Asymptotic expansion of the partition function for
B-ensembles with complex potentials

Alice Guionnetl’f Karol Kozlowskir and Alex Littleli
ENS de Lyon, CNRS, F-69342 Lyon, France

November 21, 2025

Abstract
This work establishes, under natural hypotheses, the asymptotic expansion of integrals of the
form
N N
ZnrlV] = / [1(za = 2)° [ e V) dz
N a<b k=1

as the dimension N goes to infinity, for a complex valued polynomial function V', an even integer
£ and an unbounded contour I' C C such that the integral converges. This question has already
been settled when the contour I' is the real line and V is real-valued. In this case, it is well
known that the large-N expansion is characterised by an equilibrium measure corresponding to the
minimiser of an appropriate energy functional, and the method used to derive the expansion bears
a structural resemblance to the Laplace method. By contrast, in the complex valued setting we are
considering, the analysis structurally resembles the classical steepest-descent method, and involves
finding an equilibrium measure and a steepest descent curve, the latter being a deformation of the
original integration contour I'. Our analysis deals with the one-cut regular regime of the associated
equilibrium measure.
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1 Introduction

1.1 Classical asymptotics of integrals

Numerous problems in mathematics or theoretical physics require analysing the behaviour of inte-
grals of the form

Tlf] = /e”“"f(z)dz (1.1)
N
when x is very large. Here, I' is a simple curve homeomorphic to R, unbounded in both directions,
while f is a complex valued function on I' such that Re(f) goes to infinity fast enough as z =
(21,...,2n5) € TN goes to infinity. Finally, N is some fixed integer and dz = dz1---dzy is the
natural product measure on I'VV.

In the simplest case corresponding to the real valued setting (I' being the real line and f smooth
and real valued), one may estimate the integral’s large-z asymptotics by Laplace’s method. In
the simplest setting, f has a unique critical point z.: D, f(z.) = 0, whose associated Hessian is
positive definite. Then, Laplace’s method shows that the integral’s logarithm is dominated by the
contribution of that minimum : In 7,[f] = —xf(2¢) + o(z). The remainder term may be estimated,
to the desired precision, by localising the integration in some open neighbourhood of z. where f
admits a Morse representation, which reduces the problem to one of Gaussian integration, up to
exponentially sub-leading contributions.

For genuinely complex valued integrands Laplace’s method may not be immediately applied
because the integrand is oscillatory. Let us first consider the one dimensional setting N = 1 and as-
sume that f is sufficiently nice, in particular holomorphic on a sufficiently large open neighbourhood
Uy of T'in C. In this context, one may access the large-x behaviour of J,[f] by applying the steepest
descent method, see e.g. [31I]. The implementation of this method demands more care than in the
real setting. Indeed, one first needs to find the critical point of f on Uy, viz. z. such that f'(z.) =0,
and then find the steepest-descent curve I'. C Uy passing through z., so that Im(f) is constant
along I'c in a neighbourhood of z.. This latter condition is equivalent to finding a curve through
z. for which Re(f) grows the fastest along the curve away from z.. With such a data at hand, one
invokes Cauchy’s theorem to deform the original integration curve I' to I'c. With the oscillations
removed the integral may be approached by Laplace’s method and its large-zr expansion extracted.
Thus the implementation of the steepest-descent method involves identifying two ingredients: the
critical point z. and the steepest descent contour I'.. The steepest descent method extends to
higher dimensions, along conceptually similar lines, although its precise implementation is delicate
and requires paying attention to many specific features of the integrand one is considering. Since
this will not shed more light, we shall omit discussing such cases here.

1.2 (-ensembles and the large-N asymptotics

The above mentioned methods allow one to access "classical" asymptotics of an extremely large
class of multiple-integrals; these being integrals whose integrand depends on a large parameter but
whose dimensionality remains fixed. A natural generalisation of the asymptotic analysis of integrals
pertains to studying integrals J,[f] in the regime N — +oo while at the same time z < z and
f <= fn become N dependent, with xy — 400, while fy remains appropriately "well-behaved" in
N. Problems for which such asymptotics are needed are multifarous: the discretised approach to
the construction of a path integral, asymptotic enumerative problems in particular stemming from
enumerations of geometric objects, N-fold integrals defining coefficients of series as e.g. for Fredholm
determinants, asymptotics of N x N determinants to name a few. Such kinds of asymptotics are
of particular interest in random matrix theory and Coulomb gases. In fact, among all random
matrix models, one may single out the so-called orthogonal, unitary and symplectic ensembles.
These consist, respectively, of random symmetric, Hermitian and Hermitian self-dual matrices whose



probability distribution is invariant under the adjoint action of orthogonal, unitary and symplectic-
unitary matrices. A particularly interesting form of probability distribution for these ensembles

takes the form
e~ Ntr[a(M)]

- QpN;tot [V]

where dM is the Lebesgue measure on the independent entries, Q is some continuous function grow-
ing fast enough at +oo, and Zn.0t[V] a normalising factor called the partition function. When
appropriately chosen, the orthogonal, unitary and symplectic-unitary transformations diagonalise a
given matrix belonging to one of the associated ensembles. This entails that the probability density
factorises as

ds(m) a (1.2)

dS(M) = dPX r(X) dug (1.3)

in which 8 = 1, 2,4 respectively for the orthogonal, unitary and symplectic ensembles. dUg is the
corresponding Haar measure on the N x N orthogonal, N x N unitary or 2N x 2N symplectic-
unitary group, while IP’%’ 5 is the probability distribution on the Eigenvalues A = (A1,...AnN), each
having multiplicity 1 when g = 1,2 and multiplicity 2 when 8 = 4:

N N
1 _ .

AP r(A) = Fonll] [T = Xl?-JLe ™V ax  with Vv = 1-[8]q (1.4)
’ a<b a=1

and d\ stands for Lebesgue’s measure on RY. 25 ~r[V] is a normalising factor given by the N-fold
integral

N N
InrlV] = /H Aa =Xl [T e VPV ) dx. (1.5)
a=1

RN a<b

While g = 1, 2,4 partitions functions associated to any potential V are naturally connected with
random matrix models [28], those for 8 € RT\{1,2,4} are known to admit a representation in terms
of a random matrix model only for certain special potentials, such as quadratic [32]. Furthermore,
Znr[V] may be interpreted as the partition function of a 2-dimensional gas of N charged particles
confined to the real line and trapped by an external confining potential V.

Often in random matrix theory or statistical mechanics one is interested in obtaining a precise
description of the various statistical properties of the relevant matrix ensemble (or particle system)
in the regime when its size N tends to infinity. This naturally leads to the problem of extracting
the large-IN behaviour of the partition function 2y r[V]. In particular, such questions are also
paramount when interpreting matrix integrals as oversimplified "baby" models of discretisations of
quantum field theory path integrals.

There has been a long series of efforts to reach this goal on rigorous grounds. The first heuristic
estimation of the leading large-N asymptotics of In 2y r[V] goes back to the work [I7] which
considered the regime 5 = 2 and V quartic. In very heuristic terms, one starts by recasting the
integrand of 2 r[V] as

N N
[T 1= nl? - [Le MV = N3 (1.6)
a<b a=1
where
2 1 Y
() = NZV()\Q) - mZmMa—Ab\. (1.7)
a=1 ab

Then one looks for its minimum A*: Dx##y(A*) = 0 and argues by straightforward analogy with
the classical Laplace method that the leading asymptotic behaviour of 2y r[V] is captured by a



saddle-point like estimation of the integra]ﬂ leading to

1
i (i 2valVl} = = g (A0 19

To compute the limit in closed form, it is argued in [I7], that the empirical measure LS\?*),

N
LE\?) = %Z 5., € P(C) with J, Diracmass at z € C, (1.9)
a=1

should converge to a probability measure foq. After another leap of faith, one concludes that
Nlim {H(X*)} = &[peq) With & being a functional on P(R), the space of Borel probability
—+00

measures on R:

£l = /{V(s) F V() s — o] bp(s) @ dp(t) (1.10)
RQ
In fact, one may show, see e.g [53], that & admits a unique minimiser on P(R) given precisely by ficq.
The saddle-point like arguments leading to the answer were hard to make rigorous. However, by
adopting a different perspective, the work [8] managed to set the estimation of the large- N behaviour
of Zyr[V] into the framework of large deviation theory which, among other things, indeed yields
that

1
i {2t} = <5 s ) = St

This approach should be seen as the appropriate infinite dimensional analogue of the finite-dimensional
Laplace method for evaluating the leading asymptotics of real-valued N-fold integrals as N — 4-00.
As in the case of classical asymptotics for the real-valued setting mentioned earlier on, this method
allows one to obtain systematically, order-by-order, asymptotics of In 2y r[V]. Linear statistics

) RS )
QW) = 5 500 = [ 1) (112
k=1

defined as integrals of a measurable function f with respect to the empirical measure Lg\),‘) of A
distributed according to IP’%} 5 are a central object in such an approach. It turns out that owing to
the reparameterisation invariance symmetry of 2n r[V] these satisfy so-called loop equations [2]:
a tower of equations relating expectations of products of linear statistics. As soon as one knows
the leading asymptotics of the constituents, these equations allow one to fix the order-by-order
large-N expansion of E%,ﬁ [Lg\?)(fl) . Lg\i‘)(fk)] The form taken by the latter depends on the
nature of peq’s support. In the case of analytic V, the latter is a union of segments, each called a
cut. The large-N expansions of expectations of products of linear statistics were rigorously proven
in [19, B9, 49] for the one-cut regime, in [20] for the multi-cut regime in the case of real analytic
off-critical potentials V' and for Coulomb gases with more general mean-field interactions in [2I]. In
particular, one observes that linear statistics enjoy some form of universality in the sense that, in
certain settings, these converge to Gaussian random variables as N goes to infinity.

The knowledge of the all-order asymptotics of E‘f\%ﬁ [Lg\?)( f)] for a sufficiently large class of
potentials W allows one to deduce a similar expansion for Zy r[V], at least in the one-cut regime
on which we shall focus. Indeed, one observes that Zvgr[Vg]| with Vi = aX? + b is explicitly
computable by means of the Selberg integral formula. Then, by setting V; = tV + (1 — t)V(, one
finds

1
ZvrlV] = Zve[Ve] — N8 / EN [0V — Vo))t (1.13)
0

!The fact that this holds in this case stems from the presence of the N? prefactor in the 7hs of (1.6). If it were only
N, then such naive intuition would fail as entropic effects deriving from the Lebesgue measure would also play a role.



which yields the claim upon order-by-order t-integration of the expansion of EX{ P [LE\?)(V — Vg)],
provided the bound on the remainder is uniform in ¢. All-in-all, this allows one to establish, in the
one-cut regular regime, the following form of the large-N asymptotic expansion

34842
In Zyg[V] = gNlnN+ 2retE N+ Z f’“ +ONTEH | as N = 4oo (1.14)
k=-2

for any K > —2 and for a sequence of complex numbers fi(3,V), see Proposition 1.2 of [19]. The
first two terms are explicitly given as

2(8,V) = =5 Elpea)
f_1(B, V) = <§ - 1) /ln{ci'l;?(z)} . d,ueq(z)—i—lng —I—gl 2% —InT (g)

R

Conversely, the asymptotic expansion of the partition function 2y r[V] was key to studying the
fluctuations of linear statistics in the multi-cut case where the equilibrium measure has a discon-
nected support, in order to capture the fluctuations of the number of particles living in each of the
pieces [20].

The above discussion illustrates how far the infinite dimensional analogue of the Laplace method
has been developed. While we have chosen to discuss S-ensembles owing to their relative simplic-
ity, the method described has been successfully applied—with various modifications—to a wide
range of more involved N-fold integrals—also related to higher "ambient" dimension—or to discrete
generalizations thereof [7, [I8], 211, 22] 23] 25| 26], 34 55].

Thus arises the natural question of pushing the large-N analysis of N-fold integrals beyond
the setting considered so-far: can one extract the N — +oo regime of various kinds of N-
fold integrals having complex valued integrands? In other words, can one invent an infinite
dimensional analogue of the classical steepest-descent method described earlier on?

This type of questions arises naturally in statistical physics, in particular in the context of study-
ing the so-called Fisher zeroes, i.e. zeroes of partition functions after extending the temperature
T to take complex values. It can become rather involved even for relatively simple models like
Curie-Weiss at complex temperature [54].

The aim of the present work is to provide a suitable infinite-dimensional framework, based
on large deviation theory ideas, that would allow to implement the ideas of the steepest descent
method to the case of large-N asymptotics of N-fold integrals involving holomorphic complex-valued
integrands.

1.3 [-ensembles with complex integrands: motivations

We shall focus on the most natural complex-valued extension of a real-valued S-ensemble, namely
we consider the large N behaviour of integrals of the form

N N
ZnrlV] = / [Tz = 2)° [ eV ) dz (1.15)
N a<b k=1

where V' € C[X] has degree k > 2, § € 2N* is a positive even integer and I' is a simple contour
smoothly homeomorphic to R and going to infinity in such a way that Re[V] — 400 as z = o
along I' so that the integral is convergent.

The motivations for studying the complex valued partition functions (1.15)) are multifarious. In
the case § = 2 and I' = R, such integrals are related to counting surfaces of a given genus [33],
of great importance because of the relevance to quantum gravity. Here one is interested in how



f(B,V) depend on the coefficients of V', more precisely, how fi(3,V), when Taylor expanded in
the coefficients of V', behaves deep into the expansion. This behaviour is governed by the structure
of singularities in the complex plane, and so one is forced to consider a polynomial potential V'
with complex coefficients. This has motivated recent work studying integrals of the form ,
for 5 = 2, in the cubic |5, [14] and quartic [I5] cases by means of the Riemann-Hilbert approach to
orthogonal polynomials. Riemann-Hilbert techniques are, however, difficult to extend beyond 8 = 2
and Riemann—Hilbert formulations are only known to exist for § € {1,2,4}. The partition function
(1.15) also appears in the theory of non-Hermitian orthogonal polynomials on curves in C; namely
it appears as the denominator in a Heine-type formula. The asymptotics of such non-Hermitian
orthogonal polynomials were considered in the quartic case by [I3], again by Riemann-Hilbert
techniques.

Finally, correlation functions in truly interacting, i.e. non-equivalent to free fermions, quantum
integrable models are conjectured to be given by series of multiple integrals, viz. series of the form

> /ﬁdAs-IN(Mx) (1.16)

N>0 iy s=1

where ap is typically an affine function of N, Fny an explicit integrand and I' a simple smooth
curve in C. x is a set of parameters on which the given correlator may depend. The building
blocks of are dependent on the model under consideration and on the correlator of interest.
The main mathematical issue with these representations is that their convergence theory is not well
developed. For this very reason, one may only speak of representations as conjecturally giving
the correlators in truly interacting quantum integrable models. The only case where it has been
possible to establish convergence pertains to the space-like separated vacuum two-point functions
in the integrable Sinh-Gordon quantum field theory [46]. There, one has ay = N and I' = R, which
allowed [46] to exploit techniques developed for the large-N analysis of real valued (-ensembles and
real-valued generalisations thereof so as to obtain an upper bound in N for the N-fold integrals
making up the series and so deduce convergence. While constituting a definite progress, more tools
are needed to treat the case of more general models for which the contour I' does not coincide
with R and Fy is genuinely complex valued. The techniques of large-N analysis for [-ensembles
in the complex valued setting developed in the present work may be thus seen as paving
the way for developing a convergence theory for series of multiple integrals describing correlation
functions in quantum integrable models. Reaching this long-standing goal is paramount for various
reasons. First of all, in purely abstract terms, correlation functions of quantum integrable models
correspond to matrix elements of w(g) where 7 is a representation of an affine quantum group Uy (fj)
associated with the quantum deformation of the enveloping algebra of an affine Lie algebra, and
g e U, (ﬁ) This is reminiscent of the group theoretical understanding of classical special functions,
as pioneered by Bragmann [16] and systematically developed by the school of Vilenkin [43] [44] [45]:
these can be seen as given by matrix elements of representations of classical Lie group evaluated
at some group element. The quantum group U, (ﬁ) is a deformation of the enveloping algebra of a
Lie algebra g, and thus repeating the construction for such a more complex structure should lead
to more involved special functions. Indeed, already when ¢ = i, there occur tremendous algebraic
simplifications in the representation theory of U, (ﬁ), and one obtains a class of special functions
lying above the higher transcendental ones: the Painlevé special functions [38]. See e.g. [37] where
the construction was first pioneered. This class contains in particular special functions given by
Fredholm determinants of id + W with W an integrable integral operator, Toeplitz determinants
etc. The choice ¢ = i corresponds, in the physical language, to what is referred to as free fermion
equivalent models. However, most interesting quantum integrable models, the truly interacting ones,
pertain to generic values of q. Famous examples thereof correspond to the XXZ spin-1/2 chain or
the Sine-Gordon quantum field theory. In these models, representations of correlation functions as
yield one parameter deformations of Painlevé T-functions: see e.g. [42] for the generalisation
of the PV transcendent or [4] which generalises the PIII transcendent of [10]. Following numerous



heuristic demonstrations, we expect these generalisations to yield special functions belonging to
the next layer "above" Painlevé transcendents. On top of the purely special function aspects of
these series, demonstrating that they are well-defined would allow one to tackle deep and exciting
questions related to the universal behaviour of the scaling regime of correlation functions in critical
integrable models of two-dimensional statistical mechanics and of 1 dimensional quantum many-
body physics. This stimulating field is so far in its mathematical infancy, and begs for further deep
understanding.

1.4 Main result

First of all, by rescaling the integration variables we can, without loss of generality, focus on the
setting where 3

V(z) = % + O, (1.17)
The restriction on  in Zy r[V] produces an analytic integrand allowing us to deform the integration
curve in by Cauchy’s theorem: as one may expect from the steepest descent method, this
property plays a crucial role in our analysis. Note that the case of odd g is trivial as it would
produce an antisymmetric integrand (under permutation of the variables), making the integral
vanish. Due to the integrand’s analyticity, even if one would start with a partition function
Znr[V] involving a contour I' of limited regularity, e.g. obtained by concatenating a finite number
of C! arcs, it is always possible to deform I' to a new curve that is C> and behaves "nicely" at
infinity. More precisely, "nice" curves satisfy the following properties:

(T'1) T is the homeomorphic image of R under an infinitely differentiable injective function ~:
v:R—C
Y(R)=T.

(T'2) |y(z)| = 400 as & — +oo and furthermore there exists integers a, o’ € [0; k — 1], a # «/,
and K > 0 such that

2

argy(z) = == Vi €] - oo; — K],
2 /

argy(z) = 7;04 Vz € [K ;4o00].

These are respectively the incoming and outgoing directions of I'.
Remark 1.1. Note that |[(I'2)| implies that

Vi) _1 (1.18)
|z| o0 |2:’H K '
zel’

This means that the "nice" curves coincide at oo with directions of the fastest growth of the confining
potential.
Moreover, and imply that there exists a constant 0 < C'y < 1 such that

0<C, < W <oyt Vi, y € R. (1.19)
r—y
Note that ((1.19)) holds automatically if = and 3 are confined to a compact set so long as 7 is C' and
injective.

Before stating our main theorem, it is necessary to introduce the notion of the complex energy
functional, which should be thought of as the complex analogue of the real beta ensemble energy
functional & given in . Its definition demands, first, to specify what one means by complex
logarithm, in particular by carefully choosing its system of cuts.



Definition 1.2 (Complex energy functional). Let I' C C be a smooth, simple, unbounded contour
and let p € P(T), the set of probability measures on I', and suppose p has continuous density with
respect to the arc length on I'. Then introduce the "g-function" as

grlu] : C\T — C arlul() = = [ e~ w) - duw)
T

For w € T', the map z — In(z — w) is defined as having a cut along F[ooe% ;w], the portion of I’
2irta

located between its incoming direction and w. As a consequence, gr[u] has cuts along I'loce™ = ;¢,,],
in which e, is the extremal point of suppu along the direction of I'. Note that gr[u] has derivative

(orl])'(2) = /F L du(w). (1.20)

w—z
The complex energy associated to the measure p € P(I") is then defined as follows

2 [ (Glorlil), )+ 3 orli) () +2V(2)) au) (121)

where (gr{u]) . are the left and right boundary values of gr[u] on the contour I'.

Since Zr[u] is genuinely complex valued, there is no sense speaking of its minimisation. However,
the latter makes sense for its real part

Ir[u] = Re (Zr[u]) - (1.22)
We shall call Ir "energy" functional. It takes the explicit form

Ir : P(T') — (—o0, +o0]

1rfy) % F/ (o) + o)) du @au)  hE e =RV (12

We shall prove later on that, analogously to &, Ir has a unique minimiser pur on P(I).

Since Zx [V] given in (1.15)) does not depend on I' but only on the equivalence class of contours
of T', it is clear that minimising Ip for some given choice of contour I' cannot contain all the
information on the leading asymptotics of In Zx p[V], in contrast to what happens in the real valued
case with &. Indeed, if one compares the real valued Laplace method with the steepest-descent one,
then, in the latter setting, one needs to explore properties of the integrand outside of the original
integration contour by first finding its critical points and then finding the steepest descent curve.
The analogue of that procedure, as will be argued in Subsection [1.5] in the infinite dimensional
complex valued setting corresponds to solving the optimisation problem

sup inf {Il:[,u]} = sup {Il:[,ul:]} , (1.24)
e #eP(T) reT
where 7 denotes an appropriate set of contours that preserve the value of , 1.e. such that by
the application of Cauchy’s theorem one has Zyp[V] = ZNf[V]' The above corresponds to the
so-called maz-min energy problem which consists in searching for a curve such that the supremum in
the lhs of is attained. It turns out that, at least for polynomial potentials, the supremum in
is indeed attained and this curve satisfies the so-called S-property; a crucial result of Kuijlaars
and Silva [47]. We should remark that a construction of the optimal curve for our problem without
reference to a variational problem was already given in the off-critical regime by Bertola [I1]. We
note also the prior work of Kamvissis and Rakhmanov [40] establishing the existence of S-curves
relevant for the asymptotics of the focusing nonlinear Schrodinger equation, involving a somewhat



different domain to the one we consider and with a more general potential. We shall denote such a
contour solution, under suitable growth at infinity, as I'eq. More details on that will appear in the
core of the paper. In particular, it will be proven in Appendix [B] that the solution of the max-min
energy problem in the so-called off-critical regime which is of interest to us, shown to exist by [47],
can be taken to satisfy |(I'l)H(I'2)]

We are now in position to state the central working hypothesis of this paper on which our main
result builds.

(V1) The potential V is a polynomial with leading term % and is one-cut regular according to

Definition @; that is, V' is off-critical and the support of the equilibrium measure pur,,
associated to V on the S-curve is connected.

A recent work [I2] has shown that the off-critical regime for the max-min energy problem is an
open set within the space of polynomial potentials and it is furthermore expected that the set of
critical polynomial potentials has zero Lebesgue measure. The latter has been proven for logarithmic
potential problems on the real line [27), 48]. Thus off-criticality is believed to characterise the typical
case.

We are now in position to state our main theorem.

Theorem 1.3 (Expansion of the complex partition function). Let V' satisfy hypothesis |(V1)| and
let T' C C be an "admissible" contour in the sense of Definition[2.15; that is, a simple (unbounded)
contour consisting of a finite number of C' arcs and "stretching out to infinity" in the directions

27ia

eZ%® and e”=". Then there exists an admissible contour I'eq € C, a deformation of I, satisfying

hypotheses and solving the max-min energy problem (see (2.7)). Let ur,, € P(Teq) be

the associated equilibrium measure for I'eq in the external field p = Re V' and let ;ér;q be its density
. d .
with respect to the natural measure dz on U'eq, so that dur,,(z) = % dz. Then, there is a sequence

of complex numbers (Fi,(8,V )3 _o such that for every K € N we have

B, 2 K
B 3+5+3 Fr(B,V) —K—1
1 == _ — . .
nZyr(Vl= GNInN + —— 1nN+k;2 N TONTET), N oo (1.25)
Moreover, we have the formulas
F V)= p
—2(/37 ) - _5 1—‘eq [IU/FeqL
_ (B / dpir, Bl B, 2w p
F(B,V)= <2 -1 1n{ % (z)} dupeq(z)+ln2 +2ln . —InT 5 )

eq

Remark 1.4. The above expansion is a "complexification" of the known expansion for the partition
for B-ensembles on the real line, compare with (1.14)). Indeed Zr,, is a complexification of the usual
logarithmic energy in an external field and

Butlir) == [0 {%E2(2)} - dpr 2
Feq

is a complexification of the entropy. This is natural since in the case of V having real coefficients

and I' = R we expect to reproduce known results for the real case.
dpreq (2)

One should note that the density —3;1— is complex valued since it is a density with respect to
. . d .
the complex differential dz = 7., (#)dt on T'eq, so that overall dur,,(z) = %“(z)dz is real valued.

10



In view of Theorem it is natural to wonder if law of large numbers or central limit theorems
for linear statistics hold as they do in the real case [1} 19} [39] 49]. To state such a result, let us define
the complex-valued "measure" IIyr on I'N having mass 1 with density in respect to the natural
measure dz on I'V as

N N
def 1 -
I o Y — )P NBV (za) I 1.9
dIIy r(z) ZnilV] a|<|b(z 2p) CLlle dz, z € (1.26)

The normalisation factor Zy r[V] is just given by (1.15]).
We can also prove the convergence of the correlators under Iy, and for instance derive the
following statement.

Corollary 1.5. Under the same hypotheses as in Theorem

1. For every polynomial q,

1 N
Jim (N;qm)) dltyr(z) = [ a(:) du, (2). (1.27)

2. For every collection of polynomials q, ..., qk,

k N
ngnoo/H (Z qi (i) — N/qj(z) dureq(2)> dllyr(z) = Yala, - ),
j=1 \i=1

where Ve (q1, - .., qr) is defined recursively by

k
V(g ar) = m(q)Palqe - a) + > o(q,a)%a(az, - G- - k)
j=2

where m(q) and o(q,q") are defined in (6.17) and (6.18]).

Note that W follows the usual recursion of Gaussian moments.

1.5 Strategy of the proof

As we have already mentioned, the first key point is due to Cauchy’s theorem and the analyticity
of the function we are integrating, which imply that for every pair of contours I', TV C C satisfying

(I'1)| and [(I'2)}, the following equality holds
ZnrlV] = Zyp[V]. (1.28)

We shall first estimate the modulus |Zx 1 [V]] of the partition function and observe that it is bounded
from above by its real-valued cousin

N N
Zyr[v] & / I1lz =TT {e*NWZa)} dz| with ¢ = Re(V).
N a<b a=1

If T is the image of the real line by a smooth homeomorphism v : 7 C R — ~(J) with v(J) a
simple curve, Zy p[V] is also equal to

N N
ZnAV] = / [T 1v(@a) = 2(@)? TT {17/ (wa)] - e V50D b dax with o = Re(V) . (1.29)

JN a<b a=1
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Note that henceforth the support interval 7 of the homeomorphism is considered as part of the
data carried by the label "4". Let us also remark that the multiple integral has the natural
statistical mechanical interpretation as the partition function of a Dyson gas confined to the curve
~v(J) at inverse temperature 5 = 1/T. By analogy with the classical steepest descent method [31],
and this will be made precise in the course of this paper, one might expect that the modulus of the
partition function will be well-approximated by provided that the contour I" = y(R) is such
that the oscillations of the complex integral are minimised. In fact, since one can optimise with
respect to the original contour by , we always have the trivial bound

|ZnrV]l < _ inf  Zyz[V] (1.30)

where 7 denotes an appropriate set of contours that preserve the value of . Experience with
the steepest descent method leads one to expect that the rhs of is optimal to leading order.

The two partition functions introduced above are associated to two "models", the "real model"
and the "complex model" respectively. Given J C R a closed interval and v : J — C a smooth
simple curve, the "real model" corresponds to the probability measure on JV with density

N N
ef 1 — e
aPyA(x) © ——— T (@a) = )P [T {17/ @a)l - e ¥#0@D b ax,  xe g™ (1.31)
ZN”Y[V] a<b a=1

We shall call the "complex model" the complex-valued measure Iy 5, introduced in with
the caveat that now I' is replaced by a generic curve ¥ that might be compact. We introduce
these more general situations because, at several stages of our analysis, we shall need to focus on
"effective" situations where integration variables, aka "particles", are restricted to certain compact
subsets of the original curve I". We shall not dwell for the moment upon the precise conditions that
must be imposed on v so that these models are well-defined.

The asymptotic analysis of is now well understood as described in Section It is closely
related to a certain problem in potential theory. To see this, observe that for z € I'V having pairwise
distinct coordinates, we have

Zln

1<j

2
- 1) Z o(z) = l / <ln ]2—111)] +o(2) + go(w)) dLS\Z,)(z) ® dLg\Z,) (w).

F2
z#Ww

Z_ZJ’

Here, we have introduced the empirical measure Lg\z,) as in (1.9)), but generalised to the setting where
z=(2,...,2v) €CN, ie. Lg\z,) € P(C). The real density dPy (x)/dx is morally of the form

mp{_ﬁ§1[<<w]+wz GMVD—hﬂMﬂW},

in which v(x) = (v(21),...,7(zn)) and the linear statistic Lg\z,)(f) is as introduced in ((1.12)).

Still, this is only formal since, strictly speaking, Ip[LE\Z,)] = 400 due to the blow up issuing
(z)

from the diagonal. Nevertheless, configurations of particles such that Ly
dominate the asymptotics [8, [53], so that

is close to this minimiser

1 B B
— Inz 2 inf Ipju =21 N . 1.32
2 2Vl =5 il Trlu] = —STrlur] as N = +oo (1.32)

In physical terms, the partition function is dominated by the minimal energy configuration of the
particles. This is because the long-range forces In T=al and the scaling in N of the potential ensure

that the "energy" is order N? whereas the "entropy" and the contour curvature contribute only at
order N, and so the former is the dominant part of the free energy.

12



For our complex partition function, we find, after optimising our bound (1.30)), that we have

In|ZyTV
lim sup Mg[]‘ < _B sup inf Ix[y] (1.33)
N—+o0 N 2 TeT neP()

We shall show in this work that, in fact, the above upper bound is an equality. More precisely, we
show that there exists a constant Cz > 0 such that

|ZN7Feq [V] ’ 2 CBZN,'qu [V] (1 34)

for IV sufficiently large and a well chosen simple curve 7.q. This bound cannot be expected to hold for
any contour but holds only when I'eq = 7Yeq(R) is an S-curve in the external field ¢ = Re(V'). In this
sense, the S-curve is the analogue of a steepest descent curve, since it "minimises the oscillations."
This analogy between steepest descent contours and S-curves was made in the pedagogical article
of Kamvissis [41], here in the context of asymptotic analysis of Riemann-Hilbert problems. Clearly,
the lower bound together with (1.28) and (1.32)) shows that (1.33) is in fact an equality.

We prove the key lower bound by separating the integrand of @ into a modulus and a
phase and showing that the phase may be written as the complex exponential of a smooth quadratic
form in the empirical measure of the particles. In fact, we roughly exhibit a complex constant Cn
and a random variable Gi, such that

ZN e lV]

T L (O /egindP x). 1.35
ZN,'qu[V} N N’Pyeq( ) ( )

RN

Here, the random variable Gy, is purely imaginary and takes the form
G =iV [ o )A(LG) = i JALS ~ ir )0) +1N [ p@0LE = i, )(a).

Here, we denote pr,, = fygéupeq the pullback of the measure ur., by 7Yeq- The convergence of
the rhs of then follows when we show that Gy, converges weakly to a quadratic form in
Gaussian variables, and then, by a functional-analytic argument, that the expectation of the complex
exponential of this quadratic form is bounded from below by something uniformly positive, thus
establishing the lower bound . This convergence is established thanks to the convergence of
linear statistics under the "real model" Py, . The technique of proof follows closely the method
of Borot-Guionnet [19] and is based on the method of Dyson-Schwinger equations, also known as
loop equations or Ward identities. This is a central tool of this paper and is also used to obtain
the asymptotic expansion of the partition function stated in Theorem [I.3] The Dyson-Schwinger
equations relate various moments of linear statistics , with respect to either the real
or complex measure (|1.26). The Dyson-Schwinger equations involve the so-called master operator,
which, if it can be inverted on an appropriate functional space, allows one to solve these equations
asymptotically in the large-N regime and hence compute the asymptotic expansion of the moments
of any sufficiently regular linear statistic. We shall establish that, under our hypotheses, and in
particular in the one-cut regular regime, the master operators arising in the situations of interest
to us are invertible. This is crucial to solve asymptotically the Dyson-Schwinger equations but yet
not enough as remainder terms need to be estimated. The method of Borot-Guionnet [19] is then
to use concentration of measures to bound these terms, a tool which does not exist in the complex
case. The lower bound is key to transfer such controls from the real model to the complex
one. Once this is done, we can develop the method of Dyson-Schwinger equations directly for the
"complex model" and obtain asymptotic expansions for moments of linear statistics for this model.
This in particular Corollary [L.5]

From the large- N expansion of linear statistics one may then deduce a similar expansion for the
partition function . Indeed, if one has a family of potentials {Vt}te[o;l] depending smoothly
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on a parameter ¢ € [0;1] and so that V; = V| with V' being the polynomial potential one starts
with, and Vj a quadratic potential, then one has the identity

%ln Zys, Vi) = —BN?*Ens, [LE\Z[) <88‘t/t> ] + (boundary terms)

where {¥;}4c[0,1) is a family of compact arcs in C, smoothly varying in ¢ € [0;1] and Ey 5, refers
to the expectation with respect to the complex model . The rhs of the above equation can
then be expanded as the moment of a linear statistic, as long as our hypotheses are fulfilled at every
values of the interpolating parameter t. We remind the reader that, in case of quadratic potentials,
the partition function Zy ,[Vo] is given in closed form by the Selberg-Mehta formula (see Ch. 17
of [52]).

The structure of the paper is as follows. In Section[2]we review the theory of equilibrium measures
on curves in C. This theory is well-known however we review it to explain certain innovations we
make with regard to the interpolation between V and Vj. For real B-ensembles, in the one-cut
regular case, this interpolation is simple: by choosing Vj appropriately one can take the intermediate
potentials to be V; = tV + (1 —t)Vp. Then, the equilibrium measure for V; is the convex combination
(see Equation 7.5 of [20]) of the equilibrium measures of V' and V. However if one applies a similar
idea in the complex case, the corresponding intermediate equilibrium measures are in principle
much more complicated and it is not at all clear that they are one-cut regular. To circumvent
this difficulty a more elaborate construction was needed. This construction is also an innovation
of the present paper. In Section [3] we establish a priori concentration bounds of linear statistics
for the real model supported on a compact curve . In Section || we use the theory of large
deviations to show that we may replace the unbounded contour I' with a compact curve ¥ C I
up to an event of exponentially small probability. In Section [5| we prove the desired lower bound
on the complex partition function. More precisely, we prove such a bound holds uniformly for an
interpolating family of potentials V; and their associated S-curves. This is done by applying the
method of Dyson-Schwinger equations to the real model on a compact interval. As already
stated, we first separate the complex integrand into a modulus and a phase, and hence the ratio of
the partition functions may be written as an expectation with respect to the real model of a complex
exponential. We will find the exponent is a smooth quadratic form in the empirical measure of the
particles. We then use the method of Dyson-Schwinger equations to prove a central limit theorem
for linear statistics in the real model. An essential step in the analysis is to invert the master
operator of the real model, the invertibility of which is demonstrated in Appendix [A] This leads to
an expectation with respect to a Gaussian process which can be represented in terms of a Fredholm
determinant. This Fredholm determinant representation is proven in Appendix [C] With this lower
bound established, Section [6] extends established Dyson-Schwinger techniques from the real model to
the complex one, which allow one to characterise the expansion of the partition function of Theorem

and prove Corollary
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2 Equilibrium measures on contours

In this section, we review the theory of logarithmic potentials on curves. Let us assume we have
a simple (i.e. injective) C*> curve v : J — C, where J is either a compact interval or J = R,
and we denote I' = (7). In the case of J = R we assume I' satisfies and . Let
P(I") be the set of Borel probability measures supported on I'. We define the energy functional
Ir: P(I') —] — 00 +0o0] as

def 1

1elp) [ {1+ () + ot) Jaue) )
I‘Q

where %) d:ef Re(V) and V(Z) = % + O(Z"{_l) is the polynomial potential.

Definition 2.1 (Bounded Lipschitz topology). Let us equip P(I') with the bounded Lipschitz

topology. More precisely, for a bounded Lipschitz function f : I' — R, let

| fllBL(r) = sup | f(x)| + sup M
xel’ x,y#GF |x y|
a7y

be the bounded Lipschitz norm. Then the "dual" norm on (signed) Borel measures of finite total
[ra.
r

It is well-known that this norm metrises weak convergence, so that |u,|| — 0 if and only if
tn — 0 weakly and that (P(T"),dpy,) is a Polish space, i.e. it is complete and separable.

variation is

el =" sup
IflBLm<1

This induces a metric on P(T'), dpr(p, v) = || — v||.

Remark 2.2. Given a function f : ' — R we can naturally associate a function F' = foy:J —

R. By [(T'])]and (1.19) we have
CyllfllsLry < IFlsLg) < C5 I llsLr) -

Hence the space of bounded Lipschitz functions on I' and the space of bounded Lipschitz functions
on J are equivalent as metric spaces, with the pushforward under v providing a homeomorphism
between the two. For this reason we shall often speak of the weak topology on J and on I'
interchangeably.

Moving forward, it is well known [3] [8 9] that the energy functional Ir has the following prop-
erties.

Lemma 2.3. One has that

(1) Ir is a "good rate function,” i.e. is lower semicontinuous and has compact level sets (with
respect to the weak topology).

(2) There exists a unique probability measure upr € P(T'), the so-called equilibrium measure, which

minimises the energy, i.e. Ip[ur] = inf Ip[v].
veP(T)

(8) pr is compactly supported.

Proof. The first statement is proven by the same method as the proof of Theorem 2.6.1 in [3]
thanks to ([1.18]). The existence of a minimiser follows from the first statement. That the minimiser
is unique follows from Lemma [2.4] The final statement follows from the proof of Lemma 2.6.2 in
13]. O
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The above proof differs only from standard proofs in that one must use a slightly different
argument to show the positive definiteness of the "logarithmic distance", which is here defined for
measures in the complex plane rather than on the real line. This is contained in the following
Lemma, which also implies convexity of the energy functional Ir.

Lemma 2.4. Let u be a signed, real valued measure of finite total variation in C and zero net mass,
p[C] = 0. Then

1 1 |#A(p,CI)|2
In du(z)d = — ———>—dpdg > 2.1
/2 ]z w[ (z) u(w) 5 /2 5 q2 pdg >0 ( )

where
i) = [ (e +iy
is the planar Fourier transform of the measure.

Proof. This formula can be found as Lemma 2.4 of [24] but we include a proof for completeness.

[l = wldu@)dute) = 5 ( /wd> dpu(2)dp(w)
C2 c2 1
_ % C/ ( Zl/w ( :/Ooest dt> ds) dpa(2)dp(w)
=2 7( / o~ du(z)du(w)> % ,
0 C2

where we have used that p has net mass zero. Finally, if we write z = z + iy and w = u + iv we
may use the Hubbard-Stratonovich transformation

el b / o £ P+ —ia—Wp=il—0)a 4y dg |
47
R2
Substituting this into our formula and performing the integral over ¢ yields the result. O

Remark 2.5. Note that if p is supported on the real line then the Fourier transform fi(p, q) = fi(p)
is independent of q. Then the integral fR ﬁ dq = I%\ may be performed and we recover the usual
formula which appears for measures on R.

Definition 2.6. Let u,v € P(T"), then
D:P(I) xP(I') — [0;+0o0]

D) = | [ = (- ()

CQ

|2 — wl

defines a distance (which may take the value +00) on P(I'). By using v to pull back the measures
onto J, the support of ~,

D, :P(T) x P(T) — [0; 0]

1
0,0) = | [t A= )= 1))

j2

similarly defines a distance.
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From Lemma [2.4] it is easy to deduce the following corollary.

Corollary 2.7 (Logarithmic Cauchy-Schwarz). Let p, v be two signed Borel measures on I', each
of zero total mass p[l'] = v[['] =0 and of finite total variation. Then

1 1 1
In ——dp(z)dv(y) < /lnd,u:v du(y) - /lndyx dv(y) .
[ dnt@ avty) e o) ) vy
2 2 2
In the case that J is the compact interval [a; b] we can establish a relationship between . and

the topology of weak convergence.

Proposition 2.8 (Relationship of ©, to weak topology). Let J = [a;b] with a < b and let f €
Wr(T), where Wp°(J) and its related norm are recalled in Definition . Let p,v € P(J). Then
there is a constant €7 > 0 such that

/ FA(u—v)| < €l Fllwee(ryDy () (22)
J

Above, D~ is as introduced through Definition @ If v depends on some auziliary parameter t €
[031] in such a way that the constants in (1.19) are uniform int and the ||y||\yeo(7) are also uniformly
P

bounded in t, then €7 > 0 may be taken independent of t.

Proof. Let us first consider the case when f € C*°(J). By virtue of Proposition c.f. (A.29),
there exists g € C*°(J) and an f-dependent constant K,[f] such that

1 d

fle) = Klf) = J/ln A& )] dy

where =, is the real master operator defined in (A.18)), and subordinate to the choice 7' = J. Note
that the above formula follows from an integration by parts in the definition (A.18]). Then

(Vb)) de

defines a signed Borel measure of zero net mass on 7. Substituting this and applying Corollary

(V= a)=v)9v)) dy = =, [g)(x)

do(z) = 1y()

we have

[ 10 =6 £2y0), | [ f@) 5 (Vo= b= 2)g()) do < Col e 7040
J J

by Proposition [A.3] Furthermore, this Proposition also ensures that €7 > 0 may be taken to be
independent of ¢t € [0;1] if v depends on ¢ as stated in this proposition’s hypotheses. The bound
then extends to all W°(J) functions by density. O

Moving forward, from the fact that pupr minimises Ir, ur must satisfy a first order condition. This
is the content of "Frostman’s lemma" which we shall now state. Define the electrostatic potential
associated to a probability measure p as

Ul [ d(w). (2.3)

C

Ulp] takes values in R U {+oo} and is lower semi-continuous, since one can write

Ulp(z) = sup / min{L,lnl} dpu(w).

L>0 |z — w
C
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Definition 2.9 (Zero capacity set). We say a compact set K C C has zero capacity if for every
veP(K),

1
In dv(z) dv(w) = 400
= ww)
K2
An arbitrary Borel set A C C is said to to have zero capacity if for every compact set K C A, K
has zero capacity (see Section I.1 of [53]). We say a statement holds quasi-everywhere (q.e.) if it
fails on at most a set of zero capacity.

Lemma 2.10 (Frostman-Euler-Lagrange). There exists a constant Cr € R, termed the "equilibrium
constant,” such that

Ulpr](z) + ¢(z) > Cr Vz €T\ supp ur, (2.4)
Ulpr](z) + ¢(2) = Cr q.e.z € supp jur - (2.5)

Conversely and are also sufficient conditions for the equilibrium measure, and since the
equilibrium measure is unique, they uniquely define the equilibrium measure. More precisely, if one
has a probability measure on ' for which there exists a constant Ct such that and hold,
then such a measure is identical with the equilibrium measure.

Proof. See Theorem 1.1.3 in [53]. O

Remark 2.11. If up has continuous density with respect to arc length measure then Ulur] is
continuous and the equality (2.5) holds everywhere in the support.

Corollary 2.12. Let I" and L be two "admissible” contours (in the sense of Deﬁnition and
let r..g be its associated effective potential

pre(z) < o(z) + Ulur](z) - Cr, z€eC. (2.6)

Suppose that T' and r only differ outside supp ur, t.e. suppur C I'N f, and ¢r.eg(z) > 0 for
quasi-every z € I'. Then ur s also the equilibrium measure for the contour T', i.e. ur = pig.

This corollary effectively states that we are free to deform the contour away from the support in
the region where the effective potential is non-negative without affecting the equilibrium measure.

Lemma 2.13. The equilibrium measure has a continuous density with respect to Lebesgue measure.
More precisely, there is a function X € C*°(I') such that

dpir(z) = \/max{\(@), 0F |d
where |dz| is the arc-length measure on T'.
Proof. See the proof of Lemma 3.2 in [6]. O]

The theory developed thus far has pertained to sufficiently regular but otherwise arbitrary con-
tours in C. However, if we optimise our contour, then we can achieve additional desirable properties.
Motivated by our discussion in the introduction, we will deform I' to a contour I'eq which solves
the so-called maz-min energy problem. To make this precise we must introduce some definitions,
taken from [47]. We first introduce the set of admissible contours. In the aforementioned work, the
authors consider contours with more complicated asymptotic conditions labelled by non-crossing
partitions. Our setup amounts to considering only the partition of {1,..., k} containing {«, @’} and
all other sets being singleton sets.

18



Definition 2.14 (Stretching out to infinity [47]). We define k sectors

2r(j — 1)

ith j¢€|1; .
U i e 1wl

S; = {z e C : |arg(z) — 0] < 21} where 0; =
K
A set F' C C is said to "stretch out to infinity in sector S;" if there is an € > 0 and an rg > 0 such
that for all » > rg there is a z € F' such that
™
— —e.
2K

Definition 2.15 (Admissible contours [47]). The set of admissible contours T («, o) is defined as
follows. I € T (a, &) if and only if the following conditions hold

lz| =7 and larg(z) — 6;| <

(1) T is a finite union of C! Jordan arcs.

(2) T is connected.

(3) T stretches out to infinity in the sectors S, and S,.

(4) Forevery £ € {1,...,k}\{e, '}, there is an R > 0 sufficiently large so that ' (S \ Do r) = 0.

Above, D, , stands for the open disk of radius 1 centred at z.

We say that T'eq € T (a, @) solves the maz-min energy problem if

sup inf~ II" M) = 1nf IFe u = IFe )ul—‘e ] 27
TeT(a,a) #EPT) 2 pEP[Teq) ol q[ q] (2.7)

Related to this is the so-called S-property.

Definition 2.16 (S-property). We say that I' € T («, o) satisfies the S-property if there is a set
of zero capacity E such that for any z € supp ur \ F there is a neighbourhood D > z such that
D Nsupp ur is an analytic arc and

SO (Ulr] + 9)(2) = 5o (Ul +9)(2) Veesppur\E (28)
N4 n_

where % are the normal derivatives taken on either side of the contour. We remind the reader

that pur € P(T) is the equilibrium measure on I' in the external field ¢. If T satisfies the S-property
we say that I' is an S-curve.

The S-curve condition should be regarded as a first order condition for the maximisation of the
energy of the curve. We now state a crucial existence theorem established by [47]. Let C[u] be the
Cauchy transform of a measure p, namely,

def 1 1
Clulz) = 5= [ —— du(w), z € C\ supp p.
C

Theorem 2.17 (Existence of curve solving the max-min energy problem [47]). There exists a
contour Teq € T (v, @) which solves the maz-min energy problem . Furthermore the contour
Leq is an S-curve in the external field ¢ = Re(V).

The equilibrium measure pr,, of Ueq in external field ¢ is supported on a finite union of analytic
arcs that are critical trajectories of the quadratic differential —R(z)dz?, where

R(z) = (2mi Clur,,(2) + V’(z))2 z € C\ supp pir,, (2.9)

is @ monic polynomial of degree 2k — 2. The equilibrium density may be expressed in terms of R by

dpr.,(2) = %\/R(z)+dz.
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Above, \/R(Z)Jr/i denotes the limiting value of s — \/R(s) as s — z € I'eq non-tangentially from
the left/right of supp ur,, with respect to its orientation. Moreover, one has the closed formula

VR(z) = 2ni Clur.,)(z) + V'(2), z € C\ supp pir,, - (2.10)
Finally, the S-curve condition (@ holds everywhere except at the endpoints of the analytic arcs.

Note that the arc one-form dz and % R(z) 4 are separately not real valued, however their
product is real valued, and to say that %\/R(z)Jr dz > 0 is exactly to say that the support of the
equilibrium measure is a critical trajectory of —R(z) dz2. We stress that the curve I'eq is not unique.

Indeed, by Corollary the curve I'eq can be deformed outside of supp ur,, into another curve

[eq so long as ¢r.cg defined in remains non-negative throughout feq. We also specify that the
S-curve property only tests properties on the support of the equilibrium measure. However, up to
such deformations, the optimal curve is unique, so that any two contours that solve the max-min
energy problem for 7 (a, o) will share the same equilibrium measure (see p. 7 of [47]).

It follows from the representation (2.10)) that

VRE) = 8(2) - [(2 - Q)= = )2 (2.11)

with S a monic polynomial of degree k — 2 and o¢q = supppr,,. Here,

G- aG- @l = c-a enf [50 (212)

s—2z)
Oeq

stands for the square root of (z — (1)(z — (2) which has its cuts along oeq, is analytic on C \ oeq,
behaves as z(1 + o(1)) when z — co and whose boundary values on oeq satisfy

1/2

(=)=, = —[(z—C)(z— Q)]

One establishes (2.11)) by observing that given a contour I'¢q solving the max-min problem, it holds

VR(z), = —VR(2)_ for 2 € SUPP UT,, - (2.13)

1/2

Oeqs—

for 2 € supp pr,, -

Hence,

S(z) = R(z) (2.14)

[z =)z — )]

Oeq
extends into an analytic function on C since it has no jumps on oeq \ {¢1, (2} and has removable
singularities at (1,(2. Since it grows at most as 272 at infinity, one infers that S is a monic
polynomial of degree k — 2.

We deduce from (2.13) the complexified Frostman-Euler-Lagrange conditions

i Clury,)+(2) + miClur, |- (2) + V'(z) =0, Vzesupppur,, \{z €T : R(z) =0}. (2.15)

This equation compactly expresses both the Frostman conditions and the S-curve conditions, since
multiplying by 4" and taking the real and imaginary parts one finds the Euler-Lagrange conditions

(2.4) and (2.5) and the S-curve condition (2.8) respectively.
If we multiply (2.15) by a continuous function f and integrate with respect to dur,,, we find

that

_;/Wdﬂmq('z) dpr,, (w) + /V’(z)f(z)dupeq(z)_(] (2.16)
1"2

Teq

for all continuous functions f : I'eq — C.
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Definition 2.18 (One-cut regular). Let V(z) = % + O(2*71) be a polynomial potential and
Leq € T(a, ') be a solution of the associated max-min energy problem (2.7). Then we say that V
is one-cut regular if

(1) The support of the equilibrium measure pr,, on I'eq is connected.

(2) It is possible to choose the curve I'eq € T (a, ') solving the max-min energy problem such
that the polynomial R (defined by (2.15))) has simple zeros at the endpoints of the support of
the equilibrium measure and no other zeros on I'ey.

Moving forward, given an equilibrium measure ur,, associated to the solution of the max-min
energy problem there is a natural way of choosing the contour in a neighbourhood of supp ur,,, that
has many desirable properties. Let V' be one-cut regular and (1, (2 € I'eq be respectively the lower
and upper endpoint of the support of the equilibrium measure according to the orientation on the
contour given by dur, (z) = %«/R(z)Jr dz > 0. Recall that \/R(z), as defined through (2.10)), is an
analytic function on C\supppr,,. Hence, given the smooth injective curve 7eq realising 'eq = Yeq(R),
we identify ¢; as the unique solution to 7eq(t1) = (1 and define T'eqc;, = {7eq(t) : ¢ € [t1;400[}
as the portion of the curve I'cq located after the first endpoint of the support of the equilibrium
measure.

Then, one can define the map

GZC\Feq;Q —C
o(z) = / %\/R(m dw. (2.17)
G

in which the integration path from (i to z does not cross I'eq.c;. © is holomorphic on C \ Ieq.c,
and admits cuts along I'eq;¢; with continuous £ boundary values. Since the integrand has a square
root behaviour at ¢; and (2, © exhibits 3/2 root singularities at these points, see e.g. [29]. More
precisely, there exist biholomorphisms g, ¢ defined, resp., on Dy, and Dg 5 with 1,7 > 0 such that
0(0) = 0(0) = 0 and

N

3
2

O(z) = —i[g(z — (1)] , Z€D¢ and O(z) = s(z) — i[E(z - Cz)} , 2€Dg7, (2.18)

in which s(z) = 1 if z located to the left of I'cq while s(z) = —1 to z located to the right of I'eq.
There the 3/2 roots are computed with respect to the principal branch of the logarithm, and the
curves suppur,, D¢, ¢, and suppur,, MD¢, e, With €, > 0 and small enough are respectively obtained
by solving the equations

o(z—¢1) = —t, resp. g(z— (o) = —t, with te[0;€] (2.19)

where € > 0 and small enough.
Of particular interest, is the map obtained from taking the + boundary value on supp pr,,:

O : supp pr., — [0;51]
[ 1 2.20
O+(2) = / E\/R(w)+ dw. (2:20)
G

O is manifestly a bijection between supp pr,, and [0;1]. However, © is not analytic on an open
neighbourhood of supp pir,, because ©(z) and 1 — O(z) vanish with a 2 power at z = ¢; and z = (
respectively. However, outside of (y, (s it can be analytically continued by observing that starting
from one may recast its integral representation as

Teq;l

0., (z) = /;S(w)[(w — ) w— &)Y dw (2.21)
1
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where ¢ is a slight deformation of the contour o.q away to the right of it and S is as introduced
in (2.11). The above is manifestly analytic in an open neighbourhood of z € g¢q \ {(1, 2}

Now, one can improve the behaviour at the endpoints (1,(s by introducing an appropriate
reparametrisation of [0; 1] by means of the + boundary value of a function having 3/2-singularities
at the endpoints. This allows one, all-in-all, to cancel these. Let

‘IHC\R“”—)C
\IJ()—S/Z 2(w—1)2d
Z—iﬂ_ w w w,
0

(2.22)

where we use the principal branch of the logarithm to define the power laws. W is analytic on its
domain of definition and there exist biholomorphisms 7,7 defined, resp., on Dy, and Dy7/ with
7,1’ > 0 such that

3
2

U(z) = —i[7(2)]>, 2 €Doy and U(z) = sgn(Imz) —i[7(z—1)]%>, 2z €Dyz . (2.23)
The + boundary value of ¥ on [0; 1] is a bijection onto the same interval.

Uy :[0;1] —[0;1]

v = o [ww-)

17T
0

. (2.24)

—+ ol

Just as for ©4, U, admits an analytic continuation onto an open neighbourhood of any z €]0; 1].
It is direct to infer from the above discussion that

v=07"oW, :[0;1] — supp pr,, (2.25)
is a bijection.

Lemma 2.19. The map ~y introduced in ([2.25) extends into a biholomorphism from an open neigh-
bourhood U, of [0; 1] onto 'y(UV). U, contains supp pur,, in its strict interior. In particular, y(z)—(C1
has a simple zero at x = 0 and y(x) — (2 has a simple zero at x = 1.

Proof. It follows from the local behaviour of ¥ ([2.23)) around 0 and 1 and of © (2.18)) around (;
and (o that

Y(u) = o7 (t(w) + G resp.  (u) = o (Flu—-1)) + ¢

provided that |u|, resp. |u — 1|, is small enough. This ensures that v extends to an analytic map in
some open neighbourhood of 0 and 1.

Let to €]0; 1[ and let 29, 59 be defined through 2z = ©7'(¢9) and sy = \1111 (to). Since ©', (z9) # 0,
resp. ¥/, (so) # 0, and the function is analytic in some open neighbourhood of zy, resp. sq, there
exist local biholomorphisms T, ¥ mapping 0 to 0 such that

E4(2) = E4(20) + Y(2 — 20) and U, (s) = Vy(so) +x(s—s0), (2.26)
=to =to

on some neighbourhoods of zy and sg. Hence, for |s — sg| small enough, it holds

v(s) = zo+ T 'o X(s — s0) -
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From now on, we take € > ¢ > 0 small enough so that
[—es1+e C[-€;1+€] CU,y.

Below, we will show that we can take y([—€;1 + €]) to be a portion of our desired contour I'¢q and
we refer to v as the analytic parametrisation on this segment. To "complete" the contour we will
need to connect y([—€; 1+ €]) to infinity in such a way that the resulting contour has all the desired
properties. The result of [47] only ensures that any contour solving the max-min energy is at least a
union of finitely many C! arcs; however for our problem, it will be convenient to improve on certain
properties of the curve.

Proposition 2.20 (Existence of desired contour). Let V' be one-cut regular. There exists an ad-
missible contour Teq € T (v, ) with the following properties.

(1) Tey satisfies and [(T2)]
(2) Teq solves the maz-min energy problem in external field ¢ = Re(V).

(3) v([—€;1+€]) C Teq, where 7 is the analytic extension of (2.25).
For any z € Toq \ SUPD Ur.,, ©T...cff(2) > 0, where the effective potential is defined by (2.6)).
q /J’ eq <10 eq

Proof. See Appendix [B]
L]

Definition 2.21 (Complex effective potential). Let I'¢q the contour provided by Proposition m
Let (1,(2 € Teq be the lower and upper endpoints of supp ur,, according to the orientation

%\/ R(z)dz > 0. The complex effective potential is given by
def [
q)Feq;eff :C\ Leq — C, (Preq;eff(z) = V R(w) dw (2.27)
G

where the integration path from (; € C to z € C is taken arbitrarily as long as it doesn’t intersect
with I'eq away from (;.

It is natural to think of ®r_.¢ as a complexification of the effective potential (2.6) because
Re [@peq;eg] = Pl.qeff- Note that

Progieft (2) = V(2) + greglire)(2) = C

for some constant C' € C, determined by ®cg(¢1) = 0, and where gr[u| was introduced in Definition
. This can be seen from the fact that the derivatives of both sides are equal by ([2.9).

Proposition 2.22. It holds that Vz € v([—€;1 + €])

Im ([(I)Feq;eff]+(z) + [(I)Feq;eff]_(z)) =0, (2'28)

where £ refers to the left and right boundary values according to the orientation of y([—€;1 + €]).
Furthermore, Vz € v([—e; 1+ €]\ [0;1]),

Re ([cppeq;eﬁ] L (2) + [, en] 7(2)) > 0. (2.29)

Proof. Recall that [q)[‘eq;eﬂ‘]+(<—1) = [@Feq;eﬁ]f(gl) = 0, hence we need only to show that the left

hand side of (2.28) is constant on v([—€;1 + €]). Observe that on supppur,, = v([0;1]), the maps
zZ = [@peq;eg] 4 (2) are continuously differentiable and furthermore that

[‘bl“eq;eff]:r(z) + [(I)Feq;eff]/,(z) = \/W+ + VR(z)_ =0.
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For z € y([—€;1+ €]\ [0;1]), we observe that

[@rqet] , (2) + [Progen] _(2) = i1{01(2) + O_(2)} = in{ (v }(2)) + ¥-(v"'(2))} -

However, for x < 0, it holds

it{Wy(z) + V_(2)} = —16/\/w(w— 1)dw > 0
0

while, for > 1, it holds

im{¥i(z) + ¥_(z)} = 16/\/w(w— dw > 0.

This entails the claim. O

Proposition should be regarded as showing that 'y([—e; 1+ e]) plays a role analogous to a
steepest descent contour.

In our approach it is essential to interpolate the partition function we are interested in with
one that we can compute. In past works on [S-ensembles [19] 20] a rather simple interpolation was
possible: by matching endpoints, a convex combination of potentials yielded a convex combination
of equilibrium measures. Thus, the intermediate potential V; and equilibrium measure were both
linear in the interpolation parameter ¢ € [0; 1]. Unfortunately such a simple solution cannot be made
here because the initial and final equilibrium measures live on different curves and so it would make
no sense to take convex combinations of the two. We instead use a more complicated construction
which starts by finding an interpolation between the initial and the final S-curves and then works
backwards to find the family of potentials that gives rise to it.

Hereafter in this section, v will be the path defined by ([2.25)), or more accurately its analytic
extension to [—€;1 + €. Let

det 7(t2) (G2 — G1) + G (v () — C2)
() =G

Note that for every ¢ € [0;1], 7(0) = ¢(; and v (1) = (2. Whent =1, vy = . When ¢ | 0,
I'Hopital’s rule shows that vo(z) = ({2 — (1) + (1, which is simply a straight line path from ¢; to
(o (recall that v is analytic and so the relevant derivatives exist).

Let us now reverse the logic and find an equilibrium measure and potential associated to the inter-
polating curve ([*6 i1 +e]). Let us denote the interpolating equilibrium measure as %\ /Ri(2), dz
and the potential as V;. R; or V; will turn out to be certain analytic functions in some open neigh-
bourhood of 4 ([—e : 1+e]) but, in principle, neither of these will be a polynomial. Note that because
7 is invertible on the neighbourhood U, of [—€;1 + €], v is invertible on U,/t D [—€;1 +€]. To
start with, we define R; for all ¢ € [0;1] on

Ye(z) tef0;1], z€[—e;1+¢. (2.30)

(o) - P ) o
through
Ry(z) = 64%_1(2)(%_1(Z) D | (2.32)

()]

This equation is true for t = 1 by (12.25)), i.e. yields Ry = R. R; so defined is hence analytic in
both t € [0;1] and z € (U, /t). Ry admits two zeroes on (U, /t), both simple. One is located
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at z = (1 and the other at z = (s. [%(7;1(2))]2 - Ry(z) < 0 on %([0;1]) and this is the only
subset of (U7 / t) where it takes real negative values. We then define \/R;(z) as having a cut along
7([051]). It is then direct to check that

VR (w) = /a1~ 7) (2.33)

i

which shows that as ¢ | 0 the equilibrium measure tends towards the Wigner semicircle law.

Remark 2.23. Note that /R, (7¢(z)), 7 () dz is precisely the pullback of the measure L/ R(2)dz
from the curve to the real line under ~;. Thus (2.33) states that the pullback of this measure under
v always yields the semicircular distribution on [0; 1] independently of ¢ € [0;1]:

dvge(z) = —]lo q(r)y/z(l —x)de . (2.34)

Next, let us reconstruct the potential that gives rise to this equilibrium measure. To define V;
we enforce that (2.10]) is true, namely we set

R L [ R,

7([051])

(2.35)

The above allows one to provide an alternative expression for V; where its analyticity in the neigh-
bourhood of [—¢;1 + €] is manifest. However, for that, we need a more structured expression for

Rt(z).
Lemma 2.24. There exists Sy(z) jointly analytic int € [0;1] and z € v¢([—€;1 + €]) such that

Ri(z) = [z = )z = Q)7 Suz)  where oy = %([051]), (2.36)
the square root is defined as in while
oy, «w—@>31—wﬂw G~
St(z) = S(Zt) (t(CQ _ Cl) CQ . 1— 7 (Zt) (237)

where S(z) has been introduced in and z, = 220= Cl) %( 1(t)=C2)
In particular, 0,S¢(z) is again jomtly analytzc inte|0; 1] and z € 'yt([ e;1+¢€).

Proof. We begin with formula (2.32) and observe that v, '(z) = 2y (). Since

G -G
y(t) = ¢

N O N O B,
Ri(2) = 64797 (2) tg[,y/(,y—l(zt))f < G- >

By taking the expression for R;(z) = R(z) and using ([2.11)), one infers that
1 S (z) (= @) (= — Q)

()]t 6 ) () 1)

All-in-all, this leads to Ry(z) = SZ(z) (z — (1) (z — CQ) Upon taking the square root cut along
= ’yt([O ; 1]), one gets the claim upon fixing the sign by taking the £ — 1 limit. In order to deduce
analyticity, one observes that (¢,z) — z; is clearly jointly analytic, and furthermore the functions

vi(x) =ty (tz) -

one arrives to

-1
1_4721;@ and 1_%flz(tZt) are jointly analytic in z and ¢ and have no zeroes or poles so that their
logarithms are well-defined. O
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Starting from the representation obtained in Lemma (2.35)) reduces to

Vi) = 5 (- 95 9) - [lw-aw-aln MW=, e

with oy = 14([0;1]). It is clear from the above that V/ is analytic on a neighbourhood of the curve
%([—e i1+ e]) Finally, we set

Vi(z) = V (Q—;@) + / V/ (w) dw. (2.39)
(SRS

It is direct that V;(z) is jointly analytic in both ¢ and z. Moreover, V; =V while

! ¢1+<2>2 <<1+<2>
Wiz) = ——= | 2z— +VIi=—=]. 2.40
) = ey (- 3 ! (2.40)
Lemma 2.25. For any p € N, there exists C}, > 0 such that
H’YtHWgo([fe;He]) < Gy uniformly in t € [0;1]. (2.41)

All the derivatives of v are bounded with bounds independent of t € [0;1]. Furthermore, there exists
a constant 0 < C, < 1 independent of t € [0;1] such that

(@) =@l _ -
<

0<C, <
K |z —y|

Vo, y € [—e;1+¢€. (2.42)

Proof. The first claim is trivial. For the second claim, observe that

@) =%l _ )t hita) = vty)]
x| 2 Gl -ty

is bounded above and below by constants independent of ¢ by compactness of

But \v(ﬁg tw(lty)l

[—€;1 + €] and injectivity of . Finally, the singularity of Wt—éll at ¢ = 0 is removable because
7'(0) # 0. O

Corollary 2.26. There is a constant C > 0 independent of t € [0;1] such that |V{ (vi(z))vi(z)] < C
for all z € [—e; 1+ €.

Proof. Combining ([2.33) and (2.35]) we find the formula
1
v/ =8(z— ¢ —/\/ < — )dy.
(7 (@)) i (@) ( > ’Yt( ) y—ux

The claim follows from the observation that % — %I is bounded by a constant independent

v
of t € [0;1].

O

The next proposition shows that upon choosing V; as described above and considering the as-
sociated external field ¢ = Re(V%), the natural candidate for the equilibrium measure of Iy, with
St=n ([—e; 1+ e]) indeed yields the equilibrium measure.

Proposition 2.27. Let

ef .
dus, (2) d— 1s,(2 \/ L dz with or = 1([0;1]) (2.43)

and ¥ = ’yt([—e; 1 —i—e]). Wy, s the equilibrium measure of the energy functional Ix, in the external
field o, = Re(Vy). Furthermore, ¥ is an S-curve in the external field py.
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Proof. By construction duy, is a probability measure that solves the complexified Euler-Lagrange
equations (2.15)). One thus needs to check the positivity properties of the associated effective
potential.

Define ®x,..x(2) = f  Ri(s) - ds with z belonging to a small open neighbourhood of 3; split

G
in two by ’yt([—e’ ;14 €]) with € > €. The path of integration joining (i to z is always located in

the side of ¢ ([—€ ;1 + ¢']) which contains z. Then, one has that

T

1
{CI)Et;eff 'Yt /W ’Yt dS = 8/ i(s—l) ds

is independent of ¢ € [0;1]. Since, by construction, Re <®Et;eﬁ(2’)) = @y, (2), one gets for x <0
that

Pt (V1 (2 / Vyly—1)dy>0  and  oxen(v(z / Vyly —1)dy >0,

for x > 1. Hence, by Lemma dpy, is the unique equilibrium measure on ¥ in external field

Pt-
O

Definition 2.28 (Contours). Let I'; be the contour constructed in Lemma Iy be the infinite
straight line passing through (; and (o, and let

, Ye([—e;1+¢€]).

Thus, in particular, ¥g C I'g and ¥; C I';.

3 Concentration of measure

Throughout this section, we focus on a curve 7, : J — C with J a compact interval. The curve
7 is assumed to be simple, i.e. non-self-intersecting, and C*°. The curve depends on an auxiliary
parameter ¢ € [0;1] in a smooth way and such that there exist constants C,, > 0 and {C)},>0 such
that

Ielwgey < Cp  and Gy < W‘ <t (3.1)

this uniformly in ¢ € [0;1]. Moreover, we shall assume that the curve admits an extension to a
strictly larger interval Jie JCOCJ with O open in R, satisfying the same properties.

In later sections, we will be basically interested in two cases. The first one when 7, = v for
t € [0;1] where 7 is the curve associated with I'eq as provided by Proposition and J = [-K ; K]
with K very large. The second one when 7, = =, for ¢ € [0; 1] where 7, is the curve defined in
and J = [—€;1+¢€] .

We shall consider the real model associated to n:

N N
def 1 A N ! .o NBP(zk) L, N
oo 00 = g iy Ll o) =) T {e)l - frax, xegV (32

where

=z

2 Wi = [ [T i) — o) 0 S CRIR S R (33)

TN 1<j =
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Above and in the following, let us fix the shorthand notation ¢; = Re (Wt o %). For the purpose of
this section, the potential W; will be an analytic function in the neighbourhood of the curve 7;(7)
that is also jointly analytic in ¢ € [0;1]. In particular, it will be such that

IWellyyee (7)) < Co (3.4)

for some Cj, that is uniform in ¢ € [0;1]. Eventually, we will be interested in two cases: W; =V,
with V' the polynomial of , and Wy = V; where 1} is the interpolating potential introduced
in . We will show in Section [4f that the compact model where (n;, W) = (v,V) is a good
approximation for the original model and that it allows one to access to the relevant part of the
large- N behaviour of the interpolation in ¢ between the partition function subordinated to original
potential V' and one subordinate to a quadratic one. The method of this section follows closely
Section 4.2 of [36].
The problem on the interval J naturally leads to the energy functional

J7:P(T) — (—00,+0]

200 [ (e )+ aW)) ) >
72\ (@) = n(y)]

J7 is essentially the same functional as Ig,, with ; = nt(j ) since the two are related by pulling
back measures from the curve to J under 7, hence by Lemmata 2.3] and J7 has a unique
compactly supported minimiser given by the pull back measure g, = nt [te,]. In particular,
when (n¢, Wi) = (v, Vi), the latter is readily seen to be given by dvg.(z) = %1[0;1] (x)y/z(l —x)dz
(recall Remark [2.23). Throughout this section we will make the additional assumption that J
strictly contains supp [ﬁgt], 1.e. that there exists an open set O such that supp [ﬁgt] cocJ.

Lemma 3.1. Let v € P(J) be a Borel probability measure on the compact set J C R, absolutely
continuous with respect to Lebesque measure and with bounded density. Let

£kzsup{seR:1/U—oo;s]]§]]3} k=1,...,N—-1

be the % quantiles. Let & = inf supp v and {n = supsuppr. Then

N
% > (&) = m(&)| = /lnlm(fﬂ) — m(y)| dv(@) dv(y) + O <h}\§v)
ij=1 i
i 7

The remainder is uniform in t € [0;1].

Proof. Let us write In [ (z) — n:(y)| = Az, y) + In |z — y| where A(z,y) = In

m(zi_Zt(y) for z # y
and A(xz,x) = In|n)(z)|. Note that A is a C* function thanks to (3.1)) and, by Lemma all of
its derivatives may be bounded independently of ¢ € [0;1]. Hence the only thing we need to show
is that

1 Y In N
N d g ¢l = /m\x —y|dv(z)dv(y) + O <N> .
i,;;.l 72
i#]
Let us write

N N
/ln|:v—y|du(x)du(y):{ Z + Z } /1n|x—y|dl/(x)du(y).

2 =l = S
! g2 i<l Gl
N—— X §j71,§j]

=:(A)
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M) and

Contribution (A) corresponds to the tridiagonal terms. By hypothesm suppr C [—M;
< 0. Hence

dv(z) < Kdx for some K > 0. This implies that & — &_1 > N and that In |2
decomposing In |z — y| = |x yl + In(2M) leads to the bounds
3N — 3N —2 ,
e ln(2M) (A) > 2 In(2M) — (4"),
with
N—1 52 §z+1 2M
(A" Z /ln ’ dl/ (z)dv(y) + 2 Z /dl/(x)/du(y) In T
T — — )
=l &i
N & &i—&i—1 No1 & Eit1
2M 2M
<2KZ /du(:z) / dyln7+2Kz / )/dyln
e 0 =le & -

<~ [In2M) +1+InK +InN]2M .

Further, the bounds ﬁ < & — &1 < 2M lead to the estimates Zgj:l,\pﬂzlln‘f%’ - & =
O(NInN).
Finally, the elementary inequality |In|z| — In|y|| < |z —y| (\xl m) allows one to estimate the

remaining sums:

N & &j

> [av@) [l - gl - tnfe -y

R
K & 1 L\ _qo(InN
I ~e1r6 -0 () =0 ()
\1—j|22

Next, let us establish a lower bound on the partition function.
Lemma 3.2 (Lower bound on partition function). There ezists a constant C > 0 independent of

t €[0;1] such that
2

N
In Zn 1, [Wi] > _%Iﬁt [/mt] —CNInN .

Above, Qy = (J) while the curve ny and the potential Wy satisfy to the hypotheses stated in the
beginning of the section.

Proof. As in Lemma let &,...,&N be the % quantiles of the equilibrium measure g, =
77t# (e, ], the pullback to the real line of pg,. Taken C), as given in (3.1), one has

N N
ZN g [Vi] 2 0717\7 / H Ine(zi) — m()|? H e NBo (k) qx
[ x—€]loo<N-2 ¥<J k=1

where we recall that ©; = Re (Wt on¢). Then, by .,

KC:?
[ne(z) — ﬁt(Ij)| > (&) — nt(fj)\ (1 — 2 N’i )
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where dpig, (z) < K dz. Similarly, one has

N

N
N Gilz) < NY @il(&) +C
=1

j=1
where we note that by (3.4 this C' may be taken to be independent of ¢t € [0;1]. Finally, the
resulting integration region has volume ( N2) Then, by Lemma [3.1] we obtain the result. O

Moving forward, let us follow Maida and Maurel-Segala [51] and define a regularisation of the
empirical measure.

Definition 3.3 (Regularised empirical measure). Let Lg\f) be the empirical measure, c.f. ((1.9),
(%)

associated to some vector x € RY. Since L N is invariant under permutations of the coordinates of
X, we may just as well assume that 1 < --- < xn. Then, we define
fl =T

5k:zik_l—l-max(xk—:z:k_l,]\f*g) for k=2,...,N.

Next, we define the regularised empirical measure f%) € P(R) by

—(x) def 1
dLN():N N

(z)daz.
= ]

~ 1~ 1
[wk* anG i TE Tt os

Now, observe that one may decompose
[ A2 WAL ) ) — o) = W+ 72

where

[NIES

N N
N - N B _ - 1
Wi = / g In |ne(F; + N~%u) — 1u(Z; + N~%)| dudv = Z e (3) = ()] + 0(7)

“ “ N
1 6j=1 1,7=1
T2 A 1#]
(3.6)
with a remainder that, owing to (3.1)), is uniform in ¢ € [0; 1]. Finally, one has
1
2 N
Wy = / Zln nt(Zi + N~%u) — ny(T; + N %) |dudv > ~CNIn N (3.7)
L =1
-3

for some constant C' > 0 that, owing to Lemma [2.25] is uniform in ¢ € [0;1].

Lemma 3.4. Let J and j be two compact intervals, where j is larger on both sides than J,
meamng that there exists an open set U C R such that J C U C j Let n; admit an extension to
J satisfying the same properties and let A : T2 — R be given by

In
def
Az, y) =

m(:v —n:(y) 7
= ’ vyed,x#y

In|r7; ()] red, x=y.

If x € N then for N sufficiently large X € TN (recall Definition and furthermore there is a
constant C' > 0 and Ny € N such that

|A(zi,25) — A7, T5)| < C'N~2 Vi,j€[1; N], and N > Ny,
with Ny independent of t € [0;1].
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Proof. We compute the formula

1

;xA(:U,y):Re< /u (y+ u(z — ))du>

0

and a similar formula for a%A(a:, y) by interchanging = and y. Thus

IVA] < \@Cn_l suE|77,§'(33)] < 400,
xeJ

with a bound that is uniform in ¢ € [0;1].

O
Moving forward, we may make the upper bound
N N N
> Inne(wi) = melay)| =Y o — ;] + > A, ;)
i<j i<j i<j
N N 1
< Zln % — 3| + ZA(@,@) +5C (3.8)
1<j 1<)
al 1
= > In|ny(@:) — me(@)| + 3¢
1<j

Putting (3.6)), (3.7)), (3.8) and Lemmatogether, we infer there exists a constant C' > 0 indepen-
dent of ¢t € [0;1] such that, for all N > 2,

APy (x) < o 3N (0 R1-2g o)) +ON I N g (3.9)

where we recall that o, = 77Zéé [ua,] and Qy = (T).

Lemma 3.5. Let jiq, be the unique minimiser of J7. Then

37 [T = 3700, > {% (fﬁ‘)yﬁﬂt)}Q

Proof. This follows from the Frostman-Euler-Lagrange conditions (Lemma ; namely, there
exists a constant Cq, such that

35[Z9] = 3slin) +2 [ | [ lnMdﬁm()wt() Ca, | AT (2)
R

-~

>0
+ {@nt(zﬁ‘),ﬁgt)}Z. (3.10)
0

Proposition 3.6. There ezists a constant C > 0 independent of t € [0;1] such that, for all 6 > 0,
—(x) ~ __Bn2s2
Py, |:{:D77t(L§V)7/'LQt) 25}:| <e pNHCONINN

Proof. This follows from integrating both sides of . on the event D,, ( LE\);), ﬂgt) > 6. t
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Corollary 3.7. Let J strictly contain J. Then, there exist constants C,C’ > 0 independent of
t € [0;1] and No € N such that for all f € W*(J), and N > Ny, one has X € J. Moreover, it

holds
I NT2 S2
Py, [{‘/ f(s MQt)(S)‘ 25}] < eXp{ CN g +CN1nN}.

Proof. By Proposition [2.§]

PN, [{‘/ f(s)d(TH —uszt)(S)‘ 25}] < Pnn,

{@m (fﬁ\’,‘),ﬁﬂt) > 5}]

B Q:JHfHWfO(j)
The result then follows from Proposition [3.6} O
Thus ‘ fj (Lg\,) — ,th)( )’ is typically at most of order O(\ / %) In fact we shall later

see that if f is COO the optimal bound is O(%) From Corollary we may bound the moments.

Corollary 3.8. Let j strictly contain J. Then theﬁe exists a constant C,, > 0 and Ng € N, both
independent of t € [0;1], such that for all f € W° (j), m €N and N > Ny

N2
< Gl (M)

Corollary 3.9. Let J strictly contain J. Let C, g’ > 0 be the constants appearing in Lemma
and No € N. Then, for all N > Ny and f € W°(J) such that HfHWoo(j) <VCC'NInN one has
1

m

/f LN —MQf)()

EN’?f[

Exe, [N 15 £ AE i) ] ooV e )
Proof.
) 7 1,2
En,n, eN“if(s)d(LN *“Qt)(s)’ < 1—1—/69” min{l,exp{ — 62’733 —l—CNlnN}}d:Jc
1 1yee 7
0 Wre(J)

Then, the upper bound

! 2 2v/CC'N1In N
Cr” L oNmN < JZYOCNIN (1‘ ~ 1 £llyyee \/C(C’)*lNlnN)
TR, ez, i
entails the claim. O

4 Large deviations for the maximal particle

In this section, we mainly focus on the real model adapted to the contour I'eq provided by Proposition
@ and realised by the curve 7 : R — I'eq. We recall that this contour enjoys the properties
We shall prove that with probability exponentially close to 1, the particles are confined to an
arbitrary small neighbourhood of the support of the equilibrium measure. One corollary of this is
that the partition function Zy ,<[V] associated with the restriction 7¢ = V|[—e:1+¢ Of the curve v to
the interval [—€; 1+ €] is a good approximation of the partition function on the unbounded contour
Zn~[V]. In particular, one may focus on the former so as to obtain the asymptotic expansion of the
latter. The proofs presented in this section follow closely the proofs given in [19)] or [36].
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Let us begin by introducing the pullback to R under « of the relevant effective potential:
1

reen(s) = #(0) = [ Inhy(z) = 1(9)|dkely) = O, with § = Re(Vor).
0
We recall that, by construction, the pullback of ur,, under v is given by vy see (2.34) and Remark
Vsc minimizes the functional Jg introduced in (3.5)) with the choice 7; = v and ¢; = Re (Vo’y)

and Cr,, is the infimum of z — @(z) — fol In|y(xz) — ¥(y)| dvse(y) which is achieved throughout
[0; 1], the support of vs.. We shall now build up to proof of the Large Deviation Principle (LDP) for
the maximal particle at scale N with rate function ¢r, e for the real model Py -, with 7(R) = T'eq
as mentioned earlier.

Proposition 4.1. (LDP for the maximal particle) For any closed set F C R

. 1 , .
%ﬁiﬁfﬁlnmﬁ{{al €e{l,...,N} st. z; € F}} < —5;ggﬂpreq;eﬁ($)

and for any open set U C R

1
im inf — ) tox; > 01 O . .
%§i1;£ I InPy [{Elz e{l,...,N} s.t. x; € U}} > Béggcppeq,cg(:c)

Corollary 4.2. Let ¢ denote the restriction of v to [—€;1+ €], i.e. v = Y|_c;144- Then, there
exists C' > 0 such that
Zyc V] = ZNN[V]<1 +o(e*CN)) . (4.1)

Proof. One has the identity
INAV] = Znye[V] + Zn, V] - Py [{Ela e{l,...,N} st. 2, € [—€;1+ €]C}} (4.2)

so that one concludes owing to Proposition [I.1]
O

Lemma 4.3. @r et : R — [0;400[ is a good rate function, i.e. is lower semi-continuous (lsc)
and has compact level sets.

Proof. @r,eft is continuous on supp|vsc|®, vanishes on the compact set supp|vsc], and so, in partic-
ular, is Isc. For any C € R, gbvl?elq; off((—00,C]) is closed and so we need only to show boundedness.
Progefi(z) < C implies by

o —y1? < L+ [2[1) (L + [y ) Va,y € C (4.3)
that
1 ) 1 )
@) = 5 (1 + 1 (@)F) = Creg < C = Creg 5 | M1+ N)F) dvacy)
However liminf, 4o (#(z) — 3 In(1 + |y(2)|?)) = +00, and so 2 must be bounded. O

The method of proving Proposition involves first proving that the particles are confined
with exponentially high probability to some compact set. Once established, we may then use
concentration results on compact sets to show that that particles are close to the support of the
equilibrium measure.

We begin with the elementary inequality

Pyy[{zn € X}] < Pny[{Fie{l,...,N} st. 2, € X}| < NPy, [{zn € X}].
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Thus, to prove Proposition we need only prove an LDP for Py , [{mN € X}] For any Borel
set X C R, let

e _ _ x) o ~
Ty (X) / Ex 1. [(N 08 Jy [0 b @)1 0)-50)] 415,00 | o= N384 e
X

Then
Ty_1(X)

Ty-1(R)

Thus we need only prove an LDP for YT _1. Let us first prove that all the particles are confined to

B, [{on € X)) =

some sufficiently large compact set.

Corollary 4.4.

1
li li — InPy,|Apm| = —
im sup lim sup 73 In Py [ Aw] = —oc
where
~ 1
Ay = {XERN : /(go(a:)— §ln(1+|'y( x)| )) ar® )( ) > M} . (4.4)
R

Proof. Starting from

N
1 8 N
Praldu] = 77 [ Lau 0 1 htes) ~ ()l IT {7 (@l ax.
ZNN[ ] - =1 Pt
® i#i
the upper bound (4.3) yields H%;l 1y(z:) — y(25)] < Hi]il(l + |y(z4)[?)N =1 which, in turn, gives
i#j

1 N
dz .
Cy - (1+ |y(2)2)2 )

Puvs [Au] < exp { = BN + N2t o) + N - ([

Here we have bounded the partition function from below with the help of Lemman By - one
has that [ (14 |[y(z)*)~ % da < oo as soon as B > 2, which entails the claim. O
R

Lemma 4.5. There exists Ng € N and Ky > 0 sufficiently large and ¢ > 0 such that for any K > K

Py, [{3i€ {1,...,N} st ;€ [-K;K]°}] <e VK" VN > Np .

Proof. Let us begin by first establishing a rough lower bound on Y x_1(R). By positivity and then
by Jensen’s inequality

Tn1(R) = Ty ([-1,1])
> 20,6V DEMC = [0, @) depg [ (N=1)8 [ (3 1, In o=yl d2—3(y)) ALY, ()

Then we observe that 1 f In|z—y|dz > 5 f In|z|dx = —1. To bound the remaining expectation,

introduce U, = [@(y dLgV)—1( ) and observe the trivial bound
R

En-1, {e_(N_l)ﬂUL] > e MPNDEN [Ty, <] > e_MﬁN{l — En—1,y[Luy > 0] }

The last expectation may be estimated by means of Corollary [£.4] which ensures that for any T,
there exists My, Ny such that

Py, [Am] <™ with M >M, and N> N,
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where Ay as given by ([4.4]).
Furthermore, the growth conditions at oo ensure that @(z) — 31In (1 + |y(2)?) > $&(z) + C.
Hence,

{UL > M} CAu g (4.5)

So that, for M large enough, ,
En-1[Lugsn] <e ™

All together, the above leads to YT y_1(R) > e~V for some C > 0.
Moving forward, let us now provide an upper bound for Y y_;([—K ; K|). By using (4.3) and
the bound % In(1 + |y(2)[?) — $(z) < M for all z € R and some M > 0, we find

Tn1([-K;K]°) <exp {(N - 1),8{M tow (% In(1+ |y(z)]?) - @(;U)) }} /}Re—/ﬁ(w) gﬁz

in which the last integral is finite due to the growth conditions of ¢. Finally, observing that by
(1.18]), we can find ¢ > 0 and Ky finite so that for every K > K|

1 ~
sup  (SI(1+ [1(@)?) - 3(2)) < —¢K”
z€|-K ;K]° 2
completes the proof. O
We remark that in the course of proving Lemma we have proven exponential tightness of
TN—L
Lemma 4.6 (Exponential tightness).
1
limsuplimsup —InYTy_1([-K ; K]|°) = —o0
K—+o00 N—+o0 N
To prove Proposition we will prove a weak LDP, which by the aforementioned exponential
tightness implies a full LDP.

Definition 4.7 (Regularised logarithm). Let 6 : R — [0;1] be a C* function such that 6 is even,
6(0) = 0, 0 is nondecreasing for z > 0, and #(x) = 1 for |x| > 1. Then, define the d-regularised

logarithm as
1

Ing |z| = o /9 (%) gl/dy

T

for 6 > 0 a constant. Note that Ins is C*°, even, and Ing |z| = In |z| for |z| > §. Furthermore Ins is
decreasing in 6 > 0 and Ing — In pointwise as § | 0 by monotone convergence.

Lemma 4.8 (Upper bound on balls). Let £ be a real number.

1

. . 1 -

lim sup lim sup N InYTy_1 (]§ —¢;&+¢] § < / ln 7€) —v(y)| — o(&) — gp(y)] dvee(y) -
<0 N—~+oc0 0

Proof. Let Bg be the event that all particles lie in the interval [—K ; K]. Then

Trno1(J€ =56+ :@—i—@

§+s ) i
(D)= / En_1 |1p,eN D% f (I h@—1@)I=30) 41852, 0) | e NEZE) |/ ()] d

&+ _ ;
(2)= / En_1, ﬂB%ew—l)ﬁ.ﬁR(lnmx)—w(y)\—@(y))dL§;‘11<y> o~ NBE@) |/ (2)| da .
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Then applying (4.3]), we may bound

)@( < C;leQ(N_l)BC/IP’N_m[{EIi e{l,...,N} st. z; € [—K;K]C}} ./e—ﬁam da
R

where C’ = sup,eg (3 In(1 + [y(2)[*) — $(z)). Then, by Lemma for any C' > 0 thereis a K >0
and Ny € N such that for all N > N

IP’N,M[{EIi €{l,...,N} st. z; € [—K;K]C}] <e OV,

We choose C' > 0 as large as needs be to make the upper bound on @ exponentially subleading

with respect to the behaviour to be determined of @ Of course, without loss of generality, we
may assume |§ —¢;§ +¢[C [-K ; K].

Moving forward, for the first term, let us make the bound In |y(z) —v(y)| < Ins |z — y| + Az, y)
where 0 > 0 and A(z,y) =In ‘%Z(y)‘ Let

Fo5(y) :==1Ins [z —y| + Az, y) — @(y) .

Observe that Fy, 5(y) > Fy0(y) for every x and y. Moreover, by compactness, there exists a constant
Cs > 0 independent of z € [-K, K| such that [[Fyslwe(-r;x)) < Cs. Furthermore, one has
ZNy i 0 [V] < Zn 5 [V], which leads to

(N—1)5D{Fx,é(s)d(fg‘ll—ysc)(s)

< 1
(Nfl)ﬁsz, (5) stc(S) ~
/ € 0 ) EN—L’YH*K;K] {e ce NI 4y
§—¢
where the %305 term comes from replacing LE\’;)_I with Z%‘)_l. (z,y) — Fyps(y) is smooth on [ K ; K]?

—1
so that, by compactness, there exists C§; > 0 such that

‘(in(g(y)‘ <Cj  forall  (z,9) € [-K;K]*.

This ensures that F, 5 < Fg 5+ ¢Cj. A similar bound holds for . Finally, by Corollary there
is a constant C§ > 0 such that

(N=1)B [ Fy5(s) A(TR 1 —vse)(s) y
EN_177‘[7K;K] [e R N-1 } < 605 \/NlnN.

Putting all this together we find that for all § > 0

1
lim sup lim sup % InTyn_1(J€ —¢;&+<[) < /B/Fg,(;(s) dvge(s) — Be(€) .
0 N——+oc0 5

Taking § | 0 we obtain the result by monotone convergence. O

Lemma 4.9 (Lower bound on balls). Let £ be a real number.

¢J0 N—4o0

lim inf lim inf % ImYNn-1(J€ =56 +<)) > B/ {In4(&) =) = &) - @(y)} dvse(y) -
R
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Proof. Let Bg correspond to the event that all particles lie in the interval [—K ; K|. Then

Tn-1(J§ = ;844D
§+s
> O, Py-14[Bx] | Enoimy g [eN 7 fR{lnw(x)—v(yn—@(y)}dL<N">_1<y>} o~ NBE@) 4z
§—s
We first bound @(z) < 9(§) + <[|@[lwee(—x k7). Let w be a C*°(R) function supported on [—1;1],

strictly positive on | — 1;1[, and such that 0 < @ < 1. Then C = filﬁ(x) dz > 0 and define
w(z) =¢1C7 '@ (%) Then let us apply Jensen’s inequality to find

Tr (€ — ;€ +<)) > <CCPy_1[Brcle NPONONGIwee (- irc)

(%)
X EN-17 s ) [G(N_l)ﬁfRGf‘(s)dLN”(s)} , (4.6)

where

Geoly) == / welz — €) Inpy(z) — 7(y)] dz — F(y).
R

Y(2)—(y)
z—y
C* by Lemma whereas the In |z — y| piece yields a convolution with w¢ and is hence C*°. Thus
the smoothness of G¢ . follows from dominated convergence given that w; has compact support.

Applying Jensen’s inequality again we find

Ge¢ is C*°; indeed, one has In |y(z) — y(y)| = In|z — y| + A(z,y) where A(z,y) = ln‘ ‘ is

_ AL (s
BN [ DR Ges DR ) > exp{<N— D5 [ Geols)dusels)

— (N = DBEN-1 1 yeq | /R Geo() ALY, = ) (3)]| } . (A7)
Then, applying Corollary we find

1 _ _
liminf = In Ty (J§ — <36+ <) = =B(8) = Bell@llwe (- 5x7) +5/RG5,<(8) dvse(s) -

By Fubini’s theorem

[ Gectotnets) = [ta=9) | [ @) =2l - ) doac)] d.

R

The function z — [, [In|y(x) — v(y)| — @(y)] dvsc(y) is continuous and w; is an "approximation of
the identity", hence

limnf lim inf 10 T-10 — € +<) 2 —05(€) + 8 [ (@) =20 - ) delt)
R

sJ0 N—=4o0

O]

Lemmata.§ and [£.9]imply a weak LDP and, when combined with Lemmal[4.6] imply Proposition
. In the remainder of this section, we will obtain estimates on the 1-point density outside of [0; 1],
the support of vy, in the case of the real model associated with the family of curves

V= Vt|[—e;14¢€] > (4.8)

where ~; has been introduced in (2.30), ¢t € [0;1] and € > 0.
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Definition 4.10 (1-point density). Let v, : [—€, 1+ €] — C be defined by ([2.30]) for ¢ € [0; 1], and
let V; be the associated potential introduced in (2.38))-(2.39). The 1-point density is defined as

def e Nﬁ@t(fﬁ)w

¢ lef )| B
dhie) & /mez ~(ay)

e i<y

N-1

% TT {le(@) = )l - P2 - yj(a)| f dx (4.9)
k=1

where we recall that oy = Re (Vt o fyt).

Proposition 4.11. Let € > 0. There exist positive finite constants C,C" so that for every t € [0,1]
and every integer N,
max { oy (—€), oy (1 + €)} < Ce V.

Proof. We first write

En_1¢ {e(N_l)ﬁfR{lnIw(ar)—w(y)l—q:t( DHLE) L (y )}

ov(@) = |i(a)le NP

Trn-1e([—€;1+€])
where

1+4e€
Ty te([—€;1+¢]) = / () e PNP@ Ry o [e(N—l)ﬁjiR{lnw(w)—%(y)—Gt(y)}dLgé‘)l(y)] dz
;€ ’ Tt

We begin by bounding Y nx_1,c([—€;1+¢]) from below. First, observe the bound da > Fdug.(x) and
then apply Jensen’s inequality to find

TNfl;e([_E; 1 +€]) Z %O’ye_ﬁ”%‘lwgo([fe;1+€])_(N_1)ﬁc<ﬁ
x exp{ — (N - 1)5/]1%@(3) vee(s) — (N = 1)BEy_1¢ [/Ragt;eﬁ(s) ary) (s)] } . (4.10)

Here, we remind that ¥; has been introduced in Definition m Oy, Tefers to the effective
potential associated to the equilibrium measure v on [0; 1] and in presence of the external field ¢;.
Note that ¢x,..q, by its very construction, is ¢-independent.

For any § > 0, consider a C*°([—¢;1 + €]) function s which has the following properties:

1. 0< 1/’5 < &Zt;eﬂ"(_e) = SZEt;eff(l + 6);
2. Ys(x)=0forz €[d;1—9];
3. Ys(x) = Pxyeni(—€) = Pyen(l +e) for z € [—e;1+ €\ [0;1].
Importantly, one has that ¥s > ¢x,..q. Hence, by Corollary there exists a constant C' > 0 such

that
~ x 8 ~ In N
Ex—15 [ /R Bruet(3) ALRL, (5) | < ~08w,iemn(—) + Cllsllwps (—ensap\| 5

2H(Zzt;effHWfo([—e;1+e])
(N —1)

Thus, for any A > 0, there is an Ny € N independent of ¢ € [0; 1] such that

Th_te([—€;1+¢]) > o~ (N=1)BCs,—(N=1)B [ &t(s) dvsc(s)—(N—1)BFp, e (—€) A VN > N, .
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Next, turning to the numerator, for § > 0, let us bound

In|v(z) = v(y)| < Inslr —y|+ A(z,y)  where  A(z,y)=In

V() —%(y)‘ ‘
T —y

Then, there is a constant C' > 0 (independent of ¢ € [0;1] and = € [—e€;1 + ¢]) such that
[A(z, ) [[wee ((—e;14¢) < C. From this it follows that there is a C5 > 0 such that

En—1n¢ [e(N—l)B Jalin e (@) =7 ()|~ ()} ALY (y)]

< o(V=1)B o {Ing |2 —y|+A(2y)~Be(v)} dvec(v) + Cs VNN

Jg Ins |z —y| dvse(y) — [z In]z—y| dv(y) as 0 | 0, hence for any A > 0 by taking § > 0 sufficiently
small [ Ins |z — y|dvse(y) < [pIn]z — y| dvse(y) + A. Then, for any A > 0, there is an Ng € N

Ex— 1t [euv—l)ﬁfR{lnmwrwww&xy)}dLﬁs‘L(y) < o(N=1)B o {In (o) —7(y)|~Fe(y)} duee () + N A

for all N > Ny. Then, there exists C' > 0 and Ny € N, such that

95\7(3;) < Ceo~ (N=1)B%s, et () +NAH(N-1)B@5 e (—€) A VN > Ny .

Setting x = —e or x = 1 + € and taking A > 0 sufficiently small completes the proof. O

5 Lower bound on the complex partition function
Throughout this section we focus on the curve v;, the restriction of v to
Io=]—€;1+¢] (5.1)

c.f. (4.8), and on the associated contour ¥; = v4(I;), defined by (2.30]). In this section we prove the
following proposition.

Proposition 5.1 (Lower bound on the complex partition function). There exists t-independent
constants C' > 0 and Ny € N such that

'ZN,EM

>C VN > N, 5.2
Zn ¢ (VA =0 (5:2)

uniformly in t € [0;1]. In particular Zxn5,[Vi] # 0 so the complex model 1s well-defined.

Note that the upper bound Zy ¢ [Vi] > |ZN,gt [Vi]| is trivial.

We recall that € > € > 0 is chosen such that the original S-curve « in the neighbourhood of
the support of the equilibrium measure, and hence its ¢ interpolation v, is analytic on [—¢';1 4 €'].
Then we introduce x : R — [0; 1], a C>*(R) function such that x(z) =1 for x € I, and x(z) =0
forx e R\ [—€';1+€]. Then let

M}
-y
pi(z) = x(z) arg {~;(z)} z€R

ar(z,y) = x(x)x(y) arg{ z,y €R

so that a; and p; are smooth and compactly supported functions on R.
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Remark 5.2. As stated a; and p; are not well-defined because arg is a multi-valued function. ~;(x)
and w are always nonzero and so we need only show that we can make a consistent choice
of branch. We first fix arg{7;(0)} by making some arbitrary choice of branch and then define its

values elsewhere by requiring that

d
@ a’rg{,)/t(‘r)} = Im /(.T) .

t

Similarly arg{%fi} is defined for x = y as arg{~/(z)} and then for x < y by requiring

a% e {W} - (%(Jf;é(—xit(y) o i y) '

and then extending to y < x by symmetry.

Proposition 5.3. It holds that

Zns, [Vi] G
—= = = |En~ele?i]], 5.3
‘ZNWE[Vt] ‘ v [] (5:3)
where )
i N X X . X
G = 0 [ ) AL @ @)+ 8 (1-5) [ (@) ) (5.4)
RR2 R
and where we have introduced the empirical measure centred on vg.:
£ = Lgy — Ve (5.5)

Proof. To prove this let us separate the integrand of (1.15)) into a modulus and a phase. We observe
that because 3 is even (v:(z;) — v(z;))? has the same phase as (M)ﬁ Then if we let

ph(z) = B | denote the phase of a complex number we have ’
B N g N
ZN3 [Vt] ( ’Yt(xz — VNt 55] 2 NV, )
—= - = € h -7 7 5 (e (24))
ZN,%f [V;f] N _p mnl ( Ti— Xj > 21_11:{ }
i#]
e [ TT () =260) [ Lyt
= N,'Yt p i7j:1 T — $] il
—Ey. oY% fo an(y) LS ()AL () H(1= )N fo po(w) dLS) (2)—i8N [y T (Vi (2))) ALY (x>]
MVt

Let us now re-centre with respect to the equilibrium measure. By using (5.5)), one gets

2V _ [ Goutr+G; ]
) = egsc . E ele out in [ 56
ZN,’Yf [‘/t] N,% ( )
There, Gy, is as in ((5.4)), while
iBN? . :
Goe = ﬁ2 /at(l‘,y) dvge(2)vse (y) + 1(1 — g)N/pt(x) dvge(z) — 15N2/Im (V}('yt(x))) dvge ()
R2 R R
and

Gont = =i8V* [ AL @) {1 (V@) ~ [ o) dvc(w)} (57)
R

R
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By taking the z-derivative of Goy's integrand and applying the Sokhotski- Plemelj theorem, one
observes that it Coincides throughout I, with the derivative of 1 5 Im ([@Et,eﬁ‘] [q)zt’eﬁ‘] )(fyt( )
by virtue of . Hence, there exists C; € R, possibly dependent onte|0; 1] but independent of
x € I, such that

1
Vt ’Yt /arg r)/t(y) } stc(y) = %Im ([CI)Et;eff]+ + [¢Et;eﬁ]_)(7t(m)) + Ct7
0

for any x € I.. Yet, by its very construction and analogously to of Proposition [2.22) u the first
term on the left hand side vanishes on I, hence ensuring that the rlght hand side is constant on
that interval. This entails that Gyt = 0 and, by the fact that Gs. € iR, yields the claim.

O

Moving forward, because a; and p; are bounded and compactly supported we can define their
Fourier transforms:

At(-’IJ,y) _ /at(x/’y/)GQﬂiyy'—2ﬁixx’ da’ dy/ and Rﬁ(m') _ /pt(x/)e—%rimc’ dz’ . (58)
R2 R

By construction, these are Schwartz functions. It will also be convenient to introduce the Fourier
transform of the centred empirical measure (5.5))

on(z) = N / e~ 2mae’ 409 (5) |
Then, by Plancherel’s theorem, G, introduced in (5.4) may be recast as
g — . Ny gu—
Gin = 5 Ae(z,y)on (z)on (y) dzdy + i(1 — 5) Py(z)pn(z)dr (5.9)
2 R

in which Zz stands for the complex conjugate of z € C.
Let us define the real master operator 2, : Wi°(Ie) — W2, (1) which acts as

Yi(w) f(2) — v (y) f(y)
%(ﬂf) - %(?J)

1
=, f1(a) = Re (Vi) (o) ~ [ e banc. G0
0

It is established in Appendix @ that =,, is invertible on the closed subspace of co—dimension 1
ker[/C,,], in which K, : W°(%2;) — R is the continuous linear form introduced in . Note that
IC,, is normalised so that IC,,[1] = 1 which entails that f—K,,[f] € ker[KC,,] for any f € Wl (Ie). In
all the manipulations that follow, we will be dealing with Wy°(I.) functions which are not necessarily
in ker[/C,,]. However, the functions of our interest will always appear in integrals against zero mass
measures. Hence, one may always translate them by K., [f] without altering the result while ensuring
membership of ker[/C,,]. In this sense, we may think of the operator

=S = S - K] (5.11)

as providing an extension of :_1 from ker([/C,,] to Wy°(I¢). Still, one should observe that the explicit
formula for le as an 1ntegra1 operator only involves differences of its argument at different points:
it is thus invarlant under constant shift. Thus, in terms of formulae, = _% does coincide with its
extension = _7 . We shall thus from now on identify this extension with = _% , which means that we

understand that operator as being given by the integral operator appearing in the rhs of (A.29)).
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Thus, within these conventions, for any f € Wy°(I), one may introduce the functionals

my[f] = (; - %) Ve (R% H;tl[f]) : (5.12)
i) =5 e F251111). (51

Here,

u(f) = /fdu (5.14)

stands for the evaluation of the linear form induced by x on the test function f, viz. vs(f) = [ fdvec.

Furthermore, we have set

//( )
%( )

0,[f] will turn out to be the variance of a random variable, however it is not entirely obvious
from the explicit formula ([5.13|) that it is non-negative. We now establish this property.

Roylf](s) = Re (2550 + 0,) f(s) - (5.15)

Lemma 5.4. For any f € ker[K.,], one has that T(f) > 0.

Proof. Let I be as in (5.1)) and recall the functional J;, (3.5) adapted to ; and let vg be its unique
minimiser. Then for any function f € C*°(R) such that |f/| < 1, define the transported measure 14,
by

/ o(x) dud(z) = / oz + f(2)) die(z) -
R R

We must have J7[1d.] > J7[vs]. Thus, if we expand this relation with respect to f, the linear term
must vanish and the quadratic term must be non-negative. The linear term gives

L [ pe (1@ @) =W g2, (o S ) o () —
R[R ( ’yt(a:)—fyt(y) >d sc( 73/) + R/‘Pt( )f( )d sc( ) 0 (5.16)

where @(z) = Re (Vi(v(z))) and the quadratic term gives

5@ i L [ pof (H@F @) =)\ @) @) - AP o,
Pgaelfl = 2/R {< ( ) V() — 7(y) }d ()

+ 2) dvse(x) > 0. (5.17)
[

Since it is a homogeneous functional of degree 2, the relation extends to all f, i.e. not necessarily
satisfying |f’| < 1.

The left hand side of 5J( ) veo [f] can be identified with v (f(E4.[f])). Indeed, starting from the
definition of 2+, [f] one gets that (24, [f]) (z) = (A) + (B) where

1
= s~ (T Y
1

(B) = 3" (x) +][R { n@f@) v fy) @) f(@) }dvsc(y).
0




Upon symmetrising in = <+ y and using (5.16]) with the replacement of f with ff’, we observe that

1
O/f A)dsel() = 0.

Then the x <> y symmetrisation of the second contribution yields

1
/f B) dvge(z) = 535’;)1/50 [f].
0

We thus conclude that for all f € C*®(R), vse(f(E,[f])’) = 0. Then, upon taking f = Z'[g]
with g € ker[/C,,], it holds vy (g’:_l[ ]) > 0.
O

We have now introduced enough notation and results so as to state the central limit theorem for
the real model. The latter will be established with the help of the machinery of Dyson-Schwinger
equations (see [30] for an introduction to this method).

Theorem 5.5 (CLT for the real model). Let f € C®(1.) with I. as in (5.1). Then the following
convergence in distribution holds for the constrained real model Py ¢ (3.2) associated with the curve

v (2.30) of support I. and in external potential V; ([2.38])-(2.39):
NEO () -5 N (mlf), Belf]) as N — +oo. (5.18)

E%) appearing above is as introduced in (5.5 where
£y / F(s)dLts (5.19)

The variance U;[f] of the Gaussian is positive owing to Lemma [5.4] as it should be.

In order to prove Theorem [5.5] we shall now introduce the Dyson-Schwinger equations which
relate moments of linear statistics, and more generally averages of functions in many variables
integrated against the re-centred empirical measure ES\);) as introduced in . To state these, we
need several ingredients:

x®) : W (R™) — We°(R" 1) stands for the operator

() [Qﬂ (517 cee 7571,71) = ¢(§17 s Sp—1, 517 gpa s 761171) . (520)

In what follows the space on which ) acts will be indicated implicitly by the function it acts on.
We shall further need the ; deformed non-commutative derivative

(@) f (@) =) f (y)>
D fl(x,y —Re< 5.21
'Vt[ ]( ) ,yt(x)_,yt(y) ( )
Finally, we extend the operators D.,, =, and R, to functions F € W°(I¥) with I = [—€;1 + ¢]
as
DIV[F|(8541) = Dy [F#, 53, ..., s5611)](51, 52) (5.22)
and

E(l)[}"](sk) = S, [F(x,82,...,8)](s1) , R%)[}-](Sk) = Ry, [F(x,52,...,5)](s1) (5.23)
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in which * denotes the dummy variables on which the operator acts while s, = (s1,...,sp). Finally,
we introduce the notation

k
(F) = Enye [/}'(sk) Hdua(sa)] . (5.24)
a=1

k

X va
a=1
Then, the loop equations take the form

1 1 /1 _
— Z(pM 4 (=L - (1) 5 (=ML
<“T>’§§,1£§5> - 2<D% (=) [f]>’“é,2£<x> * N(ﬂ 2)<R7t (=) [}-]>L§;>§g<;>
k
L (a+1) =)~ =)~
N Z::< (“% ) [FH>L§\’,‘) ké)lg(x) + %’”1[(“% ) [./T]] (5.25)
in which, denoting EN;yg = ZN .~ [Vi] - En ¢, one has
B[ F a BN ¢ / F(u, si) dL( ) (5,) . (5.26)
Above, 9, stands for the derivative in respect to the a'® running variable, viz.
0
Oy = 5.27
o€, (5.27)

The Dyson-Schwinger equations can be derived by integration by parts or invariance of the
partition function under changes of variables. We refer to [19] 22} 36] for the details of the various
derivations.

First of all, we observe that the boundary term Bj.1[F] defined in (5.26]) only contributes to
an exponentially small order in V.

Lemma 5.6. There exists C,C’ > 0 such that the following upper bound holds

(B [FI| < ClIF oo gieny €N (5.28)

Proof. Given o € {—¢,1 + €}, it holds

_ k (%) e~ NBot(a o) Hev-1
Sy = 8aEN,'yt€ [/]—"(u, Sk) Hd[,N (sa)Lu:a = N sen(a / H Ive(zi) — v ( x])|ﬁ
a=1 1<j

—€

xH{m — )P e Nﬁ@w-wz(xk)r}‘{ / f(a,stdﬁEé‘)(sa)}-dx
a=1

where X = (a, ). Then, direct bounds yield
’ya‘ < N2 ZN [Vt] Qg\/(a) ||F”W6>O(]§+1)

with the 1-point density Q’}V defined in (4.9)). It then only remains to invoke Proposition
O

Definition 5.7 (Multilinear norm). Given ¢, k € N, the multilinear norm of order ¢ in k variables
takes the form

Ses = w ‘f ol (5.29)
FEWZ ®£’N
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Note that Spi1 1 < Se . In what follows, we will show that for any & € N there is an £ sufficiently
large (depending on k) such that Sy = O(N~*). This is an improvement of the bound given in

Corollary which implies that Sy = O( (%)g )

Lemma 5.8. Then there exists a constant Cy > 0 such that for all k,¢ > 0 and F € Wzo_il(lf),

1D F Ul e g1y < CellFllwge, sy 1ED) FUllyyee 1y < Cell Fllwgs ay - (5:30)
as well as
RS ey < Cel Fliwee, ) (5.31)

with all bounds being uniform int € [0;1].

Proof. To start with, observe that one has the integral representation

DO ) = Re | E7Y (g0 0
1

+ 7 (z) /du@lf(y+u(a: —y),skl)” .

0

By Lemma [2.25| it holds W < C;! for some Cy > 0 and H“ytHWoo 1) < Cp, for some Cp,
both uniformly in ¢ € [0;1]. This entails the first bound in . The bound (5.31) follows from
direct estimation and the mentioned results of Lemma Finally, the second bound in ((5.30) is

a direct consequence of Proposition

O
Note that the above results immediately yield the three upper bounds
—(1)y 1
(080 () g ] € VPl a6
N
—(1))—1
(R e ) s | < Cor 1 ey St (533)
N
1 =(1)\—1
e I R e (530

We now pass on to establishing an a priori bound on the k™ linear statistic of F € Wg°(IF),
with ¢ large enough.

Proposition 5.9. For any k € N, there exists Cy, > 0 such that given F € g,j([f) one has the
following upper bound

~ In N
< Gy (N) I e - (5.35)

(7).

QLY

Proof. Let F € CP(I f) Then by the Whitney extension theorem there exists a compactly supported
extension F, to CP(R¥) such that [ Fellwse mey < Cpe - | Fllyse(gxy for some constant Cp . > 0.
P P €

Then by Plancherel’s theorem

(F)

QLY

= ‘EN,W; /j:\e(uk)gN(ul)'-‘fN(uk)dku}‘

==

dFu

k
/ )] T (B [l ]
m=1

45



where ¢y (u) = [ e 2™t dﬁg\);)(s). Then by Corollary

InN\ %

En o [lew ()] < Cet + u)* (5 -

where we have replaced Eg\’;) by ZE@‘) at the price of terms of order N73 <« \/%. The result

then immediately follows upon taking p = 3k and integrating the Fourier transform by parts, and
observing that an:l(l + |upm|) 72 is integrable on R¥.

O

It follows from Lemmaand equations ([5.32)), (5.33]) and ([5.34)) applied to the Dyson-Schwinger
equations (5.25)) that the multilinear norms satisfy, for any k£ > 0, the bounds

1 1 1 _
Sero k1 < Cop (Se,k+2 + = Sekle>1 + = Sek+1 + 5 S0k-11k>2 e CN) (5.36)
N N N
for some ¢, k dependent constants that are uniform in N and ¢ € [0;1].

Lemma 5.10. There exist constants Cy ¢ > 0 and sequences by, such that

1
Ser < Ck:,ﬁﬁ

for all k € N and € > by, this holding uniformly in t € [0;1].

Proof. One first shows that there exist sequences a,(g ) , 0 < j <k, and constants U, such that

k+j
Stk < Ci <r}V> VikeN, j<k and £>al.

For 7 = 0, this is a consequence of Proposition and the result is then established by induction
on j with the help of ([5.36)). Once the result is shown to hold at j = k, it is enough to invoke ([5.36))

once more so as to conclude.

O]

The moral of this method is that we are applying dominant balance analysis to . The
bound in Lemma could also be achieved by the transport method (or "change of variables")
method in Section 4.3.3 of [36]. This method of repeatedly inverting the master operator to improve
bounds was used by Borot and Guionnet (see Lemma 4.2 of [36]).

Definition 5.11. Let U be a multilinear functional defined on finite tuples of C*°([—€;1 + €])
functions as follows. ¥ () =1 and for £ > 0

k
\I’G(flw"afk-‘rl) :mt[fk-f-l} : \IJG(fla"'ufk) + ;Ze:t[fQ7fk+1] : ‘IJG(fh"')fqv"‘vfk) .
q=1

Above, my[f] is as introduced in (5.12)) and we have set

Clf, 9] = vse(F'259]) - (5.37)

Note that &[f, f] = U.[f] with U; introduced in (5.13). Moreover, analogously to Lemma
one shows that €;[f, g] is symmetric in f,g. Note that W ({f1,..., fr}) so defined exactly coincides
with the expectation Eq[X --- Xj| of & Gaussian random variables such that Eq[X,] = m[f,]

and Cov[Xgy, Xp] = €fa, fo]. Indeed, elementary calculations show that the latter satisfies the
induction
k—1 R
Ec[X1-- Xi] = Eg[Xi] -EalX1--- Xpo] + > Cov[Xy Xi] -E[X1 - Ky Xpm]  (5.38)
q=1

with the™ indicating that the variable X, is removed from the product.
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k
Proposition 5.12. Let f, € C*(l.), witha =1,...,k and set F(sg) = [[ fa(sa). Then, the below
a=1
asymptotic expansion holds

(F) x

Ly

for some sequence ly. Above, the control on the remainder is uniform in t € [0;1].

1 1
= W‘PG(fly---’fk) + O(w”}—ﬂwgz(lgv)) ;

Proof. The proof goes by induction. The claim is trivial when k = 0 since the products are empty,
which establishes the base case. Next, we assume that the expansion holds up to k£ functions and
set
def i
€:
ON(frs--eo fi) = NI falsa)) -
RC
a=1 N
k
Then, denoting Fri1(sk+1) = fe+1(s1) fa(Sat+1), we get that the Dyson-Schwinger equations
1

(5.25) may be recast as

a=

NFE+1 -
On({f,- s fur1)) = 5 <D%) o (5%)) l[fk+ﬂ>ké2£§?) + [ fe1]) PN (f1, -0 )

k

+% <; - ;) <I>N(f17-"7fk'77?"yt OE;tl[fk-i-l]) +;;ta[fqafk+l] (pN(flw"vﬁ]a"'afk)

k
+;7VZ¢N(f1,...,E,...,fka éEil[ka]) + %Hl[(E%))ﬂ[]__kH]}  (5.39)
q=1

Thus, upon centring with respect to ¥ for p € {k — 1,k, k + 1}

(I)N(fl,...,fp) = \Pg(fl,...,fp) -+ 5®N(f1,...,fp), (540)
we get
SON{f1, s frra}) = W(Dm o (B0) ' Fenl) + me[fir] 60n ({f1,- - fi})
N1 -5 Tyt 5 v O (=5, k+1 IcéQLE\);) t1Jk+1] 0PN oo Jk
1 /1 1 1< ~
+ <B - 2) ON(f1,-o s fiy Ry 0 25, [frn]) + 3 ;Qt[fqafkﬂ] 0PN (frr- s fgr - fi)

k
+&VZ¢N<fla--'aﬁ’~~-vfka V2 o)) + %k—&-l[(E%))_l[}—k-ﬂ]} - (5.41)
q=1

Upon using Lemma the estimate ([5.32) along with Lemma one readily infers that for some
Cl,

1
6N (fr - fir) = O( 1Pty 1)) (5.42)

with a control that is uniform in ¢ € [0;1]. O

k
From this it follows that the collection {N £E\);)( fp)} | oomverges in distribution towards a set
p:

of k jointly Gaussian random variables with means my[fp] as introduced in (5.12]) and covariances
€[ fp, f4] as introduced in (5.37). In particular, Proposition entails Theorem [5.5

Recall that ¢n(z) o Nﬁg\’,c) (e=2m**) " Proposition |5.12| has established that {¢y(z)}zer con-

verges in distribution to a Gaussian family {¢(x)},er where

Eg.t [qﬁ(x)] — mt[e—%ir*] and COVG(qb(m)’@) — Qt[e—%riz*’ezmy*].
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Proposition 5.13. Recall Giy, (5.4) along with its Fourier representation (5.9). One has the below
convergence of expectations

Ewa o] (77 Boa[e™] (5.43)
uniformly in t € [0;1] and with
= Zf/I‘Lﬁ(%Z/)M‘?(?/) dedy + i(l — g) /Pt(g;)qS(x) de . (5.44)
R2 &

Proof. We first establish the convergence of the moments of the random variable Gi,. En,[Gi"]
may be expanded as

Ex o) = 3004(18) (- 9)"" / oy s [T e il
k=0 rm—k =1 j=1
XEN,'yt[H{d)N i) o (i } H o ( Sj :| .

=1

Above, we could invoke Fubini’s theorem to exchange the orders of integration at finite N since
|pn ()| < 2N, and A; and P; are in the Schwartz class. Then by Proposition we have

ENm[ﬁ{@V (ws)on (v } ﬁ" }

=1 7=1

k—m 1
= 5| [T {300} TT 6669)] + O 1Fmalhu o)
=1 7j=1
in which
k ) m—k )
Fm,k(xkaymsm—k | AkalJ’anm—k) = H o2 (TaXa—Yalta) H o 2imsaVa (5.45)
a=1 a=1
Hence,
i ¢ n = ¢
1P lyyoe oy < Hl{(H 2al) (14 Iyal) } [T () (5.46)
a= a=

Now, observe that Proposition [A.3] along with Lemma [2:25] leads to the estimates

m[fl < Cliflwgey  and (&[S, 9]l < Cllfllwee o) lglhwee ) » (5.47)

with constants that are uniform in ¢ € [0;1]. These bounds along with A, P; being in the Schwartz
class uniformly in ¢ € [0; 1] allow one to apply Fubini backwards so as to infer that

1
BN 0] = Eaxl4n] + O(5) - (5.48)
This yields convergence of the moments uniformly in ¢ € [0;1]. Now, given that the random variable
Gin converges in moments and that moments uniquely characterise Eq.;, it follows that G, converges
in distribution to %,. Since Eg.[e“n] is continuous in ¢ € [0;1] and the convergence of moments is
uniform in ¢ € [0; 1], the convergence of Ey, [e%n] towards E¢;y[e%n] is also uniform in ¢ € [0;1].

O]

We next give a more explicit formula for the limit in Proposition [5.13
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Definition 5.14. Let us introduce the spaces

H = {f measurable : / |f(@)*(1 + 2°%) do < —i—oo} (5.49)
R

H = {f measurable : / If(2))?(1 + 2%t dx < +oo} . (5.50)
R

It is clear that these are both Hilbert spaces since they are isometrically isomorphic to L?(R), and
H' may be identified with the dual of H and vice versa. Furthermore under a Fourier transform
they may be identified with Sobolev spaces. Define the natural pairing

():HxH —C

(f.g) = / T)o(x) do .
R

Let B; : R? — C be defined by B(x,y) = €;[e”2™@* ¢2™¥*] and m; : R — C be defined
by mi(x) = my[e~2™%*]. The uniform in ¢ € [0;1] upper bounds (5.47) ensure that m; € H' and
B, € H' ® H' so that B; may be regarded as the integral kernel of a bounded operator

Bi: H— H (5.51)

Next, since Ay is rapidly decreasing A; € H ® H and hence may be regarded as the integral kernel
of a bounded operator

Ac:H —H (5.52)
Thus the product B; A; : H — H' is bounded.

Proposition 5.15. B, A; is trace class and hence the Fredholm determinant dety:(1 — i5B; Ay)
exists. Furthermore |dety/(1 —iBB; A¢)| > 1.

Proof. Let us identify H and H’ with L?(R) by the following (unitary) operators

{ S:H — L2(R) | S':H — L*(R) 5.53)
S[fl(z) = VI+a5f(x) Sf)(z) = A |

Then let .
A, :=SA(S") "1 L3(R) — L3(R)
B, := S'B;S™! :L2(R) — L2(R)
X . 6 6 = . 1
A; has integral kernel v/1 + 254/1 4 354, (z, y) and B; has integral kernel 7\/I_~_7\/@B,5(x7 y). Both
of these are Hilbert-Schmidt operators uniformly in ¢ and hence the product B; A; is trace class
uniformly in ¢. However B; A; = S'B; A;(S’) ™!, hence B; A; is also trace class.
Next, observe that both A; and B; are self-adjoint operators on L?(R). Furthermore By is
positive-semidefinite since

(5.54)

5 S R TE D
<f’Btf>L2(R) ¢t|:\/1+(*)6’\/1+(*)6:| > 0.

Here, we have extended &;[f,g] to complex valued functions by bi-linearity, which indeed entails

from the positivity of the variance 0;[f] > 0 that &[f, f] > 0.

Hence we may define a square root \/Et, which is also a self-adjoint operator. Then by Sylvester’s
identity
ety (1~ iFBiA,) = detram (1-i8VBAVE) .
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\@t/z\t \/Et is self-adjoint and so has real eigenvalues A1, A9, -+ € R. Then,

ety (1 —18BA)[> = [T 11— 18N> > 1
Jj>1

O

The right hand side of (5.43) has a functional-analytic expression in terms of the operators Ay
and B;. Recalling the definition (5.44]) of %, we have

1
Egy[e%n] = eZilmef] 5.55
ot [ ] \/detH/(]. — lﬁBtAt) ( )

where

1, . - . . _
Bilmy, Py] = 515(”%7 A (1 —iBBA:) 1mt)L2(R) + 18(P;, (1 — iBBAy) 1mt)L2(R)
1 . -
+ 587 (Pr (1= iBBA) Bt oy - (5:56)
This formula is proven in Appendix [C]

Proof of Proposition[5.1. We need to establish a uniform lower bound for (5.55)). First of all, observe
that (5.47)) ensures that |B(z,y)| < C(1+ |z])(1+ |y|) for some C' > 0 not depending on ¢ € [0;1].
Hence, there exists a finite constant C’ so that

< Bi(z,y)|”
B 2 — | t\y drd !
R2

uniformly in ¢ € [0;1]. Further, one has

HM&zfmmmeM%uw%mwscmﬁm¢ﬁw> (5.57)
R? <(1+al?)? <(1+]y[)2

and this quantity is uniformly bounded in ¢ since (¢, x) — a¢(z) is jointly C*°.
Hence, it follows that

‘detH/ (1 —iﬁBtAt)‘ < oHAdlms|Bellns

is also bounded uniformly in ¢ € [0;1].
It remains to bound %;[my, P;]. One infers from (5.47)) and the smoothness and uniform bound-
edness of a¢, p; that

()] < €1+ 22) [Bu(a,y)| < CL+ [2])(1+ o)
C and C ) (5.58)
| Py ()| < 1124 Az y)] < (1+ 241+ y4)

We shall bound %;[m;, P;] by relying on the Fredholm series representation for (1—isB;A;) ! = 1—R;
where R; has kernel

1 (_iﬁ)n—l-l/ (pt($ y) pex uk))
Ri(xz,y) = , det ’ ’ du
t(7,y) det (1 —i8B:AL) i/ 7;] n! / pe(uj, y) pe(uj, ug) ik=lon
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where p; is the kernel of B;A;. The estimates on A; and B; entail that

(1+ =)
(I+y*)

Then, Hadamard’s inequality allow one to infer that there is C’ > 0 such that

lpe(x,y)] < C

(1+|z)
(T4+y*)

Putting together all of these uniform in ¢ € [0;1] estimates, one obtains the claim.

|Rt(£l7, y)| < c’

6 Expansion of the complex partition function

In this section we prove Theorem Let us recall the contour I'eq whose existence is proven in

Proposition and the central piece v : [—€,1+4 €] — C (defined by ([2.25])) whose image contains
the support of the equilibrium measure. Let ¥ = v([—¢,1 + €]). Then, it holds that

N
ZN,FCq[V] :ZNyg[V] + /dZH — Zb B H{ —NBV(za } ]].(EN)C(Z)
Fé\([] (I<b

Znr.V]=ZnsV] + O(ZNW[V]]P’NW[{HCL L2 € [—€;1 +e]C}D .
Thus, by Propositions [£.1] and [5.1} there is a C' > 0 such that
ZvralV] = ZnslV](14+0(e™Y)) . (6.1)

Now, recall V; defined by ([2.38)-(2.39)), and the curves ¥; and I'g that are introduced in Definition
Owing to Propositions , t — Znx,[Vi] does not vanish on [0;1] provided that N is large
enough. It is direct to see that it is also smooth in ¢. From these observations one may infer that

In ZN,Feq [V] =In ZN,FO [Vo] + /at In ZN,Et [V}] dt + O(e_CN) .

Note that here, we have also invoked the large deviation principle for the maximal particle in the real
model subordinate to the quadratic potential Vy which yields Zx 1, [Vo] = Zn,5,[Vo] <1+O (e—CN)> ]

As a matter of fact the t-derivative under the integral may be expressed in an alternative way
which permits large-N estimation. Indeed, let

<<]:>>ggzly = 5N2t[ / Hd’/a Sa) sk] (6.2)

Nal

in which €y, corresponds to the expectation with respect to the complex model’s measure Iy s,
introduced in ([1.26]). Then, since the contour integral depends on the contour only by its end points,
one gets

O In Zy s, [Vi] = —BN2<<6tVt>> o+ > sgn(e) thy (1e(a)) (6.3)
ac{—e,1+¢€}
in which
o~ NBVi(2)
M9 = o [ e I e o
t N_1 a<b

o1



Direct bounds lead to

ZN ¢ [V ¢

N:’Yt t] . Q])f(x) ) (65)
Znz Vil i)l
where pl; is the 1-point density introduced in Definition m It then follows from Lemma

combined with Propositions and [5.1| that there exists C' > 0 such that, uniformly in ¢ € [0; 1],
one has

e (o) < |

o InZyx,[Vi] = —5N2<<8ﬂ/;>> @ +0(e” M) . (6.6)

The Dyson-Schwinger equations for the complex model allow one to access the large-N asymptotic
()
A

We thus start by introducing the master operator relevant to the problem. In the following, we
shall denote by O(.4") the space of holomorphic functions on some open neighbourhood .4 of ¥;.

expansion of the linear statistics, in particular of <<8tVt>>

Definition 6.1 ( Complex master operator). Let us, € P(3;) be the equilibrium measure defined

by (2.43)) and V; be the interpolating potential (2.38)),(2.39)). Let A/ be an open neighborhood of 3
Then the complex master operator Ay, : O(N) — O(N) is defined as

As,[f](2) = V(=) f(2) — /D[f](z,w)d#zt(w) with 2z €%, (6.7)
3¢
and where
Dlf)(zw) = LT (6.8)

corresponds to the non-commutative derivative.

As shown in Proposition there exists a continuous functional Ky, on O(N) with Ky, [1] =1
such that In[Ay,| = ker[Ks,], and Ay, : O(N) — ker[Ky,] is invertible. In a manner similar to
the real master operator, it is convenient to extend the inverse to O(N) as

ASf] = A F = Ks 111 - (6.9)

Since the explicit expression for Agtl only involves differences of its argument, c.f. Proposition
it is invariant under translations. We will thus keep denoting the extension by Agtl

Recall that the contours 7 : [—€;1 4 €] — C can be analytically extended to a neighbourhood
N of [—€;1+¢€]. Moreover, this neighbourhood can be taken such that Ny = ~;(.4") contains some
tubular neighbourhood of fixed, t-independent, size of v¢([—¢€; 1+€]). Let wp, w1, we, ... be a sequence
of closed contours, oriented anticlockwise, enclosing [—€; 1+ €] in this common neighbourhood such
that wy lies in the open set between wy1 and [—e;1 + €]. Next let

0L wr)  and NG = p(A). (6.10)

We remark that by compactness and continuity dist(ch, Q}; +1) = 0 > 0 where dy, is independent

of t € [0;1]. Let

£l et = sup | £(2)]

z€Qt

Below, we shall consider complex master operators Ay, : O(N;) — O(N;) as in (6.7) associated
with the open neighbourhood N; introduced in (6.10). By Proposition there exists a constant
C > 0 independent of ¢ € [0; 1] such that

H(Azt)_l[f]HLoo(Q;) < Crllfllpeeioy, ) -

02



Of course, by the Cauchy integral formula, we also have || f'[|f(qr) < 6’7§||f||Loo(Q§CH) for some

6’; > 0. Then, the loop equations are expressed in terms of the centred empirical measure
€9 = 1§~

and take the form

(P30 = 3P0 O TG + 5 (5 3) (0o A T g
N2BZ<< (= [g a+1(A§3)1[ﬂ]>>23) e Bin [(A0) 1A . (611)

We remind that x(**1) and 9,41 appearing above have been respectively introduced in ([5.20) (5.27).
Upon setting En s, = Zn,5,[Vi] - €Ny, the boundary term reads

k
(2)
Vt — 0.Ens, /]—“ u, s) [ ac% (sa)} . (6.12)

lu=c

Bpt1[F N25 Z

Z
a€0% N Zt

a=1

As in the case of the real model, one may invoke Proposition to bound the boundary term as
(B [F)| < CIFN e qgye ™, (6.13)

for some finite positive constants C, C".
By repeating the reasoning outlined in the case of the Dyson-Schwinger equations for the real
model, one shows that there exist continuous functionals \Il](f; on O(A;*) with the neighbourhood

A of ¥y as introduced in (6.10]), such that

L

1

<<-7: k+1 @ ZNHP + O(WH}—HQ};M) (6.14)
Ly p=0 ’

for some sequence ay ¢ independent of ¢ with a remainder that is uniform in ¢ € [0;1]. Moreover,

t— \Il( ) [F] is continuous in ¢ € [0; 1] and can be computed recursively as in [I9]. This expansion
1mphe5 both Theorem [I.3] and Corollary [I.5]

6.1 Proof of Theorem [1.3

In particular, (6.14) with & = 1 gives the expansion for the 1-linear statistic

1 = (5 D (sl (- 1 (a5 o0t

(= Y 0. (21 (2) 20(A2) " [0 o (20) 1))
1

1)y —1 1
+mu2t(x<2>oagop<1>o(Agg) [f]) +O<N2HfHLoo(Q§)> (6.15)

with s large enough.
Surprlsmgly, if we take f = 0,V; both the zeroth and first order terms in the expansion of
<<8tVt>>( @ may be expressed as exact t-derivatives.

Lemma 6.2. Recall the complex energy functional Iy, defined through equation (1.21)) of Definition
[I.3. Then, one has
1d

/’th (at‘/t) = 2dt

IEt [MEJ .
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Proof. We start by writing the complex energy in terms of the parametrisation ;.

1

Tofisd = [ {5omls), (u(@) + 5 (omls)) _(u(@) + 2Vi(a1(a)) peelo).
0

8
Observe that dvg(z) = —+/2(1 — z)dz has a density holomorphic on C\ {R™ U [1;+oc[}. This
T

allows us to consider two contours C; and C_, each going from 0 to 1 in the domain where v; is
analytic, with C; lying above the real axis and C_ lying below the real axis. Hence

1
2

1
[ ol ut)dvacte) + 5 [ asliom] (@) () + 2 [ Vilaula))dvac(o)
0

Cy c-

Izt [Mzt] =
This step allows one to differentiate under the integral sign, which leads to

STl = i [ s ) (n(@)rlahdinc(o) + i [ Clas)(1(2))Brl)don(o)

Cy c_

1 1
+ 2/W’(Vt(:v))atvt(x)dusc(x) + 2/8t1/t('yt(x))dl/sc(x).
0 0
Upon deforming C+ back to [0;1], one gets that the sum of the first three terms vanishes by
(2.15]). O

Lemma 6.3. One has that

C2

% ln{du(zitz(z)} dus,(2) = ps, (alAitI[atW]) .

G
Above, we remind that u(f) is as introduced in (5.14))

Proof. Let pi(z) = d”ﬁifz(z) be the density of uy, with respect to the natural curve measure dz. Then
taking (2.16) and differentiating with respect to ¢ € [0; 1], we find that for all functions f € W° (%)
it holds

/Agt 2)Opr(2) dz + /8tV; ) f(2) pe(2)dz = 0.
G

Replacing f with Agtl [f](2) and using the symmetry of the covariance we find

/f Voupu (2 dz+/f A5 [OVI] (2) pe(z) dz = 0.

Integrating by parts

/f Yoy (2 dz—/f 0. A5 [0V (2) pr(= dz+/f 1[0V (2) plz) de

o4



p;(z) has a singularity of negative square root type at the endpoints ¢; and (2, and so it is integrable.
Since Inp;(z) has at most O(In|(z — (1)(z — ¢2)|) singularities at the endpoints and is smooth
otherwise, see Lemma we can extend the above relation to f(z) = In p;(z) by density. Finally,
by integrating by parts twice

G2 C2
s, (@Ai} [8&4]) = /lnpt(z)azAgtl [0 Vi] (2)pe(2) dz + /lnpt(z)Agtl (0] (2)p(2) dz.
G G

O]

Next, let us consider the asymptotic expansion of In Zy, r (N, ). Because Vj is quadratic,
the Selberg-Mehta formula provides an exact expression for this partition function, which in turn
permits an asymptotic expansion.

Proposition 6.4 (Asymptotic expansion of Selberg-Mehta integral). The partition function for the
quadratic potential Vi has the following asymptotic expansion; more precisely, for every K € N one
has

B8

3+5+2 K Fo(B.V
anN,F()[‘/O] = gNlnN-’- 12725]11]\7_’_ Z k(]/i’kO) _l_()(]\ffiffl)7 N — +00.
k=-2

In particular

F—Z(ﬁa VO) = _gzﬂ)[:uro]’

F_1(B, Vo) = <§_1> /111{(15;0 (Z)} : d,uro(z)+1n§ +§ln2£—lnf‘ (g)

0

Proof. See Appendix D] O

Inserting the asymptotic expansion (6.15]) for <<8t‘/}>>ggz) and integrating over ¢ € [0; 1], noting

N
that all remainders are uniform in that parameter, we arrive at Theorem [I.3]

6.2 Proof of Corollary

The proof of Corollary [1.5] follows the same scheme as the proof of Theorem We also need first
to compactify our integrals in order to expand them and use the expansion ([6.14). As polynomials

are holomorphic, for every choice of polynomials g, ..., qgr we can change the contour I' to I'¢q so
that
/H (Zq] 2 ) My (2 /H (qu 2 > dTTy ., (2). (6.16)
ry J= 1 FN Jj=1

We would like to replace I'eq by Xeq = Yeq([—€; 1 + €]) throughout (6.16]).

Lemma 6.5. Given a polynomial q, there is a constant Cy > 0 (independent of N) such that
EN reqlla(Veq(1))]] < Cq-

Proof. By and Proposition there is a Cf > 0 such that [g(veq(7))| < Cf(1+ |48 7). Then

EN g l00ea(@))]] < Cp (14BN, [l1[59]) < Cf (14 30 (1K 1+1)3% Py, [{ € [K K +10}] ).
KeZ

The above sum is bounded by a constant by Lemma O

95



If we replace the integration I'eq by ¥cq we incur an "error" which may be bounded by

yA Vv
N ‘M' EN ~eq |:]lx1€[*6§1+€]c H (Z 95 (Yea(i)) ) }

7=1

k
B e e

ZN TeqlV

N
> 4j(eq(24))
=1

This is exponentially small by Proposition Proposition and Lemma Finally by (6.1) we
can replace the partition function on the unbounded contour Zy r,,[V] by the one on the compact
contour Zy x,,[V] throughout. Thus, for some C' > 0,

/H <qu (2 > dllnr,, (z /H (Zq] (i ) dlly s, (z) + O(e™N).

After this modification, we can use (6.14]) (with ¢ = 1) to complete the proof of Corollary
In the case when k = 1, (6.15]) shows that

Jim (; S ) - / Q(Z)dureq(2)> My s(z) = mig) = (5 = 5 s (2185 1a)
$N =1

(6.17)
Here, we remind that u(f) is as given by (5.14)).
In the case k = 2, we can see that the limit

]\}iinmNz/ ( th (%) / z)dpur,, (2 ) ( ZQQ %) / z)dpr,, (2 )) dlly x(2)

>N

exists and is equal to
L (@[ DV 6 (A L[ e a1 d
olan @) = 51w (X7 | o (Ay") al|) = 5 | 2©)%(Ay )" @l(€) - dps(§) - (6.18)
where we remind that geq = supplus] = Yeq([0, 1]). Moreover, shows that
/H (ZQJ z;) N/QJdNE> dlly 5(z)

s J=1
converges towards a limit W (g1, . .., qr) which by the Dyson-Schwinger equations (6.11]) will satisfy
the recursive equation announced in Corollary exactly as in the real model.

A Singular integral operators and their inverses

In this section we show how the various singular integral operators of interest to our analysis may
be inverted. To begin we define various quantities.

Definition A.1 (W;° spaces). Let 3 be a smooth curve in C, then

WRE) = {f:S=C: fPeL>®), p=0,... .k}
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in which L*°(X) is defined with respect to the arc length measure on ¥. We let
def &
1 llwge () = ZSUI;;SSU(”)(%)I : (A1)
p=0 %

Note that we have the Banach algebra-type inequality |[fg|[yyee(s) < 2k||f||Wgo(g)||g||Wgo(g) and

monotonicity [|.fllywee(s) < [1fllwge, (2)-

A.1 The complex master operator

Below, we focus on a one-parameter ¢ € [0;1] family of compact smooth curves € which are
contained in some open neighbourhood A; which contains a tubular neighbourhood of Q; having
a fixed size, i.e. t-independent size. The endpoints of {); are assumed to be fixed with respect
to t € [0;1] and given by (; for the origin, respectively to ;’s orientation, and (2 for the final
endpoint, viz. 9 = {—(1, (2} where the signs correspond to the algebraic orientation of the point
in the boundary.

In this subsection we focus on the so-called complex master operator. It is defined in terms of a
finite measure

v € M() with dy(z) = ri(2) P(2)-dz and r(2) = [(z =) (z — Cg)];z/tir . (A.2)

Above, the square root is as defined through (2.12)) and P; is a one parameter ¢t holomorphic function
defined on the open neighbourhood N; of €, vanishing nowhere, and such that

1Pl g, = sup{|Pi(2)| : z€ Ni} < C (A.3)

for some C' > 0 uniform in ¢. Finally, we focus on an open neighbourhood N of Q strictly contained,
uniformly in ¢, in N, viz d(/\/t, (9M) > c. For z € Int (Qt) we set

Wi(z) = ][ dvylw) _ yf r@)hw) g, (A1)

z—w —2(z —w)
Q T(Q)

Here T'(Q;) is a loop in N; of index 1 around €);. Note that the final equality in the above equation
ensures that W; € O(N;) and that [|[Wy]|,, < C uniformly in ¢ for some C' > 0.

The complex master operator Ag, : O(N;) — O(N;) corresponds to the following integral
operator

Ao, [fl(z) = Wl(2)f(z) — /Wd%(’lﬂ) with 2z € N;. (A.5)
Q

Before discussing the invertibility of Ag, we need to introduce the following functional on O(N%)

Ka,lg] = / _ 96 g 55 90) g, (A.6)

—imry(s) 2imr(s)
o r(Q)

with I'(Q;) a loop of index 1 around €; in N;. The functional satisfies 1[1] = 1. Moreover, one has
that [|KCa,[g]llo, < Cllgllg,, so that Kq, is continuous on O(N}). In particular, ker[Kq,] is a closed

subspace of O(MN;) of codimension 1.

Proposition A.2. The image of the complex master operator coincides with ker[Kq,]|. This operator
1s tnvertible on its image and in particular one has

AgMgl(z) = ! / 9(5) =9(z) dsp g€ ker[Ka,] - (A7)



Finally, given a sequence of successively enclosed contours Ty () C N with d(Fk (), Fk+1(Qt)) >0
uniformly in t, it holds that

185 19l ) < Cillgll o forall g € kerfKy] . (A8)

The proof follows closely the technique explained in [30]. We stress that even though the above
formulae are obtained through complex analysis techniques, they also allow one to invert Ag, on
Wi (2:) spaces, without needing to recourse to analyticity of the measure v;’s density.

Proof. Assume that g € Im [Agt]. So, for all z € €, it holds that

f()

—dn(w) = g(2) . (A.9)
Q¢

Set

/f>m (A.10)

LL)*Z

F € O(C\ @) and admits = continuous boundary values on Int(£2;) and at most square root
singularities at the endpoints of Q;. Furthermore, it behaves as O(z72) as z — oo and its boundary
values satisfy F(z) — F_(z) = —g(z)/r4(z) for z € Int(€2;). Hence,

- —g(s) ds
F(z) = Q/T+(S)(S_z) o (A.11)

On the one hand, explicit calculations based on (A.10) yield Fiy(z) + F_(z) = inf(2)P:(z) for
z € Int(€2;). On the other hand, one infers from (A.11]) that given z € Int(€}),

F+(z)+F_(z)=][ﬂ-fL9 = 95 T(Sg(s) ds (A.12)

s)(s—z) im
Qt F(Qt)

Thus, we get that

1 s ds 1 s)—g(z ds
) = %T(SQ() . _ 559() 9(2) i

Py(2) (s —z) =272  Pyz)
() ['(€2)
1 / g(s )—9( ) ds
Q

This entails for z € Int(€;). However, by analytic continuation, this formula extends f
holomorphically to NV;. Moreover, one may check that this extension does coincide with the formula
for f that one can obtain upon trivially inverting Ag,[f](z) = g(z) for z € N; \ ;. For that it is
enough to observe that for such zs, one has

d
Wi(z) — / dvy(w) = inmr(z)Py(z) . (A.14)
zZ—w
Q¢
One should note that for the sake of consistency with the asymptotics of F'(z), the leading order
term in the z — oo expansion of F' as given by ({A.11]) should vanish, which implies that g, [g] = 0.
Thus, Im[Ag, ]| C ker[Kq,]. Reciprocally, if g € ker[Kq,], a direct calculation shows that given f as
in (A.13), it holds Ag,[f] = g on A and thus ker[Ko,] C Im[Ag,]. Finally, the continuity bounds
for Ag, are readily obtained by direct estimation.
O
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A.2 The real master operator

We now turn to considering the real master operator Z,, : W*(J') — W2 (J'). We need to
introduce a few auxiliary objects to define it.

First of all, we consider diffeomorphisms 7, : J' — n(J') with J’ being a fixed segment [a’; V']
and single out a subinterval J = [a;b] of J', viz. J C J'. In principle, J may coincide with J’
We shall work under the assumption that there exist ¢-independent constants Cy, > 0 and {C}},>0

<Gl VayeJ . (A.15)

||nt||WEO(J/) < Op and ‘77tnt(y)

rT—y
If J is a strict subinterval of J’, i.e. J C Int (j ! ), then we shall assume that 7, is analytic on some

open, t-independent, neighbourhood .4 of J.
The real master operator is defined in terms of a finite measure

GeM(T)  with  d&(2) = s4(2)Gi(z)-dz and s(2) = (z—a)2(z—b)2. (A.16)

Above, the square roots are defined in terms of the principal branch of the logarithm so that s
has cuts across [a;b]. &; is a holomorphic function in a fixed, ¢-independent open neighbourhood
N of J'. It is non vanishing on the latter and &;(z) € —iR™ for € J’ and satisfies the bound
[S¢l oo (7, < € uniformly in ¢ € [0;1].

Finally, we define an auxiliary potential for x € Int(7)

_ [ daly) t(y)G:(y)dy
Wt(ﬁt(l’)) - ;[nt(:c) — ne(y) F(?f) —2(77t(:r) — nt(y)) (A.17)

The second integral representation provides an analytic continuation of #; to some open neigh-
bourhood of 7, containing 7 in particular. It only makes sense when J is a strict subinterval of
J'.

We are finally in position to define the real master operator =,, : W (J) — W2 (J):

1

= [f(2) = Re (o)) Fla) - [ Red 1 (@) = m(y)f(y)
=0 o) = e (Htuto (o) o) - [ e { MO W Lgg ) (aas)

Proposition A.3. There exists a continuous linear functional KC;;, : W°(J) — C, satisfying
Knlll=1 and  |Kylf]] < Clflye ) (A.19)

for some C' > 0 independent of t € [0;1], such that the image of the real master operator is given
by Im[Z,,] = ker[K,,]. Moreover, Z,, : Wi(J) — ker[K,,] is invertible and there exists C' > 0
and independent of t € [0;1] such that

H“m HWOO 7 S c’ HgHW;:il(j) (A.20)
Proof. It is convenient to recast the operator in a slightly different form that allows one to study
its inversion more efficiently. For that, we observe that for z ¢ J, x € Int (F(j )), by deforming the
integration in the second term from J to I'(7)

d&:(y) _ iﬂt(ﬂﬁ)@t(@’)
#iniw) - [ @ -y " @ (A-21)
Hence,
=, 1f](x) = As[f)(x) + / (@, ) f (y)dy (A.22)
J



in which

o) = {Re <77t(907)7££y7)7t(2/) @ i y)} T @)G()

where A 7 is the complex master operator studied in the previous sub-section and associated to the

t-dependent measure & on the t-independent curve J.
Observe that if g € Im[Z,,], then

e gz) - / r(z,9)f (y)dy € Tm[Ay] (A.23)
J

and thus this function belongs to ker [IC j] . As a consequences, there exists g such that
Aglfli(x) = g(z) — Kglg] - /ﬁ(%y)f(y)dy with  7i(z,y) = 7z, y) — Kgln(xy)] . (A.24)
J

This leads us to introduce the integral operator

T W(J') — kerpeo (g [Kg]  with  T[f](z) = /ﬁ(%y)f(y)dy- (A.25)
7

Hence, acting with A}l yields
1+ D) = A [g(=) — Kg[g]]  with Ly = AZ o T : WR(J') — C®(J') . (A.26)

Note that L¢[f](z) = [ A(,y)f(y)dy has its integral kernel given explicitly by
J

May) = SR [N D) B S a). (A21)

There, A is smooth on J’ x J' and its W;° norms may all be controlled uniformly in ¢ € [0;1]
It thus follows by a theorem of Gonzalez-Barrios and Dudley [35] that the integral operator L; :
L?(J') — L*(J’) with integral given by A; is trace class.

The last observation allows us to invert 1 + L; in L2 (j ! ) and then use the resulting formula to
define an inverse on W;*° (j ! ) Because L; is trace class, the Fredholm determinant det(1+L;) exists
and will vanish only if there is an f € L?(J’) \ {0} such that (1 + L;)[f] = 0. Thus, assume such
an f exists. Because L; sends L?(J’) functions to C>(J’) functions, we have f = —L,f € C*(J").
At this stage, we may just apply Az to both sides which leads to the equation =,,[f] = Cy where
Cy is a constant depending on f and possibly on t € [0;1]. Integrating the lhs of the equation by
parts we find that for = € Int(J)

/ lnjn(z) - m@)|Giy)dy =C  with  Gyly) = (fe+6:) (v).
J

Note that by by continuity, the equation also holds up to the endpoints, i.e. for z € J.
Integrating both sides with respect to G; over the interval 7 we find

/ In|z —w|d{(z) ® d¢;(w) =0
(n:(7))?

60



where d(; is the pushforward of the signed measure G¢(y)dy on J to the curve n:(7) under the map
n¢. However, by Proposition[2.6] this implies d¢; = 0 and so f(y)t4+(y)S¢(y) is constant on J. Since
this function vanishes on 9.7, we infer that f(y) = 0 Vy € Int(J) and thus on J by continuity.
This vanishing then implies that the constant C} also vanishes. This, in turn, implies by
that f(x)ire(x)S¢(x)(z) =0 for all x € J'\ J, so that f =0 on J. Therefore, det(1 + L;) # 0.

The inverse of 1 + L; may be written as 1 — Ry, where, according to Fredholm theory, R; is an
integral operator with kernel R; given by

1 1 Az, y) /\(ﬂc,Uk))
Ri(z,y) = —— — [ det du.
(2, y) det (1 + Lt) T;) n! j/ ()\(uj,y) Auj, ug) jk=1,...n

The above series converges absolutely and uniformly by Hadamard’s inequality. Moreover, the
integral equation satisfied by the resolvent kernel ensures that the latter is of the form R;(x,y) =
Ry(x,y)c, (y) with R; smooth on J’ x J', this uniformly in ¢ € [0;1]. The above implies that
IRefllwee 7y < Cjllfllwge(gr) for some constant C; > 0. Hence, we have just proven that any
g € Im(Z,,) is of the form g = g — K,,[g] with

b
Kulg) < Kslg) - ’CJ[/Tt('>?/){(1 —R)) 0 A7 [g — K9] }(v) dy] (A.28)

a

and the solution f to =,,[f] = g with g € Im(Em) reads
f=@1-R)oAs[g—Kslg]]- (A.29)

On then readily infers the continuity bound.
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B Construction of the contour I'y, of Proposition [2.20

In this section we prove Proposition [2.20] We shall start by considering the contour provided given
by Theorem of da Silva and Kuijlaars and build on the hypothesis of one-cut regularity, c.f.
Definition [2.18] so as to "bootstrap" it a more regular curve. We shall proceed in two stages: we
first construct a piecewise analytic curve that has all the properties we want, save for being C*.
Then we will "round the corners" to achieve a C* curve.

Lemma B.1 (p. 7of [47]). The support of the equilibrium measure of a contour solving the maz-min
energy problem has no self-intersection points.

Proof. We proceed by contradiction. Let T'eq € T (cv,@’) be a curve solving the max-min energy
problem, let ur., be its equilibrium measure, and assume supp ur,, has a closed loop €. Let
I's = Teq\ € € T(a,d) be the curve obtained from T'eq by removing %, and let pp, be the
equilibrium measure on I's. Since ur,, [‘5] > 0, we have pur, # pr.,. Since supp ur, C I'eq, by
uniqueness of the equilibrium measure ensured by Lemma Ir.lur,] > Ir,lpr.,)- But this
contradicts I'¢q being a solution of the max-min energy problem ({2.7)). O

We first start by defining the admissible contour I'eq of our interest in the vicinity of the support
of pur,, by means of the curve analytically extended to [—€;1 + €], c.f. Lemma We
remind that € is chosen so that there also exists an ¢ > € > 0 such that v admits an analytic
extension to [—€;1 4 ¢]. By ([2.29), ¢r.ei(z) > 0 for all z € y([—€ ;14 €]\ [0;1]). Hence in
particular ¢p, .ef(Y(—€)) = @ro e (7(1 +€)) > 0. Here, we stress that this last equality follows
from the very specific way in which v was built in the neighbourhood of [0;1].

s
27ia

Recall that e”%* and e “x" are respectively the incoming and outgoing directions of the contours
in 7 (a,a’) (recall Definition [2.15)). Consider the (oriented) rays

2mia 2mia’

Lo = e » |+00;R] and Ly =e » [R;+o0],

where R > 0 is chosen sufficiently large so that ¢r,.e(2) > 0 for all z € Lo U Ly/. This is possible
because @r.,eff(z) ~ 1|2|% as |2| = oo along these rays.

Proposition B.2. Let
A={z€C: ore(z) > 0}.

If the potential V is one-cut reqular then the points Re™%* and v(—¢€') are connected by a continuous

path contained in A, and similarly Re™ and v(1+4€") are connected by a continuous path contained

in A.
Before proving this we need to establish some preliminary results.

Lemma B.3.
{€C: pr,en(z) >0} = supp ur,, UK

Proof. It is clear that lhs D rhs, thus we need only show that lhs C rhs. Let z € C be a point
such that ¢r, cq(2) > 0. Clearly if ¢r  e(2) > 0 or if 2 € supp pr,, then z € rhs so without loss
of generality assume ¢r, .et(2) = 0 and z ¢ supp pr,,. However if z € supp pr,, then or e is
harmonic on a neighbourhood of z. Since harmonic functions are real parts of holomorphic functions,
on every such neighbourhood there are some points for which ¢r, .cr(2) > 0. Hence z € A. O

Lemma B.4. The set A has only finitely many connected components. In particular, it has at most
Kk connected components.
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Proof. We first show that the connected components are unbounded. Suppose by way of contra-
diction that a coniected component C' of gofelq; o (10, +00]) is bounded. Then @r, .f is maximised
by some point in C. However ¢r  ..q = 0 at the boundary and ¢r_ e > 0 in the interior, and so
lqeff has a local maximum, which is impossible because ¢r,.eff is harmonic away from supp pr,,,-
Thus the connected components must be unbounded. However for R > 0 sufficiently large A \ Do g

has x connected components, where Dy g = {z € C : |z| < R} (see Lemma 5.5 of [47]).
O

Lemma B.5. Let C' and C’ be two distinct connected components of A. If z € (CNC") \ supp pir,,
then R(z) = 0, where R is the polynomial introduced in Theorem .

Proof. Firstly, we must have ¢r, .(2) = 0, since if or et(2) > 0 then z would be in one of the
connected components of A. But then because these connected components are open, z is bounded
away from all other connected components and so could not be in the closure of more than one
component.

Secondly, on every neighbourhood U of z, UNA is disconnected. We claim this implies R(z) = 0.
Suppose by way of contradiction that R(z) # 0. Because z ¢ supp pur,,, the function

R(=) = 2riClur, ] (2) + V/(2)

is analytic at z. Thus, so is also the map

w — ®(w /ch

z

and since ®'(z) = \/R(z) # 0, it defines a biholomorphism from a neighbourhood U,of z to a
neighbourhood of 0. Let (5 > 0 be sufficiently small so that Dg 5 is a subset of the image of ®(U.).
The set Dgs N {Z € C : ReZ > 0} is connected, hence using that Re ® = ¢eg, one gets that

® ' (DgsN{Z€C : ReZ >0}) = & ' (Dys) NA

is also connected. However this contradicts the fact that U N A is disconnected for every neighbour-
hood U of z. O

Lemma B.6. Assume that the potential V is one-cut reqular and let (1,(o € C be the endpoints of
the support of the equilibrium measure. Then there is exactly one connected component C of A such
that (; € C; similarly there is exactly one connected component C' of A such that (; € C'.

Proof. This follows from the fact that the polynomial R(z) = (2mi C[ur,,](z) + V'(2))? has simple
zeros at z = (1 and z = (2, which implies a local structure of @r, . around ¢; and (o. O

Lemma B.7. Let C be a connected component of A and let z € C N supp UTey- Then R(z) =

Proof. We proceed by contradiction. Assume that z € C' Nsupp UT., but R(z) # 0. Then, one may
continue holomorphically \/R(w)_ to the F side of ur,,, and thus

[q)Feq;efr]i(Z) = /\/%i d¢
G

admit a holomorphic extension to an open neighbourhood U, of z. Given that [@peq;eﬁ];(z) =

VR(z), #0, [@peq;eﬁ]i(z) extend, up to shrinking U, to biholomorphisms on U,. If z = ~(t) with
t €]0;1[, then upon taking w = ~(t) & iey/(t) with € > 0 and small enough, one has

q)req;eff(w) = [(preq;eff]i( (t) ) + 167 VR +O( )

€iR+
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Thus, upon shrinking U, if need be, one has that

<0 on U, N {+sideof ([0;1])}

QOI‘eq;eff(OJ) = Re ((I)Feq;eff(w)) {< 0 on Uz N {—sideof 7([0’1])} . (Bl)

Hence, z cannot be a boundary point of C; as there exist an open neighbourhood U, thereof such
that

U. € 3(1051) U {2 € C : prgen(z) <0} .
O]

Proof of Proposition @ An open connected set in C is also path connected, so we need only show
27T
that v(—€¢) and Re ™~

and Re™™" belong to the same connected component.

belong to the same connected component of A; and similarly that (1 + €)

By the assumption of one-cut regularity there exists a contour e T (e, ') solving the max-min
energy problem and for which R has simple zeros at (1,(s € f, the endpoints of the support of the
equilibrium measure, and no other zeros on I'. Furthermore, because of the way OF. o (2) = Plogiett (2)
scales as |z| — oo (recall that the effective potential only depends on the support7of the equilibrium
measure), we can without loss of generality assume that Ly, Ly C L. Since it solves the max-min
energy problem, we must have I' C {z € C : gof;eﬂc(z) > 0} = supp pr,, UA (by Lemma [2.15 and

Lemma [B.3]).

_ Let Cy,...,C)y, be the connected components of A such that cin [ 0 fori= 1,...,m. Hence
I cCiU---UC, Usupp KT eq - If C; Nsupp pT., 7 0 then, by Lemma , for all z € C; Nsupp HTeq>
R(z) = 0. Hence at most two such connected components, when closed, intersect nontrivially with
supp pr,,- Let us call these components C; and C; (we will later see that C; # C; but so far we
haven’t shown this).

We now claim that m < 2, i.e. no more than two connected components, when closed, intersect
non-trivially with I". To see this consider the closed set

m
K=Tn|JG,
p=1
PFL,J

K Nsupp pr,, = 0 by construction. We also claim K NC; =0 and KNCj = (. This is because any
point z € K N C;, by Lemma is a zero of R. But the only zeros of R on [ are the endpoints
(1,C2 € supp pr,, by the one-cut regularity assumption. Hence K is disjoint from C;UC;Usupp pir,,,-
However K and I'N (a U @ U supp ur, q) are a pair of disjoint closed sets whose union is T. Since
T is connected, K = (.

Next we claim that C; # . By construction (1 € C; and (o € @ (or the other way round).
Thus y(—€¢') € C; and y(1+¢€') € Cj, since y([¢';1+€¢']\[0;1])) C A by (2.29). Now suppose by way
of contradiction C; = Cj. Then there is a continuous path from y(—¢’) to y(1+4¢') contained entirely
in A. Using 7 to define a path from v(—¢’) to v(1 + €’), we thus have constructed a continuous
path, without self-intersections, lying in {z € C : ¢r_e(2) > 0}. This path passes through
SUpp Ur.,; where ¢r .o < 0 on both sides. Hence this path encloses a connected component of
{z € C : pr.en(z) < 0}. However by the same arguments used in the proof of Lemma the
connected components of {z € C : ¢r .e(z) < 0} are unbounded, and so they cannot be any
enclosed by any compact loop. A similar argument can also be used to show that C; N C; = 0.

Finally, we conclude the proof by showing that Re™* and Re™" belong to different connected
2ria’

components, ¢.e. Re™™ € C; and Re™ = € Cj (or the other way round). Let us think of T as
parametrised by a piecewise C' function 7 : R — C. Let z1 be the smallest real number such that
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¥(x1) = ¢1 and x9 the largest real number such that J(x3) = (2, where the path is oriented such
27ic

that x1 < xo. If Re™ = € C; then « defines a path from (» to Re%%, and so for some x3 > X9,
~v(x3) = (1. However by the same arguments used in the proof of Lemma the energy of the
curve can be increased by removing ¥([z1, z3]) and so ¥ cannot be a solution of the max-min energy
problem. ]

Remark B.8. In the above proof we are regularly using the basic topological principle that if A
and B are closed sets and v : [0;1] — AU B a continuous path, where v(0) € A and (1) € B,
then v([0;1]) N AN B # (. This follows because if v([0;1]) N A and v([0; 1]) N B were disjoint they
would define a partition of v([0;1]) and hence show that (][0;1]) is disconnected, but ~([0;1]) is
connected by the continuity of ~.

Lemma B.9 (Continuous paths may be replaced by piecewise linear paths). Let U C C be an open,
connected (and hence path connected) set. Then given any two points a,b € U, there is a path from
a to b contained in U consisting of a finite sequence of straight line segments.

Proof. Because U is path connected, there is a continuous path 7 : [0;1] — U such that (0) = a
and 7(1) = b. Let x = n([0;1]), which is clearly a compact set. Next, there exists an ¢ > 0 such
that dist(x,C\ U) > 2e. Hence {vaz}zex is an open cover of y. By compactness we may pass to a
finite subcover labelled by z1,...,z, € x, where without loss of generality z; = a and z, = b.
Next, for any |z, — zj| < 2, k # j, let us draw a straight line between these two points, and
note that this straight line is entirely contained in Dez; UDez, CU. Let X be the union of the set of
such points {z1, ..., z,} and the line segments connecting them. We claim that X is a connected set,
which if so would complete the proof. Hence by way of contradiction let A and A be two nonempty
sets such that AU A = {z1,...,2n}, AN A =0, and such that |z —Z| >2eforall z€ Aand z € A.

But then N
U = U D.. and U = U D .
ZGA ZEAV

are disjoint open sets which together form an open cover of x. If both these sets were nonempty
xNU and xNU would be a partition of x. However x is connected and so either A or A is empty. O

Hence we can construct a contour I' consisting of La, Lo/, 7([—€ ;1 + €¢]) and a finite number

of straight lines connectingj%ey to y(—¢€') and Re™ to ~v(1+ f’ ), where these straight lines lie
in A. Hence I € T(a, '), T'\ supp pur,, C A and y([—e;1+¢]) CT.

We almost have the desired contour except for the "corners" where each analytic arc meets the
next. To fix this we "round" the corners in such a way to achieve a globally C*° curve. For example,
if we have two analytic arcs n; : [-1;0] — C and 1 : [-0;1] — C (for some 0 > 0), such that
71(0) = 12(0), we may join these together smoothly by 77: [-1;1] — C where

@) = m(@) + (@) m(@)0(3)

where 6 : R — [0; 1] is a C* function such that §(z) =0 for z < 1 and §(z) =1 for = > 1.

By making the region of the "rounding" sufficiently small we can ensure the new C* contour
I'eq obtain by this procedure has the properties that I'eq \ supp pur,, C A and y([—€;1 +€]) C Teq.
By Corollary our new contour I' has the same equilibrium measure as the contour solving the
max-min energy problem, hence our new contour also solves the max-min energy problem. This
completes the proof of Proposition [2.20]

Remark B.10. The fact that we are in the off-critical regime is what allows us to make the contour
C®°. If we were in the critical regime we would only generally expect to be able to make our contour
piecewise C°.
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C Fredholm determinant

In this section we prove the following important proposition.

Proposition C.1. Let {t(z)}rer be a family of complex-valued random variables, viewed as a
random measurable function, with the following properties.

(1) ¥(x) = (=) and $(0) = 0.
(2) Any finite subset of {Rev(z),Im1p(x)}y>0 is jointly Gaussian (not necessarily centred).
(3) For every k >0, E[|¢(2)[¥] < C(1+ |z[) for some by > 0.

(4) E{f [y (z)|? dx} < +o00, which implies that 1 € L*(R) almost surely.
R

(5) B(z,y) def cov(q/;(x),@) is such that [ |B(z,y)|?dzdy < +oc.
R2

Define i € L*(R) by p(x) ey E[¢(z)] and let A:R?* — C be a continuous function such that

Awy) = Aly,z) = A(—z,—y)  and /WA@adexdy<:+am
R2

and let A € L*(R) be such that A(x) = \(—x)
Then, A : L*(R) — L*(R), resp. B : L*(R) — L*(R), defined by

Aﬂ@z/Amwﬂww,rmeﬂwz/B@wﬂww
R

R

are self-adjoint Hilbert-Schmidt operators and one has

E

exp (;/w(x)fl(:&y)wy) dyﬂ/MfCW(x) daf)]
R2 R

1- . -1 . . -1 1 . -1 (Cl)
exp(5i(u, A(L = 1BA) ) oy + 1A, (1 = 1BA) " i) p2y — (A, (1 — 1BA) ' BA) 2(m))

- \Jdetiae) (1 - iBA)

We prove Proposition in two stages. We first prove the result in the finite rank case and
then extend by continuity.

Lemma C.2. Denote S, = [—n; n]\ {0} and let
o &= {& bhes, € C?" satisfy & = £ with {Re &, Im &} _, a Gaussian random variable;
e A= (\i)res, be such that \p = \_y;
o A= Mat(A,-j D4, € Sn) be such that A;; = A_j; _;.

Then, one has

E | exp (;@AQ +i<>‘75>>

exp(5i(p, A(1 —iBA) ' p) +i(A, (1 —iBA) " p) — 3(A, (1 —iBA)"'BAX)) (©2)
B det(1 — iBA) '

where B = Mat(cov(fi,?j) 11, € Sn), pw = (E&)ies, and (x,y) = Ziesn Ty;. Finally, the
quantity in the denominator corresponds to the determination of the square roots of the map z —
det(1 — 2ziBA) in Re(z) > 0 equal to 1 at z = 0.
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Proof. To show this we transform to real variables. Let

§k + &k I £k
T f k>0 and X \/il

which can be encapsulated in terms of the matrix transformation X = J& with J unitary in respect
to < .,. >. Upon introducing B = JBJ' , one gets cov(X;, X;) = B;;. Similarly let A= JAJT,

A= J)\ € R? and o = E[X] = Ju € R?™. Then the expectation of interest reduces to the
evaluation of the integral

\/ﬁ / (miﬁ)Té—l(mfﬁ)+%inA'w+ixTw dw

R2n

X = for k<0, (C13)

A short calculation involving completing the square then yields the desired formula. To conclude,
one observes that since B is positive definite, VBAVB is a Hermitian matrix and thus has real

eigenvalues Ay, a = 1,...2n counted with multiplicities. Hence,
2n

det(1 — ziBA) = det(1 — 2iVBAVB) = [] (1 —izXa) # 0 (C.4)
a=1

if Re(z) > 0. The function thus admits a determination of its square root in that simply connected
domain which, moreover, may be chosen to be equal to 1 at z = 0. The non-vanishing of this
determinant also implies the invertibility, in that domain, of the matrix 1 — ziBA.

O]

The last step of the proof co?sists in demonstrating that we can approximate A by a finite rank
2 : : : :
operator. Let ¢k (x) = Hg(x)e 2" where Hy, is the kth normalised Hermite polynomial, so that

(Ph: i) 2wy = /@k(x)%’(m) dz = . (C.5)

R

Note that ¢y is an even function for even k and odd for odd k, hence (g, 1) 12(Rr) is purely real for
k even and purely imaginary for k odd. Let

1 N 1 d 1 1
— — and o = — - —
ﬁﬁp% \/Q<P2k+1 k ﬁsﬂ% ﬂ¢2k+1

Then given S, as in Lemma and o}, being the one-form canonically associated with o}, by means
of the L?(R) scalar product, we define the orthogonal projection P,, = > kes, Ok @ 0%

o) = for ke[l,n].

Lemma C.3. The real and imaginary parts of &, = <Jk,¢>L2(R) are jointly Gaussian with

El&k] = (ok, )2y and  cov (&,&5) = (04, Boy) 2w -

Proof. Let a = (o )res, with @y = a_x. We will show that the moments of } 7, s @ coincide
with those of a Gaussian random variable and hence {Re &, Im ¢}, are jointly Gaussian. Thus,

let f =) res, W0k , 50 that (f, 1) 2m)y = D cs, @k Then, for m € N,

B (X @) "] = B[ 0] = B [ 7 Famvto) - bl dx
J

keSn

Because f is a Schwarz function and E[[¢(z)|™] grows at most algebraically as |z| — oo, we may
exchange the expectation with the integral sign. Then applying Wick’s theorem and reversing our

steps we find that ) @g&; has the moments of a Gaussian random variable with the predicted
keSn
variance, and hence is Gaussian. ]
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Proof of[C-1 Let A™ = P,AP,, B™ =P,BP,, A" =P, \. By Lemma since the associated
finite-size matrices A, B and vectors )\(") (") enjoy the hypotheses of that lemma, we have

E [GXP <; (¥, A(n)¢>L2(R) +i(Am, ¢>L2(R))]

e%i(u,A(")(1—iB(">A<”>)*1M>L2(R)+i(>\(">,(1—iB(">A(">)*lu>L2(R)—%<>\("),(l—iB(”)A("))*1B(">>\(">>L2(R> (C.6)

Observing that, by construction, B(z,y) = B(y,x) = B(—z, —y), one infers from the properties of
the integral kernels A(z,y) and B(xz,y) readily ensure that A and B are Hilbert-Schmidt and thus
BA is trace class. This ensures that the Fredholm determinant detyg)(1 —iBA) is well-defined.

Furthermore B > 0 and so has a well-defined square root v/B. Then by Sylvester’s identity
detr2m) (1 — 2iBA) = detp2g)(1 — ZivVBAVB) = H (1 —izXq) #0, since vBAVB

is a compact self-adjoint operator with eigenvalues A\,, a € N, repeated with their multiplicities.
This ensures that (1 —iBA)~! is well-defined and that the holomorphic map z ~ det r2(w) (1 —2iBA)
on Re(z) > 0 admits a determination of its square root which equals 1 when z = 0.

Now, one can readily check that AT — A and B(™ — B in the Hilbert-Schmidt norm |- g, and
thus B(MA™) — BA in the trace class norm. It is direct to see that all n-dependent quantities in the
rhs of |) converge to the same expression with n removed, i.e. we may replace A B \(n)
with A, B, X respectively throughout. On the left hand side of we observe that

'E [GXP<;<¢,A(R)¢>L2(R) +i(Am, ¢>L2(R)>] —E [GXP<;(¢7A¢>L2(R) + i(A, ¢>L2(R)>] ‘

<

A = A s B9y | + 1A = X2 [E 161325 ) —_ 0

n——+0o

N

since E |[|¢]|2, < 400 by hypothesis. O
L*(R)
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D Asymptotic expansion of the Selberg integral

In this section we prove Theorem [6.4. We begin with the exact formula for the partition function
ZN.ro[Vol-

Proposition D.1 (Selberg-Mehta integral, Ch. 17 of [52]). Let Vi be the quadratic potential given
in (2.40). Then, one has the closed formula

2

Zyr Vo] = (2m)% (CQ ; ﬁ)m(é_é)wg PNV (952) [(2)'] N ﬁ (%)‘ (D.1)
J=1

VB8NS

The terms on the right hand side all have straightforward asymptotic expansions except for
N

II (%J) I. For this we need the following lemma which relates it to a Barnes G-function.
j=1

Lemma D.2. Let t,n € N be integers greater or equal to 1. Then

n—1 tn—1 | 1—2
n(t—1) t L)
= () T e

7 -
p=1 '

Proof. Let H(n) := H;le (tj)! and consider the product

tn—1 n—1t-1 n—1t—-1 ¢ t—1 n-—1

17 =TI [0 +0r = ()] TTTTITw +» = )T (TTek+n) "
j=1 k=0 £=0 k=0 (=0 p=1 p=1 k=0
Finally, we observe that nﬁl(tkz +p) =+t Fg(z;l ) O
k=0 ¢
From this we have
In Zx.1, [Vo] = gln(%) + [NB(; . %) + 52]\72} (m(cz —G) - éln(&@) - %m N)
o S5) [ (2)] o ()]
BN 1 g1
%E 4} 1n§+;1n[ ]Hl j!] +p§ <1f ?){F(?)F(?+N)} .

Using Stirling’s approximation and the asymptotic expansion of the Barnes G-function we obtain
the N — 400 expansion,
1 1> BN?

In Zyr, Vo] = gln(%r) + [N,B(B -5)+ ?} (m(gg ) - %ln(8ﬁ) - %m N)

—ﬂNQV(ClJrCQ) ~ N [(g)'] +57N1nN+57N1n§ - BTN—F%lnN

-y (1—23){(N+2—p—1)1nN—N+11nN}—E[Q—q 1n§

3 2 2 12
BEN?2 B 3B2N? BN 1
g o 3 In 5 16 + 1 In(2m) B In N} +0(1).

We remark that logarithm of the Barnes G-function and the logarithm of the Gamma function both
admit, from the O(1) scale and beyond, a full asymptotic expansion in powers of % Hence also
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the above O(1) error could be expanded in a full asymptotic power series in % Finally, collecting
terms at each scale, and observing that

L3
4

G +C2>

Toyiry] = —1n(Ga = G) + n(4) +2v (2

utlpr,) = = [ 10 { LY ) = —5 4T 4G - ).
o

we obtain Theorem [6.41
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