lhs of (1.24) is attained. It turns out that, at least for polynomial potentials, the supremum in
(1.24) is indeed attained and this curve satisfies the so-called S-property; a crucial result of Kuijlaars
and Silva [47]. We should remark that a construction of the optimal curve for our problem without
reference to a variational problem was already given in the off-critical regime by Bertola [11]. We
note also the prior work of Kamvissis and Rakhmanov [40] establishing the existence of S-curves
relevant for the asymptotics of the focusing nonlinear Schrödinger equation, involving a somewhat
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different domain to the one we consider and with a more general potential. We shall denote such a
contour solution, under suitable growth at infinity, as Γeq. More details on that will appear in the
core of the paper. In particular, it will be proven in Appendix B, that the solution of the max-min
energy problem in the so-called off-critical regime which is of interest to us, shown to exist by [47],
can be taken to satisfy (Γ1)-(Γ2).

We are now in position to state the central working hypothesis of this paper on which our main
result builds.

(V1) The potential V is a polynomial with leading term zκ

κ and is one-cut regular according to
Definition 2.18; that is, V is off-critical and the support of the equilibrium measure µΓeq

associated to V on the S-curve is connected.

A recent work [12] has shown that the off-critical regime for the max-min energy problem is an
open set within the space of polynomial potentials and it is furthermore expected that the set of
critical polynomial potentials has zero Lebesgue measure. The latter has been proven for logarithmic
potential problems on the real line [27, 48]. Thus off-criticality is believed to characterise the typical
case.

We are now in position to state our main theorem.

Theorem 1.3 (Expansion of the complex partition function). Let V satisfy hypothesis (V1) and
let Γ ⊂ C be an "admissible" contour in the sense of Definition 2.15; that is, a simple (unbounded)
contour consisting of a finite number of C1 arcs and "stretching out to infinity" in the directions
e

2πiα
κ and e

2πiα′
κ . Then there exists an admissible contour Γeq ⊂ C, a deformation of Γ, satisfying

hypotheses (Γ1)-(Γ2) and solving the max-min energy problem (see (2.7)). Let µΓeq ∈ P(Γeq) be

the associated equilibrium measure for Γeq in the external field ϕ = ReV and let
dµΓeq

dz be its density

with respect to the natural measure dz on Γeq, so that dµΓeq(z) =
dµΓeq

dz dz. Then, there is a sequence
of complex numbers (Fk(β, V ))∞k=−2 such that for every K ∈ N we have

lnZN,Γ[V ] =
β

2
N lnN +

3 + β
2 + 2

β

12
lnN +

K∑
k=−2

Fk(β, V )

Nk
+ O(N−K−1), N → +∞. (1.25)

Moreover, we have the formulas

F−2(β, V ) = −β
2
IΓeq [µΓeq ],

F−1(β, V ) =

(
β

2
− 1

)ˆ
Γeq

ln
{dµΓeq

dz
(z)
}
· dµΓeq(z) + ln

β

2

+
β

2
ln

2π

e
− ln Γ

(
β

2

)
.

Remark 1.4. The above expansion is a "complexification" of the known expansion for the partition
for β-ensembles on the real line, compare with (1.14). Indeed IΓeq is a complexification of the usual
logarithmic energy in an external field and

Ent[µΓeq ] = −
ˆ

Γeq

ln
{dµΓeq

dz
(z)
}
· dµΓeq(z)

is a complexification of the entropy. This is natural since in the case of V having real coefficients
and Γ = R we expect to reproduce known results for the real case.

One should note that the density dµΓeq (z)

dz is complex valued since it is a density with respect to

the complex differential dz = γ′eq(t)dt on Γeq, so that overall dµΓeq(z) =
dµΓeq (z)

dz dz is real valued.
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In view of Theorem 1.3, it is natural to wonder if law of large numbers or central limit theorems
for linear statistics hold as they do in the real case [1, 19, 39, 49]. To state such a result, let us define
the complex-valued "measure" ΠN,Γ on ΓN having mass 1 with density in respect to the natural
measure dz on ΓN as

dΠN,Γ(z)
def
=

1

ZN,Γ[V ]

N∏
a<b

(za − zb)β ·
N∏
a=1

e−NβV (za) dz, z ∈ ΓN . (1.26)

The normalisation factor ZN,Γ[V ] is just given by (1.15).
We can also prove the convergence of the correlators under ΠN,Γ, and for instance derive the

following statement.

Corollary 1.5. Under the same hypotheses as in Theorem 1.3,

1. For every polynomial q,

lim
N→∞

ˆ (
1

N

N∑
i=1

q(zi)

)
dΠN,Γ(z) =

ˆ
q(z) dµΓeq(z) . (1.27)

2. For every collection of polynomials q1, . . . , qk,

lim
N→∞

ˆ k∏
j=1

(
N∑
i=1

qj(zi)−N
ˆ
qj(z) dµΓeq(z)

)
dΠN,Γ(z) = ΨG(q1, . . . , qk) ,

where ΨG(q1, . . . , qk) is defined recursively by

ΨG(q1, . . . , qk) = m(q1)ΨG(q2, . . . , qk) +
k∑
j=2

σ(q1, qj)ΨG(q2, . . . , q̂j , . . . , qk)

where m(q) and σ(q, q′) are defined in (6.17) and (6.18).

Note that ΨG follows the usual recursion of Gaussian moments.

1.5 Strategy of the proof
As we have already mentioned, the first key point is due to Cauchy’s theorem and the analyticity
of the function we are integrating, which imply that for every pair of contours Γ,Γ′ ⊂ C satisfying
(Γ1) and (Γ2), the following equality holds

ZN,Γ[V ] = ZN,Γ′ [V ] . (1.28)

We shall first estimate the modulus |ZN,Γ[V ]| of the partition function and observe that it is bounded
from above by its real-valued cousin

ZN,Γ[V ]
def
=

ˆ

ΓN

N∏
a<b

|za − zb|β
N∏
a=1

{
e−Nβϕ(za)

}
|dz| with ϕ = Re(V ) .

If Γ is the image of the real line by a smooth homeomorphism γ : J ⊆ R → γ(J ) with γ(J ) a
simple curve, ZN,Γ[V ] is also equal to

ZN,γ [V ] =

ˆ

JN

N∏
a<b

|γ(xa)− γ(xb)|β
N∏
a=1

{
|γ′(xa)| · e−Nβϕ(γ(xa))

}
dx with ϕ = Re(V ) . (1.29)
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Note that henceforth the support interval J of the homeomorphism is considered as part of the
data carried by the label "γ". Let us also remark that the multiple integral (1.29) has the natural
statistical mechanical interpretation as the partition function of a Dyson gas confined to the curve
γ(J ) at inverse temperature β = 1/T . By analogy with the classical steepest descent method [31],
and this will be made precise in the course of this paper, one might expect that the modulus of the
partition function will be well-approximated by (1.29) provided that the contour Γ = γ(R) is such
that the oscillations of the complex integral are minimised. In fact, since one can optimise with
respect to the original contour by (1.28), we always have the trivial bound

|ZN,Γ[V ]| ≤ inf
Γ̃=γ̃(R)∈T

ZN,γ̃ [V ] (1.30)

where T denotes an appropriate set of contours that preserve the value of (1.15). Experience with
the steepest descent method leads one to expect that the rhs of (1.30) is optimal to leading order.

The two partition functions introduced above are associated to two "models", the "real model"
and the "complex model" respectively. Given J ⊂ R a closed interval and γ : J −→ C a smooth
simple curve, the "real model" corresponds to the probability measure on JN with density

dPN,γ(x)
def
=

1

ZN,γ [V ]

N∏
a<b

|γ(xa)− γ(xb)|β
N∏
a=1

{
|γ′(xa)| · e−Nβϕ(γ(xa))

}
dx, x ∈ JN . (1.31)

We shall call the "complex model" the complex-valued measure ΠN,Σ introduced in (1.26) with
the caveat that now Γ is replaced by a generic curve Σ that might be compact. We introduce
these more general situations because, at several stages of our analysis, we shall need to focus on
"effective" situations where integration variables, aka "particles", are restricted to certain compact
subsets of the original curve Γ. We shall not dwell for the moment upon the precise conditions that
must be imposed on γ so that these models are well-defined.

The asymptotic analysis of (1.29) is now well understood as described in Section 1.2. It is closely
related to a certain problem in potential theory. To see this, observe that for z ∈ ΓN having pairwise
distinct coordinates, we have

N∑
i<j

ln
1

|zi − zj |
+ (N − 1)

N∑
j=1

ϕ(zj) =
N2

2

ˆ

Γ2

z 6=w

(
ln

1

|z − w|
+ ϕ(z) + ϕ(w)

)
dL

(z)
N (z)⊗ dL

(z)
N (w) .

Here, we have introduced the empirical measure L(z)
N as in (1.9), but generalised to the setting where

z = (z1, . . . , zN ) ∈ CN , i.e. L(z)
N ∈ P(C). The real density dPN,γ(x)/dx is morally of the form

exp

{
− βN2

2
IΓ[L

(γ(x))
N ] + NL

(x)
N (ln |γ′|) − ln ZN,γ [V ]

}
,

in which γ(x) =
(
γ(x1), . . . , γ(xN )

)
and the linear statistic L(z)

N (f) is as introduced in (1.12).
Still, this is only formal since, strictly speaking, IΓ[L

(z)
N ] = +∞ due to the blow up issuing

from the diagonal. Nevertheless, configurations of particles such that L(z)
N is close to this minimiser

dominate the asymptotics [8, 53], so that

1

N2
ln ZN,γ [V ]→ −β

2
inf

µ∈P(Γ)
IΓ[µ] = −β

2
IΓ[µΓ] as N → +∞ . (1.32)

In physical terms, the partition function is dominated by the minimal energy configuration of the
particles. This is because the long-range forces ln 1

|z−w| and the scaling in N of the potential ensure
that the "energy" is order N2 whereas the "entropy" and the contour curvature contribute only at
order N , and so the former is the dominant part of the free energy.
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For our complex partition function, we find, after optimising our bound (1.30), that we have

lim sup
N→+∞

ln |ZN,Γ[V ]|
N2

≤ −β
2

sup
Γ̃∈T

inf
µ∈P(Γ̃)

I
Γ̃
[µ] (1.33)

We shall show in this work that, in fact, the above upper bound is an equality. More precisely, we
show that there exists a constant Cβ > 0 such that

|ZN,Γeq [V ]| ≥ CβZN,γeq [V ] (1.34)

forN sufficiently large and a well chosen simple curve γeq. This bound cannot be expected to hold for
any contour but holds only when Γeq = γeq(R) is an S-curve in the external field ϕ = Re(V ). In this
sense, the S-curve is the analogue of a steepest descent curve, since it "minimises the oscillations."
This analogy between steepest descent contours and S-curves was made in the pedagogical article
of Kamvissis [41], here in the context of asymptotic analysis of Riemann-Hilbert problems. Clearly,
the lower bound (1.34) together with (1.28) and (1.32) shows that (1.33) is in fact an equality.

We prove the key lower bound (1.34) by separating the integrand of (1.15) into a modulus and a
phase and showing that the phase may be written as the complex exponential of a smooth quadratic
form in the empirical measure of the particles. In fact, we roughly exhibit a complex constant CN
and a random variable Gin such that

ZN,Γeq [V ]

ZN,γeq [V ]
= CN

ˆ

RN

eGindPN,γeq(x) . (1.35)

Here, the random variable Gin is purely imaginary and takes the form

Gin = iN2

ˆ
a(x, y)d(L

(x)
N − µ̃Γeq)(x)d(L

(x)
N − µ̃Γeq)(y) + iN

ˆ
p(x)d(L

(x)
N − µ̃Γeq)(x) .

Here, we denote µ̃Γeq = γ#
eqµΓeq the pullback of the measure µΓeq by γeq. The convergence of

the rhs of (1.35) then follows when we show that Gin converges weakly to a quadratic form in
Gaussian variables, and then, by a functional-analytic argument, that the expectation of the complex
exponential of this quadratic form is bounded from below by something uniformly positive, thus
establishing the lower bound (1.34). This convergence is established thanks to the convergence of
linear statistics under the "real model" PN,γeq . The technique of proof follows closely the method
of Borot-Guionnet [19] and is based on the method of Dyson-Schwinger equations, also known as
loop equations or Ward identities. This is a central tool of this paper and is also used to obtain
the asymptotic expansion of the partition function stated in Theorem 1.3. The Dyson-Schwinger
equations relate various moments of linear statistics (1.12), with respect to either the real (1.31)
or complex measure (1.26). The Dyson-Schwinger equations involve the so-called master operator,
which, if it can be inverted on an appropriate functional space, allows one to solve these equations
asymptotically in the large-N regime and hence compute the asymptotic expansion of the moments
of any sufficiently regular linear statistic. We shall establish that, under our hypotheses, and in
particular in the one-cut regular regime, the master operators arising in the situations of interest
to us are invertible. This is crucial to solve asymptotically the Dyson-Schwinger equations but yet
not enough as remainder terms need to be estimated. The method of Borot-Guionnet [19] is then
to use concentration of measures to bound these terms, a tool which does not exist in the complex
case. The lower bound (1.34) is key to transfer such controls from the real model to the complex
one. Once this is done, we can develop the method of Dyson-Schwinger equations directly for the
"complex model" and obtain asymptotic expansions for moments of linear statistics for this model.
This in particular Corollary 1.5.

From the large-N expansion of linear statistics one may then deduce a similar expansion for the
partition function (1.15). Indeed, if one has a family of potentials {Vt}t∈[0 ;1] depending smoothly
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on a parameter t ∈ [0 ; 1] and so that V1 = V , with V being the polynomial potential one starts
with, and V0 a quadratic potential, then one has the identity

∂

∂t
lnZN,Σt [Vt] = −βN2EN,Σt

[
L

(z)
N

(
∂Vt
∂t

)]
+ (boundary terms)

where {Σt}t∈[0,1] is a family of compact arcs in C, smoothly varying in t ∈ [0 ; 1] and EN,Σt refers
to the expectation with respect to the complex model (1.26). The rhs of the above equation can
then be expanded as the moment of a linear statistic, as long as our hypotheses are fulfilled at every
values of the interpolating parameter t. We remind the reader that, in case of quadratic potentials,
the partition function ZN,Γ0 [V0] is given in closed form by the Selberg-Mehta formula (see Ch. 17
of [52]).

The structure of the paper is as follows. In Section 2 we review the theory of equilibrium measures
on curves in C. This theory is well-known however we review it to explain certain innovations we
make with regard to the interpolation between V and V0. For real β-ensembles, in the one-cut
regular case, this interpolation is simple: by choosing V0 appropriately one can take the intermediate
potentials to be Vt = tV +(1−t)V0. Then, the equilibrium measure for Vt is the convex combination
(see Equation 7.5 of [20]) of the equilibrium measures of V and V0. However if one applies a similar
idea in the complex case, the corresponding intermediate equilibrium measures are in principle
much more complicated and it is not at all clear that they are one-cut regular. To circumvent
this difficulty a more elaborate construction was needed. This construction is also an innovation
of the present paper. In Section 3 we establish a priori concentration bounds of linear statistics
for the real model supported on a compact curve (1.31). In Section 4 we use the theory of large
deviations to show that we may replace the unbounded contour Γ with a compact curve Σ ⊂ Γ
up to an event of exponentially small probability. In Section 5 we prove the desired lower bound
on the complex partition function. More precisely, we prove such a bound holds uniformly for an
interpolating family of potentials Vt and their associated S-curves. This is done by applying the
method of Dyson-Schwinger equations to the real model (1.31) on a compact interval. As already
stated, we first separate the complex integrand into a modulus and a phase, and hence the ratio of
the partition functions may be written as an expectation with respect to the real model of a complex
exponential. We will find the exponent is a smooth quadratic form in the empirical measure of the
particles. We then use the method of Dyson-Schwinger equations to prove a central limit theorem
for linear statistics in the real model. An essential step in the analysis is to invert the master
operator of the real model, the invertibility of which is demonstrated in Appendix A. This leads to
an expectation with respect to a Gaussian process which can be represented in terms of a Fredholm
determinant. This Fredholm determinant representation is proven in Appendix C. With this lower
bound established, Section 6 extends established Dyson-Schwinger techniques from the real model to
the complex one, which allow one to characterise the expansion of the partition function of Theorem
1.3 and prove Corollary 1.5.
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2 Equilibrium measures on contours
In this section, we review the theory of logarithmic potentials on curves. Let us assume we have
a simple (i.e. injective) C∞ curve γ : J −→ C, where J is either a compact interval or J = R,
and we denote Γ = γ(J ). In the case of J = R we assume Γ satisfies (Γ1) and (Γ2). Let
P(Γ) be the set of Borel probability measures supported on Γ. We define the energy functional
IΓ : P(Γ) −→]−∞ ; +∞] as

IΓ[µ]
def
=

ˆ

Γ2

{
ln

1

|z − w|
+ ϕ(z) + ϕ(w)

}
dµ(z)dµ(w)

where ϕ def
= Re(V ) and V (z) = zκ

κ + O(zκ−1) is the polynomial potential.

Definition 2.1 (Bounded Lipschitz topology). Let us equip P(Γ) with the bounded Lipschitz
topology. More precisely, for a bounded Lipschitz function f : Γ −→ R, let

‖f‖BL(Γ) = sup
x∈Γ
|f(x)|+ sup

x,y∈Γ
x 6=y

|f(x)− f(y)|
|x− y|

be the bounded Lipschitz norm. Then the "dual" norm on (signed) Borel measures of finite total
variation is

‖µ‖ = sup
‖f‖BL(Γ)≤1

∣∣∣∣ˆ
Γ
f dµ

∣∣∣∣ .
This induces a metric on P(Γ), dBL(µ, ν) = ‖µ− ν‖.

It is well-known that this norm metrises weak convergence, so that ‖µn‖ → 0 if and only if
µn → 0 weakly and that (P(Γ), dBL) is a Polish space, i.e. it is complete and separable.

Remark 2.2. Given a function f : Γ −→ R we can naturally associate a function F = f ◦γ : J −→
R. By (Γ1) and (1.19) we have

Cγ‖f‖BL(Γ) ≤ ‖F‖BL(J ) ≤ C−1
γ ‖f‖BL(Γ) .

Hence the space of bounded Lipschitz functions on Γ and the space of bounded Lipschitz functions
on J are equivalent as metric spaces, with the pushforward under γ providing a homeomorphism
between the two. For this reason we shall often speak of the weak topology on J and on Γ
interchangeably.

Moving forward, it is well known [3, 8, 9] that the energy functional IΓ has the following prop-
erties.

Lemma 2.3. One has that

(1) IΓ is a "good rate function," i.e. is lower semicontinuous and has compact level sets (with
respect to the weak topology).

(2) There exists a unique probability measure µΓ ∈ P(Γ), the so-called equilibrium measure, which
minimises the energy, i.e. IΓ[µΓ] = inf

ν∈P(Γ)
IΓ[ν].

(3) µΓ is compactly supported.

Proof. The first statement is proven by the same method as the proof of Theorem 2.6.1 in [3]
thanks to (1.18). The existence of a minimiser follows from the first statement. That the minimiser
is unique follows from Lemma 2.4. The final statement follows from the proof of Lemma 2.6.2 in
[3].
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The above proof differs only from standard proofs in that one must use a slightly different
argument to show the positive definiteness of the "logarithmic distance", which is here defined for
measures in the complex plane rather than on the real line. This is contained in the following
Lemma, which also implies convexity of the energy functional IΓ.

Lemma 2.4. Let µ be a signed, real valued measure of finite total variation in C and zero net mass,
µ[C] = 0. Then

ˆ
C2

ln
1

|z − w|
dµ(z)dµ(w) =

1

2π

ˆ
R2

|µ̂(p, q)|2

p2 + q2
dp dq ≥ 0 (2.1)

where
µ̂(p, q) =

ˆ
C

e−ipx−iqy dµ(x+ iy)

is the planar Fourier transform of the measure.

Proof. This formula can be found as Lemma 2.4 of [24] but we include a proof for completeness.

ˆ

C2

ln |z − w|dµ(z)dµ(w) =
1

2

ˆ

C2

( |z−w|2ˆ

1

ds

s

)
dµ(z)dµ(w)

=
1

2

ˆ

C2

( |z−w|2ˆ

1

( +∞ˆ

0

e−st dt

)
ds

)
dµ(z)dµ(w)

= −1

2

+∞ˆ

0

(ˆ

C2

e−
|z−w|2

t dµ(z)dµ(w)

)
dt

t
,

where we have used that µ has net mass zero. Finally, if we write z = x + iy and w = u + iv we
may use the Hubbard-Stratonovich transformation

e−
|z−w|2

t =
t

4π

ˆ

R2

e−
t
4

(p2+q2)−i(x−u)p−i(y−v)q dp dq .

Substituting this into our formula and performing the integral over t yields the result.

Remark 2.5. Note that if µ is supported on the real line then the Fourier transform µ̂(p, q) = µ̂(p)
is independent of q. Then the integral

´
R

1
p2+q2 dq = π

|p| may be performed and we recover the usual
formula which appears for measures on R.

Definition 2.6. Let µ, ν ∈ P(Γ), then

D : P(Γ)× P(Γ) −→ [0 ; +∞]

D(µ, ν) =

√√√√ˆ

C2

ln
1

|z − w|
d(µ− ν)(z)d(µ− ν)(w)

defines a distance (which may take the value +∞) on P(Γ). By using γ to pull back the measures
onto J , the support of γ,

Dγ : P(J )× P(J ) −→ [0 ; +∞]

Dγ(µ, ν) =

√√√√√ˆ

J 2

ln
1

|γ(x)− γ(y)|
d(µ− ν)(x)d(µ− ν)(y)

similarly defines a distance.
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From Lemma 2.4, it is easy to deduce the following corollary.

Corollary 2.7 (Logarithmic Cauchy-Schwarz). Let µ, ν be two signed Borel measures on Γ, each
of zero total mass µ[Γ] = ν[Γ] = 0 and of finite total variation. Then

ˆ

Γ2

ln
1

|x− y|
dµ(x) dν(y) ≤

√√√√ˆ

Γ2

ln
1

|x− y|
dµ(x) dµ(y) ·

√√√√ˆ

Γ2

ln
1

|x− y|
dν(x) dν(y) .

In the case that J is the compact interval [a ; b] we can establish a relationship between Dγ and
the topology of weak convergence.

Proposition 2.8 (Relationship of Dγ to weak topology). Let J = [a ; b] with a < b and let f ∈
W∞1 (J ), where W∞p (J ) and its related norm are recalled in Definition A.1. Let µ, ν ∈ P(J ). Then
there is a constant CJ > 0 such that∣∣∣∣∣∣

ˆ

J

f d(µ− ν)

∣∣∣∣∣∣ ≤ CJ ‖f‖W∞1 (J )Dγ(µ, ν) . (2.2)

Above, Dγ is as introduced through Definition 2.6. If γ depends on some auxiliary parameter t ∈
[0 ; 1] in such a way that the constants in (1.19) are uniform in t and the ‖γ‖W∞p (J ) are also uniformly
bounded in t, then CJ > 0 may be taken independent of t.

Proof. Let us first consider the case when f ∈ C∞(J ). By virtue of Proposition A.3, c.f. (A.29),
there exists g ∈ C∞(J ) and an f -dependent constant Kγ [f ] such that

f(x)−Kγ [f ] =

ˆ

J

ln
1

|γ(x)− γ(y)|
d

dy

(√
(y − a)(b− y)g(y)

)
dy =: Ξγ [g](x)

where Ξγ is the real master operator defined in (A.18), and subordinate to the choice J ′ = J . Note
that the above formula follows from an integration by parts in the definition (A.18). Then

dσ(x) = 1J (x)
d

dx

(√
(x− a)(b− x)g(x)

)
dx

defines a signed Borel measure of zero net mass on J . Substituting this and applying Corollary 2.7
we have∣∣∣∣∣∣
ˆ

J

f(s) d(µ− ν)(s)

∣∣∣∣∣∣ ≤ Dγ(µ, ν)

√√√√ˆ

J

f(x)
d

dx

(√
(x− a)(b− x)g(x)

)
dx ≤ CJ ‖f‖W∞1 (J )Dγ(µ, ν)

by Proposition A.3. Furthermore, this Proposition also ensures that CJ > 0 may be taken to be
independent of t ∈ [0 ; 1] if γ depends on t as stated in this proposition’s hypotheses. The bound
then extends to all W∞1 (J ) functions by density.

Moving forward, from the fact that µΓ minimises IΓ, µΓ must satisfy a first order condition. This
is the content of "Frostman’s lemma" which we shall now state. Define the electrostatic potential
associated to a probability measure µ as

U [µ](z)
def
=

ˆ

C

ln
1

|z − w|
dµ(w). (2.3)

U [µ] takes values in R ∪ {+∞} and is lower semi-continuous, since one can write

U [µ](z) = sup
L>0

ˆ

C

min

{
L, ln

1

|z − w|

}
dµ(w).
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Definition 2.9 (Zero capacity set). We say a compact set K ⊂ C has zero capacity if for every
ν ∈ P(K), ˆ

K2

ln
1

|z − w|
dν(z) dν(w) = +∞ .

An arbitrary Borel set A ⊂ C is said to to have zero capacity if for every compact set K ⊂ A, K
has zero capacity (see Section I.1 of [53]). We say a statement holds quasi-everywhere (q.e.) if it
fails on at most a set of zero capacity.

Lemma 2.10 (Frostman-Euler-Lagrange). There exists a constant CΓ ∈ R, termed the "equilibrium
constant," such that

U [µΓ](z) + ϕ(z) ≥ CΓ ∀z ∈ Γ \ suppµΓ , (2.4)
U [µΓ](z) + ϕ(z) = CΓ q.e. z ∈ suppµΓ . (2.5)

Conversely (2.4) and (2.5) are also sufficient conditions for the equilibrium measure, and since the
equilibrium measure is unique, they uniquely define the equilibrium measure. More precisely, if one
has a probability measure on Γ for which there exists a constant CΓ such that (2.4) and (2.5) hold,
then such a measure is identical with the equilibrium measure.

Proof. See Theorem I.1.3 in [53].

Remark 2.11. If µΓ has continuous density with respect to arc length measure then U [µΓ] is
continuous and the equality (2.5) holds everywhere in the support.

Corollary 2.12. Let Γ and Γ̃ be two "admissible" contours (in the sense of Definition 2.15) and
let ϕΓ;eff be its associated effective potential

ϕΓ;eff(z)
def
= ϕ(z) + U [µΓ](z)− CΓ, z ∈ C. (2.6)

Suppose that Γ and Γ̃ only differ outside suppµΓ, i.e. suppµΓ ⊂ Γ ∩ Γ̃, and ϕΓ;eff(z) ≥ 0 for
quasi-every z ∈ Γ̃. Then µΓ is also the equilibrium measure for the contour Γ̃, i.e. µΓ = µ

Γ̃
.

This corollary effectively states that we are free to deform the contour away from the support in
the region where the effective potential is non-negative without affecting the equilibrium measure.

Lemma 2.13. The equilibrium measure has a continuous density with respect to Lebesgue measure.
More precisely, there is a function λ ∈ C∞(Γ) such that

dµΓ(x) =
√

max{λ(x), 0} |dx|

where |dx| is the arc-length measure on Γ.

Proof. See the proof of Lemma 3.2 in [6].

The theory developed thus far has pertained to sufficiently regular but otherwise arbitrary con-
tours in C. However, if we optimise our contour, then we can achieve additional desirable properties.
Motivated by our discussion in the introduction, we will deform Γ to a contour Γeq which solves
the so-called max-min energy problem. To make this precise we must introduce some definitions,
taken from [47]. We first introduce the set of admissible contours. In the aforementioned work, the
authors consider contours with more complicated asymptotic conditions labelled by non-crossing
partitions. Our setup amounts to considering only the partition of {1, . . . , κ} containing {α, α′} and
all other sets being singleton sets.
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Definition 2.14 (Stretching out to infinity [47]). We define κ sectors

Sj =
{
z ∈ C : |arg(z)− θj | <

π

2κ

}
where θj =

2π(j − 1)

κ
with j ∈ [[ 1 ; κ ]] .

A set F ⊂ C is said to "stretch out to infinity in sector Sj" if there is an ε > 0 and an r0 > 0 such
that for all r > r0 there is a z ∈ F such that

|z| = r and |arg(z)− θj | <
π

2κ
− ε.

Definition 2.15 (Admissible contours [47]). The set of admissible contours T (α, α′) is defined as
follows. Γ ∈ T (α, α′) if and only if the following conditions hold

(1) Γ is a finite union of C1 Jordan arcs.

(2) Γ is connected.

(3) Γ stretches out to infinity in the sectors Sα and Sα′ .

(4) For every ` ∈ {1, . . . , κ}\{α, α′}, there is an R > 0 sufficiently large so that Γ∩(S` \D0,R) = ∅.
Above, Dz0,η stands for the open disk of radius η centred at z0.

We say that Γeq ∈ T (α, α′) solves the max-min energy problem if

sup
Γ̃∈T (α,α′)

inf
µ∈P(Γ̃)

IΓ[µ] = inf
µ∈P(Γeq)

IΓeq [µ] = IΓeq

[
µΓeq

]
. (2.7)

Related to this is the so-called S-property.

Definition 2.16 (S-property). We say that Γ ∈ T (α, α′) satisfies the S-property if there is a set
of zero capacity E such that for any z ∈ suppµΓ \ E there is a neighbourhood D 3 z such that
D ∩ suppµΓ is an analytic arc and

∂

∂n+

(
U [µΓ] + ϕ

)
(z) =

∂

∂n−

(
U [µΓ] + ϕ

)
(z) ∀z ∈ suppµΓ \ E (2.8)

where ∂
∂n±

are the normal derivatives taken on either side of the contour. We remind the reader
that µΓ ∈ P(Γ) is the equilibrium measure on Γ in the external field ϕ. If Γ satisfies the S-property
we say that Γ is an S-curve.

The S-curve condition should be regarded as a first order condition for the maximisation of the
energy of the curve. We now state a crucial existence theorem established by [47]. Let C[µ] be the
Cauchy transform of a measure µ, namely,

C[µ](z)
def
=

1

2πi

ˆ

C

1

w − z
dµ(w), z ∈ C \ suppµ.

Theorem 2.17 (Existence of curve solving the max-min energy problem [47]). There exists a
contour Γeq ∈ T (α, α′) which solves the max-min energy problem (2.7). Furthermore the contour
Γeq is an S-curve in the external field ϕ = Re(V ).

The equilibrium measure µΓeq of Γeq in external field ϕ is supported on a finite union of analytic
arcs that are critical trajectories of the quadratic differential −R(z) dz2, where

R(z) =
(
2πiC[µΓeq ](z) + V ′(z)

)2
z ∈ C \ suppµΓeq (2.9)

is a monic polynomial of degree 2κ− 2. The equilibrium density may be expressed in terms of R by

dµΓeq(z) =
1

iπ

√
R(z)+ dz.
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Above,
√
R(z)+/− denotes the limiting value of s 7→

√
R(s) as s → z ∈ Γeq non-tangentially from

the left/right of suppµΓeq with respect to its orientation. Moreover, one has the closed formula√
R(z) = 2πiC[µΓeq ](z) + V ′(z), z ∈ C \ suppµΓeq . (2.10)

Finally, the S-curve condition (2.8) holds everywhere except at the endpoints of the analytic arcs.

Note that the arc one-form dz and 1
iπ

√
R(z)+ are separately not real valued, however their

product is real valued, and to say that 1
iπ

√
R(z)+ dz > 0 is exactly to say that the support of the

equilibrium measure is a critical trajectory of −R(z) dz2. We stress that the curve Γeq is not unique.
Indeed, by Corollary 2.12 the curve Γeq can be deformed outside of suppµΓeq into another curve
Γ̃eq so long as ϕΓ;eff defined in (2.6) remains non-negative throughout Γ̃eq. We also specify that the
S-curve property only tests properties on the support of the equilibrium measure. However, up to
such deformations, the optimal curve is unique, so that any two contours that solve the max-min
energy problem for T (α, α′) will share the same equilibrium measure (see p. 7 of [47]).

It follows from the representation (2.10) that√
R(z) = S(z) ·

[
(z − ζ1)(z − ζ2)

]1/2
σeq

(2.11)

with S a monic polynomial of degree κ− 2 and σeq = suppµΓeq . Here,[
(z − ζ1)(z − ζ2)

]1/2
σeq

= (z − ζ1) · exp

{ ˆ

σeq

ds

2(s− z)

}
(2.12)

stands for the square root of (z − ζ1)(z − ζ2) which has its cuts along σeq, is analytic on C \ σeq,
behaves as z

(
1 + o(1)

)
when z →∞ and whose boundary values on σeq satisfy[

(z − ζ1)(z − ζ2)
]1/2
σeq;+

= −
[
(z − ζ1)(z − ζ2)

]1/2
σeq;− for z ∈ suppµΓeq .

One establishes (2.11) by observing that given a contour Γeq solving the max-min problem, it holds√
R(z)+ = −

√
R(z)− for z ∈ suppµΓeq . (2.13)

Hence,

S(z) =

√
R(z)[

(z − ζ1)(z − ζ2)
]1/2
σeq

(2.14)

extends into an analytic function on C since it has no jumps on σeq \ {ζ1, ζ2} and has removable
singularities at ζ1, ζ2. Since it grows at most as zκ−2 at infinity, one infers that S is a monic
polynomial of degree κ− 2.

We deduce from (2.13) the complexified Frostman-Euler-Lagrange conditions

πiC[µΓeq ]+(z) + πiC[µΓeq ]−(z) + V ′(z) = 0, ∀z ∈ suppµΓeq \ {z ∈ Γ : R(z) = 0}. (2.15)

This equation compactly expresses both the Frostman conditions and the S-curve conditions, since
multiplying by γ′ and taking the real and imaginary parts one finds the Euler-Lagrange conditions
(2.4) and (2.5) and the S-curve condition (2.8) respectively.

If we multiply (2.15) by a continuous function f and integrate with respect to dµΓeq , we find
that

−1

2

ˆ

Γ2
eq

f(z)− f(w)

z − w
dµΓeq(z) dµΓeq(w) +

ˆ

Γeq

V ′(z)f(z) dµΓeq(z) = 0 (2.16)

for all continuous functions f : Γeq −→ C.
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Definition 2.18 (One-cut regular). Let V (z) = zκ

κ + O(zκ−1) be a polynomial potential and
Γeq ∈ T (α, α′) be a solution of the associated max-min energy problem (2.7). Then we say that V
is one-cut regular if

(1) The support of the equilibrium measure µΓeq on Γeq is connected.

(2) It is possible to choose the curve Γeq ∈ T (α, α′) solving the max-min energy problem such
that the polynomial R (defined by (2.15)) has simple zeros at the endpoints of the support of
the equilibrium measure and no other zeros on Γeq.

Moving forward, given an equilibrium measure µΓeq associated to the solution of the max-min
energy problem there is a natural way of choosing the contour in a neighbourhood of suppµΓeq that
has many desirable properties. Let V be one-cut regular and ζ1, ζ2 ∈ Γeq be respectively the lower
and upper endpoint of the support of the equilibrium measure according to the orientation on the
contour given by dµΓeq(z) = 1

iπ

√
R(z)+ dz > 0. Recall that

√
R(z), as defined through (2.10), is an

analytic function on C\suppµΓeq . Hence, given the smooth injective curve γeq realising Γeq = γeq(R),
we identify t1 as the unique solution to γeq(t1) = ζ1 and define Γeq;ζ1 = {γeq(t) : t ∈ [t1; +∞[}
as the portion of the curve Γeq located after the first endpoint of the support of the equilibrium
measure.

Then, one can define the map

Θ : C \ Γeq;ζ1 −→ C

Θ(z) =

zˆ

ζ1

1

iπ

√
R(w) dw.

(2.17)

in which the integration path from ζ1 to z does not cross Γeq;ζ1 . Θ is holomorphic on C \ Γeq;ζ1

and admits cuts along Γeq;ζ1 with continuous ± boundary values. Since the integrand has a square
root behaviour at ζ1 and ζ2, Θ exhibits 3/2 root singularities at these points, see e.g. [29]. More
precisely, there exist biholomorphisms %, %̃ defined, resp., on D0,η and D0,η̃ with η, η̃ > 0 such that
%(0) = %̃(0) = 0 and

Θ(z) = −i
[
%(z − ζ1)

] 3
2 , z ∈ Dζ1,η and Θ(z) = s(z)− i

[
%̃(z − ζ2)

] 3
2 , z ∈ Dζ2,η̃ , (2.18)

in which s(z) = 1 if z located to the left of Γeq while s(z) = −1 to z located to the right of Γeq.
There the 3/2 roots are computed with respect to the principal branch of the logarithm, and the
curves suppµΓeq∩Dζ1,ε1 and suppµΓeq∩Dζ2,ε2 with εa > 0 and small enough are respectively obtained
by solving the equations

%(z − ζ1) = −t , resp. %̃(z − ζ2) = −t , with t ∈ [0 ; ε̃ ] (2.19)

where ε̃ > 0 and small enough.
Of particular interest, is the map obtained from taking the + boundary value on suppµΓeq :

Θ+ : suppµΓeq −→ [0 ; 1]

Θ+(z) =

zˆ

ζ1

1

iπ

√
R(w)+ dw.

(2.20)

Θ+ is manifestly a bijection between suppµΓeq and [0 ; 1]. However, Θ+ is not analytic on an open
neighbourhood of suppµΓeq because Θ(z) and 1−Θ(z) vanish with a 3

2 power at z = ζ1 and z = ζ2

respectively. However, outside of ζ1, ζ2 it can be analytically continued by observing that starting
from (2.11) one may recast its integral representation as

Θ+(z) =

zˆ

ζ1

1

iπ
S(w)

[
(w − ζ1)(w − ζ2)

]1/2
σeq;↓

dw (2.21)
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where σeq;↓ is a slight deformation of the contour σeq away to the right of it and S is as introduced
in (2.11). The above is manifestly analytic in an open neighbourhood of z ∈ σeq \ {ζ1, ζ2}.

Now, one can improve the behaviour at the endpoints ζ1, ζ2 by introducing an appropriate
reparametrisation of [0 ; 1] by means of the + boundary value of a function having 3/2-singularities
at the endpoints. This allows one, all-in-all, to cancel these. Let

Ψ : C \ R+ −→ C

Ψ(z) =
8

iπ

zˆ

0

w
1
2 (w − 1)

1
2 dw ,

(2.22)

where we use the principal branch of the logarithm to define the power laws. Ψ is analytic on its
domain of definition and there exist biholomorphisms τ, τ̃ defined, resp., on D0,η′ and D0,η̃ ′ with
η′, η̃ ′ > 0 such that

Ψ(z) = −i
[
τ(z)

] 3
2 , z ∈ D0,η′ and Ψ(z) = sgn

(
Im z

)
− i
[
τ̃(z − 1)

] 3
2 , z ∈ D0,η̃ ′ . (2.23)

The + boundary value of Ψ on [0 ; 1] is a bijection onto the same interval.

Ψ+ : [0 ; 1] −→ [0 ; 1]

Ψ+(z) =
8

iπ

zˆ

0

w
1
2 (w − 1)

1
2
+ dw .

(2.24)

Just as for Θ+, Ψ+ admits an analytic continuation onto an open neighbourhood of any z ∈]0 ; 1[.
It is direct to infer from the above discussion that

γ = Θ−1
+ ◦Ψ+ : [0 ; 1] −→ suppµΓeq (2.25)

is a bijection.

Lemma 2.19. The map γ introduced in (2.25) extends into a biholomorphism from an open neigh-
bourhood Uγ of [0 ; 1] onto γ

(
Uγ
)
. Uγ contains suppµΓeq in its strict interior. In particular, γ(x)−ζ1

has a simple zero at x = 0 and γ(x)− ζ2 has a simple zero at x = 1.

Proof. It follows from the local behaviour of Ψ (2.23) around 0 and 1 and of Θ (2.18) around ζ1

and ζ2 that
γ(u) = %−1

(
τ(u)

)
+ ζ1 resp. γ(u) = %̃−1

(
τ̃(u− 1)

)
+ ζ2

provided that |u|, resp. |u− 1|, is small enough. This ensures that γ extends to an analytic map in
some open neighbourhood of 0 and 1.

Let t0 ∈]0 ; 1[ and let z0, s0 be defined through z0 = Θ−1
+ (t0) and s0 = Ψ−1

+ (t0). Since Θ′+(z0) 6= 0,
resp. Ψ′+(s0) 6= 0, and the function is analytic in some open neighbourhood of z0, resp. s0, there
exist local biholomorphisms Υ, χ mapping 0 to 0 such that

Ξ+(z) = Ξ+(z0)︸ ︷︷ ︸
=t0

+ Υ(z − z0) and Ψ+(s) = Ψ+(s0)︸ ︷︷ ︸
=t0

+χ(s− s0) , (2.26)

on some neighbourhoods of z0 and s0. Hence, for |s− s0| small enough, it holds

γ(s) = z0 + Υ−1 ◦ χ(s− s0) .
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From now on, we take ε̃ > ε > 0 small enough so that

[−ε ; 1 + ε] ⊂ [−ε̃ ; 1 + ε̃ ] ⊂ Uγ .

Below, we will show that we can take γ([−ε ; 1 + ε]) to be a portion of our desired contour Γeq and
we refer to γ as the analytic parametrisation on this segment. To "complete" the contour we will
need to connect γ([−ε ; 1 + ε]) to infinity in such a way that the resulting contour has all the desired
properties. The result of [47] only ensures that any contour solving the max-min energy is at least a
union of finitely many C1 arcs; however for our problem, it will be convenient to improve on certain
properties of the curve.

Proposition 2.20 (Existence of desired contour). Let V be one-cut regular. There exists an ad-
missible contour Γeq ∈ T (α, α′) with the following properties.

(1) Γeq satisfies (Γ1) and (Γ2).

(2) Γeq solves the max-min energy problem (2.7) in external field ϕ = Re(V ).

(3) γ([−ε ; 1 + ε]) ⊂ Γeq, where γ is the analytic extension of (2.25).

(4) For any z ∈ Γeq \ suppµΓeq, ϕΓeq;eff(z) > 0, where the effective potential is defined by (2.6).

Proof. See Appendix B.

Definition 2.21 (Complex effective potential). Let Γeq the contour provided by Proposition 2.20.
Let ζ1, ζ2 ∈ Γeq be the lower and upper endpoints of suppµΓeq according to the orientation
1
iπ

√
R(z) dz > 0. The complex effective potential is given by

ΦΓeq;eff : C \ Γeq −→ C, ΦΓeq;eff(z)
def
=

ˆ z

ζ1

√
R(w) dw (2.27)

where the integration path from ζ1 ∈ C to z ∈ C is taken arbitrarily as long as it doesn’t intersect
with Γeq away from ζ1.

It is natural to think of ΦΓeq;eff as a complexification of the effective potential (2.6) because
Re
[
ΦΓeq;eff

]
= ϕΓeq;eff . Note that

ΦΓeq;eff(z) = V (z) + gΓeq [µΓeq ](z)− C

for some constant C ∈ C, determined by Φeff(ζ1) = 0, and where gΓ[µ] was introduced in Definition
1.2. This can be seen from the fact that the derivatives of both sides are equal by (2.9).

Proposition 2.22. It holds that ∀z ∈ γ([−ε ; 1 + ε])

Im
([

ΦΓeq;eff

]
+

(z) +
[
ΦΓeq;eff

]
−(z)

)
= 0 , (2.28)

where ± refers to the left and right boundary values according to the orientation of γ([−ε ; 1 + ε]).
Furthermore, ∀z ∈ γ

(
[−ε ; 1 + ε] \ [0 ; 1]

)
,

Re
([

ΦΓeq;eff

]
+

(z) +
[
ΦΓeq;eff

]
−(z)

)
> 0 . (2.29)

Proof. Recall that
[
ΦΓeq;eff

]
+

(ζ1) =
[
ΦΓeq;eff

]
−(ζ1) = 0, hence we need only to show that the left

hand side of (2.28) is constant on γ
(
[−ε ; 1 + ε]

)
. Observe that on suppµΓeq = γ([0 ; 1]), the maps

z 7→
[
ΦΓeq;eff

]
±(z) are continuously differentiable and furthermore that[

ΦΓeq;eff

]′
+

(z) +
[
ΦΓeq;eff

]′
−(z) =

√
R(z)+ +

√
R(z)− = 0 .
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For z ∈ γ
(
[−ε ; 1 + ε] \ [0 ; 1]

)
, we observe that[

ΦΓeq;eff

]
+

(z) +
[
ΦΓeq;eff

]
−(z) = iπ

{
Θ+(z) + Θ−(z)

}
= iπ

{
Ψ+(γ−1(z)) + Ψ−(γ−1(z))

}
.

However, for x < 0, it holds

iπ
{

Ψ+(x) + Ψ−(x)
}

= −16

xˆ

0

√
w(w − 1)dw > 0

while, for x > 1, it holds

iπ
{

Ψ+(x) + Ψ−(x)
}

= 16

xˆ

1

√
w(w − 1)dw > 0 .

This entails the claim.

Proposition 2.22 should be regarded as showing that γ
(
[−ε ; 1 + ε]

)
plays a role analogous to a

steepest descent contour.

In our approach it is essential to interpolate the partition function we are interested in with
one that we can compute. In past works on β-ensembles [19, 20] a rather simple interpolation was
possible: by matching endpoints, a convex combination of potentials yielded a convex combination
of equilibrium measures. Thus, the intermediate potential Vt and equilibrium measure were both
linear in the interpolation parameter t ∈ [0 ; 1]. Unfortunately such a simple solution cannot be made
here because the initial and final equilibrium measures live on different curves and so it would make
no sense to take convex combinations of the two. We instead use a more complicated construction
which starts by finding an interpolation between the initial and the final S-curves and then works
backwards to find the family of potentials that gives rise to it.

Hereafter in this section, γ will be the path defined by (2.25), or more accurately its analytic
extension to [−ε ; 1 + ε]. Let

γt(x)
def
=

γ(tx)(ζ2 − ζ1) + ζ1(γ(t)− ζ2)

γ(t)− ζ1
t ∈ [0 ; 1], x ∈ [−ε ; 1 + ε] . (2.30)

Note that for every t ∈ [0 ; 1], γt(0) = ζ1 and γt(1) = ζ2. When t = 1, γ1 = γ. When t ↓ 0,
l’Hôpital’s rule shows that γ0(x) = x(ζ2 − ζ1) + ζ1, which is simply a straight line path from ζ1 to
ζ2 (recall that γ is analytic and so the relevant derivatives exist).

Let us now reverse the logic and find an equilibrium measure and potential associated to the inter-
polating curve γt

(
[−ε ; 1+ε]

)
. Let us denote the interpolating equilibrium measure as 1

iπ

√
Rt(z)+ dz

and the potential as Vt. Rt or Vt will turn out to be certain analytic functions in some open neigh-
bourhood of γt

(
[−ε ; 1+ε]

)
but, in principle, neither of these will be a polynomial. Note that because

γ is invertible on the neighbourhood Uγ of [−ε ; 1 + ε], γt is invertible on Uγ/t ⊃ [−ε ; 1 + ε]. To
start with, we define Rt for all t ∈ [0 ; 1] on

γt

(1

t
Uγ

)
=

{
γ(x)(ζ2 − ζ1) + ζ1(γ(t)− ζ2)

γ(t)− ζ1
: x ∈ Uγ

}
(2.31)

through

Rt(z) = 64
γ−1
t (z)

(
γ−1
t (z)− 1

)[
γ′t
(
γ−1
t (z)

)]2 . (2.32)

This equation is true for t = 1 by (2.25), i.e. yields R1 = R. Rt so defined is hence analytic in
both t ∈ [0 ; 1] and z ∈ γt

(
Uγ/t

)
. Rt admits two zeroes on γt

(
Uγ/t

)
, both simple. One is located
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at z = ζ1 and the other at z = ζ2.
[
γ′t
(
γ−1
t (z)

)]2 · Rt(z) ≤ 0 on γt
(
[0 ; 1]

)
and this is the only

subset of γt
(
Uγ/t

)
where it takes real negative values. We then define

√
Rt(z) as having a cut along

γt
(
[0 ; 1]

)
. It is then direct to check that

1

iπ

√
Rt(γt(x))+γ

′
t(x) =

8

π

√
x(1− x) (2.33)

which shows that as t ↓ 0 the equilibrium measure tends towards the Wigner semicircle law.

Remark 2.23. Note that 1
iπ

√
Rt(γt(x))+γ

′
t(x) dx is precisely the pullback of the measure 1

iπ

√
Rt(z) dz

from the curve to the real line under γt. Thus (2.33) states that the pullback of this measure under
γt always yields the semicircular distribution on [0 ; 1] independently of t ∈ [0 ; 1]:

dνsc(x) =
8

π
1[0 ;1](x)

√
x(1− x) dx . (2.34)

Next, let us reconstruct the potential that gives rise to this equilibrium measure. To define Vt
we enforce that (2.10) is true, namely we set

V ′t (z) =
√
Rt(z) −

1

iπ

ˆ

γt([0 ;1])

√
Rt(w)+

w − z
dw . (2.35)

The above allows one to provide an alternative expression for V ′t where its analyticity in the neigh-
bourhood of [−ε ; 1 + ε] is manifest. However, for that, we need a more structured expression for√
Rt(z).

Lemma 2.24. There exists St(z) jointly analytic in t ∈ [0 ; 1] and z ∈ γt
(
[−ε ; 1 + ε]

)
such that√

Rt(z) =
[
(z − ζ1)(z − ζ2)

]1/2
σt
· St(z) where σt = γt

(
[0 ; 1]

)
, (2.36)

the square root is defined as in (2.12) while

St(z) = S(zt) ·
(
γ(t)− ζ1

t(ζ2 − ζ1)

) 3
2

√
1− γ−1

t (z)

ζ2 − z

√
ζ2 − zt

1− γ−1(zt)
, (2.37)

where S(z) has been introduced in (2.11) and zt := z(γ(t)−ζ1)−ζ1(γ(t)−ζ2)
ζ2−ζ1 .

In particular, ∂tSt(z) is again jointly analytic in t ∈ [0 ; 1] and z ∈ γt([−ε ; 1 + ε]).

Proof. We begin with formula (2.32) and observe that γ−1
t (z) = 1

t γ
−1(zt). Since

γ′t(x) = tγ′(tx) · ζ2 − ζ1

γ(t)− ζ1
,

one arrives to

Rt(z) = 64 γ−1(zt)
γ−1
t (z)− 1

t3
[
γ′
(
γ−1(zt)

)]2 · (γ(t)− ζ1

ζ2 − ζ1

)2

.

By taking the expression for R1(z) = R(z) and using (2.11), one infers that

1[
γ′
(
γ−1(zt)

)]2 =
S2(zt)(zt − ζ2)(zt − ζ1)

64 γ−1(zt)
(
γ−1(zt)− 1

) .
All-in-all, this leads to Rt(z) = S2

t (z)
(
z − ζ1

)(
z − ζ2

)
. Upon taking the square root cut along

σt = γt
(
[0 ; 1]

)
, one gets the claim upon fixing the sign by taking the t→ 1 limit. In order to deduce

analyticity, one observes that (t, z) 7→ zt is clearly jointly analytic, and furthermore the functions
1−γ−1

t (z)
ζ2−z and ζ2−zt

1−γ−1(zt)
are jointly analytic in z and t and have no zeroes or poles so that their

logarithms are well-defined.
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Starting from the representation obtained in Lemma 2.24, (2.35) reduces to

V ′t (z) = St(z)

(
z − ζ1 + ζ2

2

)
−
ˆ

σt

[
(w − ζ1)(w − ζ2)

]1/2
σt;+

St(w)− St(z)
w − z

dw , (2.38)

with σt = γt([0 ; 1]). It is clear from the above that V ′t is analytic on a neighbourhood of the curve
γt
(
[−ε ; 1 + ε]

)
. Finally, we set

Vt(z) := V

(
ζ1 + ζ2

2

)
+

zˆ
ζ1+ζ2

2

V ′t (w) dw. (2.39)

It is direct that Vt(z) is jointly analytic in both t and z. Moreover, V1 = V while

V0(z) =
4

(ζ2 − ζ1)2

(
z − ζ1 + ζ2

2

)2

+ V

(
ζ1 + ζ2

2

)
. (2.40)

Lemma 2.25. For any p ∈ N, there exists Cp > 0 such that

‖γt‖W∞p ([−ε ;1+ε]) ≤ Cp uniformly in t ∈ [0 ; 1] . (2.41)

All the derivatives of γt are bounded with bounds independent of t ∈ [0 ; 1]. Furthermore, there exists
a constant 0 < Cγ < 1 independent of t ∈ [0 ; 1] such that

0 < Cγ ≤
|γt(x)− γt(y)|
|x− y|

≤ C−1
γ , ∀x, y ∈ [−ε ; 1 + ε] . (2.42)

Proof. The first claim is trivial. For the second claim, observe that

|γt(x)− γt(y)|
|x− y|

= |ζ2 − ζ1|
t

|γ(t)− ζ1|
|γ(tx)− γ(ty)|
|tx− ty|

.

But |γ(tx)−γ(ty)|
|tx−ty| is bounded above and below by constants independent of t by compactness of

[−ε ; 1 + ε] and injectivity of γ. Finally, the singularity of t
|γ(t)−ζ1| at t = 0 is removable because

γ′(0) 6= 0.

Corollary 2.26. There is a constant C > 0 independent of t ∈ [0 ; 1] such that |V ′t
(
γ′t(x)

)
γ′t(x)| ≤ C

for all x ∈ [−ε ; 1 + ε].

Proof. Combining (2.33) and (2.35) we find the formula

V ′t (γt(x))γ′t(x) = 8

(
x− 1

2

)
− 8

π

ˆ 1

0

√
y(1− y)

(
γ′t(x)

γt(y)− γt(x)
− 1

y − x

)
dy .

The claim follows from the observation that γ′t(x)
γt(y)−γt(x) −

1
y−x is bounded by a constant independent

of t ∈ [0 ; 1].

The next proposition shows that upon choosing Vt as described above and considering the as-
sociated external field ϕt = Re(Vt), the natural candidate for the equilibrium measure of IΣt with
Σt = γt

(
[−ε ; 1 + ε]

)
indeed yields the equilibrium measure.

Proposition 2.27. Let

dµΣt(z)
def
= 1σt(z)

1

iπ

√
Rt(z)+ dz with σt = γt

(
[0 ; 1]

)
(2.43)

and Σt = γt
(
[−ε ; 1 + ε]

)
. µΣt is the equilibrium measure of the energy functional IΣt in the external

field ϕt = Re(Vt). Furthermore, Σt is an S-curve in the external field ϕt.
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Proof. By construction dµΣt is a probability measure that solves the complexified Euler-Lagrange
equations (2.15). One thus needs to check the positivity properties of the associated effective
potential.

Define ΦΣt;eff(z) =
ź

ζ1

√
Rt(s) · ds with z belonging to a small open neighbourhood of Σt split

in two by γt
(
[−ε′ ; 1 + ε′]

)
with ε′ > ε. The path of integration joining ζ1 to z is always located in

the side of γt
(
[−ε′ ; 1 + ε′]

)
which contains z. Then, one has that

[
ΦΣt;eff

]
+

(γt(x)) =

xˆ

0

√
Rt
(
γt(s)

)
+
γ′t(s)ds = 8

xˆ

0

s
1
2
+(s− 1)

1
2
+ds

is independent of t ∈ [0 ; 1]. Since, by construction, Re
(

ΦΣt;eff(z)
)

= ϕΣt;eff(z), one gets for x ≤ 0

that

ϕΣt;eff(γt(x)) = 8

0ˆ

x

√
y(y − 1) dy ≥ 0 and ϕΣt;eff(γt(x)) = 8

xˆ

1

√
y(y − 1) dy ≥ 0 ,

for x ≥ 1. Hence, by Lemma 2.10, dµΣt is the unique equilibrium measure on Σt in external field
ϕt.

Definition 2.28 (Contours). Let Γ1 be the contour constructed in Lemma 2.20, Γ0 be the infinite
straight line passing through ζ1 and ζ2, and let

Σt
def
= γt

(
[−ε ; 1 + ε]

)
.

Thus, in particular, Σ0 ⊂ Γ0 and Σ1 ⊂ Γ1.

3 Concentration of measure
Throughout this section, we focus on a curve ηt : J −→ C with J a compact interval. The curve
ηt is assumed to be simple, i.e. non-self-intersecting, and C∞. The curve depends on an auxiliary
parameter t ∈ [0 ; 1] in a smooth way and such that there exist constants Cη > 0 and {Cp}p≥0 such
that

‖ηt‖W∞p (J ) ≤ Cp and Cη <
∣∣∣ηt(x)− ηt(y)

x− y

∣∣∣ < C−1
η , (3.1)

this uniformly in t ∈ [0 ; 1]. Moreover, we shall assume that the curve admits an extension to a
strictly larger interval J̃ i.e. J ⊂ O ⊂ J̃ with O open in R, satisfying the same properties.

In later sections, we will be basically interested in two cases. The first one when ηt = γ for
t ∈ [0 ; 1] where γ is the curve associated with Γeq as provided by Proposition 2.20 and J = [−K ;K]
with K very large. The second one when ηt = γt for t ∈ [0 ; 1] where γt is the curve defined in (2.30)
and J = [−ε ; 1 + ε] .

We shall consider the real model (1.31) associated to ηt:

dPN,ηt(x)
def
=

1

ZN,ηt [Wt]

N∏
i<j

|ηt(xi)− ηt(xj)|β ·
N∏
k=1

{
|η′t(xk)| · e−Nβϕ̃t(xk)

}
· dx , x ∈ JN (3.2)

where

ZN,ηt [Wt] =

ˆ

JN

N∏
i<j

|ηt(xi)− ηt(xj)|β ·
N∏
k=1

{
|η′t(xk)| · e−Nβϕ̃t(xk)

}
· dx . (3.3)
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Above and in the following, let us fix the shorthand notation ϕ̃t = Re
(
Wt ◦ γt

)
. For the purpose of

this section, the potential Wt will be an analytic function in the neighbourhood of the curve ηt(J )
that is also jointly analytic in t ∈ [0 ; 1]. In particular, it will be such that

‖Wt‖W∞p (ηt(J )) < Cp (3.4)

for some Cp that is uniform in t ∈ [0 ; 1]. Eventually, we will be interested in two cases: Wt = V ,
with V the polynomial of (1.17), and Wt = Vt where Vt is the interpolating potential introduced
in (2.39). We will show in Section 4 that the compact model where (ηt,Wt) = (γ, V ) is a good
approximation for the original model and that it allows one to access to the relevant part of the
large-N behaviour of the interpolation in t between the partition function subordinated to original
potential V and one subordinate to a quadratic one. The method of this section follows closely
Section 4.2 of [36].

The problem on the interval J naturally leads to the energy functional

IJ : P(J ) −→ (−∞,+∞]

IJ [ν]
def
=

ˆ
J 2

(
ln

1

|ηt(x)− ηt(y)|
+ ϕ̃t(x) + ϕ̃t(y)

)
dν(x)dν(y).

(3.5)

IJ is essentially the same functional as IΩt , with Ωt = ηt
(
J
)
since the two are related by pulling

back measures from the curve to J under ηt, hence by Lemmata 2.3 and 2.13, IJ has a unique
compactly supported minimiser given by the pull back measure µ̃Ωt = η#

t [µΩt ]. In particular,
when (ηt,Wt) = (γt, Vt), the latter is readily seen to be given by dνsc(x) = 8

π1[0 ;1](x)
√
x(1− x) dx

(recall Remark 2.23). Throughout this section we will make the additional assumption that J
strictly contains supp

[
µ̃Ωt

]
, i.e. that there exists an open set O such that supp

[
µ̃Ωt

]
⊂ O ⊂ J .

Lemma 3.1. Let ν ∈ P(J ) be a Borel probability measure on the compact set J ⊂ R, absolutely
continuous with respect to Lebesgue measure and with bounded density. Let

ξk = sup

{
s ∈ R : ν

[
]−∞ ; s]

]
≤ k

N

}
k = 1, . . . , N − 1

be the 1
N quantiles. Let ξ0 = inf supp ν and ξN = sup supp ν. Then

1

N2

N∑
i,j=1
i 6=j

ln |ηt(ξi)− ηt(ξj)| =

ˆ

J 2

ln |ηt(x)− ηt(y)|dν(x) dν(y) + O

(
lnN

N

)
.

The remainder is uniform in t ∈ [0 ; 1].

Proof. Let us write ln |ηt(x)− ηt(y)| = Λ(x, y) + ln |x− y| where Λ(x, y) = ln
∣∣∣ηt(x)−ηt(y)

x−y

∣∣∣ for x 6= y

and Λ(x, x) = ln |η′t(x)|. Note that Λ is a C∞ function thanks to (3.1) and, by Lemma 2.25, all of
its derivatives may be bounded independently of t ∈ [0 ; 1]. Hence the only thing we need to show
is that

1

N2

N∑
i,j=1
i 6=j

ln |ξi − ξj | =

ˆ

J 2

ln |x− y| dν(x) dν(y) + O

(
lnN

N

)
.

Let us write
ˆ

J 2

ln |x− y| dν(x)dν(y) =

{
N∑

i,j=1
|i−j|≥2

+

N∑
i,j=1
|i−j|≤1︸ ︷︷ ︸
=:(A)

} ˆ

[ξi−1,ξi]
×[ξj−1,ξj ]

ln |x− y|dν(x) dν(y) .
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Contribution (A) corresponds to the tridiagonal terms. By hypothesis, supp ν ⊂ [−M ;M ] and
dν(x) ≤ K dx for some K > 0. This implies that ξi − ξi−1 ≥ 1

KN and that ln |x−y|2M ≤ 0. Hence
decomposing ln |x− y| = ln |x−y|2M + ln(2M) leads to the bounds

3N − 2

N2
ln(2M) ≥ (A) ≥ 3N − 2

N2
ln(2M) − (A′) ,

with

(A′) =
N∑
i=1

ξiˆ

ξi−1

ln
2M

|x− y|
dν(x)dν(y) + 2

N−1∑
i=1

ξiˆ

ξi−1

dν(x)

ξi+1ˆ

ξi

dν(y) ln
2M

|x− y|

≤ 2K
N∑
i=1

ξiˆ

ξi−1

dν(x)

ξi−ξi−1ˆ

0

dy ln
2M

y
+ 2K

N−1∑
i=1

ξiˆ

ξi−1

dν(x)

ξi+1ˆ

ξi

dy ln
2M

y − ξi

≤ 4K

N

[
ln(2M) + 1 + lnK + lnN

]
2M .

Further, the bounds 1
KN ≤ ξi − ξi−1 ≤ 2M lead to the estimates

∑N
i,j=1, |i−j|=1 ln |ξi − ξj | =

O(N lnN).
Finally, the elementary inequality |ln |x| − ln |y|| ≤ |x− y|

(
1
|x| + 1

|y|

)
allows one to estimate the

remaining sums:

N∑
i,j=1
|i−j|≥2

ξiˆ

ξi−1

dν(x)

ξjˆ

ξj−1

dν(y)
∣∣ ln |ξi − ξj | − ln |x− y|

∣∣

≤ K

N

N∑
i,j=1
|i−j|≥2

(ξi − ξi−1 + ξj − ξj−1)

(
1

|i− j| − 1
+

1

|i− j|

)
= O

(
lnN

N

)
.

Next, let us establish a lower bound on the partition function.

Lemma 3.2 (Lower bound on partition function). There exists a constant C > 0 independent of
t ∈ [0 ; 1] such that

ln ZN,ηt [Wt] ≥ −
βN2

2
IΩt

[
µΩt

]
− CN lnN .

Above, Ωt = ηt
(
J
)
while the curve ηt and the potential Wt satisfy to the hypotheses stated in the

beginning of the section.

Proof. As in Lemma 3.1, let ξ0, . . . , ξN be the 1
N quantiles of the equilibrium measure µ̃Ωt =

η#
t [µΩt ], the pullback to the real line of µΩt . Taken Cη as given in (3.1), one has

ZN,ηt [Vt] ≥ CNη

ˆ

‖x−ξ‖∞≤N−2

N∏
i<j

|ηt(xi)− ηt(xj)|β
N∏
k=1

e−Nβϕ̃t(xk) dx

where we recall that ϕ̃t = Re
(
Wt ◦ ηt). Then, by (3.1),

|ηt(xi)− ηt(xj)| ≥ |ηt(ξi)− ηt(ξj)|

(
1−

2KC−2
η

N

)
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where dµ̃Ωt(x) ≤ K dx. Similarly, one has

N
N∑
j=1

ϕ̃t(xk) ≤ N
N∑
j=1

ϕ̃t(ξk) + C ,

where we note that by (3.4) this C may be taken to be independent of t ∈ [0 ; 1]. Finally, the
resulting integration region has volume

(
2
N2

)N . Then, by Lemma 3.1, we obtain the result.

Moving forward, let us follow Maïda and Maurel-Segala [51] and define a regularisation of the
empirical measure.

Definition 3.3 (Regularised empirical measure). Let L(x)
N be the empirical measure, c.f. (1.9),

associated to some vector x ∈ RN . Since L(x)
N is invariant under permutations of the coordinates of

x, we may just as well assume that x1 ≤ · · · ≤ xN . Then, we define

x̃1 := x1

x̃k := x̃k−1 + max
(
xk − xk−1, N

−3
)

for k = 2, . . . , N .

Next, we define the regularised empirical measure L(x)
N ∈ P(R) by

dL
(x)
N (x)

def
=

1

N

N∑
k=1

N6
1[

x̃k− 1
2N6 ;x̃k+ 1

2N6

](x) dx.

Now, observe that one may decompose
ˆ

dL
(x)
N (u)dL

(x)
N (v) ln |ηt(u)− ηt(v)| = W1 +W2

where

W1 =

1
2ˆ

− 1
2

N∑
i,j=1
i 6=j

ln |ηt(x̃i +N−6u)− ηt(x̃j +N−6v)|dudv =
N∑

i,j=1
i 6=j

ln |ηt(x̃i)− ηt(x̃j)|+ O
( 1

N

)
(3.6)

with a remainder that, owing to (3.1), is uniform in t ∈ [0 ; 1]. Finally, one has

W2 =

1
2ˆ

− 1
2

N∑
i=1

ln |ηt(x̃i +N−6u)− ηt(x̃i +N−6v)|dudv ≥ −CN lnN (3.7)

for some constant C > 0 that, owing to Lemma 2.25, is uniform in t ∈ [0 ; 1].

Lemma 3.4. Let J and J̃ be two compact intervals, where J̃ is larger on both sides than J ,
meaning that there exists an open set U ⊂ R such that J ⊂ U ⊂ J̃ . Let ηt admit an extension to
J̃ satisfying the same properties and let Λ : J̃ 2 −→ R be given by

Λ(x, y)
def
=

ln
∣∣∣ηt(x)−ηt(y)

x−y

∣∣∣ x, y ∈ J̃ , x 6= y

ln |η′t(x)| x ∈ J̃ , x = y.

If x ∈ JN then for N sufficiently large x̃ ∈ J̃N (recall Definition 3.3) and furthermore there is a
constant C ′ > 0 and N0 ∈ N such that

|Λ(xi, xj)− Λ(x̃i, x̃j)| ≤ C ′N−2 ∀i, j ∈ [[ 1 ; N ]] , and N ≥ N0,

with N0 independent of t ∈ [0 ; 1].
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Proof. We compute the formula

∂

∂x
Λ(x, y) = Re

(
x− y

ηt(x)− ηt(y)

1ˆ

0

uη′′t (y + u(x− y)) du

)

and a similar formula for ∂
∂yΛ(x, y) by interchanging x and y. Thus

‖∇Λ‖ ≤
√

2C−1
η sup

x∈J̃
|η′′t (x)| < +∞ ,

with a bound that is uniform in t ∈ [0 ; 1].

Moving forward, we may make the upper bound

N∑
i<j

ln |ηt(xi)− ηt(xj)| =
N∑
i<j

ln |xi − xj | +
N∑
i<j

Λ(xi, xj)

≤
N∑
i<j

ln |x̃i − x̃j | +
N∑
i<j

Λ(x̃i, x̃j) +
1

2
C ′

=
N∑
i<j

ln |ηt(x̃i)− ηt(x̃j)|+
1

2
C ′

(3.8)

Putting (3.6), (3.7), (3.8) and Lemma 3.2 together, we infer there exists a constant C > 0 indepen-
dent of t ∈ [0 ; 1] such that, for all N ≥ 2,

dPN,ηt(x) ≤ e−
β
2
N2
(
IJ [L

(x)
N ]−IJ [µ̃Ωt ]

)
+CN lnN · dx (3.9)

where we recall that µ̃Ωt = η#
t [µΩt ] and Ωt = ηt(J ).

Lemma 3.5. Let µ̃Ωt be the unique minimiser of IJ . Then

IJ
[
L

(x)
N

]
− IJ [µ̃Ωt ] ≥

{
Dηt

(
L

(x)
N , µ̃Ωt

)}2

Proof. This follows from the Frostman-Euler-Lagrange conditions (Lemma 2.10); namely, there
exists a constant CΩt such that

IJ
[
L

(x)
N

]
= IJ [µ̃Ωt ] + 2

ˆ

R

ˆ
R

ln
1

|ηt(x)− ηt(y)|
dµ̃Ωt(y) + ϕ̃t(x)− CΩt


︸ ︷︷ ︸

≥0

dL
(x)
N (x)

+
{
Dηt

(
L

(x)
N , µ̃Ωt

)}2
. (3.10)

Proposition 3.6. There exists a constant C > 0 independent of t ∈ [0 ; 1] such that, for all δ > 0,

PN,ηt
[{

Dηt

(
L

(x)
N , µ̃Ωt

)
≥ δ
}]
≤ e−

β
2
N2δ2+CN lnN .

Proof. This follows from integrating both sides of (3.9) on the event Dηt

(
L

(x)
N , µ̃Ωt

)
≥ δ.
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Corollary 3.7. Let J̃ strictly contain J . Then, there exist constants C,C ′ > 0 independent of
t ∈ [0 ; 1] and N0 ∈ N such that for all f ∈ W∞1 (J ), and N ≥ N0, one has x̃ ∈ J̃N . Moreover, it
holds

PN,ηt

[{∣∣∣ ˆ
J̃
f(s) d

(
L

(x)
N − µ̃Ωt

)
(s)
∣∣∣ ≥ δ}] ≤ exp

{
− C ′N2δ2

‖f‖2
W∞1 (J̃ )

+ CN lnN

}
.

Proof. By Proposition 2.8

PN,ηt

[{∣∣∣ ˆ
J̃
f(s) d

(
L

(x)
N − µ̃Ωt

)
(s)
∣∣∣ ≥ δ}] ≤ PN,ηt

[{
Dηt

(
L

(x)
N , µ̃Ωt

)
≥ δ

CJ ‖f‖W∞1 (J̃ )

}]

The result then follows from Proposition 3.6.

Thus
∣∣∣ ´J̃ f(s) d

(
L

(x)
N − µ̃Ωt

)
(s)
∣∣∣ is typically at most of order O

(√
lnN
N

)
. In fact we shall later

see that if f is C∞, the optimal bound is O( 1
N ). From Corollary 3.7 we may bound the moments.

Corollary 3.8. Let J̃ strictly contain J . Then there exists a constant Cm > 0 and N0 ∈ N, both
independent of t ∈ [0 ; 1], such that for all f ∈ W∞1

(
J̃
)
, m ∈ N and N ≥ N0

EN,ηt

[∣∣∣∣ˆ
J̃
f(s) d

(
L

(x)
N − µ̃Ωt

)
(s)

∣∣∣∣m
]
≤ Cm‖f‖mW∞1 (J̃ )

(
lnN

N

)m
2

.

Corollary 3.9. Let J̃ strictly contain J . Let C,C ′ > 0 be the constants appearing in Lemma 3.7
and N0 ∈ N. Then, for all N ≥ N0 and f ∈ W∞1

(
J̃
)
such that ‖f‖W∞1 (J̃ )

≤
√
CC ′N lnN one has

EN,ηt

[
eN
∣∣ ´
J̃ f(s) d(L

(x)
N −µ̃Ωt )(s)

∣∣]
≤ 2e

√
CN lnN
C′ ·‖f‖W∞1 (J̃ ) .

Proof.

EN,ηt

[
eN
∣∣ ´
J̃ f(s) d(L

(x)
N −µ̃Ωt )(s)

∣∣]
≤ 1 +

∞̂

0

ex min

{
1, exp

{
− C ′x2

‖f‖2
W∞1 (J̃ )

+ CN lnN
}}

dx .

Then, the upper bound

− C ′x2

‖f‖2
W∞1 (J̃ )

+ CN lnN ≤ −2
√
CC ′N lnN

‖f‖W∞1 (J̃ )

(
x− ‖f‖W∞1 (J̃ )

√
C(C ′)−1N lnN

)
entails the claim.

4 Large deviations for the maximal particle
In this section, we mainly focus on the real model adapted to the contour Γeq provided by Proposition
2.20 and realised by the curve γ : R→ Γeq. We recall that this contour enjoys the properties (Γ1)-
(Γ2). We shall prove that with probability exponentially close to 1, the particles are confined to an
arbitrary small neighbourhood of the support of the equilibrium measure. One corollary of this is
that the partition function ZN,γε [V ] associated with the restriction γε = γ|[−ε ;1+ε] of the curve γ to
the interval [−ε ; 1 + ε] is a good approximation of the partition function on the unbounded contour
ZN,γ [V ]. In particular, one may focus on the former so as to obtain the asymptotic expansion of the
latter. The proofs presented in this section follow closely the proofs given in [19] or [36].
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Let us begin by introducing the pullback to R under γ of the relevant effective potential:

ϕ̃Γeq;eff(x) = ϕ̃(x) −
1ˆ

0

ln |γ(x)− γ(y)| dνsc(y) − CΓeq with ϕ̃ = Re
(
V ◦ γ

)
.

We recall that, by construction, the pullback of µΓeq under γ is given by νsc see (2.34) and Remark
2.23. νsc minimizes the functional IR introduced in (3.5) with the choice ηt = γ and ϕ̃t = Re

(
V ◦γ

)
and CΓeq is the infimum of x 7→ ϕ̃(x) −

´ 1
0 ln |γ(x) − γ(y)| dνsc(y) which is achieved throughout

[0 ; 1], the support of νsc. We shall now build up to proof of the Large Deviation Principle (LDP) for
the maximal particle at scale N with rate function ϕ̃Γeq;eff for the real model PN,γ , with γ(R) = Γeq

as mentioned earlier.

Proposition 4.1. (LDP for the maximal particle) For any closed set F ⊂ R

lim sup
N→+∞

1

N
lnPN,γ

[{
∃i ∈ {1, . . . , N} s.t. xi ∈ F

}]
≤ −β inf

x∈F
ϕ̃Γeq;eff(x)

and for any open set U ⊂ R

lim inf
N→+∞

1

N
lnPN,γ

[{
∃i ∈ {1, . . . , N} s.t. xi ∈ U

}]
≥ −β inf

x∈U
ϕ̃Γeq;eff(x) .

Corollary 4.2. Let γε denote the restriction of γ to [−ε ; 1 + ε], i.e. γε = γ|[−ε ;1+ε]. Then, there
exists C > 0 such that

ZN,γε [V ] = ZN,γ [V ]
(

1 + O
(
e−CN

))
. (4.1)

Proof. One has the identity

ZN,γ [V ] = ZN,γε [V ] + ZN,γ [V ] · PN,γ
[{
∃a ∈ {1, . . . , N} s.t. xa ∈ [−ε ; 1 + ε]c

}]
(4.2)

so that one concludes owing to Proposition 4.1.

Lemma 4.3. ϕ̃Γeq;eff : R −→ [0 ; +∞[ is a good rate function, i.e. is lower semi-continuous (lsc)
and has compact level sets.

Proof. ϕ̃Γeq;eff is continuous on supp[νsc]
c, vanishes on the compact set supp[νsc], and so, in partic-

ular, is lsc. For any C ∈ R, ϕ̃−1
Γeq;eff((−∞, C]) is closed and so we need only to show boundedness.

ϕ̃Γeq;eff(x) ≤ C implies by

|x− y|2 ≤ (1 + |x|2)(1 + |y|2) ∀x, y ∈ C (4.3)

that

ϕ̃(x)− 1

2
ln
(
1 + |γ(x)|2

)
− CΓeq ≤ C − CΓeq +

1

2

ˆ
R

ln
(
1 + |γ(y)|2

)
dνsc(y) .

However lim infx→±∞
(
ϕ̃(x)− 1

2 ln
(
1 + |γ(x)|2

))
= +∞, and so x must be bounded.

The method of proving Proposition 4.1 involves first proving that the particles are confined
with exponentially high probability to some compact set. Once established, we may then use
concentration results on compact sets to show that that particles are close to the support of the
equilibrium measure.

We begin with the elementary inequality

PN,γ
[{
xN ∈ X

}]
≤ PN,γ

[{
∃i ∈ {1, . . . , N} s.t. xi ∈ X

}]
≤ NPN,γ

[{
xN ∈ X

}]
.
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Thus, to prove Proposition 4.1, we need only prove an LDP for PN,γ
[{
xN ∈ X

}]
. For any Borel

set X ⊂ R, let

ΥN−1(X)
def
=

ˆ

X

EN−1,γ

[
e(N−1)β

´
R

[
ln |γ(x)−γ(y)|−ϕ̃(y)

]
dL

(x)
N−1(y)

]
e−Nβϕ̃(x)|γ′(x)|dx .

Then
PN,γ

[{
xN ∈ X

}]
=

ΥN−1(X)

ΥN−1(R)
.

Thus we need only prove an LDP for ΥN−1. Let us first prove that all the particles are confined to
some sufficiently large compact set.

Corollary 4.4.

lim sup
M→+∞

lim sup
N→+∞

1

N2
lnPN,γ

[
AM

]
= −∞

where

AM =
{
x ∈ RN :

ˆ

R

(
ϕ̃(x)− 1

2
ln
(
1 + |γ(x)|2

))
dL

(x)
N (x) ≥M

}
. (4.4)

Proof. Starting from

PN,γ
[
AM

]
=

1

ZN,γ [V ]

ˆ

RN

1AM (x)
N∏

i,j=1
i 6=j

|γ(xi)− γ(xj)|
β
2 ·

N∏
k=1

{
|γ′(xk)|e−βNϕ̃(xk)

}
dx ,

the upper bound (4.3) yields
∏N
i,j=1
i 6=j
|γ(xi)− γ(xj)| ≤

∏N
i=1(1 + |γ(xi)|2)N−1 which, in turn, gives

PN,γ
[
AM

]
≤ exp

{
− βN2M +N2βIΓeq [µΓeq ] + CN lnN

}
·
(ˆ

R

1

Cγ · (1 + |γ(x)|2)
β
2

dx

)N
.

Here we have bounded the partition function from below with the help of Lemma 3.2. By (Γ2), one
has that

´
R

(1 + |γ(x)|2)−
β
2 dx < +∞ as soon as β ≥ 2, which entails the claim.

Lemma 4.5. There exists N0 ∈ N and K0 > 0 sufficiently large and c > 0 such that for any K > K0

PN,γ
[{
∃i ∈ {1, . . . , N} s.t. xi ∈ [−K ;K]c

}]
≤ e−cNK

κ ∀N ≥ N0 .

Proof. Let us begin by first establishing a rough lower bound on ΥN−1(R). By positivity and then
by Jensen’s inequality

ΥN−1(R) ≥ ΥN−1([−1, 1])

≥ 2Cγe(N−1)β lnCγ−Nβ2
´ 1
−1 ϕ̃(x) dxEN−1,γ

[
e(N−1)β

´
R( 1

2

´ 1
−1 ln |x−y| dx−ϕ̃(y)) dL

(x)
N−1(y)

]
.

Then we observe that 1
2

´ 1
−1 ln |x−y|dx ≥ 1

2

´ 1
−1 ln |x|dx = −1. To bound the remaining expectation,

introduce UL =
´
R
ϕ̃(y) dL

(x)
N−1(y) and observe the trivial bound

EN−1,γ

[
e−(N−1)βUL

]
≥ e−Mβ(N−1)EN−1,γ

[
1UL≤M

]
≥ e−MβN

{
1 − EN−1,γ

[
1UL>M

]}
.

The last expectation may be estimated by means of Corollary 4.4 which ensures that for any T ,
there exists M0, N0 such that

PN,γ
[
AM

]
< e−N

2T with M ≥M0 and N ≥ N0 ,
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where AM as given by (4.4).
Furthermore, the growth conditions at ±∞ ensure that ϕ̃(x) − 1

2 ln
(
1 + |γ(x)|2

)
≥ 1

2 ϕ̃(x) +C.
Hence, {

UL ≥M
}
⊂ AM

2
+C . (4.5)

So that, for M large enough,
EN−1,γ

[
1UL>M

]
≤ e−N

2T .

All together, the above leads to ΥN−1(R) ≥ e−CN for some C > 0.
Moving forward, let us now provide an upper bound for ΥN−1([−K ;K]c). By using (4.3) and

the bound 1
2 ln
(
1 + |γ(x)|2

)
− ϕ̃(x) ≤M for all x ∈ R and some M > 0, we find

ΥN−1([−K ;K]c) ≤ exp

{
(N − 1)β

{
M + sup

x∈[−K ;K]c

(
1
2 ln
(
1 + |γ(x)|2

)
− ϕ̃(x)

)}}ˆ
R

e−βϕ̃(x) dx

Cγ

in which the last integral is finite due to the growth conditions of ϕ̃. Finally, observing that by
(1.18), we can find c′ > 0 and K0 finite so that for every K ≥ K0

sup
x∈[−K ;K]c

(1

2
ln
(
1 + |γ(x)|2

)
− ϕ̃(x)

)
≤ −c′Kκ

completes the proof.

We remark that in the course of proving Lemma 4.5 we have proven exponential tightness of
ΥN−1.

Lemma 4.6 (Exponential tightness).

lim sup
K→+∞

lim sup
N→+∞

1

N
ln ΥN−1([−K ;K]c) = −∞

To prove Proposition 4.1 we will prove a weak LDP, which by the aforementioned exponential
tightness implies a full LDP.

Definition 4.7 (Regularised logarithm). Let θ : R −→ [0 ; 1] be a C∞ function such that θ is even,
θ(0) = 0, θ is nondecreasing for x ≥ 0, and θ(x) = 1 for |x| ≥ 1. Then, define the δ-regularised
logarithm as

lnδ |x|
def
= −

1ˆ

x

θ
(y
δ

) 1

y
dy

for δ > 0 a constant. Note that lnδ is C∞, even, and lnδ |x| = ln |x| for |x| ≥ δ. Furthermore lnδ is
decreasing in δ > 0 and lnδ −→ ln pointwise as δ ↓ 0 by monotone convergence.

Lemma 4.8 (Upper bound on balls). Let ξ be a real number.

lim sup
ς↓0

lim sup
N→+∞

1

N
ln ΥN−1

(
]ξ − ς ; ξ + ς[

)
≤ β

1ˆ

0

[
ln |γ(ξ)− γ(y)| − ϕ̃(ξ)− ϕ̃(y)

]
dνsc(y) .

Proof. Let BK be the event that all particles lie in the interval [−K ;K]. Then

ΥN−1

(
]ξ − ς ; ξ + ς[

)
= 1 + 2

1 =

ξ+ςˆ

ξ−ς

EN−1,γ

[
1BKe(N−1)β

´
R

(
ln |γ(x)−γ(y)|−ϕ̃(y)

)
dL

(x)
N−1(y)

]
e−Nβϕ̃(x)|γ′(x)|dx ,

2 =

ξ+ςˆ

ξ−ς

EN−1,γ

[
1Bc

K
e(N−1)β

´
R

(
ln |γ(x)−γ(y)|−ϕ̃(y)

)
dL

(x)
N−1(y)

]
e−Nβϕ̃(x)|γ′(x)|dx .
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Then applying (4.3), we may bound∣∣∣ 2
∣∣∣ ≤ C−1

γ e2(N−1)βC′PN−1,γ

[{
∃i ∈ {1, . . . , N} s.t. xi ∈ [−K ;K]c

}]
·
ˆ
R

e−βϕ̃(x) dx

where C ′ = supx∈R(1
2 ln
(
1 + |γ(x)|2

)
− ϕ̃(x)). Then, by Lemma 4.5, for any C > 0 there is a K > 0

and N0 ∈ N such that for all N ≥ N0

PN−1,γ

[{
∃i ∈ {1, . . . , N} s.t. xi ∈ [−K ;K]c

}]
≤ e−CN .

We choose C > 0 as large as needs be to make the upper bound on 2 exponentially subleading

with respect to the behaviour to be determined of 1 . Of course, without loss of generality, we
may assume ]ξ − ς ; ξ + ς[⊂ [−K ;K].

Moving forward, for the first term, let us make the bound ln |γ(x)− γ(y)| ≤ lnδ |x− y|+ Λ(x, y)

where δ > 0 and Λ(x, y) = ln
∣∣∣γ(x)−γ(y)

x−y

∣∣∣. Let
Fx,δ(y) := lnδ |x− y|+ Λ(x, y)− ϕ̃(y) .

Observe that Fx,δ(y) ≥ Fx,0(y) for every x and y. Moreover, by compactness, there exists a constant
Cδ > 0 independent of x ∈ [−K,K] such that ‖Fx,δ‖W∞1 ([−K ;K]) ≤ Cδ. Furthermore, one has
ZN,γ|[−K ;K]

[V ] ≤ ZN,γ [V ], which leads to

1 ≤ C−1
γ · e

2βCδ
N−1

ξ+ςˆ

ξ−ς

e
(N−1)β

1́

0

Fx,δ(s) dνsc(s)
· EN−1,γ|[−K ;K]

[
e

(N−1)β
´
R
Fx,δ(s) d(L

(x)
N−1−νsc)(s)

]
· e−Nβϕ̃(x) dx

where the 2βCδ
N−1 term comes from replacing L(x)

N−1 with L
(x)
N−1. (x, y) 7→ Fx,δ(y) is smooth on [−K ;K]2

so that, by compactness, there exists C ′δ > 0 such that∣∣∣∣ ∂∂xFx,δ(y)

∣∣∣∣ ≤ C ′δ for all (x, y) ∈ [−K ;K]2 .

This ensures that Fx,δ ≤ Fξ,δ + ςC ′δ. A similar bound holds for ϕ̃. Finally, by Corollary 3.9, there
is a constant C ′′δ > 0 such that

EN−1,γ|[−K ;K]

[
e

(N−1)β
´
R
Fx,δ(s) d(L

(x)
N−1−νsc)(s)

]
≤ eC

′′
δ

√
N lnN .

Putting all this together we find that for all δ > 0

lim sup
ς↓0

lim sup
N→+∞

1

N
ln ΥN−1(]ξ − ς ; ξ + ς[) ≤ β

1ˆ

0

Fξ,δ(s) dνsc(s)− βϕ̃(ξ) .

Taking δ ↓ 0 we obtain the result by monotone convergence.

Lemma 4.9 (Lower bound on balls). Let ξ be a real number.

lim inf
ς↓0

lim inf
N→+∞

1

N
ln ΥN−1(]ξ − ς ; ξ + ς[) ≥ β

ˆ

R

{
ln |γ(ξ)− γ(y)| − ϕ̃(ξ)− ϕ̃(y)

}
dνsc(y) .
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Proof. Let BK correspond to the event that all particles lie in the interval [−K ;K]. Then

ΥN−1(]ξ − ς ; ξ + ς[)

≥ CγPN−1,γ [BK ]

ξ+ςˆ

ξ−ς

EN−1,γ|[−K ;K]

[
e(N−1)β

´
R{ln |γ(x)−γ(y)|−ϕ̃(y)} dL

(x)
N−1(y)

]
e−Nβϕ̃(x) dx .

We first bound ϕ̃(x) ≤ ϕ̃(ξ) + ς‖ϕ̃‖W∞1 ([−K ;K]). Let ω̃ be a C∞(R) function supported on [−1 ; 1],
strictly positive on ] − 1 ; 1[, and such that 0 ≤ ω̃ ≤ 1. Then C =

´ 1
−1 ω̃(x) dx > 0 and define

ως(x) = ς−1C−1ω̃
(
x
ς

)
. Then let us apply Jensen’s inequality to find

ΥN−1(]ξ − ς ; ξ + ς[) ≥ ςCCγPN−1,γ [BK ]e
−Nβϕ̃(ξ)−Nβς‖ϕ̃‖W∞1 ([−K ;K])

× EN−1,γ|[−K ;K]

[
e(N−1)β

´
RGξ,ς(s) dL

(x)
N−1(s)

]
, (4.6)

where

Gξ,ς(y) :=

ˆ

R

ως(x− ξ) ln |γ(x)− γ(y)| dx− ϕ̃(y) .

Gξ,ς is C∞; indeed, one has ln |γ(x) − γ(y)| = ln |x − y| + Λ(x, y) where Λ(x, y) = ln
∣∣∣γ(x)−γ(y)

x−y

∣∣∣ is
C∞ by Lemma 3.4 whereas the ln |x− y| piece yields a convolution with ως and is hence C∞. Thus
the smoothness of Gξ,ς follows from dominated convergence given that ως has compact support.
Applying Jensen’s inequality again we find

EN−1,γ|[−K ;K]

[
e(N−1)β

´
RGξ,ς(s) dL

(x)
N−1(s)

]
≥ exp

{
(N − 1)β

ˆ
R
Gξ,ς(s) dνsc(s)

− (N − 1)β EN−1,γ|[−K ;K]

[∣∣ˆ
R
Gξ,ς(s) d(L

(x)
N−1 − νsc)(s)

∣∣]} . (4.7)

Then, applying Corollary 3.8, we find

lim inf
N→+∞

1

N
ln ΥN−1(]ξ − ς ; ξ + ς[) ≥ −βϕ̃(ξ)− βς‖ϕ̃‖W∞1 ([−K ;K]) + β

ˆ
R
Gξ,ς(s) dνsc(s) .

By Fubini’s theorem
ˆ
R
Gξ,ς(s) dνsc(s) =

ˆ

R

ως(x− ξ)
[ˆ

R
(ln |γ(x)− γ(y)| − ϕ̃(y)) dνsc(y)

]
dx .

The function x 7→
´
R [ln |γ(x)− γ(y)| − ϕ̃(y)] dνsc(y) is continuous and ως is an "approximation of

the identity", hence

lim inf
ς↓0

lim inf
N→+∞

1

N
ln ΥN−1(]ξ − ς ; ξ + ς[) ≥ −βϕ̃(ξ) + β

ˆ
R

(ln |γ(x)− γ(y)| − ϕ̃(y)) dνsc(y) .

Lemmata 4.8 and 4.9 imply a weak LDP and, when combined with Lemma 4.6, imply Proposition
4.1. In the remainder of this section, we will obtain estimates on the 1-point density outside of [0 ; 1],
the support of νsc, in the case of the real model associated with the family of curves

γεt = γt|[−ε ;1+ε] , (4.8)

where γt has been introduced in (2.30), t ∈ [0 ; 1] and ε > 0.
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Definition 4.10 (1-point density). Let γt : [−ε, 1 + ε] −→ C be defined by (2.30) for t ∈ [0 ; 1], and
let Vt be the associated potential introduced in (2.38)-(2.39). The 1-point density is defined as

%tN (x)
def
=

e−Nβϕ̃t(x)|γ′t(x)|
ZN,γεt [Vt]

1+εˆ

−ε

N−1∏
i<j

|γt(xi)− γt(xj)|β

×
N−1∏
k=1

{
|γt(x)− γt(xk)|β · e−Nβϕ̃t(xk) · |γ′t(xk)|

}
dx (4.9)

where we recall that ϕ̃t = Re
(
Vt ◦ γt

)
.

Proposition 4.11. Let ε > 0. There exist positive finite constants C,C ′ so that for every t ∈ [0, 1]
and every integer N ,

max
{
%tN (−ε), %tN (1 + ε)

}
≤ Ce−C

′N .

Proof. We first write

%tN (x) = |γ′t(x)|e−βNϕ̃t(x) ·
EN−1,γεt

[
e(N−1)β

´
R{ln |γt(x)−γt(y)|−ϕ̃t(y)} dL

(x)
N−1(y)

]
ΥN−1;ε([−ε ; 1 + ε])

where

ΥN−1;ε([−ε ; 1 + ε]) =

1+εˆ

−ε

|γ′t(x)|e−βNϕ̃t(x)EN−1,γεt

[
e(N−1)β

´
R{ln |γt(x)−γt(y)|−ϕ̃t(y)} dL

(x)
N−1(y)

]
dx .

We begin by bounding ΥN−1;ε([−ε ; 1 + ε]) from below. First, observe the bound dx ≥ π
4 dνsc(x) and

then apply Jensen’s inequality to find

ΥN−1;ε([−ε ; 1 + ε]) ≥ π

4
Cγe

−β‖ϕ̃t‖W∞0 ([−ε ;1+ε])−(N−1)βCϕ

× exp

{
− (N − 1)β

ˆ
R
ϕ̃t(s) dνsc(s)− (N − 1)β EN−1,γεt

[ˆ
R
ϕ̃Σt;eff(s) dL

(x)
N−1(s)

]}
. (4.10)

Here, we remind that Σt has been introduced in Definition 2.28. ϕ̃Σt;eff refers to the effective
potential associated to the equilibrium measure νsc on [0 ; 1] and in presence of the external field ϕ̃t.
Note that ϕ̃Σt;eff , by its very construction, is t-independent.

For any δ > 0, consider a C∞([−ε ; 1 + ε]) function ψδ which has the following properties:

1. 0 ≤ ψδ ≤ ϕ̃Σt;eff(−ε) = ϕ̃Σt;eff(1 + ε);

2. ψδ(x) = 0 for x ∈ [δ ; 1− δ];
3. ψδ(x) = ϕ̃Σt;eff(−ε) = ϕ̃Σt;eff(1 + ε) for x ∈ [−ε ; 1 + ε] \ [0 ; 1].

Importantly, one has that ψδ ≥ ϕ̃Σt;eff . Hence, by Corollary 3.8, there exists a constant C > 0 such
that

EN−1,γεt

[ˆ
R
ϕ̃Σt;eff(s) dL

(x)
N−1(s)

]
≤ 8

π
δϕ̃Σt;eff(−ε) + C‖ψδ‖W∞1 ([−ε ;1+ε])

√
lnN

N

+
2‖ϕ̃Σt;eff‖W∞1 ([−ε ;1+ε])

(N − 1)2
.

Thus, for any ∆ > 0, there is an N0 ∈ N independent of t ∈ [0 ; 1] such that

ΥN−1;ε([−ε ; 1 + ε]) ≥ e−(N−1)βCΣt−(N−1)β
´
R ϕ̃t(s) dνsc(s)−(N−1)βϕ̃Σt;eff(−ε)∆ ∀N ≥ N0 .
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Next, turning to the numerator, for δ > 0, let us bound

ln |γt(x)− γt(y)| ≤ lnδ |x− y|+ Λ(x, y) where Λ(x, y) = ln

∣∣∣∣γt(x)− γt(y)

x− y

∣∣∣∣ .
Then, there is a constant C > 0 (independent of t ∈ [0 ; 1] and x ∈ [−ε ; 1 + ε]) such that
‖Λ(x, ·)‖W∞1 ([−ε ;1+ε]) ≤ C. From this it follows that there is a Cδ > 0 such that

EN−1,γεt

[
e(N−1)β

´
R{ln |γt(x)−γt(y)|−ϕ̃t(y)} dL

(x)
N−1(y)

]
≤ e(N−1)β

´
R{lnδ |x−y|+Λ(x,y)−ϕ̃t(y)}dνsc(y)+Cδ

√
N lnN .

´
R lnδ |x−y| dνsc(y) −→

´
R ln |x−y|dνsc(y) as δ ↓ 0, hence for any ∆ > 0 by taking δ > 0 sufficiently

small
´
R lnδ |x− y|dνsc(y) ≤

´
R ln |x− y| dνsc(y) + ∆. Then, for any ∆ > 0, there is an N0 ∈ N

EN−1,γεt

[
e(N−1)β

´
R{ln |γt(x)−γt(y)|−ϕ̃t(y)} dL

(x)
N−1(y)

]
≤ e(N−1)β

´
R{ln |γt(x)−γt(y)|−ϕ̃t(y)} dνsc(y)+N∆

for all N ≥ N0. Then, there exists C > 0 and N0 ∈ N, such that

%tN (x) ≤ Ce−(N−1)βϕ̃Σt;eff(x)+N∆+(N−1)βϕ̃Σt;eff(−ε)∆ ∀N ≥ N0 .

Setting x = −ε or x = 1 + ε and taking ∆ > 0 sufficiently small completes the proof.

5 Lower bound on the complex partition function
Throughout this section we focus on the curve γεt , the restriction of γt to

Iε = [−ε ; 1 + ε] (5.1)

c.f. (4.8), and on the associated contour Σt = γt(Iε), defined by (2.30). In this section we prove the
following proposition.

Proposition 5.1 (Lower bound on the complex partition function). There exists t-independent
constants C > 0 and N0 ∈ N such that∣∣∣∣ZN,Σt [Vt]ZN,γεt [Vt]

∣∣∣∣ ≥ C ∀N ≥ N0 (5.2)

uniformly in t ∈ [0 ; 1]. In particular ZN,Σt [Vt] 6= 0 so the complex model (1.26) is well-defined.

Note that the upper bound ZN,γεt [Vt] ≥
∣∣ZN,Σt [Vt]∣∣ is trivial.

We recall that ε′ > ε > 0 is chosen such that the original S-curve γ in the neighbourhood of
the support of the equilibrium measure, and hence its t interpolation γt, is analytic on [−ε′ ; 1 + ε′].
Then we introduce χ : R −→ [0 ; 1], a C∞(R) function such that χ(x) = 1 for x ∈ Iε and χ(x) = 0
for x ∈ R \ [−ε′ ; 1 + ε′]. Then let

at(x, y) = χ(x)χ(y) arg
{γt(x)− γt(y)

x− y

}
x, y ∈ R

pt(x) = χ(x) arg
{
γ′t(x)

}
x ∈ R

so that at and pt are smooth and compactly supported functions on R.
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Remark 5.2. As stated at and pt are not well-defined because arg is a multi-valued function. γ′t(x)

and γt(x)−γt(y)
x−y are always nonzero and so we need only show that we can make a consistent choice

of branch. We first fix arg{γ′t(0)} by making some arbitrary choice of branch and then define its
values elsewhere by requiring that

d

dx
arg{γt(x)} = Im

γ′′t (x)

γ′t(x)
.

Similarly arg{γ
′
t(x)−γt(y)
x−y } is defined for x = y as arg{γ′t(x)} and then for x < y by requiring

∂

∂x
arg

{
γt(x)− γt(y)

x− y

}
= Im

(
γ′t(x)

γt(x)− γt(y)
− 1

x− y

)
.

and then extending to y < x by symmetry.

Proposition 5.3. It holds that ∣∣∣∣ZN,Σt [Vt]ZN,γεt [Vt]

∣∣∣∣ =
∣∣∣EN,γεt [eGin

]∣∣∣ , (5.3)

where

Gin =
iβN2

2

ˆ

R2

at(x, y) dL(x)
N (x)dL(x)

N (y) + iN
(

1− β

2

)ˆ
R

pt(x)dL(x)
N (x) (5.4)

and where we have introduced the empirical measure centred on νsc:

L(x)
N = L

(x)
N − νsc . (5.5)

Proof. To prove this let us separate the integrand of (1.15) into a modulus and a phase. We observe
that because β is even (γt(xi) − γt(xj))

β has the same phase as
(γt(xi)−γt(xj)

xi−xj

)β . Then if we let
ph(z) = z

|z| denote the phase of a complex number we have

ZN,Σt [Vt]
ZN,γεt [Vt]

= EN,γεt

[
ph

( N∏
i,j=1
i 6=j

(γt(xi)− γt(xj)
xi − xj

)β
2 ·

N∏
i=1

{
γ′t(xi)e

−βNVt(γt(xi))
})]

= EN,γεt

[
ph

( N∏
i,j=1

(
γt(xi)− γt(xj)

xi − xj

)β
2
N∏
i=1

{
γ′t(xi)

1−β
2 e−βNVt(γt(xi))

})]

= EN,γεt

[
e

iβN2

2

´
R2 at(x,y) dL

(x)
N (x)dL

(x)
N (y)+i(1−β

2
)N

´
R pt(x) dL

(x)
N (x)−iβN

´
R Im

(
Vt(γt(x))

)
dL

(x)
N (x)

]

Let us now re-centre with respect to the equilibrium measure. By using (5.5), one gets

ZN,Σt [Vt]
ZN,γεt [Vt]

= eGsc · EN,γεt

[
eGout+Gin

]
. (5.6)

There, Gin is as in (5.4), while

Gsc =
iβN2

2

ˆ

R2

at(x, y) dνsc(x)νsc(y) + i
(

1− β

2

)
N

ˆ

R

pt(x) dνsc(x)− iβN2

ˆ

R

Im
(
Vt(γt(x))

)
dνsc(x)

and

Gout = −iβN2

ˆ

R

dL(x)
N (x)

{
Im
(
V (γt(x))

)
−

ˆ

R

at(x, y) dνsc(y)
}
. (5.7)
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By taking the x-derivative of Gout’s integrand and applying the Sokhotski-Plemelj theorem, one
observes that it coincides throughout Iε with the derivative of 1

2 Im
([

ΦΣt;eff

]
+

+
[
ΦΣt;eff

]
−
)
(γt(x))

by virtue of (2.35). Hence, there exists Ct ∈ R, possibly dependent on t ∈ [0 ; 1] but independent of
x ∈ Iε, such that

Im
(
Vt(γt(x))

)
−

1ˆ

0

arg
{γt(x)− γt(y)

x− y

}
dνsc(y) =

1

2
Im
([

ΦΣt;eff

]
+

+
[
ΦΣt;eff

]
−
)
(γt(x)) + Ct,

for any x ∈ Iε. Yet, by its very construction and analogously to (2.28) of Proposition 2.22, the first
term on the left hand side vanishes on Iε, hence ensuring that the right hand side is constant on
that interval. This entails that Gout = 0 and, by the fact that Gsc ∈ iR, yields the claim.

Moving forward, because at and pt are bounded and compactly supported we can define their
Fourier transforms:

At(x, y) =

ˆ

R2

at(x
′, y′)e2πiyy′−2πixx′ dx′ dy′ and Pt(x) =

ˆ

R

pt(x
′)e−2πixx′ dx′ . (5.8)

By construction, these are Schwartz functions. It will also be convenient to introduce the Fourier
transform of the centred empirical measure (5.5)

φN (x) = N

ˆ

R

e−2πixx′ dL(x)
N (x′) .

Then, by Plancherel’s theorem, Gin introduced in (5.4) may be recast as

Gin =
iβ

2

ˆ

R2

At(x, y)φN (x)φN (y) dx dy + i
(
1− β

2

) ˆ
R

Pt(x)φN (x) dx , (5.9)

in which z stands for the complex conjugate of z ∈ C.
Let us define the real master operator Ξγt :W∞k (Iε) −→W∞k−1(Iε) which acts as

Ξγt [f ](x) = Re
(
V ′t (γt(x))γ′t(x)

)
f(x) −

1ˆ

0

Re

{
γ′t(x)f(x)− γ′t(y)f(y)

γt(x)− γt(y)

}
dνsc(y). (5.10)

It is established in Appendix A that Ξγt is invertible on the closed subspace of co-dimension 1
ker[Kγt ], in which Kγt :W∞1 (Σt)→ R is the continuous linear form introduced in (A.28). Note that
Kγt is normalised so that Kγt [1] = 1 which entails that f−Kγt [f ] ∈ ker[Kγt ] for any f ∈ W∞1 (Iε). In
all the manipulations that follow, we will be dealing withW∞k (Iε) functions which are not necessarily
in ker[Kγt ]. However, the functions of our interest will always appear in integrals against zero mass
measures. Hence, one may always translate them by Kγt [f ] without altering the result while ensuring
membership of ker[Kγt ]. In this sense, we may think of the operator

Ξ̃−1
γt

[
f
]

= Ξ−1
γt

[
f −Kγt [f ]

]
(5.11)

as providing an extension of Ξ−1
γt from ker[Kγt ] toW∞p (Iε). Still, one should observe that the explicit

formula for Ξ−1
γt as an integral operator only involves differences of its argument at different points:

it is thus invariant under constant shift. Thus, in terms of formulae, Ξγt does coincide with its
extension Ξ̃−1

γt . We shall thus from now on identify this extension with Ξ−1
γt , which means that we

understand that operator as being given by the integral operator appearing in the rhs of (A.29).
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Thus, within these conventions, for any f ∈ W∞1 (Iε), one may introduce the functionals

mt[f ] =
( 1

β
− 1

2

)
· νsc

(
Rγt ◦ Ξ−1

γt [f ]
)
, (5.12)

Vt[f ] =
1

β
· νsc

(
f ′Ξ−1

γt [f ]
)
. (5.13)

Here,

µ(f) =

ˆ
fdµ (5.14)

stands for the evaluation of the linear form induced by µ on the test function f , viz. νsc(f) =
´
fdνsc.

Furthermore, we have set

Rγt [f ](s) = Re
(γ′′t (s)

γ′t(s)
+ ∂s

)
f(s) . (5.15)

Vt[f ] will turn out to be the variance of a random variable, however it is not entirely obvious
from the explicit formula (5.13) that it is non-negative. We now establish this property.

Lemma 5.4. For any f ∈ ker[Kγt ], one has that Vt(f) ≥ 0.

Proof. Let Iε be as in (5.1) and recall the functional IIε (3.5) adapted to γt and let νsc be its unique
minimiser. Then for any function f ∈ C∞(R) such that |f ′| < 1, define the transported measure νfsc
by ˆ

R

g(x) dνfsc(x) =

ˆ

R

g(x+ f(x)) dνsc(x) .

We must have IJ [νfsc] ≥ IJ [νsc]. Thus, if we expand this relation with respect to f , the linear term
must vanish and the quadratic term must be non-negative. The linear term gives

−1

2

ˆ

R2

Re
(γ′t(x)f(x)− γ′t(y)f(y)

γt(x)− γt(y)

)
d2νsc(x, y) +

ˆ

R

ϕ̃ ′t(x)f(x) dνsc(x) = 0 (5.16)

where ϕ̃t(x) = Re
(
Vt(γt(x))

)
and the quadratic term gives

δI
(2)
J ;νsc

[f ] =
1

2

ˆ

R2

Re

{(
γ′t(x)f(x)− γ′t(y)f(y)

γt(x)− γt(y)

)2

− γ′′t (x)f2(x)− γ′′t (y)f2(y)

γt(x)− γt(y)

}
d2νsc(x, y)

+

ˆ

R

ϕ̃ ′′t (x)f2(x) dνsc(x) ≥ 0 . (5.17)

Since it is a homogeneous functional of degree 2, the relation extends to all f , i.e. not necessarily
satisfying |f ′| < 1.

The left hand side of δI(2)
J ;νsc

[f ] can be identified with νsc

(
f(Ξγt [f ])′

)
. Indeed, starting from the

definition (A.18) of Ξγt [f ] one gets that (Ξγt [f ])′(x) = (A) + (B) where

(A) = ϕ̃ ′t(x)f ′(x) −
1 

0

Re

{
γ′t(x)f ′(x)

γt(x)− γt(y)

}
dνsc(y) ,

(B) = ϕ̃ ′′t (x)f(x) +

1 

0

Re

{
γ′t(x)

γ′t(x)f(x)− γ′t(y)f(y)(
γt(x)− γt(y)

)2 − γ′′t (x)f(x)

γt(x)− γt(y)

}
dνsc(y) .
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Upon symmetrising in x↔ y and using (5.16) with the replacement of f with ff ′, we observe that

1ˆ

0

f(x)(A) dνsc(x) = 0 .

Then the x↔ y symmetrisation of the second contribution yields

1ˆ

0

f(x)(B) dνsc(x) = δI
(2)
J ;νsc

[f ] .

We thus conclude that for all f ∈ C∞(R), νsc

(
f(Ξγt [f ])′

)
≥ 0. Then, upon taking f = Ξ−1

γt [g]
with g ∈ ker[Kγt ], it holds νsc

(
g′ Ξ−1

γt [g]
)
≥ 0.

We have now introduced enough notation and results so as to state the central limit theorem for
the real model. The latter will be established with the help of the machinery of Dyson-Schwinger
equations (see [36] for an introduction to this method).

Theorem 5.5 (CLT for the real model). Let f ∈ C∞(Iε) with Iε as in (5.1). Then the following
convergence in distribution holds for the constrained real model PN,γεt (3.2) associated with the curve
γεt (2.30) of support Iε and in external potential Vt (2.38)-(2.39):

NL(x)
N (f)

d−→ N
(
mt[f ],Vt[f ]

)
as N → +∞ . (5.18)

L(x)
N appearing above is as introduced in (5.5) where

L(x)
N (f) =

ˆ

R

f(s) dL(x)
N (s) . (5.19)

The variance Vt[f ] of the Gaussian is positive owing to Lemma 5.4, as it should be.
In order to prove Theorem 5.5, we shall now introduce the Dyson-Schwinger equations which

relate moments of linear statistics, and more generally averages of functions in many variables
integrated against the re-centred empirical measure L(x)

N as introduced in (5.5). To state these, we
need several ingredients:

χ(p) :W∞` (Rn)→W∞` (Rn−1) stands for the operator

χ(p)[φ]
(
ξ1, . . . , ξn−1

)
= φ

(
ξ1, . . . , ξp−1, ξ1, ξp, . . . , ξn−1

)
. (5.20)

In what follows the space on which χ(p) acts will be indicated implicitly by the function it acts on.
We shall further need the γt deformed non-commutative derivative

Dγt [f ](x, y) = Re

(
γ′t(x)f(x)− γ′t(y)f(y)

γt(x)− γt(y)

)
. (5.21)

Finally, we extend the operators Dγt , Ξγt and Rγt to functions F ∈ W∞1 (Ikε ) with Iε = [−ε ; 1 + ε]
as

D(1)
γt [F ](sk+1) = Dγt [F(∗, s3, . . . , sk+1)](s1, s2) (5.22)

and

Ξ(1)
γt [F ](sk) = Ξγt [F(∗, s2, . . . , sk)](s1) , R(1)

γt [F ](sk) = Rγt [F(∗, s2, . . . , sk)](s1) (5.23)
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in which ∗ denotes the dummy variables on which the operator acts while sp = (s1, . . . , sp). Finally,
we introduce the notation

〈
F
〉
k⊗
a=1

νa
= EN,γεt

[ˆ
F(sk)

k∏
a=1

dνa(sa)
]
. (5.24)

Then, the loop equations take the form

〈
F
〉
k+1⊗
L(x)
N

=
1

2

〈
D(1)
γt ◦

(
Ξ(1)
γt

)−1
[F ]
〉
k+2⊗
L(x)
N

+
1

N

( 1

β
− 1

2

)〈
R(1)
γt ◦

(
Ξ(1)
γt

)−1
[F ]
〉
L

(x)
N

k⊗
L(x)
N

+
1

N2β

k∑
a=1

〈
χ(a+1)

[
∂a+1

(
Ξ(1)
γt

)−1
[F ]
]〉

L
(x)
N

k−1⊗
L(x)
N

+ Bk+1

[(
Ξ(1)
γt

)−1
[F ]
]

(5.25)

in which, denoting EN,γεt = ZN,γt [Vt] · EN,γεt , one has

Bk+1[F ] =
−1

N2β

∑
α∈∂Iε

1

ZN,γt [Vt]
∂αEN,γεt

[ˆ
F(u, sk)

k∏
a=1

dL(x)
N (sa)

]
|u=α

. (5.26)

Above, ∂a stands for the derivative in respect to the ath running variable, viz.

∂a ≡
∂

∂ξa
. (5.27)

The Dyson-Schwinger equations can be derived by integration by parts or invariance of the
partition function under changes of variables. We refer to [19, 22, 36] for the details of the various
derivations.

First of all, we observe that the boundary term Bk+1[F ] defined in (5.26) only contributes to
an exponentially small order in N .

Lemma 5.6. There exists C,C ′ > 0 such that the following upper bound holds∣∣Bk+1[F ]
∣∣ ≤ C ′‖F‖W∞0 (Ik+1

ε ) · e
−CN . (5.28)

Proof. Given α ∈ {−ε, 1 + ε}, it holds

Sα = ∂αEN,γεt
[ ˆ
F(u, sk)

k∏
a=1

dL(x)
N (sa)

]
|u=α

= N
e−Nβϕ̃t(α)|γ′t(α)|

sgn(α)·

1+εˆ

−ε

N−1∏
i<j

|γt(xi)− γt(xj)|β

×
N−1∏
k=1

{
|γt(α)− γt(xk)|β · e−Nβϕ̃t(xk) · |γ′t(xk)|

}
·
{ˆ
F(α, sk)

k∏
a=1

dL(x̃)
N (sa)

}
· dx

where x̃ = (α,x). Then, direct bounds yield∣∣Sα

∣∣ ≤ N2k ZN,γt [Vt] %
t
N (α) ‖F‖W∞0 (Ik+1

ε )

with the 1-point density %tN defined in (4.9). It then only remains to invoke Proposition 4.11.

Definition 5.7 (Multilinear norm). Given `, k ∈ N, the multilinear norm of order ` in k variables
takes the form

S`,k = sup
F∈W∞` (Ikε )
‖F‖W∞

`
(Ikε )
≤1

∣∣∣〈F〉 k⊗
L(x)
N

∣∣∣ . (5.29)
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Note that S`+1,k ≤ S`,k. In what follows, we will show that for any k ∈ N there is an ` sufficiently
large (depending on k) such that S`,k = O(N−k). This is an improvement of the bound given in

Corollary 3.8 which implies that S`,k = O
( (

lnN
N

) k
2
)
.

Lemma 5.8. Then there exists a constant C` > 0 such that for all k, ` ≥ 0 and F ∈ W∞`+1(Ikε ),∣∣∣∣D(1)
γt [F ]

∣∣∣∣
W∞` (Ik+1

ε )
≤ C`‖F‖W∞`+1(Ikε ) ,

∣∣∣∣(Ξ(1)
γt

)−1
[F ]
∣∣∣∣
W∞` (Ikε )

≤ C`‖F‖W∞`+1(Ikε ) (5.30)

as well as ∣∣∣∣R(1)
γt [F ]

∣∣∣∣
W∞` (Ikε )

≤ C`‖F‖W∞`+1(Ikε ) (5.31)

with all bounds being uniform in t ∈ [0 ; 1].

Proof. To start with, observe that one has the integral representation

D(1)
γt [F ](x, y, sk−1) = Re

{
x− y

γt(x)− γt(y)

[
F(y, sk−1)

γ′t(x)− γ′t(y)

x− y

+ γ′t(x)

1ˆ

0

du ∂1F(y + u(x− y), sk−1)
]}

.

By Lemma 2.25, it holds x−y
γt(x)−γt(y) ≤ C−1

γ for some Cγ > 0 and ‖γt‖W∞p (Iε)
≤ Cp, for some Cp,

both uniformly in t ∈ [0 ; 1]. This entails the first bound in (5.30). The bound (5.31) follows from
direct estimation and the mentioned results of Lemma 2.25. Finally, the second bound in (5.30) is
a direct consequence of Proposition A.3.

Note that the above results immediately yield the three upper bounds∣∣∣〈D(1)
γt ◦

(
Ξ(1)
γt

)−1
[F ]
〉
k+2⊗
L(x)
N

∣∣∣ ≤ C` · ‖F‖W∞`+2(Ik+1
ε ) · S`,k+2 , (5.32)∣∣∣〈R(1)

γt ◦
(
Ξ(1)
γt

)−1
[F ]
〉
k+1⊗
L(x)
N

∣∣∣ ≤ C` · ‖F‖W∞`+2(Ik+1
ε ) · S`,k+1 , (5.33)∣∣∣〈χ(a+1)

[
∂a+1

(
Ξ(1)
γt

)−1
[F ]
]〉

k⊗
L(x)
N

∣∣∣ ≤ C` · ‖F‖W∞`+2(Ik+1
ε ) · S`,k . (5.34)

We now pass on to establishing an a priori bound on the kth linear statistic of F ∈ W∞` (Ikε ),
with ` large enough.

Proposition 5.9. For any k ∈ N, there exists C̃k > 0 such that given F ∈ W∞3k(Ikε ) one has the
following upper bound ∣∣∣〈F〉 k⊗

L(x)
N

∣∣∣ ≤ C̃k ·
( lnN

N

) k
2 · ‖F‖W∞3k(Ikε ) . (5.35)

Proof. Let F ∈ Cp(Ikε ). Then by the Whitney extension theorem there exists a compactly supported
extension Fe to Cp(Rk) such that ‖Fe‖W∞p (Rk) ≤ Cp,k · ‖F‖W∞p (Ikε ) for some constant Cp,k > 0.

Then by Plancherel’s theorem∣∣∣〈F〉 k⊗
L(x)
N

∣∣∣ =
∣∣∣EN,γεt [ ˆ

Rk

F̂e(uk) ξN (u1) . . . ξN (uk) dku
]∣∣∣

≤
ˆ

Rk

|F̂e(uk)|
k∏

m=1

(
EN,γεt

[
|ξN (um)|k

]) 1
k dku
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where ξN (u) =
´
R e−2πisu dL(x)

N (s). Then by Corollary 3.8

EN,γεt
[
|ξN (u)|k

]
≤ Ck(1 + |u|)k

( lnN

N

) k
2
.

where we have replaced L(x)
N by L(x)

N at the price of terms of order N−3 �
√

lnN
N . The result

then immediately follows upon taking p = 3k and integrating the Fourier transform by parts, and
observing that

∏k
m=1(1 + |um|)−2 is integrable on Rk.

It follows from Lemma 5.6 and equations (5.32), (5.33) and (5.34) applied to the Dyson-Schwinger
equations (5.25) that the multilinear norms satisfy, for any k ≥ 0, the bounds

S`+2,k+1 ≤ C`,k

(
S`,k+2 +

1

N
S`,k1k≥1 +

1

N
S`,k+1 +

1

N2
S`,k−11k≥2 + e−CN

)
(5.36)

for some `, k dependent constants that are uniform in N and t ∈ [0 ; 1].

Lemma 5.10. There exist constants Ck,` > 0 and sequences bk such that

S`,k ≤ Ck,`
1

Nk

for all k ∈ N and ` ≥ bk, this holding uniformly in t ∈ [0 ; 1].

Proof. One first shows that there exist sequences a(j)
k , 0 ≤ j ≤ k, and constants Cj,k,` such that

S`,k ≤ Cj,k,`
(

lnN

N

) k+j
2

∀j, k ∈ N, j ≤ k and ` ≥ a(j)
k .

For j = 0, this is a consequence of Proposition 5.9 and the result is then established by induction
on j with the help of (5.36). Once the result is shown to hold at j = k, it is enough to invoke (5.36)
once more so as to conclude.

The moral of this method is that we are applying dominant balance analysis to (5.25). The
bound in Lemma 5.10 could also be achieved by the transport method (or "change of variables")
method in Section 4.3.3 of [36]. This method of repeatedly inverting the master operator to improve
bounds was used by Borot and Guionnet (see Lemma 4.2 of [36]).

Definition 5.11. Let ΨG be a multilinear functional defined on finite tuples of C∞([−ε ; 1 + ε])
functions as follows. ΨG(∅) = 1 and for k ≥ 0

ΨG(f1, . . . , fk+1) = mt[fk+1] ·ΨG(f1, . . . , fk) +
1

β

k∑
q=1

Ct[fq, fk+1] ·ΨG(f1, . . . , f̂q, . . . , fk) .

Above, mt[f ] is as introduced in (5.12) and we have set

Ct[f, g] = νsc

(
f ′Ξ−1

γt [g]
)
. (5.37)

Note that Ct[f, f ] = Vt[f ] with Vt introduced in (5.13). Moreover, analogously to Lemma 5.4
one shows that Ct[f, g] is symmetric in f, g. Note that ΨG({f1, . . . , fk}) so defined exactly coincides
with the expectation EG[X1 · · ·Xk] of k Gaussian random variables such that EG[Xa] = mt[fa]
and Cov[Xa, Xb] = Ct[fa, fb]. Indeed, elementary calculations show that the latter satisfies the
induction

EG[X1 · · ·Xk] = EG[Xk] · EG[X1 · · ·Xk−1] +

k−1∑
q=1

Cov[Xq, Xk] · EG[X1 · · · X̂q · · ·Xk−1] (5.38)

with thê indicating that the variable Xq is removed from the product.
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Proposition 5.12. Let fa ∈ C∞(Iε), with a = 1, . . . , k and set F(sk) =
k∏
a=1

fa(sa). Then, the below

asymptotic expansion holds〈
F
〉
k⊗
L(x)
N

=
1

Nk
ΨG(f1, . . . , fk) + O

( 1

Nk+1
‖F‖W∞`k (Ikε )

)
,

for some sequence `k. Above, the control on the remainder is uniform in t ∈ [0 ; 1].

Proof. The proof goes by induction. The claim is trivial when k = 0 since the products are empty,
which establishes the base case. Next, we assume that the expansion holds up to k functions and
set

ΦN (f1, . . . , fk)
def
= Nk

〈 k∏
a=1

fa(sa)
〉
k⊗
L(x)
N

.

Then, denoting Fk+1(sk+1) = fk+1(s1)
k∏
a=1

fa(sa+1), we get that the Dyson-Schwinger equations

(5.25) may be recast as

ΦN ({f1, . . . , fk+1}) =
Nk+1

2

〈
D(1)
γt ◦

(
Ξ(1)
γt

)−1
[Fk+1]

〉
k+2⊗
L(x)
N

+ mt[fk+1] ΦN

(
f1, . . . , fk

)
+

1

N

(
1

β
− 1

2

)
ΦN

(
f1, . . . , fk,Rγt ◦ Ξ−1

γt [fk+1]
)

+
1

β

k∑
q=1

Ct[fq, fk+1] ΦN

(
f1, . . . , f̂q, . . . , fk

)
+

1

βN

k∑
q=1

ΦN

(
f1, . . . , f̂q, . . . , fk, f

′
qΞ
−1
γt [fk+1]

)
+ Bk+1

[(
Ξ(1)
γt

)−1
[Fk+1]

]
. (5.39)

Thus, upon centring with respect to ΨG for p ∈ {k − 1, k, k + 1}

ΦN (f1, . . . , fp) = ΨG(f1, . . . , fp) + δΦN (f1, . . . , fp) , (5.40)

we get

δΦN ({f1, . . . , fk+1}) =
Nk+1

2

〈
D(1)
γt ◦

(
Ξ(1)
γt

)−1
[Fk+1]

〉
k+2⊗
L(x)
N

+ mt[fk+1] δΦN

({
f1, . . . , fk

})
+

1

N

(
1

β
− 1

2

)
ΦN

(
f1, . . . , fk,Rγt ◦ Ξ−1

γt [fk+1]
)

+
1

β

k∑
q=1

Ct[fq, fk+1] δΦN

(
f1, . . . , f̂q, . . . , fk

)
+

1

βN

k∑
q=1

ΦN

(
f1, . . . , f̂q, . . . , fk, f

′
qΞ
−1
γt [fk+1]

)
+ Bk+1

[(
Ξ(1)
γt

)−1
[Fk+1]

]
. (5.41)

Upon using Lemma 5.6, the estimate (5.32) along with Lemma 5.10 one readily infers that for some
ck,

δΦN (f1, . . . , fk+1) = O
( 1

N
‖Fk+1‖W∞ck (Ik+1

ε )

)
(5.42)

with a control that is uniform in t ∈ [0 ; 1].

From this it follows that the collection
{
NL(x)

N (fp)
}k
p=1

converges in distribution towards a set

of k jointly Gaussian random variables with means mt[fp] as introduced in (5.12) and covariances
Ct[fp, fq] as introduced in (5.37). In particular, Proposition 5.12 entails Theorem 5.5.

Recall that φN (x)
def
= NL(x)

N (e−2πix∗). Proposition 5.12 has established that {φN (x)}x∈R con-
verges in distribution to a Gaussian family {φ(x)}x∈R where

EG;t

[
φ(x)

]
= mt[e

−2πix∗] and CovG
(
φ(x), φ(y)

)
= Ct[e

−2πix∗, e2πiy∗] .
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Proposition 5.13. Recall Gin (5.4) along with its Fourier representation (5.9). One has the below
convergence of expectations

EN,γt
[
eGin
]
−→

N→+∞
EG;t

[
eGin
]

(5.43)

uniformly in t ∈ [0 ; 1] and with

Gin =
iβ

2

ˆ

R2

At(x, y)φ(x)φ(y) dx dy + i
(

1− β

2

) ˆ
R

Pt(x)φ(x) dx . (5.44)

Proof. We first establish the convergence of the moments of the random variable Gin. EN,γt [Gmin ]
may be expanded as

EN,γt [Gmin ] =
m∑
k=0

Ckm

(
iβ2

)k(
i
[
1− β

2

])m−k ˆ
R2k

dx dy

ˆ

Rm−k

ds
m∏
i=1

At(xi, yi)
k−m∏
j=1

P (sj)

× EN,γt
[ m∏
i=1

{
φN (xi)φN (yi)

} k−m∏
j=1

φN (sj)

]
.

Above, we could invoke Fubini’s theorem to exchange the orders of integration at finite N since
|φN (x)| ≤ 2N , and At and Pt are in the Schwartz class. Then by Proposition 5.12 we have

EN,γt
[ m∏
i=1

{
φN (xi)φN (yi)

} k−m∏
j=1

φN (sj)

]

= EG;t

[ m∏
i=1

{
φ(xi)φ(yi)

} k−m∏
j=1

φ(sj)

]
+ O

(
1

N
‖Fm,k‖W∞`m+k

(Im+k
ε )

)
,

in which

Fm,k
(
xk,yk, sm−k | λk,µk,νm−k

)
=

k∏
a=1

e2iπ(xaλa−yaµa)
m−k∏
a=1

e−2iπsaνa . (5.45)

Hence,

‖Fm,k‖W∞` (Im+k
ε ) ≤

k∏
a=1

{(
1 + |xa|

)`(
1 + |ya|

)`} · m−k∏
a=1

(
1 + |sa|

)`
. (5.46)

Now, observe that Proposition A.3 along with Lemma 2.25 leads to the estimates

|mt[f ]| ≤ C‖f‖W∞2 (Iε) and |Ct[f, g]| ≤ C‖f‖W∞1 (Iε)‖g‖W∞1 (Iε) , (5.47)

with constants that are uniform in t ∈ [0 ; 1]. These bounds along with At, Pt being in the Schwartz
class uniformly in t ∈ [0 ; 1] allow one to apply Fubini backwards so as to infer that

EN,γt [Gmin ] = EG;t[G
m
in ] + O

( 1

N

)
. (5.48)

This yields convergence of the moments uniformly in t ∈ [0 ; 1]. Now, given that the random variable
Gin converges in moments and that moments uniquely characterise EG;t, it follows that Gin converges
in distribution to Gin. Since EG;t[e

Gin ] is continuous in t ∈ [0 ; 1] and the convergence of moments is
uniform in t ∈ [0 ; 1], the convergence of EN,γt

[
eGin
]
towards EG;t[e

Gin ] is also uniform in t ∈ [0 ; 1].

We next give a more explicit formula for the limit in Proposition 5.13.

48



Definition 5.14. Let us introduce the spaces

H =

{
f measurable :

ˆ
R
|f(x)|2(1 + x6) dx < +∞

}
(5.49)

H ′ =

{
f measurable :

ˆ
R
|f(x)|2(1 + x6)−1 dx < +∞

}
. (5.50)

It is clear that these are both Hilbert spaces since they are isometrically isomorphic to L2(R), and
H ′ may be identified with the dual of H and vice versa. Furthermore under a Fourier transform
they may be identified with Sobolev spaces. Define the natural pairing

(·, ·) : H ×H ′ → C

(f, g) =

ˆ

R

f(x)g(x) dx .

Let Bt : R2 −→ C be defined by B(x, y) = Ct[e
−2πix∗, e2πiy∗] and mt : R −→ C be defined

by mt(x) = mt[e
−2πix∗]. The uniform in t ∈ [0 ; 1] upper bounds (5.47) ensure that mt ∈ H ′ and

Bt ∈ H ′ ⊗H ′ so that Bt may be regarded as the integral kernel of a bounded operator

Bt : H −→ H ′ (5.51)

Next, since At is rapidly decreasing At ∈ H ⊗H and hence may be regarded as the integral kernel
of a bounded operator

At : H ′ −→ H (5.52)

Thus the product Bt At : H ′ −→ H ′ is bounded.

Proposition 5.15. Bt At is trace class and hence the Fredholm determinant detH′(1 − iβBt At)
exists. Furthermore |detH′(1− iβBt At)| ≥ 1.

Proof. Let us identify H and H ′ with L2(R) by the following (unitary) operators{
S : H −→ L2(R)

S[f ](x) =
√

1 + x6f(x)
and

S′ : H ′ −→ L2(R)

S′[f ](x) = f(x)√
1+x6

. (5.53)

Then let
Ăt := SAt(S

′)−1 :L2(R) −→ L2(R)

B̆t := S′BtS
−1 :L2(R) −→ L2(R)

. (5.54)

Ăt has integral kernel
√

1 + x6
√

1 + y6At(x, y) and B̆t has integral kernel 1√
1+x6
√

1+y6
Bt(x, y). Both

of these are Hilbert-Schmidt operators uniformly in t and hence the product B̆t Ăt is trace class
uniformly in t. However B̆t Ăt = S′Bt At(S

′)−1, hence Bt At is also trace class.
Next, observe that both Ăt and B̆t are self-adjoint operators on L2(R). Furthermore B̆t is

positive-semidefinite since 〈
f, B̆tf

〉
L2(R)

= Ct

[
f̂(∗)√
1+(∗)6

, f̂(∗)√
1+(∗)6

]
≥ 0 .

Here, we have extended Ct[f, g] to complex valued functions by bi-linearity, which indeed entails
from the positivity of the variance Vt[f ] ≥ 0 that Ct[f, f ] ≥ 0.

Hence we may define a square root
√
B̆t, which is also a self-adjoint operator. Then by Sylvester’s

identity
detH′(1− iβBtAt) = detL2(R)

(
1− iβ

√
B̆tĂt

√
B̆t
)
.
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√
B̆tĂt

√
B̆t is self-adjoint and so has real eigenvalues λ1, λ2, · · · ∈ R. Then,

|detH′(1− iβBtAt)|2 =
∏
j≥1

|1− iβλj |2 ≥ 1

The right hand side of (5.43) has a functional-analytic expression in terms of the operators At
and Bt. Recalling the definition (5.44) of Gin, we have

EG;t

[
eGin
]

=
1√

detH′(1− iβBtAt)
eBt[mt,Pt] , (5.55)

where

Bt[mt, Pt] =
1

2
iβ
(
mt,At

(
1− iβBtAt

)−1
mt

)
L2(R)

+ iβ
(
Pt, (1− iβBtAt)

−1mt

)
L2(R)

+
1

2
β2
(
Pt, (1− iβBtAt)

−1BtPt
)
L2(R)

. (5.56)

This formula is proven in Appendix C.

Proof of Proposition 5.1. We need to establish a uniform lower bound for (5.55). First of all, observe
that (5.47) ensures that |Bt(x, y)| ≤ C(1 + |x|)(1 + |y|) for some C > 0 not depending on t ∈ [0 ; 1].
Hence, there exists a finite constant C ′ so that

‖B̆t‖2HS =

ˆ

R2

|Bt(x, y)|2

(1 + x6)(1 + y6)
dx dy < C ′

uniformly in t ∈ [0 ; 1]. Further, one has

‖Ăt‖2HS =

ˆ

R2

|At(x, y)|2 (1 + x6)︸ ︷︷ ︸
≤(1+|x|3)2

(1 + y6)︸ ︷︷ ︸
≤(1+|y|3)2

dx dy ≤ C‖at‖2W∞6 ([−ε′ ;1+ε′]2) (5.57)

and this quantity is uniformly bounded in t since (t, x) 7→ at(x) is jointly C∞.
Hence, it follows that ∣∣∣detH′

(
1− iβBtAt

)∣∣∣ ≤ eβ‖Ăt‖HS‖B̆t‖HS

is also bounded uniformly in t ∈ [0 ; 1].
It remains to bound Bt[mt, Pt]. One infers from (5.47) and the smoothness and uniform bound-

edness of at, pt that
∣∣mt(x)

∣∣≤C(1 + x2)∣∣Pt(x)
∣∣ ≤ C

1 + x4

and


∣∣Bt(x, y)

∣∣≤C(1 + |x|)(1 + |y|)∣∣At(x, y)
∣∣≤ C

(1 + x4)(1 + y4)

. (5.58)

We shall bound Bt[mt, Pt] by relying on the Fredholm series representation for (1−iβBtAt)
−1 = 1−Rt

where Rt has kernel

Rt(x, y) =
1

det (1− iβBtAt)H′

∑
n≥0

(−iβ)n+1

n!

ˆ

Rn

det

(
ρt(x, y) ρt(x, uk)
ρt(uj , y) ρt(uj , uk)

)
j,k=1,...,n

du
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where ρt is the kernel of BtAt. The estimates on At and Bt entail that

|ρt(x, y)| ≤ C (1 + |x|)
(1 + y4)

.

Then, Hadamard’s inequality allow one to infer that there is C ′ > 0 such that

|Rt(x, y)| ≤ C ′
(1 + |x|)
(1 + y4)

.

Putting together all of these uniform in t ∈ [0 ; 1] estimates, one obtains the claim.

6 Expansion of the complex partition function
In this section we prove Theorem 1.3. Let us recall the contour Γeq whose existence is proven in
Proposition 2.20 and the central piece γ : [−ε, 1+ ε] −→ C (defined by (2.25)) whose image contains
the support of the equilibrium measure. Let Σ = γ([−ε, 1 + ε]). Then, it holds that

ZN,Γeq [V ] =ZN,Σ[V ] +

ˆ

ΓNeq

dz
N∏
a<b

(za − zb)β
N∏
a=1

{
e−NβV (za)

}
· 1(ΣN )c(z)

ZN,Γeq [V ] =ZN,Σ[V ] + O

(
ZN,γ [V ]PN,γ

[{
∃a : xa ∈ [−ε ; 1 + ε]c

}])
.

Thus, by Propositions 4.1 and 5.1, there is a C > 0 such that

ZN,Γeq [V ] = ZN,Σ[V ]
(

1 + O
(
e−CN

))
. (6.1)

Now, recall Vt defined by (2.38)-(2.39), and the curves Σt and Γ0 that are introduced in Definition
2.28. Owing to Propositions 5.1, t 7→ ZN,Σt [Vt] does not vanish on [0 ; 1] provided that N is large
enough. It is direct to see that it is also smooth in t. From these observations one may infer that

lnZN,Γeq [V ] = lnZN,Γ0 [V0] +

1ˆ

0

∂t lnZN,Σt [Vt] dt + O
(
e−CN

)
.

Note that here, we have also invoked the large deviation principle for the maximal particle in the real
model subordinate to the quadratic potential V0 which yields ZN,Γ0 [V0] = ZN,Σ0 [V0]

(
1+O

(
e−CN

))
.

As a matter of fact the t-derivative under the integral may be expressed in an alternative way
which permits large-N estimation. Indeed, let

〈〈
F
〉〉(t)⊗k

a=1 νa
= EN,Σt

[ ˆ

RN

k∏
a=1

dνa(sa)F(sk)

]
(6.2)

in which EN,Σt corresponds to the expectation with respect to the complex model’s measure ΠN,Σt

introduced in (1.26). Then, since the contour integral depends on the contour only by its end points,
one gets

∂t lnZN,Σt [Vt] = −βN2
〈〈
∂tVt

〉〉(t)

L
(z)
N

+
∑

α∈{−ε,1+ε}

sgn(α) rtN
(
γt(α)

)
(6.3)

in which

rtN
(
z
)

=
e−NβVt(z)

ZN,Σt [Vt]

ˆ

ΣN−1
t

N−1∏
a<b

(za − zb)β ·
N∏
a=1

{
e−NβV (za)(z − za)β

}
dz . (6.4)
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Direct bounds lead to ∣∣rtN(γt(x)
)∣∣ ≤ ∣∣∣∣ ZN,γεt [Vt]ZN,Σt [Vt]

∣∣∣∣ · %tN (x)

|γ′t(x)|
. (6.5)

where ρtN is the 1-point density introduced in Definition 4.10. It then follows from Lemma 2.25
combined with Propositions 4.11 and 5.1 that there exists C > 0 such that, uniformly in t ∈ [0 ; 1],
one has

∂t lnZN,Σt [Vt] = −βN2
〈〈
∂tVt

〉〉(t)

L
(z)
N

+ O
(
e−CN

)
. (6.6)

The Dyson-Schwinger equations for the complex model allow one to access the large-N asymptotic
expansion of the linear statistics, in particular of

〈〈
∂tVt

〉〉(t)

L
(z)
N

.

We thus start by introducing the master operator relevant to the problem. In the following, we
shall denote by O(N ) the space of holomorphic functions on some open neighbourhood N of Σt.

Definition 6.1 ( Complex master operator). Let µΣt ∈ P(Σt) be the equilibrium measure defined
by (2.43) and Vt be the interpolating potential (2.38),(2.39). Let N be an open neighborhood of Σt

Then the complex master operator ∆Σt : O(N )→ O(N ) is defined as

∆Σt [f ](z) = V ′t (z)f(z) −
ˆ

Σt

D[f ](z, w)dµΣt(w) with z ∈ Σt (6.7)

and where
D[f ](z, w) =

f(z)− f(w)

z − w
(6.8)

corresponds to the non-commutative derivative.

As shown in Proposition A.2, there exists a continuous functional KΣt on O(N ) with KΣt [1] = 1
such that Im

[
∆Σt

]
= ker[KΣt ], and ∆Σt : O(N ) → ker[KΣt ] is invertible. In a manner similar to

the real master operator, it is convenient to extend the inverse to O(N ) as

∆̃−1
Σt

[f ] = ∆−1
Σt

[
f −KΣt [f ]

]
. (6.9)

Since the explicit expression for ∆−1
Σt

only involves differences of its argument, c.f. Proposition A.2,
it is invariant under translations. We will thus keep denoting the extension by ∆−1

Σt
.

Recall that the contours γt : [−ε ; 1 + ε] → C can be analytically extended to a neighbourhood
N of [−ε ; 1+ ε]. Moreover, this neighbourhood can be taken such that Nt = γt(N ) contains some
tubular neighbourhood of fixed, t-independent, size of γt([−ε ; 1+ε]). Let ω0, ω1, ω2, . . . be a sequence
of closed contours, oriented anticlockwise, enclosing [−ε ; 1 + ε] in this common neighbourhood such
that ωk lies in the open set between ωk+1 and [−ε ; 1 + ε]. Next let

Ωt
k

def
= γt(ωk) and Nt = γt(N ) . (6.10)

We remark that by compactness and continuity dist(Ωt
k,Ω

t
k+1) ≥ δk > 0 where δk is independent

of t ∈ [0 ; 1]. Let

‖f‖L∞(Ωtk)
def
= sup

z∈Ωtk

|f(z)|

Below, we shall consider complex master operators ∆Σt : O(Nt) → O(Nt) as in (6.7) associated
with the open neighbourhood Nt introduced in (6.10). By Proposition A.2 there exists a constant
Ck > 0 independent of t ∈ [0 ; 1] such that

‖(∆Σt)
−1[f ]‖L∞(Ωtk) ≤ Ck‖f‖L∞(Ωtk+1) .
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Of course, by the Cauchy integral formula, we also have ‖f ′‖L∞(Ωtk) ≤ C̃k‖f‖L∞(Ωtk+1) for some

C̃k > 0. Then, the loop equations are expressed in terms of the centred empirical measure

L(z)
N = L

(z)
N − µΣt

and take the form〈〈
F
〉〉(t)
k+1⊗
L(z)
N

=
1

2

〈〈
D(1) ◦

(
∆

(1)
Σt

)−1
[F ]
〉〉(t)
k+2⊗
L(z)
N

+
1

N

( 1

β
− 1

2

)〈〈
∂1 ◦

(
∆

(1)
Σt

)−1
[F ]
〉〉(t)

L
(z)
N

k⊗
L(z)
N

+
1

N2β

k∑
a=1

〈〈
χ(a+1)

[
∂a+1

(
∆

(1)
Σt

)−1
[F ]
]〉〉(t)

L
(z)
N

k−1⊗
L(z)
N

+ Bk+1

[(
∆

(1)
Σt

)−1
[F ]
]
. (6.11)

We remind that χ(a+1) and ∂a+1 appearing above have been respectively introduced in (5.20) (5.27).
Upon setting EN,Σt = ZN,Σt [Vt] · EN,Σt , the boundary term reads

Bk+1[F ] =
−1

N2β

∑
α∈∂Σt

1

ZN,Σt [Vt]
∂αEN,Σt

[ˆ
F(u, sk)

k∏
a=1

dL(z)
N (sa)

]
|u=α

. (6.12)

As in the case of the real model, one may invoke Proposition 4.11 to bound the boundary term as∣∣∣Bk+1[F ]
∣∣∣ ≤ C‖F‖L∞(Ωt0)e

−C′N , (6.13)

for some finite positive constants C,C ′.
By repeating the reasoning outlined in the case of the Dyson-Schwinger equations for the real

model, one shows that there exist continuous functionals Ψ
(t)
k;p on O(N k

t ) with the neighbourhood
Nt of Σt as introduced in (6.10), such that

〈〈
F
〉〉(t)
k+1⊗
L(z)
N

=
∑̀
p=0

1

Nk+p
Ψ

(t)
k;p

[
F
]

+ O
( 1

N `+1+k
‖F‖Ωtak,`

)
(6.14)

for some sequence ak,` independent of t with a remainder that is uniform in t ∈ [0 ; 1]. Moreover,
t 7→ Ψ

(t)
k;p

[
F
]
is continuous in t ∈ [0 ; 1] and can be computed recursively as in [19]. This expansion

implies both Theorem 1.3 and Corollary 1.5.

6.1 Proof of Theorem 1.3
In particular, (6.14) with k = 1 gives the expansion for the 1-linear statistic

〈〈
f
〉〉(t)

L(z)
N

=
1

N

( 1

β
− 1

2

)
µΣt

(
∂1∆−1

Σt
[f ]
)

+
1

N2

( 1

β
− 1

2

)2
µΣt

(
∂1∆−1

Σt
◦ ∂1∆−1

Σt
[f ]
)

+
1

2N

( 1

β
− 1

2

)2
µΣt ⊗ µΣt

(
∂1

(
∆

(1)
Σt

)−1
∂2

(
∆

(2)
Σt

)−1
[
D(1) ◦

(
∆

(1)
Σt

)−1
[f ]
])

+
1

2N2β
µΣt

(
χ(2) ◦ ∂2 ◦ D(1) ◦

(
∆

(1)
Σt

)−1
[f ]
)

+ O

(
1

N2
‖f‖L∞(Ωts)

)
(6.15)

with s large enough.
Surprisingly, if we take f = ∂tVt both the zeroth and first order terms in the expansion of〈〈

∂tVt
〉〉(t)

L
(z)
N

may be expressed as exact t-derivatives.

Lemma 6.2. Recall the complex energy functional IΣt defined through equation (1.21) of Definition
1.2. Then, one has

µΣt

(
∂tVt

)
=

1

2

d

dt
IΣt

[
µΣt

]
.
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Proof. We start by writing the complex energy in terms of the parametrisation γt.

IΣt

[
µΣt

]
=

1ˆ

0

{1

2

(
gΣt [µΣt ]

)
+

(
γt(x)

)
+

1

2

(
gΣt [µΣt ]

)
−
(
γt(x)

)
+ 2Vt

(
γt(x)

)}
dνsc(x) .

Observe that dνsc(x) =
8

π

√
x(1− x)dx has a density holomorphic on C \

{
R− ∪ [1 ; +∞[

}
. This

allows us to consider two contours C+ and C−, each going from 0 to 1 in the domain where γt is
analytic, with C+ lying above the real axis and C− lying below the real axis. Hence

IΣt

[
µΣt

]
=

1

2

ˆ

C+

gΣt [µΣt ]
(
γt(x)

)
dνsc(x) +

1

2

ˆ

C−

gΣt [µΣt ]
(
γt(x)

)
dνsc(x) + 2

1ˆ

0

Vt
(
γt(x)

)
dνsc(x) .

This step allows one to differentiate under the integral sign, which leads to

d

dt
IΣt

[
µΣt

]
= πi

ˆ

C+

C[µΣt ]
(
γt(x)

)
∂tγt(x)dνsc(x) + πi

ˆ

C−

C[µΣt ]
(
γt(x)

)
∂tγt(x)dνsc(x)

+ 2

1ˆ

0

V ′t
(
γt(x)

)
∂tγt(x)dνsc(x) + 2

1ˆ

0

∂tVt
(
γt(x)

)
dνsc(x) .

Upon deforming C± back to [0 ; 1], one gets that the sum of the first three terms vanishes by
(2.15).

Lemma 6.3. One has that

d

dt

ζ2ˆ

ζ1

ln
{dµΣt(z)

dz

}
· dµΣt(z) = µΣt

(
∂1∆−1

Σt
[∂tVt]

)
.

Above, we remind that µ(f) is as introduced in (5.14)

Proof. Let ρt(z) =
dµΣt (z)

dz be the density of µΣt with respect to the natural curve measure dz. Then
taking (2.16) and differentiating with respect to t ∈ [0 ; 1], we find that for all functions f ∈ W∞1 (Σt)
it holds

ζ2ˆ

ζ1

∆Σt [f ](z)∂tρt(z) dz +

ζ2ˆ

ζ1

∂tV
′
t (z) f(z) ρt(z) dz = 0 .

Replacing f with ∆−1
Σt

[f ](z) and using the symmetry of the covariance we find

ζ2ˆ

ζ1

f(z)∂tρt(z) dz +

ζ2ˆ

ζ1

f ′(z)∆−1
Σt

[
∂tVt

]
(z) ρt(z) dz = 0 .

Integrating by parts

ζ2ˆ

ζ1

f(z)∂tρt(z) dz =

ζ2ˆ

ζ1

f(z)∂z∆
−1
Σt

[
∂tVt

]
(z) ρt(z) dz +

ζ2ˆ

ζ1

f(z)∆−1
Σt

[
∂tVt

]
(z) ρ′t(z) dz .
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ρ′t(z) has a singularity of negative square root type at the endpoints ζ1 and ζ2, and so it is integrable.
Since ln ρt(z) has at most O

(
ln |(z − ζ1)(z − ζ2)|

)
singularities at the endpoints and is smooth

otherwise, see Lemma 2.24, we can extend the above relation to f(z) = ln ρt(z) by density. Finally,
by integrating by parts twice

µΣt

(
∂z∆

−1
Σt

[
∂tVt

])
=

ζ2ˆ

ζ1

ln ρt(z)∂z∆
−1
Σt

[
∂tVt

]
(z)ρt(z) dz +

ζ2ˆ

ζ1

ln ρt(z)∆
−1
Σt

[
∂tVt

]
(z)ρ′t(z) dz .

Next, let us consider the asymptotic expansion of lnZV0,Γ0(N, β). Because V0 is quadratic,
the Selberg-Mehta formula provides an exact expression for this partition function, which in turn
permits an asymptotic expansion.

Proposition 6.4 (Asymptotic expansion of Selberg-Mehta integral). The partition function for the
quadratic potential V0 has the following asymptotic expansion; more precisely, for every K ∈ N one
has

lnZN,Γ0 [V0] =
β

2
N lnN +

3 + β
2 + 2

β

12
lnN +

K∑
k=−2

Fk(β, V0)

Nk
+ O(N−K−1), N → +∞ .

In particular

F−2(β, V0) = −β
2
IΓ0 [µΓ0 ],

F−1(β, V0) =

(
β

2
− 1

)ˆ
Γ0

ln
{dµΓ0

dz
(z)
}
· dµΓ0(z) + ln

β

2

+
β

2
ln

2π

e
− ln Γ

(
β

2

)
.

Proof. See Appendix D.

Inserting the asymptotic expansion (6.15) for
〈〈
∂tVt

〉〉(t)

L(z)
N

and integrating over t ∈ [0 ; 1], noting

that all remainders are uniform in that parameter, we arrive at Theorem 1.3.

6.2 Proof of Corollary 1.5
The proof of Corollary 1.5 follows the same scheme as the proof of Theorem 1.3. We also need first
to compactify our integrals in order to expand them and use the expansion (6.14). As polynomials
are holomorphic, for every choice of polynomials q1, . . . , qk we can change the contour Γ to Γeq so
that ˆ

ΓN

k∏
j=1

(
N∑
i=1

qj(zi)

)
dΠN,Γ(z) =

ˆ

ΓNeq

k∏
j=1

(
N∑
i=1

qj(zi)

)
dΠN,Γeq(z) . (6.16)

We would like to replace Γeq by Σeq = γeq([−ε; 1 + ε]) throughout (6.16).

Lemma 6.5. Given a polynomial q, there is a constant Cq > 0 (independent of N) such that
EN,γeq [|q(γeq(x1))|] ≤ Cq.

Proof. By 1.19 and Proposition 2.20 there is a C ′q > 0 such that |q(γeq(x))| ≤ C ′q(1 + |x|deg q). Then

EN,γeq [|q(γeq(x1))|] ≤ C ′q
(

1+EN,γeq [|x1|deg q]
)
≤ C ′q

(
1+
∑
K∈Z

(|K|+1)deg q PN,γeq [{x1 ∈ [K;K + 1[}]
)
.

The above sum is bounded by a constant by Lemma 4.5.
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If we replace the integration Γeq by Σeq we incur an "error" which may be bounded by

N

∣∣∣∣ ZN,γeq [V ]

ZN,Γeq [V ]

∣∣∣∣ EN,γeq

[
1x1∈[−ε;1+ε]c

k∏
j=1

(
N∑
i=1

qj(γeq(xi))

)]

≤ N
∣∣∣∣ ZN,γeq [V ]

ZN,Γeq [V ]

∣∣∣∣ √PN,γeq

[
{x1 ∈ [−ε; 1 + ε]c}

]√√√√√EN,γeq

[ k∏
j=1

∣∣∣∣∣
N∑
i=1

qj(γeq(xi))

∣∣∣∣∣
2 ]
.

This is exponentially small by Proposition 5.1, Proposition 4.1 and Lemma 6.5. Finally by (6.1) we
can replace the partition function on the unbounded contour ZN,Γeq [V ] by the one on the compact
contour ZN,Σeq [V ] throughout. Thus, for some C > 0,

ˆ

ΓNeq

k∏
j=1

(
N∑
i=1

qj(zi)

)
dΠN,Γeq(z) =

ˆ

ΣNeq

k∏
j=1

(
N∑
i=1

qj(zi)

)
dΠN,Σeq(z) + O(e−CN ) .

After this modification, we can use (6.14) (with t = 1) to complete the proof of Corollary 1.5.
In the case when k = 1, (6.15) shows that

lim
N→∞

N

ˆ

ΣN

(
1

N

N∑
i=1

q(zi)−
ˆ
q(z)dµΓeq(z)

)
dΠN,Σ(z) = m(q) :=

( 1

β
− 1

2

)
µΣt

(
∂1∆−1

Σt
[q]
)
.

(6.17)
Here, we remind that µ(f) is as given by (5.14).

In the case k = 2, we can see that the limit

lim
N→∞

N2

ˆ

ΣN

(
1

N

N∑
i=1

q1(zi)−
ˆ
q1(z)dµΓeq(z)

)(
1

N

N∑
i=1

q2(zi)−
ˆ
q2(z)dµΓeq(z)

)
dΠN,Σ(z)

exists and is equal to

σ(q1, q2) =
1

β
· µΣ

(
χ(2)

[
q′2D(1) ◦ (∆

(1)
Σ )−1[q1]

])
=

1

β

ˆ

σeq

q′2(ξ)∂ξ(∆
(1)
Σ )−1[q1](ξ) · dµΣ(ξ) . (6.18)

where we remind that σeq = supp[µΣ] = γeq([0, 1]). Moreover, (6.14) shows that

ˆ

ΣN

k∏
j=1

(
N∑
i=1

qj(zi)−N
ˆ
qjdµΣ

)
dΠN,Σ(z)

converges towards a limit ΨG(q1, . . . , qk) which by the Dyson-Schwinger equations (6.11) will satisfy
the recursive equation announced in Corollary 1.5, exactly as in the real model.

A Singular integral operators and their inverses
In this section we show how the various singular integral operators of interest to our analysis may
be inverted. To begin we define various quantities.

Definition A.1 (W∞k spaces). Let Σ be a smooth curve in C, then

W∞k (Σ) =
{
f : Σ→ C : f (p) ∈ L∞(Σ), p = 0, . . . , k

}
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in which L∞(Σ) is defined with respect to the arc length measure on Σ. We let

‖f‖W∞k (Σ)
def
=

k∑
p=0

supess
x∈Σ

|f (p)(x)| . (A.1)

Note that we have the Banach algebra-type inequality ‖fg‖W∞k (Σ) ≤ 2k‖f‖W∞k (Σ)‖g‖W∞k (Σ) and
monotonicity ‖f‖W∞k (Σ) ≤ ‖f‖W∞k+1(Σ).

A.1 The complex master operator
Below, we focus on a one-parameter t ∈ [0 ; 1] family of compact smooth curves Ωt which are
contained in some open neighbourhood Ñt which contains a tubular neighbourhood of Ωt having
a fixed size, i.e. t-independent size. The endpoints of Ωt are assumed to be fixed with respect
to t ∈ [0 ; 1] and given by ζ1 for the origin, respectively to Ωt’s orientation, and ζ2 for the final
endpoint, viz. ∂Ωt = {−ζ1, ζ2} where the signs correspond to the algebraic orientation of the point
in the boundary.

In this subsection we focus on the so-called complex master operator. It is defined in terms of a
finite measure

νt ∈M(Ωt) with dνt(z) = r+(z)Pt(z) · dz and r(z) =
[
(z − ζ1)(z − ζ2)

]1/2
Ωt;+

. (A.2)

Above, the square root is as defined through (2.12) and Pt is a one parameter t holomorphic function
defined on the open neighbourhood Ñt of Ωt, vanishing nowhere, and such that

‖Pt‖Ñt = sup
{
|Pt(z)| : z ∈ Ñt

}
< C (A.3)

for some C > 0 uniform in t. Finally, we focus on an open neighbourhood Nt of Ωt strictly contained,
uniformly in t, in Ñt, viz d

(
N t, ∂Ñt

)
> c. For z ∈ Int

(
Ωt

)
we set

Wt(z) =

 

Ωt

dνt(ω)

z − ω
=

˛

Γ(Ωt)

r(ω)Pt(ω)

−2(z − ω)
dω . (A.4)

Here Γ(Ωt) is a loop in Nt of index 1 around Ωt. Note that the final equality in the above equation
ensures that Wt ∈ O(Nt) and that ‖Wt‖Nt ≤ C uniformly in t for some C > 0.

The complex master operator ∆Ωt : O(Nt) → O(Nt) corresponds to the following integral
operator

∆Ωt [f ](z) = W ′t(z)f(z) −
ˆ

Ωt

f(z)− f(w)

z − w
dνt(w) with z ∈ Nt . (A.5)

Before discussing the invertibility of ∆Ωt we need to introduce the following functional on O(Nt)

KΩt [g] =

ˆ

Ωt

g(s)

−iπr+(s)
ds =

˛

Γ(Ωt)

g(s)

2iπr(s)
ds (A.6)

with Γ(Ωt) a loop of index 1 around Ωt in Nt. The functional satisfies K1[1] = 1. Moreover, one has
that ‖KΩt [g]‖Ωt ≤ C‖g‖Ωt , so that KΩt is continuous on O(Nt). In particular, ker[KΩt ] is a closed
subspace of O(Nt) of codimension 1.

Proposition A.2. The image of the complex master operator coincides with ker[KΩt ]. This operator
is invertible on its image and in particular one has

∆−1
Ωt

[g](z) =
1

Pt(z)

ˆ

Ωt

g(s)− g(z)

r+(s)(s− z)
· ds

π2
for all g ∈ ker[KΩt ] . (A.7)
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Finally, given a sequence of successively enclosed contours Γk(Ωt) ⊂ N with d
(
Γk(Ωt),Γk+1(Ωt)

)
> 0

uniformly in t, it holds that∥∥∆−1
Ωt

[g]
∥∥

Γk(Ωt)
≤ Ck‖g‖Γk+1(Ωt)

for all g ∈ ker[K1] . (A.8)

The proof follows closely the technique explained in [30]. We stress that even though the above
formulae are obtained through complex analysis techniques, they also allow one to invert ∆Ωt on
W∞k (Σt) spaces, without needing to recourse to analyticity of the measure νt’s density.

Proof. Assume that g ∈ Im
[
∆Ωt

]
. So, for all z ∈ Ωt, it holds that

 

Ωt

f(ω)

z − ω
dνt(ω) = g(z) . (A.9)

Set

F (z) =
1

r(z)

ˆ

Ωt

f(ω)dνt(ω)

2(ω − z)
. (A.10)

F ∈ O(C \ Ωt) and admits ± continuous boundary values on Int(Ωt) and at most square root
singularities at the endpoints of Ωt. Furthermore, it behaves as O(z−2) as z →∞ and its boundary
values satisfy F+(z)− F−(z) = −g(z)/r+(z) for z ∈ Int(Ωt). Hence,

F (z) =

ˆ

Ωt

−g(s)

r+(s)(s− z)
· ds

2iπ
. (A.11)

On the one hand, explicit calculations based on (A.10) yield F+(z) + F−(z) = iπf(z)Pt(z) for
z ∈ Int(Ωt). On the other hand, one infers from (A.11) that given z ∈ Int(Ωt),

F+(z) + F−(z) =

 

Ωt

−g(s)

r+(s)(s− z)
· ds

iπ
=

˛

Γ(Ωt)

g(s)

r(s)(s− z)
· ds

2iπ
. (A.12)

Thus, we get that

f(z) =
1

Pt(z)

˛

Γ(Ωt)

g(s)

r(s)(s− z)
· ds

−2π2
=

1

Pt(z)

˛

Γ(Ωt)

g(s)− g(z)

r(s)(s− z)
· ds

−2π2

=
1

Pt(z)

ˆ

Ωt

g(s)− g(z)

r+(s)(s− z)
· ds

π2
. (A.13)

This entails (A.7) for z ∈ Int(Ωt). However, by analytic continuation, this formula extends f
holomorphically to Nt. Moreover, one may check that this extension does coincide with the formula
for f that one can obtain upon trivially inverting ∆Ωt [f ](z) = g(z) for z ∈ Nt \ Ωt. For that it is
enough to observe that for such zs, one has

Wt(z) −
ˆ

Ωt

dνt(ω)

z − ω
= iπr(z)Pt(z) . (A.14)

One should note that for the sake of consistency with the asymptotics of F (z), the leading order
term in the z →∞ expansion of F as given by (A.11) should vanish, which implies that KΩt [g] = 0.
Thus, Im

[
∆Ωt

]
⊂ ker[KΩt ]. Reciprocally, if g ∈ ker[KΩt ], a direct calculation shows that given f as

in (A.13), it holds ∆Ωt [f ] = g on N and thus ker[KΩt ] ⊂ Im
[
∆Ωt

]
. Finally, the continuity bounds

for ∆−1
Ωt

are readily obtained by direct estimation.
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A.2 The real master operator
We now turn to considering the real master operator Ξηt : W∞k (J ′) −→ W∞k−1(J ′). We need to
introduce a few auxiliary objects to define it.

First of all, we consider diffeomorphisms ηt : J ′ → ηt(J ′) with J ′ being a fixed segment [a′ ; b′]
and single out a subinterval J = [a ; b] of J ′, viz. J ⊂ J ′. In principle, J may coincide with J ′
We shall work under the assumption that there exist t-independent constants Cη > 0 and {Cp}p≥0

‖ηt‖W∞k (J ′) ≤ Cp and Cη ≤
∣∣∣ηt(x)− ηt(y)

x− y

∣∣∣ ≤ C−1
η ∀x, y ∈ J ′ . (A.15)

If J is a strict subinterval of J ′, i.e. J ⊂ Int
(
J ′
)
, then we shall assume that ηt is analytic on some

open, t-independent, neighbourhood N of J ′.
The real master operator is defined in terms of a finite measure

ξt ∈M(J ) with dξt(z) = s+(x)St(x) · dx and s(z) = (z − a)
1
2 (z − b)

1
2 . (A.16)

Above, the square roots are defined in terms of the principal branch of the logarithm so that s
has cuts across [a ; b]. St is a holomorphic function in a fixed, t-independent open neighbourhood
N of J ′. It is non vanishing on the latter and St(x) ∈ −iR+ for x ∈ J ′ and satisfies the bound
‖St‖L∞(N), < C uniformly in t ∈ [0 ; 1].

Finally, we define an auxiliary potential for x ∈ Int(J )

Wt

(
ηt(x)

)
=

 

J

dξt(y)

ηt(x) − ηt(y)
=

˛

Γ(J )

r(y)St(y)dy

−2
(
ηt(x) − ηt(y)

) (A.17)

The second integral representation provides an analytic continuation of Wt to some open neigh-
bourhood of J , containing J ′ in particular. It only makes sense when J is a strict subinterval of
J ′.

We are finally in position to define the real master operator Ξηt : W∞k (J )→W∞k−1(J ):

Ξηt [f ](x) = Re
(
Wt(ηt(x))η′t(x)

)
f(x) −

1ˆ

0

Re

{
η′t(x)f(x)− η′t(y)f(y)

ηt(x)− ηt(y)

}
dξt(y) . (A.18)

Proposition A.3. There exists a continuous linear functional Kηt :W∞k (J )→ C, satisfying

Kηt [1] = 1 and
∣∣Kηt [f ]

∣∣ ≤ C‖f‖W∞k (J ) (A.19)

for some C > 0 independent of t ∈ [0 ; 1], such that the image of the real master operator is given
by Im

[
Ξηt
]

= ker
[
Kηt
]
. Moreover, Ξηt : W∞k (J ) → ker

[
Kηt
]
is invertible and there exists C ′ > 0

and independent of t ∈ [0 ; 1] such that∥∥Ξ−1
ηt [g]

∥∥
W∞k (J )

≤ C ′ · ‖g‖W∞k−1(J ) (A.20)

Proof. It is convenient to recast the operator in a slightly different form that allows one to study
its inversion more efficiently. For that, we observe that for x 6∈ J , x ∈ Int

(
Γ(J )

)
, by deforming the

integration in the second term from J to Γ(J )

Wt

(
ηt(x)

)
−

ˆ

J

dξt(y)

ηt(x) − ηt(y)
= iπ

r(x)St(x)

η′t(x)
. (A.21)

Hence,

Ξηt [f ](x) = ∆J [f ](x) +

ˆ

J

τt(x, y)f(y)dy (A.22)
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in which
τt(x, y) =

{
Re
( η′t(y)

ηt(x)− ηt(y)
− 1

x− y

)}
· r+(y)St(y) .

where ∆J is the complex master operator studied in the previous sub-section and associated to the
t-dependent measure ξt on the t-independent curve J .

Observe that if g ∈ Im
[
Ξηt
]
, then

x 7→ g(x) −
ˆ

J

τt(x, y)f(y)dy ∈ Im
[
∆J
]

(A.23)

and thus this function belongs to ker
[
KJ
]
. As a consequences, there exists g̃ such that

∆J [f ](x) = g̃(x) − KJ [g̃] −
ˆ

J

τ̃t(x, y)f(y)dy with τ̃t(x, y) = τt(x, y) − KJ [τt(∗, y)] . (A.24)

This leads us to introduce the integral operator

Tt :W∞k (J ′) −→ kerW∞k (J ′)
[
KJ
]

with Tt[f ](x) =

ˆ

J

τ̃t(x, y)f(y)dy . (A.25)

Hence, acting with ∆−1
J yields(

1 + L)[f ]
)

= ∆−1
J
[
g̃(x) − KJ [g̃]

]
with Lt = ∆−1

J ◦ Tt :W∞k (J ′) −→ C∞(J ′) . (A.26)

Note that Lt[f ](x) =
´
J
λt(x, y)f(y)dy has its integral kernel given explicitly by

λt(x, y) =
St(y)r+(y)

St(x)

ˆ

J

τt(s, y)− τt(x, y)

r+(s)(s− x)
· ds

π2
= λ̌t(x, y)r+(y) . (A.27)

There, λ̌ is smooth on J ′ × J ′ and its W∞k norms may all be controlled uniformly in t ∈ [0 ; 1]
It thus follows by a theorem of Gonzalez-Barrios and Dudley [35] that the integral operator Lt :
L2
(
J ′
)
→ L2

(
J ′
)
with integral given by λt is trace class.

The last observation allows us to invert 1 + Lt in L2
(
J ′
)
and then use the resulting formula to

define an inverse onW∞k
(
J ′
)
. Because Lt is trace class, the Fredholm determinant det(1+Lt) exists

and will vanish only if there is an f ∈ L2
(
J ′
)
\ {0} such that (1 + Lt)[f ] = 0. Thus, assume such

an f exists. Because Lt sends L2
(
J ′
)
functions to C∞(J ′) functions, we have f = −Ltf ∈ C∞(J ′).

At this stage, we may just apply ∆J to both sides which leads to the equation Ξηt [f ] = Ct where
Ct is a constant depending on f and possibly on t ∈ [0 ; 1]. Integrating the lhs of the equation by
parts we find that for x ∈ Int(J )

ˆ

J

ln |ηt(x)− ηt(y)|Gt(y) dy = C with Gt(y) =
(
fr+St

)′
(y) .

Note that by by continuity, the equation also holds up to the endpoints, i.e. for x ∈ J .
Integrating both sides with respect to Gt over the interval J we find

ˆ

(ηt(J ))2

ln |z − w|dζt(z)⊗ dζt(w) = 0
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where dζt is the pushforward of the signed measure Gt(y)dy on J to the curve ηt(J ) under the map
ηt. However, by Proposition 2.6, this implies dζt ≡ 0 and so f(y)r+(y)St(y) is constant on J . Since
this function vanishes on ∂J , we infer that f(y) = 0 ∀y ∈ Int(J ) and thus on J by continuity.
This vanishing then implies that the constant Ct also vanishes. This, in turn, implies by (A.21)
that f(x)iπr(x)St(x)(x) = 0 for all x ∈ J ′ \ J , so that f = 0 on J . Therefore, det(1 + Lt) 6= 0.

The inverse of 1 + Lt may be written as 1 − Rt, where, according to Fredholm theory, Rt is an
integral operator with kernel Rt given by

Rt(x, y) =
1

det
(
1 + Lt

) ∑
n≥0

1

n!

ˆ

J

det

(
λ(x, y) λ(x, uk)
λ(uj , y) λ(uj , uk)

)
j,k=1,...,n

du .

The above series converges absolutely and uniformly by Hadamard’s inequality. Moreover, the
integral equation satisfied by the resolvent kernel ensures that the latter is of the form Rt(x, y) =
Řt(x, y)r+(y) with Řt smooth on J ′ × J ′, this uniformly in t ∈ [0 ; 1]. The above implies that
‖Rtf‖W∞k (J ′) ≤ Cj‖f‖W∞0 (J ′) for some constant Cj > 0. Hence, we have just proven that any
g ∈ Im

(
Ξηt
)
is of the form g = g̃ − Kηt [g̃] with

Kηt [g]
def
= KJ [g] − KJ

[ bˆ

a

τt(·, y)
{

(1− Rt) ◦∆−1
J
[
g −KJ [g]

]}
(y) dy

]
(A.28)

and the solution f to Ξηt [f ] = g with g ∈ Im
(
Ξηt
)
reads

f = (1− Rt) ◦∆−1
J
[
g −KJ [g]

]
. (A.29)

On then readily infers the continuity bound.
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B Construction of the contour Γeq of Proposition 2.20
In this section we prove Proposition 2.20. We shall start by considering the contour provided given
by Theorem 2.17 of da Silva and Kuijlaars and build on the hypothesis of one-cut regularity, c.f.
Definition 2.18, so as to "bootstrap" it a more regular curve. We shall proceed in two stages: we
first construct a piecewise analytic curve that has all the properties we want, save for being C∞.
Then we will "round the corners" to achieve a C∞ curve.

Lemma B.1 (p. 7 of [47]). The support of the equilibrium measure of a contour solving the max-min
energy problem (2.7) has no self-intersection points.

Proof. We proceed by contradiction. Let Γeq ∈ T (α, α′) be a curve solving the max-min energy
problem, let µΓeq be its equilibrium measure, and assume suppµΓeq has a closed loop C . Let
Γs = Γeq \ C ∈ T (α, α′) be the curve obtained from Γeq by removing C , and let µΓs be the
equilibrium measure on Γs. Since µΓeq

[
C
]
> 0, we have µΓs 6= µΓeq . Since suppµΓs ⊂ Γeq, by

uniqueness of the equilibrium measure ensured by Lemma 2.3, IΓeq [µΓs ] > IΓeq [µΓeq ]. But this
contradicts Γeq being a solution of the max-min energy problem (2.7).

We first start by defining the admissible contour Γeq of our interest in the vicinity of the support
of µΓeq by means of the curve γ (2.25) analytically extended to [−ε ; 1 + ε], c.f. Lemma 2.19. We
remind that ε is chosen so that there also exists an ε′ > ε > 0 such that γ admits an analytic
extension to [−ε′ ; 1 + ε′]. By (2.29), ϕΓeq;eff(z) > 0 for all z ∈ γ([−ε′ ; 1 + ε′] \ [0 ; 1]). Hence in
particular ϕΓeq;eff(γ(−ε′)) = ϕΓeq;eff(γ(1 + ε′)) > 0. Here, we stress that this last equality follows
from the very specific way in which γ was built in the neighbourhood of [0 ; 1].

Recall that e
2πiα
κ and e

2πiα′
κ are respectively the incoming and outgoing directions of the contours

in T (α, α′) (recall Definition 2.15). Consider the (oriented) rays

Lα = e
2πiα
κ ] +∞ ;R] and Lα′ = e

2πiα′
κ [R ; +∞[ ,

where R > 0 is chosen sufficiently large so that ϕΓeq;eff(z) > 0 for all z ∈ Lα ∪ Lα′ . This is possible
because ϕΓeq;eff(z) ∼ 1

κ |z|
κ as |z| → ∞ along these rays.

Proposition B.2. Let
Λ = {z ∈ C : ϕΓeq;eff(z) > 0} .

If the potential V is one-cut regular then the points R e
2πiα
κ and γ(−ε′) are connected by a continuous

path contained in Λ, and similarly R e
2πiα′
κ and γ(1+ε′) are connected by a continuous path contained

in Λ.

Before proving this we need to establish some preliminary results.

Lemma B.3. {
z ∈ C : ϕΓeq;eff(z) ≥ 0

}
= suppµΓeq ∪ Λ

Proof. It is clear that lhs ⊃ rhs, thus we need only show that lhs ⊂ rhs. Let z ∈ C be a point
such that ϕΓeq;eff(z) ≥ 0. Clearly if ϕΓeq;eff(z) > 0 or if z ∈ suppµΓeq then z ∈ rhs so without loss
of generality assume ϕΓeq;eff(z) = 0 and z 6∈ suppµΓeq . However if z 6∈ suppµΓeq then ϕΓeq;eff is
harmonic on a neighbourhood of z. Since harmonic functions are real parts of holomorphic functions,
on every such neighbourhood there are some points for which ϕΓeq;eff(z) ≥ 0. Hence z ∈ Λ.

Lemma B.4. The set Λ has only finitely many connected components. In particular, it has at most
κ connected components.
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Proof. We first show that the connected components are unbounded. Suppose by way of contra-
diction that a connected component C of ϕ−1

Γeq;eff(]0,+∞[) is bounded. Then ϕΓeq;eff is maximised
by some point in C. However ϕΓeq;eff = 0 at the boundary and ϕΓeq;eff > 0 in the interior, and so
ϕΓeq;eff has a local maximum, which is impossible because ϕΓeq;eff is harmonic away from suppµΓeq .
Thus the connected components must be unbounded. However for R > 0 sufficiently large Λ \ D0,R

has κ connected components, where D0,R = {z ∈ C : |z| < R} (see Lemma 5.5 of [47]).

Lemma B.5. Let C and C ′ be two distinct connected components of Λ. If z ∈ (C ∩C ′) \ suppµΓeq

then R(z) = 0, where R is the polynomial introduced in Theorem 2.17.

Proof. Firstly, we must have ϕΓeq;eff(z) = 0, since if ϕΓeq;eff(z) > 0 then z would be in one of the
connected components of Λ. But then because these connected components are open, z is bounded
away from all other connected components and so could not be in the closure of more than one
component.

Secondly, on every neighbourhood U of z, U∩Λ is disconnected. We claim this implies R(z) = 0.
Suppose by way of contradiction that R(z) 6= 0. Because z 6∈ suppµΓeq the function√

R(z) = 2πiC
[
µΓeq

]
(z) + V ′(z)

is analytic at z. Thus, so is also the map

w 7→ Φ(w) =

ŵ

z

√
R(ζ) dζ

and since Φ′(z) =
√
R(z) 6= 0, it defines a biholomorphism from a neighbourhood Uzof z to a

neighbourhood of 0. Let δ > 0 be sufficiently small so that D0,δ is a subset of the image of Φ(Uz).
The set D0,δ ∩ {z̃ ∈ C : Re z̃ > 0} is connected, hence using that Re Φ = ϕeff , one gets that

Φ−1
(
D0,δ ∩ {z̃ ∈ C : Re z̃ > 0}

)
= Φ−1

(
D0,δ

)
∩ Λ

is also connected. However this contradicts the fact that U ∩Λ is disconnected for every neighbour-
hood U of z.

Lemma B.6. Assume that the potential V is one-cut regular and let ζ1, ζ2 ∈ C be the endpoints of
the support of the equilibrium measure. Then there is exactly one connected component C of Λ such
that ζ1 ∈ C; similarly there is exactly one connected component C ′ of Λ such that ζ2 ∈ C ′.

Proof. This follows from the fact that the polynomial R(z) = (2πiC
[
µΓeq

]
(z) + V ′(z))2 has simple

zeros at z = ζ1 and z = ζ2, which implies a local structure of ϕΓeq;eff around ζ1 and ζ2.

Lemma B.7. Let C be a connected component of Λ and let z ∈ C ∩ suppµΓeq. Then R(z) = 0.

Proof. We proceed by contradiction. Assume that z ∈ C ∩ suppµΓeq but R(z) 6= 0. Then, one may
continue holomorphically

√
R(w)± to the ∓ side of µΓeq , and thus

[
ΦΓeq;eff

]
±(z) =

zˆ

ζ1

√
R(ζ)± dζ

admit a holomorphic extension to an open neighbourhood Uz of z. Given that
[
ΦΓeq;eff

]′
±(z) =√

R(z)± 6= 0,
[
ΦΓeq;eff

]
±(z) extend, up to shrinking Uz, to biholomorphisms on Uz. If z = γ(t) with

t ∈]0 ; 1[, then upon taking ω = γ(t)± iεγ′(t) with ε > 0 and small enough, one has

ΦΓeq;eff
(ω) =

[
ΦΓeq;eff

]
±
(
γ(t)

)
± iε γ′(t)

√
R(γ(t))±︸ ︷︷ ︸
∈iR+

+ O
(
ε2
)
.
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Thus, upon shrinking Uz if need be, one has that

ϕΓeq;eff(ω) = Re
(
ΦΓeq;eff

(ω)
){< 0 on Uz ∩ {+side of γ([0 ; 1])}

< 0 on Uz ∩ {−side of γ([0 ; 1])}
. (B.1)

Hence, z cannot be a boundary point of Ci as there exist an open neighbourhood Uz thereof such
that

Uz ⊂ γ([0 ; 1]) ∪
{
z ∈ C : ϕΓeq;eff(z) < 0

}
.

Proof of Proposition B.2. An open connected set in C is also path connected, so we need only show
that γ(−ε′) and Re

2πiα
κ belong to the same connected component of Λ; and similarly that γ(1 + ε′)

and Re
2πiα′
κ belong to the same connected component.

By the assumption of one-cut regularity there exists a contour Γ̃ ∈ T (α, α′) solving the max-min
energy problem and for which R has simple zeros at ζ1, ζ2 ∈ Γ̃, the endpoints of the support of the
equilibrium measure, and no other zeros on Γ̃. Furthermore, because of the way ϕ

Γ̃;eff
(z) = ϕΓeq;eff(z)

scales as |z| → ∞ (recall that the effective potential only depends on the support of the equilibrium
measure), we can without loss of generality assume that Lα, Lα′ ⊂ Γ̃. Since it solves the max-min
energy problem, we must have Γ̃ ⊂ {z ∈ C : ϕ

Γ̃;eff
(z) ≥ 0} = suppµΓeq ∪ Λ (by Lemma 2.15 and

Lemma B.3).

Let C1, . . . , Cm be the connected components of Λ such that Ci ∩ Γ̃ 6= ∅ for i = 1, . . . ,m. Hence
Γ̃ ⊂ C1 ∪ · · · ∪Cm ∪ suppµΓeq . If Ci ∩ suppµΓeq 6= ∅ then, by Lemma B.7, for all z ∈ Ci ∩ suppµΓeq ,
R(z) = 0. Hence at most two such connected components, when closed, intersect nontrivially with
suppµΓeq . Let us call these components Ci and Cj (we will later see that Ci 6= Cj but so far we
haven’t shown this).

We now claim that m ≤ 2, i.e. no more than two connected components, when closed, intersect
non-trivially with Γ̃. To see this consider the closed set

K = Γ̃ ∩
m⋃
p=1
p6=i,j

Cp

K ∩ suppµΓeq = ∅ by construction. We also claim K ∩Ci = ∅ and K ∩Cj = ∅. This is because any
point z ∈ K ∩ Ci, by Lemma B.5, is a zero of R. But the only zeros of R on Γ̃ are the endpoints
ζ1, ζ2 ∈ suppµΓeq by the one-cut regularity assumption. HenceK is disjoint from Ci∪Cj∪suppµΓeq .
However K and Γ̃ ∩

(
Ci ∪ Cj ∪ suppµΓeq

)
are a pair of disjoint closed sets whose union is Γ̃. Since

Γ̃ is connected, K = ∅.

Next we claim that Ci 6= Cj . By construction ζ1 ∈ Ci and ζ2 ∈ Cj (or the other way round).
Thus γ(−ε′) ∈ Ci and γ(1+ε′) ∈ Cj , since γ([ε′ ; 1+ε′]\ [0 ; 1])) ⊂ Λ by (2.29). Now suppose by way
of contradiction Ci = Cj . Then there is a continuous path from γ(−ε′) to γ(1+ε′) contained entirely
in Λ. Using γ to define a path from γ(−ε′) to γ(1 + ε′), we thus have constructed a continuous
path, without self-intersections, lying in {z ∈ C : ϕΓeq;eff(z) ≥ 0}. This path passes through
suppµΓeq , where ϕΓeq;eff < 0 on both sides. Hence this path encloses a connected component of
{z ∈ C : ϕΓeq;eff(z) < 0}. However by the same arguments used in the proof of Lemma B.4, the
connected components of {z ∈ C : ϕΓeq;eff(z) < 0} are unbounded, and so they cannot be any
enclosed by any compact loop. A similar argument can also be used to show that Ci ∩ Cj = ∅.

Finally, we conclude the proof by showing that Re
2πiα
κ and Re

2πiα′
κ belong to different connected

components, i.e. Re
2πiα
κ ∈ Ci and Re

2πiα′
κ ∈ Cj (or the other way round). Let us think of Γ̃ as

parametrised by a piecewise C1 function γ̃ : R −→ C. Let x1 be the smallest real number such that
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γ̃(x1) = ζ1 and x2 the largest real number such that γ̃(x2) = ζ2, where the path is oriented such
that x1 < x2. If Re

2πiα′
κ ∈ Ci then γ defines a path from ζ2 to Re

2πiα′
κ , and so for some x3 > x2,

γ(x3) = ζ1. However by the same arguments used in the proof of Lemma B.1, the energy of the
curve can be increased by removing γ̃([x1, x3]) and so γ̃ cannot be a solution of the max-min energy
problem.

Remark B.8. In the above proof we are regularly using the basic topological principle that if A
and B are closed sets and γ : [0 ; 1] −→ A ∪ B a continuous path, where γ(0) ∈ A and γ(1) ∈ B,
then γ([0 ; 1])∩A∩B 6= ∅. This follows because if γ([0 ; 1])∩A and γ([0 ; 1])∩B were disjoint they
would define a partition of γ([0 ; 1]) and hence show that γ([0 ; 1]) is disconnected, but γ([0 ; 1]) is
connected by the continuity of γ.

Lemma B.9 (Continuous paths may be replaced by piecewise linear paths). Let U ⊂ C be an open,
connected (and hence path connected) set. Then given any two points a, b ∈ U , there is a path from
a to b contained in U consisting of a finite sequence of straight line segments.

Proof. Because U is path connected, there is a continuous path η : [0 ; 1] −→ U such that η(0) = a
and η(1) = b. Let χ = η([0 ; 1]), which is clearly a compact set. Next, there exists an ε > 0 such
that dist(χ,C \ U) > 2ε. Hence

{
Dε,z
}
z∈χ is an open cover of χ. By compactness we may pass to a

finite subcover labelled by z1, . . . , zn ∈ χ, where without loss of generality z1 = a and zn = b.
Next, for any |zk − zj | < 2ε, k 6= j, let us draw a straight line between these two points, and

note that this straight line is entirely contained in Dε,zj ∪ Dε,zk ⊂ U . Let χ̃ be the union of the set of
such points {z1, . . . , zn} and the line segments connecting them. We claim that χ̃ is a connected set,
which if so would complete the proof. Hence by way of contradiction let A and Ã be two nonempty
sets such that A ∪ Ã = {z1, . . . , zn}, A ∩ Ã = ∅, and such that |z − z̃| ≥ 2ε for all z ∈ A and z̃ ∈ Ã.
But then

U =
⋃
z∈A

Dε,z and Ũ =
⋃
z∈Ã

Dε,z

are disjoint open sets which together form an open cover of χ. If both these sets were nonempty
χ∩U and χ∩Ũ would be a partition of χ. However χ is connected and so either A or Ã is empty.

Hence we can construct a contour Γ̃ consisting of Lα, Lα′ , γ([−ε′ ; 1 + ε′]) and a finite number
of straight lines connecting Re

2πiα
κ to γ(−ε′) and Re

2πiα′
κ to γ(1 + ε′), where these straight lines lie

in Λ. Hence Γ̃ ∈ T (α, α′), Γ̃ \ suppµΓeq ⊂ Λ and γ([−ε ; 1 + ε]) ⊂ Γ̃.

We almost have the desired contour except for the "corners" where each analytic arc meets the
next. To fix this we "round" the corners in such a way to achieve a globally C∞ curve. For example,
if we have two analytic arcs η1 : [−1 ; δ] −→ C and η2 : [−δ ; 1] −→ C (for some δ > 0), such that
η1(0) = η2(0), we may join these together smoothly by η̃ : [−1 ; 1] −→ C where

η̃(x) = η1(x) + (η2(x)− η1(x)) θ
(x
δ

)
where θ : R −→ [0 ; 1] is a C∞ function such that θ(x) = 0 for x < 1 and θ(x) = 1 for x > 1.

By making the region of the "rounding" sufficiently small we can ensure the new C∞ contour
Γeq obtain by this procedure has the properties that Γeq \ suppµΓeq ⊂ Λ and γ([−ε ; 1 + ε]) ⊂ Γeq.
By Corollary 2.12 our new contour Γ has the same equilibrium measure as the contour solving the
max-min energy problem, hence our new contour also solves the max-min energy problem. This
completes the proof of Proposition 2.20.

Remark B.10. The fact that we are in the off-critical regime is what allows us to make the contour
C∞. If we were in the critical regime we would only generally expect to be able to make our contour
piecewise C∞.
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C Fredholm determinant
In this section we prove the following important proposition.

Proposition C.1. Let {ψ(x)}x∈R be a family of complex-valued random variables, viewed as a
random measurable function, with the following properties.

(1) ψ(x) = ψ(−x) and ψ(0) = 0.

(2) Any finite subset of {Reψ(x), Imψ(x)}x>0 is jointly Gaussian (not necessarily centred).

(3) For every k ≥ 0, E
[
|ψ(x)|k

]
≤ C(1 + |x|bk) for some bk ≥ 0.

(4) E
[ ´
R
|ψ(x)|2 dx

]
< +∞, which implies that ψ ∈ L2(R) almost surely.

(5) B(x, y)
def
= cov

(
ψ(x), ψ(y)

)
is such that

´
R2

|B(x, y)|2 dx dy < +∞.

Define µ ∈ L2(R) by µ(x)
def
= E

[
ψ(x)

]
and let A : R2 −→ C be a continuous function such that

A(x, y) = A(y, x) = A(−x,−y) and

ˆ

R2

|A(x, y)|2 dx dy < +∞ ,

and let λ ∈ L2(R) be such that λ(x) = λ(−x)
Then, A : L2(R) −→ L2(R), resp. B : L2(R) −→ L2(R), defined by

Af(x) =

ˆ

R

A(x, y)f(y) dy , resp. Bf(x) =

ˆ

R

B(x, y)f(y) dy

are self-adjoint Hilbert-Schmidt operators and one has

E

[
exp

(
i

2

ˆ

R2

ψ(x)A(x, y)ψ(y) dy + i

ˆ

R

λ(x)ψ(x) dx

)]

=
exp
(

1
2 i〈µ,A(1− iBA)−1µ〉L2(R) + i〈λ, (1− iBA)−1µ〉L2(R) − 1

2〈λ, (1− iBA)−1Bλ〉L2(R)

)√
detL2(R)(1− iBA)

(C.1)

We prove Proposition C.1 in two stages. We first prove the result in the finite rank case and
then extend by continuity.

Lemma C.2. Denote Sn = [[−n ; n ]] \ {0} and let

• ξ = {ξk}k∈Sn ∈ C2n satisfy ξj = ξ−j with {Re ξk, Im ξk}nk=1 a Gaussian random variable;

• λ = (λk)k∈Sn be such that λk = λ−k;

• A = Mat
(
Aij : i, j ∈ Sn

)
be such that Aij = A−j,−i.

Then, one has

E

[
exp

(
i

2

〈
ξ, Aξ

〉
+ i
〈
λ, ξ

〉)]

=
exp
(

1
2 i〈µ, A(1− iBA)−1µ〉+ i〈λ, (1− iBA)−1µ〉 − 1

2〈λ, (1− iBA)−1Bλ〉
)√

det(1− iBA)
(C.2)

where B = Mat
(
cov(ξi, ξj) : i, j ∈ Sn

)
, µ = (E[ξi])i∈Sn and 〈x,y〉 =

∑
i∈Sn xiyi. Finally, the

quantity in the denominator corresponds to the determination of the square roots of the map z 7→
det(1− ziBA) in Re(z) > 0 equal to 1 at z = 0.

66



Proof. To show this we transform to real variables. Let

Xk =
ξk + ξ−k√

2
for k > 0 and Xk =

ξ−k − ξk√
2i

for k < 0 , (C.3)

which can be encapsulated in terms of the matrix transformation X = Jξ with J unitary in respect
to < ., . >. Upon introducing B̃ = JBJ† , one gets cov(Xi, Xj) = B̃ij . Similarly let Ã = JAJ†,
λ̃ = Jλ ∈ R2n and µ̃ = E[X] = Jµ ∈ R2n. Then the expectation of interest reduces to the
evaluation of the integral√

det(B̃−1)

(2π)n

ˆ

R2n

e−
1
2

(x−µ̃)TB̃−1(x−µ̃)+ 1
2

ixTÃx+iλ̃
T
x dx

A short calculation involving completing the square then yields the desired formula. To conclude,
one observes that since B is positive definite,

√
BA
√
B is a Hermitian matrix and thus has real

eigenvalues λa, a = 1, . . . 2n counted with multiplicities. Hence,

det(1− ziBA) = det(1− zi
√
BA
√
B) =

2n∏
a=1

(
1− izλa

)
6= 0 (C.4)

if Re(z) > 0. The function thus admits a determination of its square root in that simply connected
domain which, moreover, may be chosen to be equal to 1 at z = 0. The non-vanishing of this
determinant also implies the invertibility, in that domain, of the matrix 1− ziBA.

The last step of the proof consists in demonstrating that we can approximate A by a finite rank
operator. Let ϕk(x) = Hk(x)e−

1
2
x2

where Hk is the kth normalised Hermite polynomial, so that

〈
ϕk, ϕj

〉
L2(R)

=

ˆ

R

ϕk(x)ϕj(x) dx = δjk . (C.5)

Note that ϕk is an even function for even k and odd for odd k, hence 〈ϕk, ψ〉L2(R) is purely real for
k even and purely imaginary for k odd. Let

σk =
1√
2
ϕ2k +

1√
2
ϕ2k+1 and σ−k =

1√
2
ϕ2k −

1√
2
ϕ2k+1 for k ∈ [[1, n]] .

Then given Sn as in Lemma C.2 and σ∗k being the one-form canonically associated with σk by means
of the L2(R) scalar product, we define the orthogonal projection Pn =

∑
k∈Sn σk ⊗ σ

∗
k.

Lemma C.3. The real and imaginary parts of ξk = 〈σk, ψ〉L2(R) are jointly Gaussian with

E[ξk] = 〈σk, µ〉L2(R) and cov (ξi, ξj) = 〈σi,Bσj〉L2(R) .

Proof. Let α = (αk)k∈Sn with αk = α−k. We will show that the moments of
∑

k∈Sn αkξk coincide
with those of a Gaussian random variable and hence {Re ξk, Im ξk}nk=1 are jointly Gaussian. Thus,
let f =

∑
k∈Sn αkσk , so that 〈f, ψ〉L2(R) =

∑
k∈Sn αkξk. Then, for m ∈ N,

E
[( ∑

k∈Sn

αkξk

)m]
= E

[
〈f, ψ〉mL2(R)

]
= E

[ ˆ
Rm

f(x1) · · · f(xm)ψ(x1) · · ·ψ(xm) dx

]

Because f is a Schwarz function and E
[
|ψ(x)|m

]
grows at most algebraically as |x| → ∞, we may

exchange the expectation with the integral sign. Then applying Wick’s theorem and reversing our
steps we find that

∑
k∈Sn

αkξk has the moments of a Gaussian random variable with the predicted

variance, and hence is Gaussian.
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Proof of C.1. Let A(n) = PnAPn, B(n) = PnBPn, λ(n) = Pnλ. By Lemma C.2, since the associated
finite-size matrices A(n), B(n) and vectors λ(n),µ(n) enjoy the hypotheses of that lemma, we have

E
[

exp

(
i

2
〈ψ,A(n)ψ〉L2(R) + i〈λ(n), ψ〉L2(R)

)]
=

e
1
2

i〈µ,A(n)(1−iB(n)A(n))−1µ〉L2(R)+i〈λ(n),(1−iB(n)A(n))−1µ〉L2(R)−
1
2
〈λ(n),(1−iB(n)A(n))−1B(n)λ(n)〉L2(R)√

detL2(R)(1− iB(n)A(n))

(C.6)

Observing that, by construction, B(x, y) = B(y, x) = B(−x,−y), one infers from the properties of
the integral kernels A(x, y) and B(x, y) readily ensure that A and B are Hilbert-Schmidt and thus
BA is trace class. This ensures that the Fredholm determinant detL2(R)(1 − iBA) is well-defined.
Furthermore B ≥ 0 and so has a well-defined square root

√
B. Then by Sylvester’s identity

detL2(R)(1− ziBA) = detL2(R)(1− zi
√
BA
√
B) =

∞∏
a=1

(
1− izλa) 6= 0 , since

√
BA
√
B

is a compact self-adjoint operator with eigenvalues λa, a ∈ N, repeated with their multiplicities.
This ensures that (1− iBA)−1 is well-defined and that the holomorphic map z 7→ detL2(R)(1− ziBA)
on Re(z) > 0 admits a determination of its square root which equals 1 when z = 0.

Now, one can readily check that A(n) → A and B(n) → B in the Hilbert-Schmidt norm ‖·‖HS, and
thus B(n)A(n) → BA in the trace class norm. It is direct to see that all n-dependent quantities in the
rhs of (C.6) converge to the same expression with n removed, i.e. we may replace A(n),B(n), λ(n)

with A,B, λ respectively throughout. On the left hand side of (C.6) we observe that∣∣∣∣E[ exp

(
i

2
〈ψ,A(n)ψ〉L2(R) + i〈λ(n), ψ〉L2(R)

)]
− E

[
exp

(
i

2
〈ψ,Aψ〉L2(R) + i〈λ, ψ〉L2(R)

)]∣∣∣∣
≤ 1

2
‖A− A(n)‖HS E

[
‖ψ‖2L2(R)

]
+ ‖λ− λ(n)‖L2(R)

√
E
[
‖ψ‖2

L2(R)

]
−→

n→+∞
0

since E
[
‖ψ‖2L2(R)

]
< +∞ by hypothesis.
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D Asymptotic expansion of the Selberg integral
In this section we prove Theorem 6.4. We begin with the exact formula for the partition function
ZN,Γ0 [V0].

Proposition D.1 (Selberg-Mehta integral, Ch. 17 of [52]). Let V0 be the quadratic potential given
in (2.40). Then, one has the closed formula

ZN,Γ0 [V0] = (2π)
N
2

(
ζ2 − ζ1√

8Nβ

)Nβ( 1
β
− 1

2

)
+βN2

2

e
−βN2V

(
ζ1+ζ2

2

)[(β
2

)
!
]−N N∏

j=1

(βj
2

)
! . (D.1)

The terms on the right hand side all have straightforward asymptotic expansions except for
N∏
j=1

(
βj
2

)
!. For this we need the following lemma which relates it to a Barnes G-function.

Lemma D.2. Let t, n ∈ N be integers greater or equal to 1. Then

n−1∏
j=1

(tj)! = t−
n(t−1)

2

( tn−1∏
j=1

j!

) 1
t

·
t−1∏
p=1

Γ(pt )
1− p

t

Γ(pt + n)1− p
t

.

Proof. Let H(n) :=
∏n−1
j=1 (tj)! and consider the product

tn−1∏
j=1

j! =

n−1∏
k=0

t−1∏
`=0

(tk + `)! =
[
H(n)

]t · n−1∏
k=0

t−1∏
`=0

∏̀
p=1

(tk + p) =
[
H(n)

]t · t−1∏
p=1

( n−1∏
k=0

(tk + p)
)t−p

.

Finally, we observe that
n−1∏
k=0

(tk + p) = tn
Γ( p

t
+n)

Γ( p
t
)
.

From this we have

lnZN,Γ0 [V0] =
N

2
ln(2π) +

[
Nβ
( 1

β
− 1

2

)
+
βN2

2

](
ln(ζ2 − ζ1)− 1

2
ln(8β)− 1

2
lnN

)
− βN2V

(ζ1 + ζ2

2

)
−N ln

[(β
2

)
!
]

+ ln
[(βN

2

)
!
]

− N

2

[β
2
− 1
]

ln
β

2
+

2

β
ln
[ βN2 −1∏

j=1

j!
]

+

β
2
−1∑

p=1

(
1− 2p

β

){
Γ(

2p

β
)− Γ(

2p

β
+N)

}
.

Using Stirling’s approximation and the asymptotic expansion of the Barnes G-function we obtain
the N → +∞ expansion,

lnZN,Γ0 [V0] =
N

2
ln(2π) +

[
Nβ
( 1

β
− 1

2

)
+
βN2

2

](
ln(ζ2 − ζ1)− 1

2
ln(8β)− 1

2
lnN

)
− βN2V

(ζ1 + ζ2

2

)
−N ln

[(β
2

)
!
]

+
βN

2
lnN +

βN

2
ln
β

2
− βN

2
+

1

2
lnN

−

β
2
−1∑

p=1

(
1− 2p

β

){(
N +

2p

β
− 1
)

lnN −N +
1

2
lnN

}
− N

2

[β
2
− 1
]

ln
β

2

+
2

β

{β2N2

8
lnN +

β2N2

8
ln
β

2
− 3β2N2

16
+
βN

4
ln(2π)− 1

12
lnN

}
+ O(1) .

We remark that logarithm of the Barnes G-function and the logarithm of the Gamma function both
admit, from the O(1) scale and beyond, a full asymptotic expansion in powers of 1

N . Hence also
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the above O(1) error could be expanded in a full asymptotic power series in 1
N . Finally, collecting

terms at each scale, and observing that

IΓ0 [µΓ0 ] = − ln(ζ2 − ζ1) + ln(4) + 2V
(ζ1 + ζ2

2

)
+

3

4

Ent[µΓ0 ] = −
ˆ

Γ0

ln
{dµΓ0(z)

dz

}
· dµΓ0(z) = −1

2
+ ln

π

2
+ ln(ζ2 − ζ1) ,

we obtain Theorem 6.4.
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