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Abstract

We prove a large deviations principle for the largest eigenvalue of Gaussian Kro-
necker matrices, namely matrices defined as the sum of tensors of independent Gaus-
sian matrices in the regime where the dimension of the Gaussian matrices goes to
infinity.
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1 Introduction

The theory of random matrices has developed significantly since the seminal works of
Wishart [49] andWigner [48], with applications across many areas of mathematics, physics,
and statistics. In this article, we focus on their large deviations theory, namely on the
question of estimating the probability that their spectrum has an unlikely behavior. Such
a theory has several motivations. Recently, large deviations for the smallest eigenvalue of
Gaussian matrices have emerged as a key tool for estimating the mean number of minima
of complex Gaussian functions via the Kac-Rice formula [8, 7, 15], an important step
in analyzing the complexity of spin glasses. But since Boltzmann, the theory of large
deviations has also been a natural approach to defining entropy.

This path was followed by Voiculescu to define entropy in free probability, which can be
thought of as a non-commutative probability theory endowed with a notion of freeness,
analogous to independence in classical probability theory. In the key article [44], he showed
that unitarily invariant matrices converge as the dimension goes to infinity towards free
variables, in the sense that the traces of their words converge towards the trace of words
in free variables. Voiculescu then introduced an entropy theory [45, 46]. He defined a
microstate entropy in the spirit of Boltzmann by the volume of independent Gaussian ma-
trices whose empirical non-commutative distribution approximates a given tracial state,
namely the large deviation rate function for the non-commutative distribution of inde-
pendent Gaussian matrices. One of the objectives of this theory was to define invariants
for free group factors, but unfortunately, as pointed out by Voiculescu [47, Sect. 2.6],
technical difficulties still prevent the completion of the theory. In particular, a full large
deviation principle is still lacking, which could take the form of the convergence of the
renormalized logarithm of the volume of microstates (so far, microstates free entropy is
instead defined in terms of a limsup) or more boldly of an equality between the microstate
entropy and the microstate free entropy which were so far only shown to be bounded by
one another [16, 39].

In [47], he defined another entropy, called topological entropy, which, instead of considering
the large deviations of the traces of polynomials in independent matrices, considers the
large deviations of their norm. However, so far this definition has also suffered from the
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difficulties encountered with the microstates entropy. In ergodic theory, Bowen [21, 20]
defined an entropy theory for group actions inspired by Kolmogorov and Sinai. Again,
this theory is incomplete due to technical difficulties, and a full large deviation principle
for sofic entropy is not yet known. More recently, Austin [12, 11] defined a new notion of
entropy for unitary representations, roughly akin to a microstate entropy for the types of
these representations. Interestingly, this new theory allows proving a full large deviation
principle for the operator norm of a polynomial in independent unitary matrices [11,
Thm. C].

Large deviations for a single random matrix are much better understood. It was first
analyzed for the so-called Gaussian ensembles, which are self-adjoint matrices with i.i.d.
centered Gaussian entries above the diagonal. In fact, the joint law of the eigenvalues of
such matrices is explicit and given by a Coulomb gas interaction. From this explicit formula
and refined Laplace’s method arguments, a large deviation principle for the empirical
measure of the eigenvalues was derived in [14], as well as a large deviation for the largest
eigenvalue [13]. Removing the assumption of Gaussian entries is still an open question as
far as it concerns the large deviations of the empirical measure of the eigenvalues, and
that the entries have sub-Gaussian tails. They are now well understood for the extreme
eigenvalues [30, 10, 22] but their derivation requires sophisticated tools such as tilting the
measure by spherical integrals. Indeed, in such cases, the joint law of the eigenvalues is
not explicit, and large deviations are approached by deforming the measures to make the
desired deviation likely similar to the classical proof of Cramér’s theorem. If the entries
have tails heavier than Gaussian (but stretched exponentials), it turns out that large
deviations have a smaller rate and can be derived both for the empirical measure [17]
and the extreme eigenvalues [9]. Unlikely events are, in this case, created by anomalously
large entries. For heavy tails such as α-stable laws or sparse matrices given by Hadamard
products with the adjacency matrix of an Erdös-Rényi graph, large deviations can also be
studied [18, 26].

Understanding Gaussian matrices with additional structure is also an important topic,
particularly for its application to the study of the complexity of random functions (see,
e.g., [7]). The first case studied was Gaussian matrices with a variance profile: the entries
are independent centered Gaussian variables but their variances vary. Again, in this case,
the joint law of the eigenvalues is not explicit, but the trick of tilting the measure by
spherical integrals could be used to derive large deviations for the largest eigenvalue [37, 38,
24]. The large deviations principle for the empirical measure has not yet been demonstrated
in this case (see [28] for upper bounds). Another case of interest is the deformed Gaussian
matrix, i.e., the sum of a Gaussian and a deterministic matrix. Using Dyson’s Brownian
motion, the large deviations principle for the empirical measure of such a matrix was
derived in [33, 29]. The large deviation for the largest eigenvalue was established in [43]
when the deterministic matrix has no outliers and in [19] when it has one outlier. In
the latter case, large deviations are deduced from a new argument based on a functional
equation satisfied by the rate function.

In this article, we focus on matrices that are sums of tensor products of independent
self-adjoint matrices with fixed-size deterministic matrices (see (1.1) below for the precise
definition of the model). Random matrix models of this structure are referred to as (Gaus-
sian) Kronecker matrices in the literature (cf. [4]). They became particularly popular in
free probability since they were shown to encapsulate all the information of polynomials
in several matrices, thanks to the so-called linearization trick [36, 5]. Furthermore, they
provide a simple model of a structured matrix with dependent entries. The main result
of this paper is a large deviation principle for the largest eigenvalue of Kronecker matri-
ces. It is to our knowledge the first large deviations principle for matrices with correlated
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entries. Moreover, the model involves a structured deformation that goes beyond the di-
agonal deformations considered in [38]. Since there are well-known links between such
Kronecker matrices and polynomials in several random matrices through Haagerup and
Thorbjørnsen’s so-called linearization trick (see [36, 5]), in future work we hope to apply
our findings to tackle large deviations for the norm of such polynomials and provide new
light on Voiculescu’s topological entropy. One should notice that recently a similar result
was announced by T. Austin in [11, Theorem C] for words in unitary matrices.

Acknowledgements: A.G. and J.R. were partially supported by ERC Advanced Grant
“LDRaM” No. 884584.

1.1 Definition of the Model

We consider NL×NL random matrices of the form

X
(N)
β :=

k∑
j=1

Aj ⊗W
(N)
j +A0 ⊗ IdN , (1.1)

where A0, . . . , Ak are L × L deterministic Hermitian matrices, IdN denotes the N × N
identity matrix, andW

(N)
1 , . . . ,W

(N)
k are i.i.d. centered N×N Hermitian random matrices.

For simplicity, we drop the N -dependence of W
(N)
1 , . . . ,W

(N)
k throughout the paper. The

parameter β distinguishes between a real symmetric (β = 1) and a complex Hermitian
(β = 2) variant of the model (1.1) for which we make the following assumptions.

Assumption 1.1 (Assumptions on matrices). Fix β ∈ {1, 2}.

β = 1 We pick symmetric A0, . . . , Ak ∈ RL×L and the random matrices W1, . . . ,Wk are
sampled independently from the Gaussian Orthogonal Ensemble (GOE), i.e., W1 =
W T

1 and (W1)ij, i ≤ j, are independent real centered Gaussian random variables
with variance (1 + 1{i=j})/N .

β = 2 We pick Hermitian A0, . . . , Ak ∈ CL×L and the random matrices W1, . . . ,Wk are
sampled independently from the Gaussian Unitary Ensemble (GUE), i.e., W1 = W ∗

1 ,
where (W1)ij, i < j, are independent complex centered Gaussian random variables
with variance 1/N (meaning that their real and imaginary parts are independent
Gaussians of variance 1/(2N)), and (W1)jj are independent real centered Gaussian
random variables with variance 1/N that are further independent from (W1)ij, i < j.

We remark that X
(N)
β is a correlated random matrix with the correlation structure of

each summand prescribed by the deterministic matrices A1, . . . , Ak. Due to the Kronecker
product in the definition, the model (1.1) is also called a (Hermitian) Kronecker random
matrix (see [4]). In this context, the deterministic matrices A1, . . . , Ak are referred to as
structure matrices. We further remark that EX

(N)
β = A0 ⊗ IdN , i.e., (1.1) is a deformed

model and its expectation is governed by A0. We denote the eigenvalues of a matrix T
by λ1(T ) ≥ · · · ≥ λN (T ). Lastly, we remark that L is independent of the dimension and
therefore the matrices Aj are uniformly bounded.

We conclude the discussion of the model by noting some general properties of (1.1) that
are used throughout the analysis. First, let µN denote the empirical spectral measure
of X

(N)
β , i.e., the probability measure on the real line given by

µN =
1

N

N∑
i=1

δλi(X
(N)
β ).

3



By the global law in [4, Thm. 2.7], there exist deterministic probability measures νN
such that (µN − νN ) → 0 weakly in probability. The deterministic approximation νN is
characterized by the Matrix Dyson Equation (MDE)

− 1

M(z)
= zIdLN −A0 ⊗ 1N + S [M(z)], ℑz > 0, (1.2)

where M is chosen such that ℑM is positive definite and

S [T] = E[X
(N)
β TX

(N)
β ], T ∈ CLN×LN .

Note that (1.2) is an LN×LN matrix equation. However, observe that setting T = T⊗IdN
yields

S [T ⊗ IdN ] =
( k∑

j=1

AjTAj

)
⊗ IdN .

We can hence exploit the tensor product structure of our model to make the ansatz
M(z) = M(z)⊗ IdN , which reduces (1.2) to the L× L matrix equation

− 1

M(z)
= zIdL −A0 + S[M(z)], ℑz > 0, (1.3)

where S[T ] =
∑k

j=1AjTAj for T ∈ CL×L. This is a purely deterministic equation that
only depends on the L × L matrices A1, . . . , Ak. We further remark that M(z) admits a
Stieltjes transform representation of the form

Mij(z) =

∫
R

µij(dx)

x− z
, (1.4)

where µMDE(dx) = (µij(dx))
L
i,j=1 is a (uniquely defined) positive semi-definite matrix-

valued measure on R with normalization µMDE(R) = IdL (see, e.g., [3, Prop. 2.1]). The
density of the limiting spectral measure is then obtained by Stieltjes inversion of ⟨M(z)⟩ =
Tr[M(z)]/L. In particular, we have µ∞ = (µ11 + · · ·+ µLL)/L.

The object of interest of our analysis is the largest eigenvalue λ1 of X
(N)
β . Under Assump-

tion 1.1, the model (1.1) is a mean-field model and the largest eigenvalue λ1 will converge
towards the right end of the support of µ∞. More precisely, we obtain the following prop-
erty from [4, Thm. 4.7].

Lemma 1.2. Fix β ∈ {1, 2}. For every δ > 0,

lim
N→∞

P(|λ1(X
(N)
β )− r∞| ≥ δ) = 0,

where r∞ = max supp(µ∞).

In general, the exact value of r∞ is only available implicitly from identifying the limit-
ing spectral measure through its Stieltjes transform. However, for Gaussian models such
as (1.1), a formula for r∞ in the form of a variational principle is available (see [41]).

1.2 Statement of the Main Result

The main result of this paper is a large deviation principle for the largest eigenvalue
of X

(N)
β . Before stating it, let us first introduce the definitions that are needed to formulate

the theorem. We give a sketch of the proof in Section 2 below to link these quantities
to (1.1) and give an intuition for the form of the rate function.
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We recall that the Stieltjes transform mν of a probability measure ν is given by

mν(z) =

∫
ν(dx)

x− z
. (1.5)

If rν denotes the rightmost point in the support of ν, mν is strictly increasing on (rν ,+∞)
with values in (limy↓rν mν(y), 0) and we denote by (−mν)

−1 the functional inverse of its
negative from (limy↓rν mν(y), 0) into (rν ,∞). For θ ≥ 0, define the function

Jν(x, θ) (1.6)

:=

{
θ(−mν)

−1(2θ)− 1
2(1 + ln(2θ))− 1

2

∫
R
ln
(
(−mν)

−1(2θ)− y
)
dν(y), if 2θ ≤ −mν(x),

θx− 1
2(1 + ln(2θ))− 1

2

∫
R
ln |x− y|dν(y), if 2θ ≥ −mν(x).

Note that (1.6) differs slightly from the function Jν defined in [31, 24] due to a different
convention for the Stieltjes transform in (1.5).

Next, for Ψ in the space Sym+,1
L (R) of positive semi-definite matrix so that Tr(Ψ) = 1, let

K(θ,Ψ) := L2θ2Tr[ΨTS(ΨT )] + LθTr[AT
0 Ψ] +

1

2
(ln(det(Ψ))− L ln(L)), (1.7)

with S as introduced in (1.3). We further define the matrices

φ(θ, x) := −M(max{(−mµ∞)−1(2θ), x})
2θL

, (1.8)

ϕ(θ, x,Ψ) := φ(θ, x) +
(
1 +

mµ∞(x)

2θ

)
+
Ψ, (1.9)

where M is the solution to (1.3). Recall that µ∞ denotes the limiting spectral measure
for (1.1).

Lastly, combine the above quantities to obtain

F(θ, x,Ψ, β) := β
(
LJµ∞(x, θ)−K(θ, ϕ(θ, x,Ψ))

)
. (1.10)

With these definitions in place, we can now state our main result. To make the differences
between the real symmetric case (β = 1) and the complex Hermitian case (β = 2) more
visible, we state them separately. A discussion of the properties of the rate function is
included in Section 7 below (see Proposition 7.1).

Theorem 1.3. Let β = 1 and construct (1.1) such that Assumption 1.1 is satisfied. Then

the law of λ1(X
(N)
1 ) satisfies a large deviation principle with speed N and a good rate

function I1. The function I1(x) is infinite for x < r∞, satisfies I1(r∞) = 0, and for
x > r∞, we have

I1(x) = inf
Ψ∈Sym+,1

L (R)

Tr[ΨTS(Ψ)]̸=0

sup
θ≥0

F(θ, x,Ψ, 1), (1.11)

where F was defined in (1.10).

Theorem 1.4. The LDP in Theorem 1.3 continues to hold for β = 2 if we replace (1.11)
by

I2(x) = inf
Ψ∈Sym+,1

L +(C)
Tr[Ψ∗S(Ψ)]̸=0

sup
θ≥0

F(θ, x,Ψ, 2), (1.12)

where F was defined in (1.10).
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Note that real symmetric A0, . . . , Ak satisfy Assumption 1.1 for both β = 1 and β = 2,
allowing to compare the resulting rate functions (1.11) and (1.12) in this case. We readily
obtain the bound I2(x) ≤ 2I1(x).

The remainder of the article is dedicated to the proof of Theorems 1.3 and 1.4, and the
discussion of the rate function. For a concise presentation of the argument, we focus on
the proof of Theorem 1.3 (real case) and discuss the necessary modifications for the proof
of Theorem 1.4 (complex case) separately in Section 8. Let us, therefore, fix β = 1 for now
and drop the β-dependence from X

(N)
β , Iβ, F(θ, x,Ψ, β), etc. to simplify notation.

1.3 General Notation

We conclude the introduction with some additional notations and conventions that are
used throughout the paper. Firstly, we always use capital letters to denote matrices and
lowercase letters to denote vectors and scalars. To make the dimension of a matrix resp.
vector more visible, we further use boldface to denote the LN ×LN tensor products while
its factors of size L× L resp. N ×N are written non-bold.

The identity matrix of size N ×N is denoted by IdN and ej denotes the unit vector with
the j-th entry equal to one. For a matrix A, the transpose and Hermitian conjugate are
denoted by AT and A∗, respectively, and we write z for the complex conjugate of a scalar
z ∈ C. Further, (A− zIdN )−1 denotes the resolvent of A ∈ CN×N at z. Note that the sign
convention matches (1.5) in the sense that Tr[(X

(N)
β −zIdN )−1]/N = mµN (z). Our default

norm ∥ · ∥ is the operator norm for matrices resp. the Euclidean norm for vectors, and we
set ∥v∥∞ = maxi |vi| for v ∈ CN resp. ∥A∥∞ = maxi,j |Ai,j | for A ∈ CN×N . Moreover, we
use ⟨·, ·⟩ for the Frobenius inner product for matrices resp. the Euclidean inner product
for vectors. Throughout the paper, we follow the convention that complex inner products
are skew-linear in the first entry.

Given n ∈ N, we abbreviate [n] = {1, . . . , n}. The eigenvalues and eigenvectors of a matrix
A ∈ CN×N are denoted by λj(A) resp. vj(A) for j ∈ [N ], and we omit the matrix whenever
the association is clear. Throughout the analysis, we implicitly assume the eigenvalues
ordered as λ1 ≥ · · · ≥ λN and the eigenvectors to be normalized to ∥vj∥ = 1. Moreover,
SymN (R) and SymN (C) denote the set of symmetric matrices in RN×N resp. the set of
Hermitian matrices in CN×N . We further add a superscript Sym++

N (R) ⊂ RN×N to denote
the set of symmetric positive definite matrices or

Sym+
N (R) = Sym++

N (R)

for the set of positive semi-definite matrices. The sets Sym++
N (C) and Sym+

N (C) are defined
analogously. We also set

Sym♯,1
L (R) = {X ∈ Sym♯

L(R) : Tr(X) = 1}

with ♯ ∈ {+,++} to denote the matrices with trace one. Again, Sym♯,1
L (C) is defined

analogously.

Lastly, r denotes a generic error term that vanishes when a certain limit is taken. We
will specify the variables that r depends on and the order of limits for each occurrence.
Moreover, oa(1) (resp. o(a)) denotes a quantity going zero (resp. so that o(a)/a goes to
zero) when some specified limit is taken on a, whereas O(X) is a function so that there
exists a finite positive constant C such that |O(X)/X| ∈ [C−1, C].
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2 Outline of the Argument

The aim of this section is to provide a general road map to the proof of Theorem 1.3.
Following the usual method, our main result is obtained from a weak LDP and the expo-
nential tightness of the associated sequence of probability measures. Noting that the latter
is obtained from a standard net argument (see Lemma 4.5 below), our main focus lies on
establishing a weak LDP for λ1(X

(N)). Introducing the notation

P
(N)
δ (x) :=

1

N
ln
(
P({|λ1(X

(N))− x| ≤ δ})
)
, (2.1)

it can be stated as follows.

Theorem 2.1 (Weak LDP). For x > r∞, it holds that

lim
δ→0

lim inf
N→∞

P
(N)
δ (x) = lim

δ→0
lim sup
N→∞

P
(N)
δ (x) = −I(x).

We split the proof of Theorem 2.1 into the upper and lower bound, which are addressed
in Sections 4 and 6, respectively.

The main ingredient for both bounds is the strategy of tilting by spherical integrals that
was developed in [30, 37, 38, 24]. The idea behind this technique is similar to the proof
of Cramer’s theorem (see, e.g., [23, Thm. I.4]), where a suitable shift of the probability
measure makes the desired large deviations more likely. Instead of the exponential tilting
used in Cramer’s theorem, however, it is sufficient to shift the measure in a random
direction here. This results in the so-called spherical integral entering the argument which
can be estimated using suitable bounds from the literature (see [31, 42]).

For a real number θ and a symmetric N ×N matrix HN , we define the spherical integral
by

IN (HN , θ) :=

∫
SN−1

eθN⟨u,HNu⟩du = Eu[e
θN⟨u,HNu⟩], (2.2)

where the integral is taken with respect to the uniform law on theN -dimensional sphere SN−1.
It was shown in [31, 42, 34] that, given a suitable sequence of matrices (HN )N , the spherical
integral (2.2) converges as N → ∞.

Lemma 2.2 ([34, Prop. 1]). Let (HN )N be a sequence of N ×N self-adjoint deterministic
matrices such that supN ∥HN∥ < ∞, the empirical eigenvalue measures (µHN

)N converge
weakly towards a probability measure ν, and the largest eigenvalues (λ1(HN ))N converge
to some number λmax ∈ R. Then

lim
N→∞

1

N
ln[IN (HN , θ)] = Jν(λmax, θ), (2.3)

where Jν(y, θ) is given in (1.6). Moreover, the convergence in (2.3) is uniform on small
neighborhoods of µHN

(for the weak topology) and λ1(HN ).

In the proof of Theorem 2.1, we encounter (2.2) as IN (X(N), θ), where X(N) is the
model (1.1). Note that, in our setting, the weak convergence of (µN )N and Lemma 1.2
imply that Lemma 2.2 applies point-wise on a suitable set of high probability. Here, the
limit is given by Jµ∞(r∞, θ) with J as in (1.6), µ∞ being the weak limit of the (µN )N ,
and r∞ as in Lemma 1.2. Observe that this resembles the first summand of (1.10) which
appears the rate function of the LDP in Theorem 1.3.

A key trick for dealing with the randomness in IN (X(N), θ) is an application of Fubini’s
theorem of the form

EWEu[1S eθNL⟨u,X(N)u⟩] = EuEW [1S eθNL⟨u,X(N)u⟩] (2.4)
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for some suitable event S. Here, EW denotes expectation w.r.t. the randomness in the
matrices W1, . . . ,Wk. The quantity on the right-hand side of (2.4) is called the annealed
spherical integral. We consider its convergence next to obtain the second function K that
appears in (1.10). To formulate the result, we first introduce some notation. Let u be
a random vector that is uniformly distributed on the unit sphere SNL−1 and write u =
(u1, . . . , uL) with blocks u1, . . . , uL of length N . It holds that

u
law
=

(g1, . . . , gL)√∑L
l=1 ∥gj∥2

,

where g1, . . . , gL are i.i.d. random (row) vectors distributed according to N (0, IdN ). More-
over, we have

⟨ui, uj⟩
law
=

⟨gi, gj⟩∑L
s=1 ∥gs∥2

. (2.5)

Let G ∈ RL×N be the Gaussian random matrix whose rows are given by g1, . . . , gL and
denote by Y = GGT the real Wishart matrix constructed from it. As Yij = ⟨gi, gj⟩ and
thus Yjj = ∥gj∥2, we reobtain the inner products in (2.5) by introducing

Ỹij := ⟨ui, uj⟩
law
=

Yij
TrY

. (2.6)

We can think of Ỹ as a renormalized Wishart matrix. In this notation, the convergence of
the annealed spherical integral can be stated as follows.

Proposition 2.3. For Ỹ as in (2.6) and Ψ ∈ Sym+,1
L (R), it holds that

K(θ,Ψ) = lim
δ→0

lim sup
N→∞

1

N
ln
(
EuEW

[
eθNL⟨u,X(N)u⟩1{∥Ỹ−Ψ∥≤δ}

])
= lim

δ→0
lim inf
N→∞

1

N
ln
(
EuEW

[
eθNL⟨u,X(N)u⟩1{∥Ỹ−Ψ∥≤δ}

])
,

where K(θ,Ψ) was defined in (1.7).

We give the proof of Proposition 2.3 in Section 3 below.

The second key idea for the proof of Theorem 2.1 is to consider the largest eigenvalue
λ1(X

(N)) and the corresponding eigenvector v1(X
(N)) jointly and fixing a profile ρ(v1(X

(N))).
This step was first introduced in [24], where ρ was given by a vector determined from the
size of the blocks of the model’s discrete variance profile (resp. the blocks of a discrete
approximation of the continuous profile). Note that for random matrices with a discrete
variance profile, the MDE (1.2) simplifies to a vector equation, whereas the model (1.1) is
governed by a L×L matrix equation (1.3). It thus seems natural to expect that ρ should
take v1(X

(N)) to a suitable L× L matrix in our setting.

To define the profile, we consider vectors w ∈ RNL as being built from L distinct smaller
blocks w1, . . . , wL ∈ RN such that w = (w1, . . . , wL). Next, we introduce the family of
(orthogonal) projections

Πj : R
NL → RNL, w 7→ (0, . . . , 0, wj , 0, . . . , 0) (2.7)

for j = 1, . . . , L that projects a vector w onto its j-th block. Further, for i, j ∈ [L] let
Pi↔j denote the permutation matrix that exchanges the i-th and j-th block of w, e.g.,

Pi↔jw = (w1, . . . , wi−1, wj , wi+1, . . . , wj−1, wi, wj+1, . . . , wL) (2.8)
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if 1 < i < j < L. In this notation, we define ρ : RNL ×RNL → RL×L through

ρ(w1,w2)ij := ⟨Pi↔jΠiw1,Πjw2⟩+ ⟨Pi↔jΠiw2,Πjw1⟩, (2.9)

and abbreviate ρ(w) := ρ(w,w)/2. Observe that the renormalized Wishart matrix in (2.6)
can also be written as Ỹ = ρ(u), where u is sampled uniformly from SNL−1. Note that
ρ(u) belongs to Sym+,1

L (R).

For Ψ ∈ Sym+,1
L (R), x > r∞, and δ, κ > 0, define now

P
(N)
δ,κ (x,Ψ) :=

1

N
ln
(
P[{|λ1(X

(N))− x| ≤ δ} ∩ {∥ρ(v1(X
(N)))−Ψ∥ ≤ κ}]

)
. (2.10)

We shall first prove the large deviation upper bound

Proposition 2.4. For every x > r∞ and Ψ ∈ Sym+,1
L (R), we have

lim
δ,κ→0

lim sup
N→∞

P
(N)
δ,κ (x) ≤ inf

θ≥0
−F(θ, x,Ψ).

We recall that Ψ ∈ Sym+,1
L (R) is symmetric and positive semi-definite by definition, and

satisfies Tr(Ψ) = 1. Together, these conditions imply that ∥Ψ∥ ≤ 1 and it is readily checked
that Sym+,1

L (R) is, in fact, a compact set. This allows to cover this set, for every ε > 0, by
a finite union of open balls B(Ψi, δi(ε)) centered at Ψi and with radius δi(ε) > 0 so that

lim
κ↓0

lim sup
N→∞

1

N
lnP

(N)
δi(ε),κ

(x,Ψi) ≤ − sup
θ≥0

F(θ, x,Ψi) + ε.

As a consequence, we deduce from Proposition 2.4 that

lim
δ↓0

lim sup
N→∞

1

N
lnP

(N)
δ,κ (x,Ψ) ≤ max

i
{− sup

θ≥0
F(θ, x,Ψi)}+ ε, (2.11)

and the weak large deviation upper bound from Theorem 2.1 follows by taking ε going

to zero. Thus, estimating P
(N)
δ (x) in Theorem 2.1 reduces to estimating P

(N)
δ,κ (x,Ψ) for

fixed Ψ. Over the course of the proof, we will need to restrict ourselves to profiles Ψ
such that Tr[ΨTS(Ψ)] ̸= 0. For this we introduce the “approximate” version of I given,
for ε > 0, by

I(x, ε) = inf
Ψ∈Sym+,1

L (R),

Tr[ΨTS(Ψ)]≥ε

sup
θ≥0

F(θ, x,Ψ). (2.12)

We will in fact prove our large deviation lower and upper bound with I(x, ε) for any ε > 0
small enough. This will prove then that for such small ε > 0, I(x, ε) does not depend on
ε > 0 and is equal to I(x).

With these tools in hand we can start the proof of Theorem 2.1, starting with the conver-
gence of the annealed spherical integral.

3 Proof of Proposition 2.3 (Convergence of the Annealed
Spherical Integral)

By definition of the model, we have that

EW

[
eθNL⟨u,X(N)u⟩] = eθNL⟨u,(A0⊗IdN )u⟩

k∏
j=1

EW

[
eθNL⟨u,(Aj⊗Wj)u⟩

]
,

9



and can thus focus on the summands of X separately. Rewriting the vector u ∈ SNL−1 as
u = (u1, . . . , uL) with u1, . . . , uL ∈ RN , we obtain

⟨u, (Aj ⊗Wj)u⟩ =
L∑

c,d=1

(Aj)cd⟨uc,Wjud⟩ =
N∑

a,b=1

(Wj)ab

L∑
c,d=1

(Aj)cd(uc)a(ud)b.

Recall that (Wj)ab are Gaussian random variables and that the elements in the upper
triangle of W are independent. Denoting

La,b(t) = ln
(
EW

[
et(Wj)ab

])
=

1 + 1a=b

2N
t2 (3.1)

for 1 ≤ a ≤ b ≤ N , we compute

k∏
j=1

EW

[
eθNL⟨u,(Aj⊗Wj)u⟩

]
=

k∏
j=1

exp

(
N∑
a=1

La,a

(
NLθ

∑
c,d

(Aj)cd(uc)a(ud)a)
)

+
∑

1≤a<b≤N

La,b

(
2NLθ

∑
c,d

(Aj)cd(uc)a(ud)b

))
(3.2)

= exp
(
NL2θ2

k∑
j=1

Tr[ρ(u)Ajρ(u)Aj ]
)
,

where we used that ρ(u)i,j = ⟨ui, uj⟩ in the last step. As further

eθNL⟨u,(A0⊗IdN )u⟩ = exp
(
θNLTr[AT

0 ρ(u)]
)
,

we conclude that
EW

[
eθNL⟨u,X(N)u⟩] = eNFθ(ρ(u)), (3.3)

where the function Fθ on the right-hand side of (3.3) is given by

Fθ : (x11, . . . , xLL) 7→ L2θ2
k∑

j=1

L∑
c,d=1

L∑
c′,d′=1

(Aj)cd(Aj)c′d′xcc′xdd′ + Lθ

L∑
c,d=1

(A0)cdxcd.

Observe that Fθ is bounded and continuous on Sym+,1
L (R). Therefore, we find ε(δ) going

to zero with δ so that∣∣∣∣∣ln EuEW [eθNL⟨u,X(N)u⟩1∥ρ(u)−Ψ∥≤δ]

eNFθ(Ψ)P(∥ρ(u)−Ψ∥ ≤ δ)

∣∣∣∣∣ ≤ ε(δ)N. (3.4)

To complete our proof it is therefore enough to show that ρ(u) satisfies a LDP.

Lemma 3.1. In the above setup, the law of the (upper triangular) entries of ρ(u) satisfies
an LDP with speed N and good rate function

Ĩ : Sym+,1
L (R) → [0,∞], Ĩ(X) = −1

2
(ln(det(X))− L ln(L)).

The proof of Lemma 3.1 follows standard arguments (cf., e.g., [37, Lem. 4.2]), but requires
a careful treatment of the determinant. We include it in Appendix A.1. Given Lemma 3.1
and (3.4), Proposition 2.3 readily follows.
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4 Proof of Theorem 1.3: Weak LDP Upper Bound

The goal of this section is to prove the upper bound of the weak LDP in Theorem 2.1.
The key tool to establishing Proposition 2.4 is a bound for (2.10) in terms of (2.4) that
allows harnessing the convergence of the annealed spherical integral. Before we formulate
it, we note the following property of the rate function.

Lemma 4.1. For any profile Ψ ∈ Sym+,1
L (R), any x > r∞, and θ such that (−mµ∞)−1(2θ) >

x, we have that
K(θ, ϕ(θ, x,Ψ)) = LJµ∞(x, θ),

i.e., F(θ, x,Ψ) = 0 for θ < −mµ∞(x)/2.

Recall that we are aiming for a LDP with speed N while X(N) has size NL ×NL. As a
consequence, we obtain an additional factor L over (1.6) in the rate function.

Proof of Lemma 4.1. First, observe that for the range of θ considered, we have that

ϕ(θ, x,Ψ) = φ(θ, x) = −M((−mµ∞)−1(2θ))

2θL
,

Jµ∞(x, θ) = θ(−mµ∞)−1(2θ)− 1 + ln(2θ)

2
− 1

2

∫
R

ln
(
(−mµ∞)−1(2θ)− y

)
dµ∞(y).

Next, we introduce the variable t := (−mµ∞)−1(2θ). This allows rewriting

K(θ, ϕ(θ, x,Ψ)) = L2θ2Tr[ϕ(θ, x,Ψ)TS[ϕ(θ, x,Ψ)]] + LθTr[AT
0 ϕ(θ, x,Ψ)]

+
1

2
ln(det[ϕ(θ, x,Ψ)])− L ln(L)

=
1

4
Tr[M(t)TS[M(t)]]− 1

2
Tr[AT

0 M(t)]− L

2
ln(−Lmµ∞(t))

+
1

2
ln(det[−M(t)])− L ln(L),

as well as

Jµ∞(x, θ) =
1

2

(
− tmµ∞(t)− 1− ln(−mµ∞(t))−

∫
ln(t− y)dµ∞

)
.

Lastly, we compute

d

dt

(
K(θ, ϕ(θ, x,Ψ))−LJµ∞(x, θ)

)
=

1

2
Tr
[
M ′(t)

(
S[M(t)−A0+M(t)−1+ tIdL]

)]
, (4.1)

where M ′ denotes the (entry-wise) derivative w.r.t. to the argument. Recalling that M(t)
satisfies the MDE (1.3), the term in the round brackets, and hence the derivative in (4.1),
vanishes. Observing that limt→∞ θ(t) = limt→∞−mµ∞(t)/2 = 0 and noting that also

lim
t→∞

(
K(θ, ϕ(θ, x,Ψ))− LJµ∞(x, θ)

)
= 0,

we conclude that K(θ, ϕ(θ(t), x,Ψ))−LJµ∞(x, θ) = 0 for t > x, which yields the claim.

Using Lemma 4.1, proving Proposition 2.4 reduces to showing

lim
δ,κ→0

lim sup
N→∞

P
(N)
δ,κ (x,Ψ) ≤ −F(θ, x,Ψ) (4.2)

only for θ > (−mµ∞)(x)/2 rather than all θ > 0.

The rest of the section focuses on the proof of (4.2). Firstly, we may assume without loss
of generality that

lim
δ,κ→0

lim sup
N→∞

PN
δ,κ(x,Ψ) > −∞. (4.3)

The desired result is then immediate from the following bound.
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Proposition 4.2. There is a function oδ,κ(1) with limδ,κ→0 oδ,κ(1) = 0 such that for every

δ, κ > 0, x ≥ r∞, θ > (−mµ∞)(x)/2, and profile Ψ ∈ Sym+,1
L (R) it holds that

P
(N)
δ,κ (x,Ψ) ≤ 1

N
EWEu[1{∥ρ(u)−Φ(θ,x,Ψ)∥<oδ,κ(1)}e

θNL⟨u,X(N)u⟩]− LJµ(x, θ) + r(N, δ, κ),

where the error term satisfies limδ,κ→0 limN→∞ r(N, δ, κ) = 0.

Combining Proposition 4.2 and Proposition 2.3 readily yields (4.2), which completes the
poof of Proposition 2.4. It thus remains to show Proposition 4.2.

4.1 Proof of Proposition 4.2 (Localization of the Spherical Integral)

Before we give the proof of Proposition 4.2, we collect the necessary tools and notation.
At the core of the argument are two key ingredients:

(1.) a concentration bound for the empirical spectral measure that resolves the conver-
gence for each component µi,j in (1.4) individually,

(2.) a set Sε ⊂ SNL−1 for which the auxiliary quantities introduced during the tilting
argument are small and Eu[1Sε exp(θNL⟨u,X(N)u⟩)](INL(X

(N), θ))−1 is bounded
from below.

Together with the convergence of the spherical integral in Lemma 2.2, the bounds in (1.)
and (2.) allow us to control all error terms that arise in the proof of Proposition 4.2. We
start by introducing the notation needed to rigorously state (1.).

Recall that Πj denotes the projection of w ∈ RNL onto its j-th block of length N as
introduced in (2.7), and Pi↔j denotes the permutation matrix interchanging the i-th and
j-th block of w as defined in (2.8). Given a symmetric matrix H ∈ RNL×NL, let

µH(Πi,Πj) =
1

N

NL∑
a=1

⟨Pi↔jΠiva(H),Πjva(H)⟩δλa(H), (4.4)

where va(H) and λa(H) denote the eigenvectors and eigenvalues of H, respectively, and we
used boldface va to indicate that the eigenvectors have length NL. Note that the definition
in (4.4) gives back the usual empirical spectral measure µH for L = 1, as the eigenvectors
only consist of one block of length N . However, for general L, the coefficients of the δλi(H)

do not need to be non-negative numbers. But, observing that the corresponding total
variation measure is given by

|µH(Πi,Πj)| =
1

N

NL∑
a=1

|⟨Pi↔jΠiva(H),Πjva(H)⟩|δλa(H),

and that in particular

|µH(Πi,Πj)|(R) =
1

N

NL∑
a=1

|⟨Pi↔jΠiva(H),Πjva(H)⟩| ≤ L, (4.5)

it follows that µH(Πi,Πj) is well-defined as a signed Radon measure. Note that we may
also interpret (µH(Πi,Πj))

L
i,j=1 as a measure taking values in Sym+

L (R).

For a continuous bounded function f , we note the identity

µH(Πj ,Πj)[f ] =

∫
R

fdµH(Πi,Πj) =
1

N

NL∑
a=1

⟨Pi↔jΠiva(H),Πjva(H)⟩f(λa)

=
1

N
Tr[Pi↔jΠif(H)Πj ]

= (Eij ⊗
1

N
Tr[·])[f(H)].
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With these definitions in place, we continue by giving a concentration result for µX(N)(Πi,Πj).
To quantify the distance between two (possibly signed) measures ν1, ν2, we use

dKR(ν1, ν2) = sup
∥f∥∞≤1,
Lip(f)≤1

∫
fd(ν1 − ν2), (4.6)

where Lip(f) denotes the Lipschitz constant associated to a Lipschitz function f . The
metric (4.6) is usually referred to as Kantorovich-Rubinstein distance in the literature. We
remark that dKR may not induce the same topology as weak convergence on the space
of signed measures, however, the induced topologies coincide for certain subsets. We note
the following application of [2, Thm. 2.1] to our setting.

Lemma 4.3. Consider (R, | · |) where | · | denotes the usual absolute value. Then dKR

generates the weak topology on every uniformly bounded in total variation and uniformly
tight set of signed measures on R.

We remark that the additional conditions are indeed satisfied in our setting, as (4.5) pro-
vides a uniform bound on the total variation measure and the support of the µX(N)(Πj ,Πj)
is well-controlled by a bound on ∥X(N)∥ (cf. Lemma 4.5 below). The desired concentration
result can now be stated as follows.

Theorem 4.4. For every ε > 0 we have

lim sup
N→∞

1

N
ln[P(∃i, j ∈ [L] : dKR(µX(N)(Πi,Πj), µi,j) ≥ ε)] = −∞,

where the measure µi,j was introduced in (1.4).

The proof of this theorem is given in Section 4.2, after finishing the proof of Proposition 4.2.
Note that Theorem 4.4 is stronger than the (exponential) concentration for the empirical
eigenvalue measure, as we aim to control (µX(N)(Πi,Πj))

L
i,j=1 as a matrix and not just its

normalized trace.

Next, we note that the norms of (1.1) constitute an exponentially tight sequence.

Lemma 4.5. The sequence (∥X(N)∥)N is exponentially tight. More precisely, there is a
constant C > 0 such that every C > 0 it holds that

1

N
ln
(
P(∥X(N)∥ ≥ C)

)
≤ C − LC

4
.

Proof of Lemma 4.5. The claim follows from a standard net argument, see, e.g., [30,
Lem. 1.8]. We give the key steps for the convenience of the reader. Let RN denote an
1/2-net of SNL−1, i.e., for each vector w ∈ SNL−1 there is a r such that ∥w − r∥2 ≤ 1/2.
We note that we may choose a net with |RN | ≤ 3NL and that by elementary estimations

∥X(N)∥ ≤ 2 sup
r∈RN

∥X(N)r∥ ≤ 4 sup
r1,r2∈RN

⟨X(N)r1, r2⟩.

Moreover, for C > 0, applying the Markov inequality yields

P(∥X(N)∥ ≥ C) ≤ 9NL sup
r1,r2∈RN

P(⟨X(N)r1, r2⟩ ≥ C/4)

≤ 9NL sup
r1,r2∈RN

EW [exp(NL⟨X(N)r1, r2⟩)]
exp(NLC/4)

≤ exp
(
N(2 ln(3)L+ kL6max

j∈[k]
∥Aj∥2 + L3∥A0∥ − LC/4)

)
,

where the last bound follows from (3.2) and the analogous computation for the A0 term
of (1.1).
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Combining the quantities in Theorem 4.4 and Lemma 4.5, we introduce the following sets:
For a sequence (εN )N with εN > 0 and limN→∞ εN = 0, define

ΩN := {H ∈ SymNL(R) : ∀i, j ∈ [L], dKR(µH(Πi,Πj), µij) ≤ εN , ∥H∥ ≤ C}. (4.7)

By construction, (4.7) has a large probability.

Lemma 4.6. For any K > 0 there exists C > 0 and a sequence (εN )N with εN > 0 and
limN→∞ εN = 0 such that

lim sup
N→∞

1

N
ln
(
P(X(N) /∈ ΩN )

)
≤ −K.

Proof of Lemma 4.6. This is immediate from the above results: The existence of a suitable
sequence (εN )N follows from Theorem 4.4 and we use Lemma 4.5 to pick C > 0.

Next, consider the following bound for Ψ ∈ Sym+,1
L (R), x > r∞, and δ, κ > 0

P[{X(N) ∈ ΩN} ∩ {|λ1(X
(N))− x| ≤ δ} ∩ {∥ρ(v1(X

(N)))−Ψ∥ ≤ κ}]
≥ exp(NPN

δ,κ(x,Ψ))(1− P(Ωc
N ) exp(−NPN

δ,κ(x,Ψ))),

where Lemma 4.6 assures that for C large enough, we can find oN (1) going to zero when N
goes to infinity so that

PN
δ,κ(x,Ψ) ≤ 1 + oN (1)

N
ln
(
P[{X(N) ∈ ΩN}∩{|λ1(X

(N))−x| ≤ δ}∩{∥ρ(v1(X
(N)))−Ψ∥ ≤ κ}]

)
,

provided we choose the constants according to (4.3). This introduces ΩN into the estima-

tion of P
(N)
δ,κ (x,Ψ) and motivates the definition of the set Bδ,κ,N (x,Ψ) as

Bδ,κ,N (x,Ψ) = {X(N) ∈ ΩN} ∩ {|λ1(X
(N))− x| ≤ δ} ∩ {∥ρ(v1(X

(N)))−Ψ∥ ≤ κ}. (4.8)

We include it into the computation via tilting by spherical integrals. More precisely, thanks
to Lemma 2.2,

PN
δ,κ(x,Ψ) ≤ 1 + oN (1)

N
lnE

[
1{X(N)∈Bδ,κ,N (x,Ψ)}

INL(X
(N), θ)

INL(X(N), θ)

]
(4.9)

≤ 1

N
lnEW

[
1{X(N)∈Bδ,κ,N (x,Ψ)}Eu[e

NLθ⟨u,X(N)u⟩]
]
− LJµ∞(x, θ)− r(N, δ, κ),

where limδ,κ→0 limN→∞ r(N, δ, κ) = 0 due to the convergence of the spherical integral.
Recall that µ∞ denotes the limiting spectral measure for the model.

Lastly, we define the set Sε for λ ∈ R and a vector w ∈ RNL by

Sε(λ,w) := {u ∈ SNL−1 : max{∥ρ(Π⊥w1u)− φ(λ, θ)∥∞, ∥ρ(Π⊥wu,w)∥∞} < ε}, (4.10)

where Π⊥w denotes the projection to the orthocomplement ofw and φ was defined in (1.8).
This allows formulating the second main tool for this section.

Proposition 4.7. Fix δ, ε, κ > 0. For any H ∈ Bδ,κ,N (x,Ψ) such that λ1(H) − 3δ > r∞
and mµ∞(λ1(H)− 3δ) > −2θ, we have

Eu[1Sε(λ1(H),v1(H))e
θNL⟨u,Hu⟩]

Eu[eθNL⟨u,Hu⟩]
≥ e−o(N)

where Sε was defined in (4.10) and the error satisfies limN→∞ o(N)/N = 0.
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We prove Proposition 4.7 in Section 4.3. Assuming all of the above tools given, we assemble
them to prove Proposition 4.2.

Proof of Proposition 4.2. After the initial step of tilting the measure by spherical inte-
grals in (4.9), Proposition 4.7 allows to replace Eu[e

θNL⟨u,X(N)u⟩] by a term involving the
set (4.10). More precisely, we have

PN
δ,κ(x,Ψ) ≤ 1

N
EW

[
1{X(N)∈Bδ,κ,N (x,Ψ)}Eu[1Sε(v1(X(N)),λ1(X(N)))e

θNL⟨u,X(N)u⟩]
]

− LJµ∞(x, θ)− r(N, δ, κ), (4.11)

where the error satisfies limδ,κ→0 limN→∞ r(N, δ, κ) = 0. Note that the error term r(N, δ, κ)
in (4.11) may be different from that in (4.9) although the limiting behavior is the same.

Next, we focus on the conditions in (4.10). Decomposing

u = ⟨v1(X
(N)),u⟩v1(X

(N)) + Π⊥v1(X(N))u,

it follows that

ρ(u)ij = ⟨Pi↔jΠiu,Πju⟩

= ⟨v1(X
(N)),u⟩2ρ(v1(X

(N)))ij + ⟨v1(X
(N)),u⟩ρ(v1(X

(N)),Π⊥v1(X(N))u)ij

+ ρ(Π⊥v1(X(N))u)ij . (4.12)

Consider now u in Sε(v1(X
(N)), λ1(X

(N))) and X(N) so that ∥ρ(v1(X
(N))) − Ψ∥ ≤ κ.

Then, we have

⟨v1(X
(N)),u⟩2 = 1− ∥Π⊥v1(X(N))u∥2 = 1−

L∑
j=1

⟨ΠjΠ
⊥v1(X(N))u,ΠjΠ

⊥v1(X(N))u⟩

= 1− Tr[ρ(Π⊥v1(X(N))u)] = 1− Tr[φ(λ1(X
(N)), θ)] +O(ε).

Moreover, the second term in (4.12) is O(ε) while the third is equal to φ(λ1(X
(N)), θ) up

to an O(ε) error. It follows that

ρ(u) =
(
1− Tr[φ(λ1(X

(N)), θ)]
)
Ψ+ φ(λ1(X

(N)), θ) + o(δ, κ, ε)

where the bound oδ,κ,ε(1) satisfies limδ,κ,ε→0 o(δ, κ, ε) = 0. Lastly, recalling the choice of
ϕ(θ, x,Ψ) from (1.9) and that the map λ 7→ mµ∞(λ) is smooth for λ ∈ R outside of the
support of the limiting spectral density, we can estimate the indicators in (4.11) as

1{X(N)∈Bδ,κ,N (x,Ψ)}1u∈Sε(v1(X(N)),λ1(X(N)))

≤ 1u∈Sε(v1(X(N)),λ1(X(N)))1{∥ρ(v1(X(N)))−Ψ∥≤κ}1{|λ1(X(N))−x|≤δ}

≤ 1{∥ρ(u)−ϕ(θ,x,Ψ)∥≤oδ,κ,ε(1)}.

Fixing a sequence (ε′N )N that ensures Proposition 4.7 remains true reduces oδ,κ,ε(1) to the
desired oδ(1) error. Hence, we deduce from (4.11) that

PN
δ,κ(x,Ψ) ≤ 1

N
EWEu[1{∥ρ(u)−ϕ(θ,x,Ψ)∥<oδ,κ(1))}e

θNL⟨u,X(N)u⟩]− Jµ(x, θ) + r(N, δ, κ)

with limδ→0 limN→∞ r(N, δ, κ) = 0 and oδ,κ(1) goes to zero as δ, κ go to zero, as claimed.

It remains to establish Theorem 4.4 and Proposition 4.7 which were the main tools used
in the proof of Proposition 4.2.
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4.2 Proof of Theorem 4.4

The proof is divided into two steps. First, we show the convergence of the expectation and
then we conclude using a concentration of measure result.

Convergence of the expectation: We show that (E[µX(N)(Πi,Πj)])N converges vaguely to µij

for every choice of i, j ∈ [L]. Using the tightness in Lemma 4.5, this statement is then read-
ily strengthened to the desired weak convergence.

Let z ∈ C with ℑ(z) > 0. We start by computing

µX(N)(Πi,Πj)[(· − z)−1] = (Eij ⊗
1

N
Tr[·])[(X(N) − zIdNL)

−1], (4.13)

which shows that the Stieltjes transform of µX(N)(Πi,Πj) is given by the normalized trace
of the N × N -block at position (i, j) of the resolvent of X(N). Let RX(N)(z) denote the
matrix for which (RX(N)(z))ij is given by the expectation of (4.13) and observe that
(RX(N))ij is, in fact, the Stieltjes transform of E[µX(N)(Πi,Πj)]. Applying [35, Thm. 4.3],
it follows that RX(N)(z) is an approximate solution to the MDE (1.3). More precisely,

∥IdL + (A0 − zIL)RX(N) +
k∑

j=1

AjRX(N)AjRX(N)∥ ≤ C1

N2ℑ(z)4
+

C2

N2

for some finite constants C1, C2 > 0. Invoking the stability of the MDE (see, e.g., [4,
Sect. 3.2]), it follows that

lim
N→∞

RX(N)(z) = M(z)

for all z in the upper half-plane. This implies the convergence of the Stieltjes transform of
E[µX(N)(Πi,Πj)]. The vague convergence of the underlying measures then follows by adapt-
ing the proof of [25, Thm. 5.8]. Their weak convergence then follows from the tightness in
Lemma 4.5. In particular, we use (4.5) to supply the bound needed for the construction
of a vaguely convergent subsequence (cf. [25, Lem. 2.15]) in the first step. Recalling (1.4),
the limit is readily identified as µij .

Concentration: We show that for every ε > 0,

lim sup
N→∞

1

N
ln[P(∃i, j ∈ [L] : dKR

(
µX(N)(Πi,Πj),E[µX(N)(Πi,Πj)]

)
≥ ε)] = −∞,

which, together with the weak convergence of E[µX(N)(Πi,Πj)], concludes the proof of
Theorem 4.4. Let f be a Lipschitz function. We start by noting that, by definition,
µX(N)(Πi,Πj) is Lipschitz in the entries of

√
NX(N) for the Euclidean norm. More pre-

cisely, we have for H,H′ ∈ RNL×NL that

|µH(Πi,Πj)[f ]− µH′(Πi,Πj)[f ]| ≤
1

N
Tr(ΠiP

i↔jΠj |f(H)− f(H′)|)

≤ 1

N

(
Tr(ΠjP

i↔jΠi)
)1/2

(Tr(f(H)− f(H′))2)1/2 (4.14)

by Cauchy-Schwartz’s inequality. We then observe (see also [40, 24]) that if H (resp. H′)
has eigenvalues (λi)1≤i≤N (resp. (λ′

i)1≤i≤N ) for the unit eigenvectors (vi)1≤i≤N (resp.
(v′i)1≤i≤N ), it holds that

Tr(f(H)− f(H′))2 =
N∑

i,j=1

⟨vi, v′j⟩2
(
f(λi)

2 − f(λ′
j)

2 − 2f(λi)f(λ
′
j)
)

≤ Lip(f)2
N∑

i,j=1

⟨vi, v′j⟩2
(
λi − λ′

j

)2
= Lip(f)2Tr(H−H′)2.
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Plugging this inequality into (4.14) and using that the projections Πi resp. Πj , and the
permutation matrix Pi↔j have operator norm at most one, we conclude that

|µH(Πi,Πj)[f ]− µH′(Πi,Πj)[f ]| ≤
1√
N

Lip(f)(Tr(H−H′)2)1/2 .

Recalling from (1.1) that the GOE matrices used in defining X(N) follow the usual scaling,
i.e., the entries of

√
NX(N) are of order one, and using that Lipschitz functions of Gaussian

random variables exhibit sub-Gaussian tails (see, e.g. [1, Ch. 2]), we obtain for any fixed
Lipschitz function f that

P
(
|µX(N)(Πi,Πj)[f ]− E[µX(N)(Πi,Πj)[f ]]| ≥ εLip(f)(

1

N
Tr(ΠjP

i↔jΠi)
)1/2)

≤ C1e
−C2ε2N2

for suitable constants C1, C2 > 0. By approximating any Lipschitz function by a finite
basis as in [32, Corollary 1.4], the bound can be generalized to dKR, yielding

P
(
dKR(µX(N)(Πi,Πj),E[µX(N)(Πi,Πj)] ≥ ε

( 1

N
Tr(ΠjP

i↔jΠi)
)1/2)

≤ C1ε
−3/2e−C2ε5N2

,

which implies the claim.

4.3 Proof of Proposition 4.7

The key quantity for this proof is the tilted law

QH,θ(du) :=
eθNL⟨u,Hu⟩du∫

SNL−1 eθNL⟨u,Hu⟩du
=

eθNL⟨u,Hu⟩

IN (θ,H)
du (4.15)

with θ ∈ R and a fixed (deterministic) matrix H ∈ RNL×NL. In this notation, proving
Proposition 4.7 is equivalent to showing, again with the definition of Sε in (4.10),

QH,θ

(
Sε(λ1(H),v1(H))

)
≥ e−o(N) (4.16)

for H ∈ Bδ,N (x,Ψ) with λ1(H)− 3δ > r∞ and mµ∞(λ1(H)− 3δ) > −2θ, where the error
term satisfies limN→∞ o(N)/N = 0. We first consider the case where λ1(H) is a sufficiently
separated outlier.

Lemma 4.8. Under the assumptions of Proposition 4.7, let further x − λ2(H) > 3δ.
Then (4.16) holds.

Proof of Lemma 4.8. We start by noting that the assumptions assure the bound λ1(H)−
λi(H) > δ for every i ≥ 2 on {|x−λ1(H)| ≤ δ}. We will first reduce ourselves to Gaussian
random variables meaning that we will be able to assume that under QH,θ, the distribution

of Π⊥v1(H)u is approximately the distribution Q̃ of the following Gaussian vector :

NL∑
i=2

ξi√
2NLθ(λ1(H)− λi(H))

vi(H)

with ξ2, . . . , ξNL i.i.d. N (0, 1) random variables. We obtain for measurable sets S that

QH,θ(Π
⊥v1(H)u ∈ S) =

∫
S∩BNL−1

(1− ∥u∥2)−1/2Q̃(du)∫
BNL−1

(1− ∥u∥2)−1/2Q̃(du)
,

where BNL−1 denotes the unit ball in RNL−1, and

lim sup
N→∞

1

N
ln
(∫

BNL−1

(1− ∥u∥2)−1/2Q̃(du)
)
≤ 0, (4.17)
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following the proof of [22, Prop. 4.3] and especially (4.17). It only remains to show that
Q̃(Sε(λ1(H),v1(H))) ≥ e−o(N). Abbreviate

Zij := ⟨P i↔jΠiΠ
⊥v1(H)u,ΠjΠ

⊥v1(H)u⟩,

and let Ẽ denote the expectation under Q̃. It follows that

Ẽ[Zij ] =

NL∑
a=2

1

2NLθ(λ1(H)− λa(H))
⟨P i↔jΠiva(H),Πjva(H)⟩,

which is, up to some constants, equal to the Stieltjes transform of µH(Πi,Πj). More pre-
cisely, setting fy(x) =

1
y−x ∧ (2δ−1) and remembering that δ > 0 is a lower bound of the

spectral gap, we have that

Ẽ[Zij ] =
1

2

∫
fλ1(H)(x)dµH(Πi,Πj)(x)−

δ

2NLθ

When N goes to +∞, since H ∈ ΩN , µH(Πi,Πj) converges weakly to µi,j and for N large
enough, its support is included in [−C, x−2δ]. Therefore, for N large enough, we can write∫

fλ1(H)(x)dµi,j(x) =

∫
1

y − x
dµi,j(x) = ϕ(θ, λ1(H))i,j

Furthermore, since for y > x−δ the set of functions fy restricted on the interval [−C, x−2δ]

is uniformly Lipschitz. For H ∈ ΩN defined by equation (4.7), we have that Ẽ[Zij ] is
uniformly close to ϕ(θ, λ1(H))i,j . Therefore we have

lim
N→∞

∣∣∣Ẽ[Zi,j ]− φ(θ, λ1(H))ij

∣∣∣ = 0

for all i, j ∈ [L].

By construction, Π⊥v1(H)u is a Gaussian vector whose covariance matrix Σ is bounded in
spectral radius by 1/(2θNLδ). Using Wick’s theorem, we compute

Var[Zij ] = Tr[ΣiiΣjj ] + Tr[Σ2
ij ] ≤

1

2NLθ2δ2
,

where Σij denotes the part of the covariance matrix describing the covariance between the
nonzero elements of ΠiΠ

⊥v1(H)u and ΠjΠ
⊥v1(H)u. Hence, by Chebyshev’s inequality and

a union bound, it follows that

Q̃
(
∃i, j ∈ [L] :

∣∣Zij − Ẽ[Zij ]
∣∣ > ε

2

)
≤ 4L2

ε2
max
i,j

Var[Zi,j ] ≤
2L

Nθ2δ2ε2
. (4.18)

Recalling that v1(H) is a (fixed) unit vector, the definition of ρ in (2.9), and the fact that
the entries of Π⊥v1(H)u are centered Gaussians, we further note that

Var[ρ(Π⊥v1(H)u,v1(H))ij ] ≤
4

NLθδ
.

By Chebyshev’s inequality and a union bound, we thus obtain

Q̃
(
∃i, j ∈ [L] :

∣∣ρ(Π⊥v1(H)u,v1(H))ij
∣∣ ≥ ε

)
≤ 4L

Nθδε2
. (4.19)

Let now N be large enough that |Zij − φ(θ, λ1(H))| < ε/2 for all i, j ∈ [L]. Then the
bounds in (4.18) and (4.19) are sufficient to control the probability of Sε(λ1(H),v1(H))
as desired. More precisely,

Q̃(Sε(λ1(H),v1(H))) ≥ 1− 1

N

( 2L

θ2δ2ε2
+

4L

θδε2

)
,

which, combined with (4.17) yields the claim.
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We complete the proof of Proposition 4.7 by considering the case where λ1(H) is not an
outlier. To reduce the general case to the one treated in Lemma 4.8, we introduce the
following notation similar to [24]. Let V be a Euclidean vector space and T a self-adjoint
automorphism of V . In this setting, we define

QV
T,θ(du) :=

edim(V )θ⟨u,Tu⟩

E
[
edim(V )θ⟨u,Tu⟩

] du, (4.20)

where u is taken from SNL−1 ∩ V . Note that the setting V = RNL in (4.20) repro-
duces (4.15). Next, recall the definition of ΩN in (4.7) for some fixed constant C > 0
and a sequence (εN )N of positive numbers with limN→∞ εN = 0. Picking a sequence
(kN )N of integers with limN→∞ kN/N = 0, we define

Ω′
N := ΩN ∩ {λkN (H) < x− 2δ}. (4.21)

Note that under the spectral gap assumption in Lemma 4.8, we may simply choose kN = 2.
In the general case, we can follow the argument in [24] to find a sequence (kN )N such that
kN/N goes to zero as N goes to infinity and so that

Bδ,κ,N (x,Ψ) ⊂ Ω′
N ∩ {|λ1(H)− x| < δ},

where Bδ,κ,N (x,Ψ) was defined in (4.8). As a consequence, it is enough to show Propo-
sition 4.7 only for H ∈ Ω′

N . Lastly, we introduce Πout as the orthogonal projector onto
span{v2(H), . . . ,vkN (H)} and Πcut = INL −Πout that is the orthogonal projector onto

V := span{v1(H),vkN+1(H), . . . ,vNL(H)},

and we further define

ucut :=
Πcutu

∥Πcutu∥
, Hcut :=

NL2

NL− kN + 1
H|V (4.22)

with u ∈ RNL denoting a unit vector and H|V denoting the matrix H restricted to V . We
will see that most realizations Hcut have, by construction, a spectral gap that satisfies the
additional hypothesis in Lemma 4.8 while the remainder is negligible. This is the core of
the proof of Proposition 4.7.

Proof of Proposition 4.7. Similar to (4.4), we introduce

νH(Πi,Πj) =
L

NL− kN + 1

( NL∑
a=kN+1

⟨Pi↔jΠiva(H),Πjva(H)⟩δλa(H)

+ ⟨Pi↔jΠiv1(H),Πjv1(H)⟩δλ1(H)

)
for H ∈ RNL×NL. By construction, we have for H ∈ Ω′

N that

lim
N→∞

νH(Πi,Πj) = µij a.s.,

and we can even find a sequence (ε′′N )N with limN→∞ ε′′N = 0 such that

dKR(νH(Πi,Πj), µij) < ε′′N

with large probability. Moreover, ∥Hcut∥ ≤ 2LC forN large enough, where C is the constant
used to define ΩN in (4.21).
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Lastly, for N ∈ N, let V ⊂ RNL denote a linear subspace with dim(V ) = NL − kN + 1
and set

Ω′′
N :=

⋃
V⊂RNL subspace

{H ∈ SymNL(V ) : ∥H∥ ≤ 2LC, max
i,j∈[L]

dKR(µH(Πi,Πj), µi,j) ≤ ε′′}.

In this setup, we have that H ∈ Ω′
N for Ω′

N defined in (4.21) implies that the correspond-
ing Hcut in (4.22) lies in Ω′′

N for N large enough. Moreover, |λ1(H)− x| ≤ δ for H ∈ Ω′
N

implies that |λ1(H
cut)−x| ≤ δ for N large enough and for all H ∈ Ω′

N , the corresponding
Hcut satisfies λ2(H

cut) ≤ x − 2δ for N large enough, i.e., Hcut satisfies the spectral gap
assumption in Lemma 4.8.

Applying Lemma 4.8 for Hcut now yields that if

S := {u ∈ SNL−1∩V : ∥ρ(Π⊥v1(H)u)−φ(λ1(H
cut), θ)∥ < ε, ∥ρ(Π⊥v1(H)u,v1(H

cut)∥ < ε},

we have
1

N
ln
(
QV

Hcut,θ(S)
)
≥ oN (1), (4.23)

where QV
Hcut,θ is defined using (4.20). To bound the remainder, we use the following analog

to [24, Lem. 3.7]. Its proof relies on Lemma 2.2 and is, up to adjusting the dimension of
the quantities considered, identical to [24]. We omit the details.

Lemma 4.9. Let δ > 0, x > r∞ + 3δ, and −2θ < mµ∞(x − 3δ). Then for any Borelian
B ⊂ RNL, ε > 0, and H ∈ Ω′

N with |λ1(H)− x| ≤ δ we have that

1

N
ln
(
QH,θ(∥Πoutu∥2 ≤ ε,ucut ∈ B)

)
≥ 1

N
ln
(
Pu(∥Πoutu∥2 ≤ ε)

)
+

1

N
ln
(
QV

Hcut,θ(u ∈ B)
)
+O(Cθε) + r(N)

with an error r(N) that satisfies limN→∞ r(N) = 0.

We use this bound as follows: It is readily checked that for any ε > 0, we have

lim
N→∞

1

N
ln
(
Pu(∥Πoutu∥2 ≤ ε)

)
= 0.

Hence, using Lemma 4.9 and (4.23), we can find a sequence (ε′′′N )N with limN→∞ ε′′′N = 0
such that

QH,θ(∥Πoutu∥2 ≤ ε′′′N ,ucut ∈ S) ≥ e−o(N),

where limN→∞ o(N)/N = 0. To conclude, observe that S was constructed such that

{u ∈ SNL−1 : ∥Πoutu∥2 ≤ ε,ucut ∈ S} ⊂ S2ε

(
v1(H), λ1(H)

)
forN large enough. Recall that Sε(v1(H), λ1(H)) was defined in (4.10). Putting everything
together, it now follows that

QH,θ(S2ε

(
v1(H), λ1(H)

)
) ≥ e−o(N)

with limN→∞ o(N)/N = 0 as desired. This completes the proof of Proposition 4.7.
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5 The condition ⟨Ψ,SΨ⟩ > ε

With the proof of the weak LDP upper bound completed, we now turn to the lower
bound. To ensure that the bounds match (and thus yield the desired weak LDP when put
together), we first consider the following improvement over Proposition 2.4 that introduces
an additional restriction in the infimum over Ψ. Recall that S[T ] =

∑k
j=1AjTAj for

T ∈ RL×L and ⟨Ψ,S[Ψ]⟩ = Tr[ΨTS[Ψ]] with Ψ ∈ Sym+
L (R). We further set r0 := λ1(A0).

Proposition 5.1. For every x > r∞ there exists εx > 0 such that

lim sup
δ→0

lim
N→∞

1

N
ln
(
P(|λ1 − x| ≤ δ)

)
≤ − inf

Ψ:⟨Ψ,S[Ψ]⟩≥εx
sup
θ>0

F(θ, x,Ψ).

Furthermore, one can choose ϵx such that for every r such r > r0 = λ1(A0) and r > r∞
and every R > r∞

inf
x∈[r,R]

ϵx > 0.

The key ingredient to the proof of Proposition 5.1 is the fact that we can exclude the
eigenvectors v1 for λ1 such that ⟨ρ(v1),S[ρ(v1)]⟩ is small. For ε > 0, define the set

Sρ,ε := {u ∈ SNL−1 : ⟨ρ(u),S[ρ(u)]⟩ ≤ ε}. (5.1)

We then have the following bound.

Lemma 5.2. There exists a constant C > 0 such that for all M > 0 and r > 0 it holds
that

1

N
ln(P[X(N) ∈ SymNL(R) : ∥X(N)∥ ≤ M,λ1(X

(N)) > r + r0,v1(X
(N)) ∈ Sρ,ε])

≤ C + L ln(M/r)− r2

ε
.

Proof. Fix ε > 0 and construct a r
4M -net of Sρ,ε in (5.1). We denote this set as RN,ε. Note

that RN,ε can be chosen such that

|RN,ε| ≤
(C ′M

r

)NL

with a constant C ′ that is independent of the parameters N , M , and r. Next, estimate

P[H ∈ SymNL(R) : ∥H∥ ≤ M,λ1(H) > r,v1(H) ∈ Sρ,ε]

≤ P[H ∈ SymNL(R) : ∥H∥ ≤ M,∃u ∈ Sρ,ε with ⟨u,Hu⟩ ≥ r]

≤ P[H ∈ SymNL(R) : ∥H∥ ≤ M,∃u ∈ RN,ε with ⟨u,Hu⟩ ≥ r/2]

≤
(C ′M

r

)NL
max
u∈Sρ,ε

P[H ∈ SymNL(R) : ⟨u,Hu⟩ ≥ r/2] (5.2)

where we introduced the r
4M -net RN,ε in the second step and then used the bound on

|RN,ε|. Observe that the last expression in (5.2) only concerns the tail of the random
variables ⟨u,X(N)u⟩ for fixed u ∈ Sρ,ε. Writing out (1.1) in the inner product, we get

⟨u,X(N)u⟩ =
k∑

j=1

[ N∑
a=1

(Wj)aa

L∑
c,d=1

(Aj)cd(uc)a(ud)a +
∑
a<b

(Wj)ab

L∑
c,d=1

(Aj)cd(uc)a(ud)b

]

+
L∑

c,d=1

(A0)c,d⟨uc, ud⟩,
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which is again a Gaussian random variable. We recall r0 = λ1(A0), and estimate

E[⟨u,X(N)u⟩] =
L∑

c,d=1

(A0)c,d⟨uc, ud⟩ = Tr[A0Ψ] ≤ r0.

Since u ∈ Sρ,ε, we can further bound the variance by

Var[⟨u,X(N)u⟩] = 2

N

k∑
j=1

[ L∑
c,d=1

(Aj)cd(Aj)c′d′⟨uc, u′c⟩⟨ud, u′d⟩
]

=
2

N
⟨Ψ,S[Ψ]⟩ ≤ 2ε

N

Applying a classical Gaussian tail bound, we thus find c > 0 so that

P[⟨u,X(N)u⟩ − r0 ≥ r/2] ≤ P[⟨u,X(N)u⟩ − E[⟨u,X(N)u⟩] ≥ r/2] ≤ e−cr2N/ε

which, together with (5.2), yields the desired bound.

Combining Lemma 5.2 with Lemma 4.5 allows to remove the condition ∥H(N)∥ ≤ M on
the left-hand side. Recall that r∞ denotes the right end of the support of the limiting
spectral measure µ∞ (cf. Lemma 1.2).

Lemma 5.3. There exist constants C,C ′ > 0 such that for any M > 0 and x > r∞ it
holds that

1

N
ln(P[X(N) ∈ SymNL(R) : |λ1(X

(N))− x| ≤ δ,v1(X
(N)) ∈ Sρ,ε)

≤ max{C ′ + L ln(M/r)− r2

ε
, C − LM

4
}.

The last tool needed for the proof of Proposition 5.1 is the following bound on the rate
function that we prove in Section A.2. Recall that I(x, ε) was defined in (2.12).

Lemma 5.4. There exists some η > 0 and γ > 0 (depending only on the matrices
A0, . . . , Ak) such that, for every x > r∞ and every ϵ ∈ (0, η) it holds that

I(x, ϵ) ≤ γ(x2 + 1).

The proof of this lemma is delayed to Appendix A.2. We can now prove Proposition 5.1
using Lemmas 5.3 and 5.4.

Proof of Proposition 5.1. Given x > r∞, we first choose M large enough so that LM
4 −C >

γ(x2 + 1) + 1. With such a fixed M we then choose ϵ > 0 small enough such that

−C ′ − L ln(M/|x− r0|) +
|x− r0|2

ϵ
> γ(x2 + 1) + 1,

and call it ϵx. It is easy to see that one can choose ϵx in a way that ϵx stays uniformly
bounded from below by a positive constant ε for x ∈ [r,R]. Now, by definition, we have
that, with the notation of (5.1), for N large enough

1

N
ln(P[|λ1(X

(N))− x| ≤ δ,v1(X
(N)) ∈ Sρ,εx ]) < −I1(x, ϵx)− 1.

As a consequence,

P[|λ1(X
(N))− x| ≤ δ] ≤ P[|λ1(X

(N))− x| ≤ δ,v1(X
(N)) ∈ Sρ,ε)]

+ P[|λ1(X
(N))− x| ≤ δ,v1(X

(N)) ∈ Sc
ρ,ε)].
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Now, as we just saw, the first term can be bounded by e−N(I(x,ϵ)+1). The second term can
be bounded using Proposition 2.4 and a covering argument of the compact set Tϵ := {Ψ ∈
Sym+,1

L (R) : Tr[ΨTS(Ψ)] ≥ ϵ} similar to the one used to prove (2.11). We ultimately get

lim sup
N→∞

1

N
lnP[|λ1(X

(N))− x| ≤ δ,v1(X
(N)) ∈ Sc

ρ,ε)] ≤ − inf
Ψ∈Tϵ

sup
θ≥0

F(θ, x,Ψ)

≤ −I(x, ϵ)

where we used the definition of I(x, ϵ) in (2.12). Putting the two estimates together, we
get

lim
δ→0

lim sup
N→∞

1

N
lnP[|λ1(X

(N))− x| ≤ δ] ≤ −I(x, ϵ)

as desired.

6 Proof of Theorem 1.3: Weak Large Deviation Lower Bound

The goal of this section is to prove the following lower bound.

Proposition 6.1 (Lower bound in Theorem 2.1). For every x > r∞, we have

lim
δ→0

lim inf
N→∞

P
(N)
δ (x) ≥ sup

Ψ∈Sym+,1
L (R)

Tr[ΨTS(Ψ)]̸=0

inf
θ≥0

−F(θ, x,Ψ, 1),

where P
(N)
δ is defined in (2.1).

The key to the proof of Proposition 6.1 lies in studying the typical random matrices under
the tilted measure. We observe that, in this setting, the law of X(N) is equal to that of
the original matrix up to a perturbation that we can write down explicitly.

Lemma 6.2. Let θ > 0 and u ∈ SNL−1. We consider the tilted measure P(u,θ) defined by

dP(u,θ)(X(N)) =
exp(Nθ⟨u,X(N)u⟩)

EW [exp(Nθ⟨u,X(N)u⟩)]
dP(X(N)).

Under this tilted measure, the matrix X(N) can be decomposed in the following way

X(N) = X̃(N) + 2θTST ∗

where X̃(N) has the same distribution as X(N) under P, T is a NL× L2 matrix and S is
a L2 × L2 matrix. For simplicity, we will index the set [1, L2] using double indexes of the
form ab where a, b ∈ [1, L]. For such a, b, the ab column of T is ea ⊗ ub where (e1, . . . , eL)
is the canonical base of RL. Furthermore

Sab,cd =
∑
j≥1

(Aj)ac(Aj)bd.

or in other terms S =
∑

j≥1Aj ⊗Aj.

Proof. To prove this, let us write down and expand the scalar product as

⟨u,X(N)u⟩ =
∑
j

∑
a,b

(Aj)a,b⟨uaW
(N)
j , ub⟩+

∑
a,b

(A0)a,b⟨ua, ub⟩

=
∑
j

∑
a,b

(Aj)a,bTr((ub)
∗uaW

(N)
j ) +

∑
a,b

(A0)a,b⟨ua, ub⟩.
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Therefore, classical properties of Gaussian random variables give us that under the tilted
measure P(u,θ), we have for j ≥ 1 that

W
(N)
j = W̃

(N)
j + 2θ

∑
a,b

(Aj)ab(ub)
∗ua,

where the W̃
(N)
j are GOE under P(u,θ). As a consequence, we can write

X(N) = X̃(N) + 2θD,

where X̃(N) =
∑k

j=1Aj ⊗ W̃
(N)
j +A0 ⊗ IdN and

D =
∑
j

Aj ⊗
∑
a,b

(Aj)ab(ub)
∗ua

=
∑
j

((∑
c,d

(Aj)cdec(ed)
∗
)
⊗
(∑

a,b

(Aj)abua(ub)
∗
))

=
∑
c,d

∑
a,b

(∑
j

(Aj)cd(Aj)ab

)
(ec ⊗ ua)(ed ⊗ ub)

∗

=
∑
c,a,d,b

Sca,db(ec ⊗ ua)(ed ⊗ ub)
∗ = TST ∗.

This is the claim.

Having established the structure of X(N) under the tilted measure, we can use classical
results on outliers of perturbed random matrices to identify the limit of (λ1(X

(N)))N
as N → ∞.

Lemma 6.3. Let θ > 0 and let us consider a sequence of vectors (u(N))N∈N such that
for all N , u(N) ∈ SNL−1 and such that for all N , the profile of u(N) converges towards a
matrix Ψ as N → ∞. Let us consider the following equation on z ∈ R

det (IdL2 + 2θS(M(z)⊗Ψ)) = 0 (6.1)

where the L× L matrix M(z) was introduced in (1.4). Then, if the equation (6.1) has at
least one solution in ]r∞,+∞[, the largest eigenvalue λ1(X

(N)) converges toward the largest

solution of this equation when N goes to ∞, almost surely under the measure P(u(N),θ).

Proof. By the almost sure convergence of the empirical measure towards µ∞ under the
measure P(u(N),θ), the largest eigenvalue of X(N) is larger or equal to r∞. Moreover, it is
given by the largest solution to the equation

det(z −X(N)) = 0.

Let us assume that z is an outlier, namely that it is greater than r∞ + ε for some ε > 0
independent of N . Using that X(N) = X̃(N) + 2θTST ∗, one can rewrite this equation in
the following way

det(z − X̃(N)) det(IdN − 2θTST ∗(z − X̃(N))−1) = 0.

The product expression above is a degree N polynomial. Furthermore when N goes to in-
finity, the eigenvalues of X̃(N) are bounded above by r∞+ε/2 almost surely by Lemma 1.2.
Therefore, to identify the positions of the outliers of X(N), one has to study the zeroes
of the limit of the function z 7→ det(IdN − 2θTST ∗(z − X̃(N))−1) on ]r∞,+∞[. For this
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we will use the following classical matrix identity: if A,B are two matrices of respective
dimensions N ×M and M ×N , det(IdN +AB) = det(IdM +BA). Therefore, we have

det(IdN − 2θTST ∗(z − X̃(N))−1) = det(IdL2 − 2θST ∗(z − X̃(N))−1T ).

and it suffices to prove that almost surely, limN→∞ T ∗(z − X̃(N))−1T = −M(z) ⊗ Ψ for
every z in some arbitrary complex neighborhood of ]r∞ + ϵ,+∞[ disjoint from supp(µ∞).
Indeed, if we recall that with high probability, the largest eigenvalue of X(N) remains
bounded (which prevents the potential outlier from escaping to +∞ and not appearing as
a zero of the limit), the conclusion then follows from Montel’s theorem and the argument
principle. The latter ensures that the limit of the sets of zeros of the functions above on
the considered neighborhood will converge to those of the left hand side of (6.1).

We have for 1 ≤ a, b, c, d ≤ L that

(T ∗(z − X̃(N))−1T )ab,cd = (ea ⊗ ub)(z − X̃(N))−1(ec ⊗ ud)
∗

and therefore, using invariance under orthogonal conjugation and concentration of mea-
sure, it follows

lim
N→∞

(T ∗(z − X̃(N))−1T )ab,cd = −M(z)a,cΨb,d = −(M(z)⊗Ψ)ab,cd,

which proves our result.

To apply Lemma 6.3, we need to ensure that (6.1) indeed has a solution in the context we
are considering. This is the content of the following proposition.

Proposition 6.4. For every x > r∞ and every profile Ψ ∈ Sym++,1
L (R), recalling the

definition (1.9) of ϕ, there exists θ such that x is the largest solution Z(θ) of the equation
(in z)

det(IdL2 + 2θS(M(z)⊗ ϕ(θ, x,Ψ))) = 0. (6.2)

Let us fix such Ψ and θ and define Z(θ) to be the largest solution of (6.2) if it has a solution
strictly larger than r∞ or r∞ if it has no such solutions. We first show that Z(θ) ≤ c0+c1θ
for some finite constants c1, c2. First, note that we have

2θϕ(θ, x,Ψ) = (2θ +mµ∞(x))+Ψ+M(max(−m−1
µ∞(2θ), x)).

Hence, for x > −m−1
µ∞(2θ) it follows that

2θS(M(z)⊗ ϕ(θ, x,Ψ)) = S(M(z)⊗ ((2θ +mµ∞(x))+Ψ+M(x))),

which yields the bound

∥S(M(z)⊗ ((2θ +mµ∞(x))Ψ +M(x)))∥
≤ ∥S∥ · ∥M(z)∥ · ∥(2θ +mµ∞(x))+Ψ+M(max(−m−1

µ∞(2θ), x))∥.

Since ∥M(z)∥ ≤ (z − r∞)−1 we have that there exists some constants c0, c1 > 0 such that
for z > c0θ + c1, ∥S(M(z) ⊗ ((2θ + mµ∞(x))+Ψ + M(max{−m−1

µ∞(2θ), x}))∥ < 1 and,
therefore, Z(θ) ≤ c0 + c1θ.

To prove Proposition 6.4, we further need that Z is continuous.

Lemma 6.5. The function Z is continuous on R+,∗.
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Proof. For O an open subset of {z ∈ C : ℜz > r∞}, let us define DO the function from
R+,∗ to H(O) (the set of holomorphic functions on O) as

DO(θ)(z) = det(IdL2 + 2θS(M(z)⊗ ϕ(θ, x,Ψ))).

Then DO is a continuous function (for the topology of uniform convergence on compact
sets). First, let us see that it is sufficient to prove the following.

Claim: For every ϵ > 0, the sets Z−1(]r∞ + ϵ,+∞[) are open and the function Z is
continuous on these sets.

Indeed, this proves that Z is continuous on the set on every point θ such that Z(θ) > r.
Let us now take a point θ0 such that Z(θ0) = r∞. If we assume towards contradiction
that ℓ := lim supθ→θ0 Z(θ) > r∞, then if ℓ < +∞ one can find a sequence (θn)n∈N such
that limn→+∞ θn = θ0 and limn→∞ Z(θn) = ℓ. Then, using the continuity of DO for an
arbitrary open neighborhood O of ]r∞,+∞[, we have that Z(θ0) = ℓ which contradicts
our assumption. Finally, note that ℓ = +∞ is impossible since Z(θ) is bounded on every
compact set of R+,∗.

Let us then move on to proving our claim. For θ ≥ 0, consider

z 7→ det(IdL2 + 2θS(M(z)⊗ ϕ(θ, x,Ψ)))

on an arbitrary open neighborhood O of ]r∞ + ϵ,+∞[, i.e., the function DO. Recall that
this function is the almost sure limit of

z 7→ det(z −X(N))

det(z − X̃(N))

as N → ∞. Since the zeroes of this sequence of functions all lie on the real line (as a
quotient of two polynomials with only real roots), the same is true for its limit DO by
using, e.g., the argument principle. Then, using the continuity of DO and once again using
the argument principle, one concludes that the sets Z−1(]r∞ + ϵ,+∞[) are open. Finally
to prove the continuity of the function Z, we need only to remember that Z(θ) is bounded
on every compact set of R+,∗ which prevents there being a point a ∈ R+,∗ such that
lim supt→a Z(t) = +∞ and apply the argument principle one last time.

With these tools in place, we can give the proof of Proposition 6.4.

Proof of Proposition 6.4. As a consequence of the continuity of Z, to prove that there
exists θ such that Z(θ) = x one only needs to notice that Z(0) = r∞, which is straightfor-
ward by Lemma 1.2, and then to prove that there exists θ0 > 0 such that Z(θ0) > x. For
this, let us denote λ(θ, z) the largest eigenvalue of the matrix −2θS(M(z) ⊗ ϕ(θ, x,Ψ)).
One can first notice that the matrices S, M(z) and ϕ(θ, x,Ψ) are symmetric matrices.
Furthermore the matrices −M(z) and ϕ(θ, x,Ψ) are definite positive matrix and therefore
so is −M(z) ⊗ ϕ(θ, x,Ψ). Therefore, the matrix −2θS(M(z) ⊗ ϕ(θ, x,Ψ)) has the same
spectrum as √

−M(z)⊗ 2θϕ(θ, x,Ψ)S
√
−M(z)⊗ 2θϕ(θ, x,Ψ)

which itself is symmetric. In particular, λ(θ, z) is also the largest eigenvalue of the above
matrix and the function θ 7→ λ(θ, z) is easily seen to be continuous. Furthermore, we have
λ(0, x) = 0. To apply the intermediate value theorem, we further need the following.

Lemma 6.6. For every Ψ ∈ Sym++,1
L (R), every z > r∞, limθ→∞ λ(θ, z) = +∞.
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We postpone the proof of Lemma 6.6 for the moment. Given the lemma, we conclude that,
since λ(0, x) = 0 and λ(., x) is continuous, there exists some θ′ > 0 such that λ(θ′, x) = 1.
This implies that

det(IdL2 + 2θ′S(M(x)⊗ ϕ(θ′, x,Ψ))) = 0,

which yields that indeed Z(θ′) ≥ x. Then, using the fact that Z(0) = r∞ and the continuity
of Z, we have by the intermediate value theorem that there exists θ ≥ 0 such that Z(θ) = x.
This finishes the proof of Proposition 6.4.

It remains to supply the asymptotics of λ(θ, z) that we used above.

Proof of Lemma 6.6. First, one can notice that λ1(S) > 0. Indeed since all the Ai are
symmetric, so is S. Furthermore, we have that

Tr(S) =
∑
i

Tr(Ai ⊗Ai) =
∑
i

Tr(Ai)
2 ≥ 0.

Therefore, S has to have at least one positive eigenvalue. Since both matrices 2θϕ(θ, x,Ψ)
and −M(z) are definite positive, so is their tensor product and furthermore, we have that

λ1(
√
−M(z)⊗ 2θϕ(θ, x,Ψ)S

√
−M(z)⊗ 2θϕ(θ, x,Ψ))

≥ λL2(
√
−M(z)⊗ 2θϕ(θ, x,Ψ))2λ1(S).

Note that λL2 denotes the smallest eigenvalue here, as both M(z) and ϕ(θ, x,Ψ) are of
size L× L. Furthermore,

λL2(
√
−M(z)⊗ 2θϕ(θ, x,Ψ)) =

√
2θλL2(−M(z)⊗ ϕ(θ, x,Ψ)).

For 2θ ≥ (−mµ∞(x)), one has

2θϕ(θ, x,Ψ) = −M(x)/L+ (2θ +mµ∞(x))Ψ

Therefore, one can write

λL(2θϕ(θ, x,Ψ)) ≥ −||M(x)||/L+ (2θ +mµ∞(x))λL(Ψ)

since by assumption λL(Ψ) > 0, we have limθ→∞ λL(2θϕ(θ, x,Ψ)) = +∞ which proves the
result.

Putting together the preceding lemmas, we obtain the following.

Proposition 6.7. For any δ > 0, x > r∞, Ψ ∈ Sym++,1(R) there exists θ > 0 so that

lim
ϵ→0

lim inf
N→∞

inf
u∈SNL−1,

||ρ(u)−ϕ(θ,x,Ψ)||≤ϵ

P(θ,u)[|λ1(X
(N))− x| ≤ δ] = 1.

From this proposition, we can now deduce the desired weak LDP lower bound.

Proof of Proposition 6.1. Restricting to ρ(u) a neighborhood of Ψ ∈ Sym++,1(R), such
that Tr[ΨTS(Ψ)] ̸= 0, we obtain from Proposition 6.7 that

lim
δ→0

lim inf P
(N)
δ (x) ≥ − inf

Ψ∈Sym++,1(R),

Tr[ΨTS(Ψ)]̸=0

sup
θ≥0

F(θ, x,Ψ).

To upgrade this statement to Ψ that may not be definite, we can approximate any Ψ ∈
Sym+,1(R) so that Tr[ΨTS(Ψ)] ̸= 0 by a sequence (Ψp)p∈N such that Ψp ∈ Sym++,1

L (R)
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and Ψp → Ψ. For p large enough we have that Tr[ΨT
p S(Ψp)] ≥ η for some η > 0. We then

use Lemma 7.2 to restrict θ to a compact. From there the continuity of F(θ, x,Ψ) in Ψ
and θ enables us to conclude.

Lastly, let us deduce a property of the rate function from the upper and lower bounds.
This property shows that the two bounds actually match and will be useful to study the
properties of I.

Proposition 6.8. For x > r∞ and ϵx chosen as in Lemma 5.1, we have that for every
ϵ ∈ (0, ϵx],

I(x) = I(x, ϵ).

Proof. Clearly I(x) ≤ I(x, ϵ). Furthermore using the LDP upper and lower bounds, more
specifically Proposition 5.1 for the upper bound, we have

I(x) ≥ − lim
δ→0

lim inf
N→+∞

P
(N)
δ (x) ≥ − lim

δ→0
lim sup
N→+∞

P
(N)
δ (x) ≥ I(x, ϵ),

which proves the result.

7 Discussion of the Rate Function

Lastly, we note the following properties of the rate function (1.11) in Theorem 1.3.

Proposition 7.1. The rate function I in (1.11) satisfies the following properties:

(i) x 7→ I(x) is continuous on (r∞,∞).

(ii) x 7→ I(x) is a good rate function, i.e., I is lower semi-continuous and its sublevel
sets {I(x) ≤ y} are compact for all y ∈ R.

(iii) x 7→ I(x) is increasing on [r∞,∞).

Remark. The rate function may be discontinuous at r∞. Indeed, let us consider for in-
stance the matrix

1√
N

(
GN 0N
0N 3IN

)
where GN is a GOE matrix. Then the rate function for the largest eigenvalue of such a
matrix would be +∞ for x < 3, 0 for x = 3 and I(x) for x > 3.

Let us first prove parts (ii) and (iii) assuming (i) of the above proposition :

Proof of (ii) and (iii) of Proposition 7.1. Beginning by (ii), we first notice that I is lower
semi-continuous at r∞ since it vanishes at r∞, and is non-negative everywhere. The level
sets are included in compacts as a consequence of the existence of the LDP and the
exponential tightness. We give another more direct proof using the expression of the rate
function. Indeed, one can make the following bounds for any Ψ ∈ Sym+,1

L (R)

Tr[ΨS(Ψ)] ≤ A Tr[A0Ψ] ≤ B, ln(det(Ψ)− L lnL) ≤ 0 ,

for some constants A,B > 0 that depends only on the models. For x > r∞ + 1, we can
write with θ∗ = −mµ∞(r∞ + 1) for θ > θ∗

Jµ∞(θ, x) = θx− 1

2
(1+ ln(2θ))− 1

2

∫
R

ln |x− y|dµ∞(y) ≥ θx− 1

2
(1+ ln(2θ))− 1

2
ln |x| −C
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for some constant C. Therefore we have for x > r∞ + 1,

I(x) = inf
Ψ

sup
θ≥0

F(θ, x,Ψ)

≥ inf
Ψ

sup
θ≥θ∗

F(θ, x,Ψ)

≥ sup
θ≥θ∗

[
L(θx− 1

2
(1 + ln(2θ))− 1

2
ln |x| − C)− L2Aθ2 − LBθ

]
≥

[
L(θ∗x− 1

2
(1 + ln(2θ∗))−

1

2
ln |x| − C)− L2Aθ2∗ − LBθ∗

]
It is now easy to see that the lower bound goes to +∞ as x goes to +∞ which proves the
result.

For point (iii) of the proposition, one can prove that for any x, y such that r∞ < y < x
and any δ > 0 such that δ < |y − r∞|, we have

lim sup
N→+∞

P
(N)
δ (y) ≤ lim sup

N→+∞
P

(N)
δ (x).

For this, one can reproduce almost verbatim the proof of Lemma B.1 in [19], the only
difference is that the matrix valued stochastic process used has to be defined by running

an Ornstein-Uhlenbeck on every matrix W
(N)
j . In other words, in the proof, instead of GN ,

we consider the process X
(N)
β (t) defined by

X
(N)
β (t) =

k∑
j=1

Aj ⊗W
(N)
j (t) +A0 ⊗ IdN

where W
(N)
j obey the following stochastic differential equations with (H

(N)
j )1≤j≤k being

a family of k i.i.d. N ×N symmetric Brownian motions

∀1 ≤ j ≤ k, dW
(N)
j = dH

(N)
j − 1

2
W

(N)
j .

The rest of the proof is identical. From the proved inequality, taking δ to 0 gives that
I(y) ≤ I(x).

To discuss the continuity of the rate function, we will need to restrict ourselves to a
compact interval of θ ≥ 0

Lemma 7.2. Let M > η > r∞ and ε > 0. There exist Θ(M,η, ϵ) such that for every Ψ
such that if Tr[ΨTS(Ψ)] ≥ ε, we have for every x ∈ (r∞,M ]

sup
θ≥0

F(θ, x,Ψ) = sup
0≤θ≤Θ(M,η,ε)

F(θ, x,Ψ)

We delay the proof of Lemma 7.2 to Appendix A.2.

Proof of (i) of Proposition 7.1. Let us consider η,M ∈ R such that r∞ < η < M , and
let ϵ′ := infx∈[r,M ]ϵx as defined in Proposition 5.1. We have ϵ′ > 0. Using the preceding
Lemma, we have

sup
θ≥0

F(θ, x,Ψ, 1) = sup
0≤θ≤Θ(M,η,ε′)

F(θ, x,Ψ)

and, using Proposition 6.8,

I(x) = inf
Ψ:⟨Ψ,S[Ψ]⟩≥ϵ′

sup
0≤θ≤Θ(M,η,ε′)

F(θ, x,Ψ).
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Furthermore, the function
(θ, x,Ψ) 7→ F(θ, x,Ψ)

is uniformly continuous on [0,Θ(M,η, ϵ′)]× [η,M ]×{Ψ : ⟨Ψ,SΨ⟩ ≥ ϵ′}. This implies that
the function I is continuous on [η,M ] and therefore on ]r∞,+∞[.

8 Changes for the GUE

This section collects several remarks on the differences between the proof of Theorem 1.3
for β = 1 and β = 2. While the overall argument is the same, some small adjustments
may be needed to adapt the proof to the complex model. We collect the most notable ones
below. Recall that for β = 2, we have

X(N) :=
k∑

j=1

Aj ⊗Wj +A0 ⊗ IdN

with Hermitian A0, A1, . . . , Ak ∈ CL×L and W1, . . . ,Wk independent GUE matrices of
size N ×N .

8.1 Proof of Proposition 2.3 for β = 2

When considering the convergence of the annealed spherical integral, the main difference
between the real and complex case lies in evaluating EW [eθNL⟨u,X(N)u⟩]. Recalling our
convention that complex inner products are skew-linear in the first entry, we write

⟨u, (Aj ⊗Wj)u⟩ =
N∑
a=1

(Wj)aa

L∑
c,d=1

(Aj)cd(uc)a(ud)b

+
∑
a<b

ℜ(Wj)ab

L∑
c,d=1

[
(Aj)cd(uc)a(ud)b + (Aj)cd(uc)a(ud)b

]
(8.1)

+
∑
a<b

iℑ(Wj)ab

L∑
c,d=1

[
(Aj)cd(uc)a(ud)b − (Aj)cd(uc)a(ud)b

]
.

By definition of the GUE, the (Wj)aa are i.i.d. real-valued N (0, N−1) random variables
and the ℜ(Wj)ab resp. ℑ(Wj)ab are i.i.d real-valued N (0, (2N)−1) random variables for
a < b. Moreover, these three families of Gaussian random variables are independent of
each other. Noting that for ξ ∼ N (0, σ2), the formula E[etξ] = et

2/(2σ2) at the base of (3.1)
continues to hold for t ∈ C, (8.1) implies that

k∏
j=1

EW [eθNL⟨u,(Aj⊗Wj)u⟩] =

k∏
j=1

exp
[ N∑
a=1

θ2N2L2

2N

( L∑
c,d=1

(Aj)cd(uc)a(ud)b

)2
+
∑
a<b

θ2N2L2

4N

( L∑
c,d=1

[
(Aj)cd(uc)a(ud)b + (Aj)cd(uc)a(ud)b

)2
−
∑
a<b

θ2N2L2

4N

( L∑
c,d=1

[
(Aj)cd(uc)a(ud)b − (Aj)cd(uc)a(ud)b

)2]

=
k∏

j=1

exp
[NL2θ2

2
Tr[ρ(u)TAjρ(u)

TAj ]
]
.
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Similar to (3.2), the dependence of EW [exp(θNL⟨u,X(N)u⟩)] on u is thus completely
determined by ρ(u)ij = ⟨ui, uj⟩, i.e., the entries of a (complex) renormalized Wishart
matrix. Moreover, these random variables again satisfy an LDP and the rate function for
this complex analog of Lemma 3.1 is given by

Ĩ : Sym+,1
L (C) → C, Ĩ(X) = L ln(L)− ln(det(X))

The proof of the LDP is analogous to that of Lemma 3.1. However, instead of [6], we
now use Equation (1.6) of [27] as the starting point, which indicates that the joint law of
the (upper triangular) entries of a complex Wishart matrix is given by

fY (X) =
1

πL(L−1)/2
∏L

j=1 ΓC(N − j − 1)
det(X)(N−L)e−Tr(X), X ∈ Sym++

L (C)

where ΓC denotes the complex gamma function.

8.2 Proof of Proposition 2.4 for β = 2

For the weak LDP upper bound, we observe that (4.4) may be a complex measure, as the
coefficients of the Dirac measures in

µH(Πi,Πj) =
1

N

NL∑
a=1

⟨Pi↔jΠiva(H),Πjva(H)⟩δλa(H)

are given by complex inner products. However, the bound (4.5) still holds, hence µH(Πi,Πj)
is thus well-defined as a complex Radon measure and (µH(Πi,Πj))ij can be interpreted as
a random measure taking values in Sym+

L (C). Hence, considering

dLip(ν1, ν2) = sup
∥f∥∞≤1,
Lip(f)≤1

∣∣∣ ∫ fd(ν1 − ν2)
∣∣∣

and decomposing the complex measures into their real and imaginary parts allows reducing
the argument to signed measures. The rest of the proof is then analogous to the real case.
Note, however, that we need to use [36, Thm. 4.5] instead of [35, Thm. 4.3] in the proof

of Theorem 4.4, as the randomness in X
(N)
β is supplied by GUE matrices for β = 2.

A Additional Proofs

A.1 Proof of Lemma 3.1 (LDP for ρ(u))

We follow the standard technique of proving a weak LDP and exponential tightness to ob-
tain the desired result. Recall that Sym+

L (R) resp. Sym
++
L (R) denotes the set of symmetric

positive semi-definite resp. symmetric positive definite matrices, and

Sym♯,1
L (R) = {X ∈ Sym♯

L(R) : Tr(X) = 1}

for ♯ ∈ {+,++}. Moreover, ρ(u) = Ỹ was defined in (2.6).

Exponential tightness: As supp(ρ(u)) = Sym+,1
L (R) is a compact set, exponential tightness

is trivially satisfied.

The law of ρ(u): As Y is a Wishart matrix, the joint law of the (upper triangular) entries
of Y is absolutely continuous with density given by

fY (X) =
1

2
NL
2 πL(L−1)/4

∏L
j=1 Γ(

N−j−1
2 )

det(X)
N−L−1

2 e−
1
2
Tr(X), X ∈ Sym++

L (R)
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where Γ(·) denotes the gamma function (see, e.g., [6, Sect. 7.2]). In this notation, we make
the change of variables

X 7→
( X

Tr(X)
,Tr(X)

)
=: (X̃, t),

and note that the entries of the Jacobian J are given by

∂X̃ij

∂Xkl
=

1

t
(1{i=k}1{j=l} − 1{k=l}X̃ij),

∂t

∂Xkl
= 1{k=l}.

The determinant is easily computed using Gaussian elimination, yielding

det(J) = t1−
L(L+1)

2 .

After the change of variables, we obtain

fY (X̃, t) =
det(X̃)

N−L−1
2 t

NL−2L2−2L+2
2 e−

t
2

2
NL
2 πL(L−1)/4

∏L
j=1 Γ(

N−j−1
2 )

, (X̃, t) ∈ Sym++,1
L (R)×R+

which factorizes into two parts that only depend on X̃ and t, respectively. Integrating out
the t variable yields the density for ρ(u). It is given by

f
Ỹ
(X) =

Γ(NL
2 − L2 − L+ 2)

2L(L+1)+2πL(L−1)/4
∏L

j=1 Γ(
N−j−1

2 )
det(X)

N−L−1
2 , X ∈ Sym++,1

L (R) (A.1)

For simplicity, we abbreviate the normalizing constant in (A.1) as ZN .

Weak LDP: We start by writing

ZN =

∫
Sym+,1

L (R)
exp

[
N ln(det(X))

(1
2
− L− 1

2N

)]
dX

and noting that the function in the exponent satisfies

lim
N→∞

[
ln(det(X))

(1
2
− L− 1

2N

)]
=

ln(det(X))

2

whenever X does not have a zero eigenvalue (otherwise, the contribution to the integral
vanishes). Moreover, the convergence is uniform on all sets where all eigenvalues of X are
bounded away from zero, and for every constant C > 0 there is an ε > 0 such that

ln(det(X)) < −C

for all X for which at least one eigenvalue is smaller than ε. With these observations, we
deduce from the classical Laplace method that

lim
N→∞

1

N
ln(ZN ) = max

X∈Sym+,1
L (R)

ln(det(X))

2
= −L ln(L)

2
.

Here, the last equality follows by interpreting the optimization problem in terms of the (non-
negative) eigenvalues λ1, . . . , λL of X ∈ Sym+,1

L (R) and maximizing det(X) =
∏

i λi under
the constraint Tr(X) =

∑
i λi = 1. This maximum is attained for λ1 = · · · = λL = 1/L,

which yields the desired constant.

Another application of the Laplace method gives the desired weak LDP with rate function
Ĩ(X) = (ln(det(X))−L ln(L))/2. Note that we defined Ĩ for positive semi-definite matrices
instead of the positive definite matrices to ensure we work on a Polish space. However, if
∥ρ(u) −X∥ < ε for ε > 0 and a matrix X that has a zero eigenvalue, ρ(u) must have at
least one small eigenvalue and det(ρ(u)) < ε. As a consequence, Ĩ(X) = ∞ as expected.
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A.2 The Function F : Proof of Lemmas 5.4 and 7.2

First, let us remind that F(θ, x,Ψ) = 0 for every θ ≤ θx := −m(x). Then, let us call for a
matrix M , ∆(M) = −1

2(ln det(M)−L lnL). Let us then differentiate the function F with
respect to θ for θ ≥ θx, we get

∂F
∂θ

(θ, x,Ψ) = L(x− 1

2θ
)− 2a(θ − θx)− 2b+

∂∆ ◦ ϕ
∂θ

(θ, x,Ψ),

where

a :=
L2

4
Tr[ΨS(Ψ)] and b := 2LTr(ΨAT

0 ) +
L2

2
Tr[(−M(x))S(Ψ)].

Let us study the function

g : θ 7→ − L

2θ
+

∂∆ ◦ ϕ
∂θ

(θ, x,Ψ).

First, we can see that −L/2θ is the derivative of the function θ 7→ −1
2 ln det(2θIdL).

therefore, the function g is the derivative of the function

G : θ 7→ −1

2

(
ln det(2θϕ(θ, x,Ψ))− L lnL

)
= ∆(2θϕ(θ, x,Ψ))

Let us now notice that for θ ≥ θx, 2θϕ(θ, x,Ψ) = (−M(x)+(2(θ−θx))Ψ) and let us remind
that the differential of ∆ in an invertible matrix A is given by d∆A(H) = −1

2 Tr(A
−1H).

Using the chain rule, we can rewrite g as

g(θ) = −Tr(Ψ(−M(x) + (2(θ − θx))Ψ)−1).

Since −M(x) and Ψ are positive matrices, the above expression is negative. Furthermore,
we have Tr[(−M(x))S(Ψ)] ≥ 0 and we can bound 2LTr(ΨAT

0 ) from below by some con-
stant −b0 with b0 > 0. All in all, we can write

∂F
∂θ

(θ, x,Ψ) ≤ (x+ b0)− 2a(θ − θx),

and thus since F(θx, x,Ψ) = 0, for θ ≥ θx,

F(θ, x,Ψ) ≤ (x+ b0)(θ − θx)− a(θ − θx)
2.

From this equation, we deduce that

max
θ≥0

F(θ, x,Ψ) ≤ (x+ b0)
2

4a

and that for θ ≥ θx + x+b0
a , it holds that F(θ, x,Ψ) ≤ 0. Now, to prove Lemma 5.4, one

can first choose Ψ = IdL/L and η = Tr[S(IdL/L)]. We then have that for ϵ < η

I(σ, ϵ) ≤ max
θ≥0

F(θ, x, IdL/L) ≤
(x+ b0)

2

4a
≤ x2 + b20

2a
,

and the lemma is proven choosing γ = max{1, b20}/2a. To prove Lemma 7.2, we can choose

Θ(M,η, ε) = −mµ∞(η) + 4
M + b0
L2ε

,

which then ensures the function F(θ, x,Ψ) is negative for θ ≥ Θ(M,η, ε).
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