LARGE DEVIATIONS OF THE EXTREME EIGENVALUES OF
RANDOM DEFORMATIONS OF MATRICES

F. BENAYCH-GEORGES*, A. GUIONNET', M. MAIDA¥.

ABSTRACT. Consider a real diagonal deterministic matrix X,, of size n with spectral
measure converging to a compactly supported probability measure. We perturb this
matrix by adding a random finite rank matrix, with delocalized eigenvectors. We show
that the joint law of the extreme eigenvalues of the perturbed model satisfies a large
deviation principle in the scale n, with a good rate function given by a variational
formula.

We tackle both cases when the extreme eigenvalues of X,, converge to the edges of the
support of the limiting measure and when we allow some eigenvalues of X,,, that we call
outliers, to converge out of the bulk.

We can also generalise our results to the case when X, is random, with law proportional
to e " TVX)dX, for V growing fast enough at infinity and any perturbation of finite
rank.
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1. INTRODUCTION

In the last twenty years, many features of the asymptotics of the spectrum of large
random matrices have been understood. For a wide variety of classical models of ran-
dom matrices, it has been shown that the spectral measure converges almost surely (the
canonical examples hereafter will be Wigner matrices [33], or Wishart matrices [29]). The
extreme eigenvalues converge for most of these models to the boundary of the limiting
spectral measure (see e.g. [23] or [3]). Fluctuations of the spectral measure and the ex-
treme eigenvalues of these models could also be studied under a fair generality over the
entries of the matrices; we refer to [I] and [4] for reviews. Recently, even the fluctuations
of the eigenvalues inside the bulk could be studied for rather general entries and were
shown to be universal (see e.g. [16] or [31]). Concentration of measure phenomenon and
moderate deviations could also be established in [I8] 3], [15]. Yet, the understanding of
the large deviations of the spectrum of large random matrices is still very scarce and exists
only in very specific cases.

Indeed, the spectrum of a matrix is a very complicated function of the entries, so

that usual large deviation theorems, based on independence, do not apply. Moreover,
large deviations rate functions have to depend on the distribution of the entries and
only guessing their definition is still a wide open question. In the case of Gaussian
Wigner matrices, where the joint law of the eigenvalues is simply given by a Coulomb
gas Gibbs measure, things are much easier and a full large deviation principle for the
law of the spectral measure of such matrices was proved in [§]. This extends to other
ensembles distributed according to similar Gibbs measure, for instance Gaussian Wishart
matrices [19]. Similar large deviation results hold in discrete situations with a Coulomb
gas distribution [20]. A large deviation principle was also established in [24] for the law
of the spectral measure of a random matrix given as the sum of a self-adjoint Gaussian
Wigner random matrix and a deterministic self-adjoint matrix (or as a Gaussian Wishart
matrix with non trivial covariance matrix). In this case, the proof uses stochastic analysis
and Dyson’s Brownian motion, as there is no explicit joint law for the eigenvalues, but
again relies heavily on the fact that the random matrix has Gaussian entries.
The large deviations for the law of the extreme eigenvalues were studied in a slightly more
general setting. Again relying on the explicit joint law of the eigenvalues, a large deviation
principle was derived in [7] for the same Gaussian type models. The large deviations of
extreme eigenvalues of Gaussian Wishart matrices was studied in [32]. In the case where
the Wishart matrix is of the form X X* with X a n xr rectangular matrix so that the ratio
r/n of its dimensions goes to zero, large deviations bounds for the extreme eigenvalues
could be derived under more general assumptions on the entries [2I]. Our results allow
also to obtain a full large deviation for the spectrum of such Wishart matrices when r is
kept fixed while n goes to infinity (see Section [7]).
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In this article, we shall be concerned with the effect of finite rank deformations on the
deviations of the extreme eigenvalues of random matrices. In fact, such finite rank pertur-
bations do not change the deviations of the spectral measure by Weyl’s interlacing prop-
erty, but it changes the deviations, and even the convergence, of the extreme eigenvalues.
In the case of Gaussian Wishart matrices, the asymptotics of these extreme eigenvalues
were established in [6] and a sharp phase transition, known as the BBP transition, was ex-
hibited. According to the strength of the perturbation, the extreme eigenvalues converge
to the edge of the bulk or away from the bulk. The fluctuations of these eigenvalues were
also shown in [6] to be given either by the Tracy-Widom distribution in the first case, or
by the Gaussian distribution in the second case. Universality (and non-universality) of
the fluctuations in BBP transition was studied for various models, see e.g. [11, 12| 17, [5].

The goal of this article is to study the large deviations of the extreme eigenvalues
of such finite rank perturbation of large random matrices. In [26], a large deviation
principle for the largest eigenvalue of matrices of the GOE and GUE deformed by a
rank one matrix was obtained by using fine asymptotics of the Itzykson-Zuber-Harich-
Chandra (or spherical) integrals. The large deviations of the extreme eigenvalues of a
Wigner matrix perturbed by a matrix with finite rank greater than one happened to
be much more complicated. One of the outcome of this paper is to prove such a large
deviation result when the Wigner matrix is Gaussian. In fact, our result will include the
more general case where the non-perturbed matrices are taken in some classical matrix
ensembles, namely the ones with distribution oc e **(V(X))dX | for which the deviations
are well known (see Theorem 2I0). We first tackle a closely related question: the large
deviation properties of the largest eigenvalues of a deterministic matrix X,, perturbed by
a finite rank random matrix. We show that the law of these extreme eigenvalues satisfies
a large deviation principle for a fairly general class of random finite rank perturbations.
We can then consider random matrices X,,, independent of the perturbation, by studying
the deviations of the perturbed matrix conditionally to the non-perturbed matrices. Even
though our rate functions are not very explicit in general, in the simple case where X,, = 0,
we can retrieve more explicit formulae (see Section [7)). In fact, even in this simple case
of sample covariance matrices with non-Gaussian entries, our large deviation result seems
to be new and improves on [21].

Our approach is, as in [T, 12, 5], based on the characterisation of the eigenvalues as
the zeroes of the characteristic polynomial, which can be seen as a function of the matrix
whose entries are the Stieltjes transform of the non-deformed matrix evaluated along the
random vectors of the perturbation. We therefore deduce the deviations of the extreme
eigenvalues from the deviations of this matrix, which can be obtained by classical large
deviations techniques.

Let us now present more precisely the kind of models we will be dealing with.

2. STATEMENT OF THE RESULTS

2.1. The models. Let X, be a real diagonal matrix of size n x n with eigenvalues \} >
Ay > > A



4 F. BENAYCH-GEORGES, A. GUIONNET, M. MAIDA

We perturb X,, by a random matrix whose rank does not depend on n. More precisely,
let m,r be fixed positive integers and ¢, > 6, > ... > 0, >0 > 0,1 > ... > 0,
be fixed, let G = (g1, ..., 9,) be a random vector and (G(k) = (g1(k), ..., g-(k)))k>1 be
independent copies of (G. We then define, the r vectors with dimension n

Gli=(gu(1),...,qa(n)" ... . G" = (g,.(1),...,g.(n)"
and study the eigenvalues X{L > e > XZ of the deformed matrices
— 1 —
X=X+ - 0,GIGL". 1
+ - ; e (1)

In the sequel, we will refer to the model () as the i.i.d. perturbations model.

Alternatively, if we assume moreover that the law of G does not charge any hyper-
plane, then, for n > r, the r vectors G7,..., G} are almost surely linearly independent
and we denote by (U)i<i<, the vectors obtained from (G}')i<i<, by a Gram-Schmidt
orthonormalisation procedure with respect to the usual scalar product on C".

We shall consider the eigenvalues X’f > > XZ of

Xo=X,+ Y U0 (2)
=1

and refer in the sequel to the model ([2)) as the orthonormalized perturbations model.

If g1,..., 9, are r independent standard (real or complex) Gaussian variables, it is well
known that the law of (U[");<;<, is the uniform measure on the set of r orthonormal vec-
tors. The model () coincides then with the one introduced in [9].

Our goal will be to examine the large deviations for the m largest eigenvalues of the

deformed matrix X,,, with m the number of positive eigenvalues of the random deforma-
tion.

2.2. The assumptions. Concerning the spectral measure of the full rank deterministic
matrix X,,, we assume the following

Assumption 2.1. The empirical distribution %E?Zl o of X, converges weakly as n

goes to infinity to a compactly supported probability pi.

Concerning the random vector GG, we assume the following:

Assumption 2.2. G = (g1,...,g,) is a random vector with entries in K =R or C such

that there exists a > 0 with E(e*=i=119") < oo. In the orthonormalized perturbations
model, we assume moreover that for any A € K'\{0}, P(>""_, Xigi =0) =0

The law of G could also depend on n provided it satisfies the above hypothesis and
converges weakly as n goes to infinity. We consider two distinct kind of assumptions on
the extreme eigenvalues of X,,. We will be first interested in the case when these extreme
eigenvalues stick to the bulk (see Assumption [2Z3)), and then to the case with outliers,
when we allow some eigenvalues of X, to take their limit outside the support of the
limiting measure p (see Assumption [2.5)).
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2.3. The results in the case without outliers. We first consider the case where the
extreme eigenvalues of X, stick to the bulk.

Assumption 2.3. The largest and smallest eigenvalues of X,, tend respectively to the
upper bound (denoted by b) and the lower bound (denoted by a) of the support of .

Our main theorem is the following (see Theorem and Theorem for precise state-
ments).

Theorem 2.4. Under Assumptions(2.1, [22 and[2.3, the law of the m largest eigenvalues
(AT, .. AM) € R™ of X, satisfies a large deviation principle (LDP) in the scale n with a
good rate function L. In other words, for any K € R*, {L < K} is a compact subset of
R™ and for any closed set F of R™,

1 - -
lim sup — log P <()\?,...,)\:;) € F) < —i%fL
n

n—00

and for any open set O C R™,

1 - -
lim inf ~ log P <()\’f, LAY e 0) > —inf L.

n—oo M,
Moreover, this rate function achieves its minimum value at a unique m-tuple (A}, ..., \5)
towards which (A}, ..., A\") converges almost surely.

Theorem [2.4] is true for both the i.i.d. perturbations model and the orthonormalized

perturbations model, but the rate function L is not the same for both models. As could
be expected, the minimum (A],..., A% ) only depends on the 6;’s, on the limiting spectral
distribution p of X,,, and on the covariance matrix of the vector G.
The rate function L is not explicit in general. However, in the particular case where
X, =0, L can be evaluated. It amounts to consider the large deviations of the eigenvalues
of matrices W,, = %G;@Gn for GG, an n x r matrix, with r fixed and n growing to infinity.
L is very explicit when G is Gaussian but even when the entries are not Gaussian, we can
recover a large deviation principle and refine a bound of [21] about the deviations of the
largest eigenvalue (see Section [7]).

2.4. The results in the case with outliers. We now consider the case where some
eigenvalues of X, escape from the bulk, so that Assumption is not fulfilled. We
assume that these eigenvalues, that we call outliers, converge:

Assumption 2.5. There exist some non negative integers p*,p~ such that for any i <

TN — O forany j <p , N, — 07, A} — b and \" — a with
P A n—-+00 Z’f YI =P An—jii n—+too 7’ P+l n—-+00 =P p—jtoo

—oo </l <...< f;, <a<b< E;; < ... < E]L < 00, where a and b denote respectively
the lower and upper bounds of the limiting measure fi.

To simplify the notations in the sequel we will use the following conventions : E;_ L =a
and ﬁ;ﬂrl = b.

In this framework, we will need to make on G the additional following assumption.

Assumption 2.6.
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e The law of the random vector G = (g1, ..., g.) is absolutely continuous with respect
to the Lebesgue measure on R" or on C".
e The law of the vector % satisfies a large deviation principle in the scale n with a

good rate function that we denote by I.

Theorem 2.7. If Assumptions 2.1, [2.2, and [Z8 hold, the law of the m + p* largest
eigenvalues of X,, satisfies a large deviation principle with a good rate function L°.

Again, Theorem 2.7 is true for both the i.i.d. perturbations model and the orthonor-
malized perturbations model, but the rate function is not the same for both models. See
Theorem for a precise definition of L°.

Before going any further, let us discuss Assumption

Lemma 2.8. (1) If G = (q1,---,9r) are i.i.d standard Gaussian variables, Assump-
tion 28 holds with I(v) = %|jv[|3.
(2) If G is such that for any o > 0, E[e®Zi=119"] < oo, then the second point of
Assumption [2.8 holds with I infinite except at 0, where it takes value 0.

Proof. The first result is a direct consequence of Schilder’s theorem. For the second, it
is enough to notice by Tchebychev’s inequality that for all L,d > 0,

P (max lgs|® > 5n) < re*L‘;”E(eL Yot ‘91‘2)

1<i<r

so that taking the large n limit and then L going to infinity yields for any ¢ > 0

lim sup — logIP’(max lgi/v/n|? >5) —00

n—oo

thus proving the claim. OJ

2.5. Large deviations for the largest eigenvalues of perturbed matrix models.
In this section, we apply our results to study the large deviations of the law of the
extreme eigenvalues of X,,, in the orthonormalized perturbations model but when X, is
now randomly chosen, independently of the G7}’s. We suppose that X, is distributed
according to the Gibbs measure

1
d,ug(X) — Z_nefntr(V(X))dX
with dX the Lebesgue measure on the set of n x n Hermitian (5 = 2 and G is C"-valued)
or symmetric matrices (8 = 1 and G is R"-valued). Let us first recall a few facts about
this non-perturbed model. It is well known that the law of the eigenvalues of X, is given
by

n

m (M., d)) = 1/\1>2+>An H I\ — Aj[Pem Zis VX Hd)‘i'
V.8 1<i<j<n i=1
A large deviation principle in the scale n? for the law of the spectral measure n™* " | &
under Py, 5 was obtained in [8], resulting in particular with the almost sure convergence of
the latter to a probability measure py. The large deviations for the extreme eigenvalues
of X,, were derived in [7], see also [I], Section 2.6.2]. We give below a slightly more general
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statement to consider the deviations of the pth largest eigenvalues (note that the pth
smallest can be considered similarly).
This will be obtained under the following assumption

Assumption 2.9. o V is continuous with values in R U {+oo} and

lim inf Viz)

= +00

e For all integer numbers p, the limait

1. 2
lim — log —n¥/n-pf
n—oo N, Z"}’ﬁ

exists and is denoted by oz{j/ﬁ
e Under Py, 5 the largest eigenvalue A} converges almost surely to the upper boundary

by of the support of py .

These assumptions hold in a wide generality. It is verified for the law of the GUE
(=2, V(z)=12? and the GOE (3 =1, V(x) = 2?/2) as the second point is verified by
Selberg formula whereas the last one is well known (see [I, Section 2.1.6]). It is as well
verified for Gaussian Wishart matrices (case § = 1,2 and V(x) = gxz —alog(z) forx >0
and +oo for x < 0).

Theorem 2.10. Under Assumption[Z4, the law of the pth largest eigenvalues (A} > -+ >
Ay) of X, satisfies a large deviation principle in the scale n and with good rate function
given by

Z?:l JV(xi) + O‘{)/,ﬁa ifry > wy > 2> Tp,

0, otherwise.

e ={

with Jy(z) = V(z) — 3 [log |z — ylduy (y). Moreover, of, 5 = poy 4.
Remark 2.11. Note that in the case of the GOE and the GUE, see [1],

— 5 / V2P 1y — by, aby=—p)2

We consider now the orthonormalized perturbations model. In this case, due to the
rotational invariance of the law of X,,, one can consider perturbation of a more general
form namely

Assumption 2.12. (U},...,U") is a family of orthonormal vectors in (R™)" (resp.
(CY))if p=1 (resp. p=2), either deterministic or independent of X,,.

Under these assumptions, we know that X, has in law the same eigenvalues as D,, +
> iy 0:(0,U7)(0,U7)*, with D, a real diagonal matrix with Py, ;-distributed eigenvalues
and O Haar distributed on the orthogonal (resp. unitary) group of size n if 3 =1 (resp.
B = 2), independent of {D,,} U{U7,...,U}. Now, from the well know properties of the
Haar measure, if the U*’s satisfy Assumption 2.12] then the O,U]"’s are column vectors of
a Haar distributed matrix. In particular they can be obtained by the orthonormalisation
procedure described in the introduction, with G = (g1,...,g,) i.i.d. Gaussian standard
variables (which satisfies in particular Assumption 2.6)).
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With these considerations in mind, we can state the large deviation principle for the
extreme eigenvalues of X,,. We denote by the rightmost point of the support of puy .

Theorem 2.13. With V satisfying Assumption [Z.9, we consider the orthonormalized
perturbations model under Assumption (213 Then, for any integer k, the law of the kth
largest eigenvalues (A}, -+, A}) of X, satisfies a large deviation principle in the scale n
and with good rate function given by

J¥(xy, ... xp) =inf  inf {Lgh.“’gp(xl,...,xk)—|—Jp(€1,...,£p)},

P20 01> >6,>by

if vp > -+ > a3, the function being infinite otherwise.

Here, Lgl,...,fp is the rate function defined in Theorem [91) for the orthonormalized per-

turbations model built on G = (g1, ..., g,) i.i.d. standard Gaussian variables and X,, with
limiting spectral measure py and outliers ly, ..., ¢,.

3. SCHEME OF THE PROOFS

The strategy of the proof will be quite similar in both cases (with or without outliers),
so, for the sake of simplicity, we will outline it in the present section only in the case with-
out outliers (both the i.i.d. perturbations model and the orthonormalized perturbations
model will be treated simultaneously).

The cornerstone is a nice representation, already crucially used in many papers on
finite rank deformations, see e.g. [9, 2], of the eigenvalues (A7,... , A") as zeroes of a
fixed deterministic polynomial in the entries of matrices of size r depending only on the
resolvent of X, and the random vectors (GI')1<i<,.

Indeed, if V' is the nxr matrix equal to [Uln e Uﬂ in the orthonormalized perturbations
model and to [G’f = Gf] in the i.i.d. perturbations model, © the matrix diag(fy,...,¥6,)

and [,, the identity in n X n matrices, the characteristic polynomial of X,, reads

det(zI,—X,,) = det(zI, — X, —VOV*) = det(z1,, — X,,) det ([, = V* (21, — X,,) "'VO) (3)

It means that the eigenvalues of 3\(; that are not] eigenvalues of X, are the zeroes
of det(l, — V*(zI, — X,,)~'VO), which is the determinant of a matrix whose size is
independent of n.

Because of the relation between V' and the random vectors G7, ..., G}, it is not hard

) T

to check that, if we let, for z ¢ {A},..., A"}, K™(z) and C" be the elements of the set H,
of r x r Hermitian matrices given, for 1 <¢ < j <r, by

K(2)y = & 3 9i(k)g;(k) (4)

né~ oz — Y
and
n 1 . DAY
C@'j o Zgi(l{?)%‘(k) ) (5)
k=1

we have, see section [4]

I 'We show in section I3 that the spectrum of X,, and )A(; are disjoint in generic situation.



9

Proposition 3.1. In both i.i.d and orthonormalized situations, there exists a function
Po, defined on H, x H, which is polynomial in the entries of its arguments and depends

only on the matriz O, such that any z ¢ {\},..., A"} is an eigenvalue of X,, if and only

of
H"(z) :== Po,(K"(2),C")=0.

Of course, the polynomial Pg, is different in the i.i.d. perturbations model and the
orthonormalized perturbations model. In the ii.d. perturbations model, Pg, is simpler

and does not depend on C'. This proposition characterizes the eigenvalues of X,, as the
zeroes of the random function H™, which depends continuously (as a polynomial function)
on the random pair (K"(-),C™). The large deviations of these eigenvalues are therefore
inherited from the large deviations of (K"(-),C™), which we thus study in detail before
getting into the deviations of the eigenvalues themselves. Because K"(z) blows up when
z approaches A}, which itself converges to b, we study the large deviations of (K™(z), C™)
for z away from b. We shall let IC be a compact interval in (b, 00), C(K, H,) and C(KC,R)
be the space of continuous functions on K taking values respectively in H, and in R. We
endow the latter set with the uniform topology. We will then prove that (see Theorem
6.1 for a precise statement and a definition of the rate function I involved)

Proposition 3.2. The law of (K™(2)).ex, C™) on C(K, H,.) xH, equipped with the uniform
topology, satisfies a large deviation principle in the scale n and with good rate function 1.

By the contraction principle, we therefore deduce

Corollary 3.3. The law of (H"(2)).ex on C(K,R) equipped with the uniform topology,
satisfies a large deviation principle in the scale n and with rate function given, for a
continuous function f € C(KC,R), by

Jic(f) = inf{I(K(-),C); (K(-),C) € C(K,H,) x H,., Po,(K(2),C)) = f(2) Vz € K}
with Pg, the polynomial function of Proposition [31]

Theorem 2.4] is then a consequence of this corollary with, heuristically, L(a) the infi-
mum of Jy o) on the set of functions which vanish exactly at o € R™. An important
technical issue will come from the fact that the set of functions which vanish exactly at
« has an empty interior, which requires extra care for the large deviation lower bound.

The organisation of the paper will follow the scheme we have just described: in the next
section, we detail the orthonormalisation procedure and prove Proposition Bl Section
and Section [0l will then deal more specifically with the case without outliers. In Section
Bl we establish the functional large deviation principles for (K™ (-), C™) and H", whereas
Section [@ is devoted to the proof of our main results in this case, namely the large devi-
ation principle for the largest eigenvalues of X, and the almost sure convergence to the
minimisers of the rate function. We then turn to the case with outliers in Sections [§ and
0. Therein, the proofs will be less detailed, but we will insist on the points that differ
from the previous case. The extension to random matrices X,, given by classical matrix
models is presented in Section[I0l To make the core of the paper easier to read, we gather
some technical results in Section [T1]
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4. CHARACTERISATION OF THE EIGENVALUES OF X, AS ZEROES OF A FUNCTION H"

As will be seen further, the proof of this proposition is straightforward in the i.i.d.
perturbations model but more involved in the orthonormalized perturbations model and
we first detail the orthonormalisation procedure.

4.1. The Gram-Schmidt orthonormalisation procedure.

We start this section by detailing the construction of (U!")1<i<, from (G})i<;<, in the
orthonormalized perturbations model. The canonical scalar product in C" will be denoted
by (v, w) = v*w =Y ,_, Tpwy, and the associated norm by || - ||. We also recall that H,
is the space of r x r either symmetric or Hermitian matrices, according to whether G is
a real (K = R) or complex (K = C) random vector.

Fix 1 <r < n and consider a linearly independent family G, ..., G, of vectors in K".
Define their Gram matrix (up to a factor n)

C = [Cl'j];j:b with C@'j == <Gl, GJ>

1
n
We then define

G =1 and fori=2,...,r, q:= det[Cm]Elzl (6)

and the lower triangular matrix A = [A;;]1<j<i<, as follows : forall 1 <j <i <r,

) ; Cu, sil+#7
winol =4 % 570 g

Note that by linear independence of the G;’s, none of the ¢;’s is zero so that the matrix

A is well defined.
Then the vectors W1, ..., W, defined, for i =1,...,r, by

B det ['Yil];c_llzl
qi

ij

i

Gy
Wi=> A
= vr

are orthogonal and the U;’s, defined, for : = 1,...,7, by
Wi
U, =
[Will2
are orthonormal. They are said to be the Gram-Schmidt orthonormalized vectors from

(Gy,...,G,). The following proposition, which can be easily deduced from the definitions
we have just introduced, will be useful in the sequel.

Property 4.1. For each ig = 1,...,7, there is a real function P,,, defined on H,, poly-
nomial in the entries of the matriz, not depending on n and nor on the G;’s, such that

||Qi0VVi0 ||§ - ‘P’lO(C)

Moreover, the polynomial function P, is posiltive on the set of positive definite matrices.
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The last assertion of the proposition comes from the fact that any positive definite r x r
Hermitian matrix is the Gram matrix of a linearly independent family of r vectors of K"
(namely the columns of its square root).

Let G be a random vector satisfying Assumption 22l and (G"(k), k > 1) be i.i.d copies
of G. Let GI' = (G"(k)i)1<k<n for i € {1,...,7}. One can easily check that if n > r,
these vectors are almost surely linearly independent, so that we can apply Gram-Schmidt
orthonormalisation to this family of random vectors. We define the r x r matrices C", A",
the real number ¢ and the vectors W', ..., W, Up,..., U of K" as above. As an-
nounced in Section [ these U"’s are the Gram-Schmidt orthonormalized of the G}'’s we
used to define our model in the introduction.

4.2. Characterization of the eigenvalues of )A(;: proof of Proposition 3.1l

As explained in Section B a crucial observation (see [9l Proposition 5.1]) is that the
eigenvalues of X,, can be characterised as the zeroes of a polynomial function of matrices
of size r x r. This was stated in Proposition 3.1l which we prove below.

Proof of Proposition[31. We have, from (B),

det(zI, — X,,) = det(zl, — X,, —VOVY)
= det(zl, — X)) det(©) det(0' — V*(zI, — X,,)"'V)
Hence any z ¢ {\7,..., A"} is an eigenvalue of X, if and only if
D, () :=det(07! — V*(zI, — X,,)"'V) =0.
In the i.i.d. perturbations model, since V*(zI, — X,,)~'V = K"(z),
H"(2) :=det(07! — V*(2I, — X,,)"'V)
is actually a polynomial, depending on O, in the entries of K™(z).

Let us now treat the orthonormalized perturbations model, where the Gram-Schmidt
procedure makes things a bit more involved. If we denote by G the n x r matrix with col-
umn vectors (G')1<i<,, D the rxr diagonal matrix given by D = diag(||W7|l2, ..., ||[W]2)
and ¥ = (A")7, V is equal to n”V/2GED ™. As K"(2) = LG*(2I, — X,,) ' G, we deduce
that

D,(z) =det(07' — D'S*K, (2)XD7 ).

Now, if we define @ = diag(q},...,q") (recall {@)), F = DQ, F = 3Q and H"(z) :=
det(E*©7'E — F*K,(2)F) then on one hand, one can check that

D, (2) = (det E*E)""H"(z),

so that any z ¢ {A},..., A"} is an eigenvalue of X, if and only if it is a zero of H™.

On the other hand, H"(z) is obviously a polynomial (depending only on the matrix ©)
of the entries of K"(z), E*©7'FE and F. Furthermore, E*©~'FE is a diagonal matrix
whose i-th entry is given by (E*©7'E); = 0. |¢"W/||2 = 6; ' P;(C™) (by Property AT
and Fj; = det [fyil];’llzl with 7,];71 defined in (7). This concludes the proof. O
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5. LARGE DEVIATIONS FOR H"™ IN THE CASE WITHOUT OUTLIERS

We assume throughout this section that Assumptions 2.1 and hold.
5.1. Statement of the result.

In the sequel, K will denote any compact interval included in (b, 00), and we denote by
z* its upper bound. We equip C(K, H,.) x H, with the uniform topology which is given by
the distance d defined, for (K, CY), (Ks, Cy) € C(K,H,) x H, by

d((Ky, Ch), (K3, Cy)) = Sup [ K1(2) — Ka(2)]|]2 + ||C1 — Calf,
1S

where || M ||y = +/Tr(M?) for all M € H,.

With G = (g1, .. ., g,) satisfying Assumption 22 we define Z a matrix in H, such that,
for i < j, Z;; = gig; and A given, for any H € H, by

A(H) = logE (e™H2)) . (8)

The goal of this section is to show the following theorem.

Theorem 5.1. (1) The law of ((K™(2)).exc, C™), viewed as an element of the space
C(K,H,) x H, equipped with the uniform topology, satisfies a large deviation prin-
ciple in the scale n and with good rate function 1 which is infinite if K is not
Lipschitz continuous and otherwise defined, for K € C(KC,H,.) and C € H,, by

I(K(-),C) = sup {Tr (/ K'(2)P(2)dz + K(2")X + CY) —-T(PY, X)}

PX)Y

where T'(P,Y, X) is given by the formula

[(PY,X)= /A (—/(;P(z)dz—l— ! X+Y) dyu(z)

z—1x)? ¥ —x

and the supremum is taken over piece-wise constant functions P with values in H,
and X,Y in H,.

(2) The law of (H"(2)).exc on C(K,R) equipped with the uniform topology, satisfies a
large deviation principle in the scale n and with rate function given, for a contin-
uous function f € C(KC,R), by

Jie(f) = mH{I(K(), C); (K(),C) € C(K,H,) x H,, Po . (K(2),C)) = f(2) Vz € K}
with Po . the polynomial function of Proposition[3 1]
Since the map (K (-),C) — (Po,(K(2),C)).ex from C(K, H,) x H, to C(IC,R), both
equipped with their uniform topology, is continuous and I is a good rate function, the

second part of the theorem is a direct consequence of its first part and the contraction
principle [14, Theorem 4.2.1].

The reminder of the section will be devoted to the proof of the first part of the theorem
and the study of the properties of the rate function I, in particular its minimisers.
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5.2. Proof of Theorem [G.11

The strategy will be to establish a LDP for finite dimensional marginals of the process
((K™(2))zex, C™) based on [27, Theorem 3.2] that we remind in Theorem [I1.1] of the
Appendix. From that, we will establish a LDP in the topology of pointwise convergence
via the Dawson-Gértner theorem. As ((K™(z)).ex, C™) will be shown to be exponentially
tight for the uniform topology, the LDP will also hold in this latter topology.

5.2.1. Exponential tightness. We start with the exponential tightness, stated in the fol-
lowing lemma. As K is a compact subset of (b,00) and the largest eigenvalue A} tends
to b, there exists 0 < £ < 1 (depending only on K) such that for n large enough, for any
ze€Kand 1 <i<n, z—A'>¢e. We fix hereafter such an ¢.

For any L > 0, we define
L
Cr.L = {(K, C) e C(K,H,) x H,; sup ||K(2)]|s + ||Clla < L, K is Q—E—Lipschitz}.
zelk

We have

Lemma 5.2.

1
lim sup lim sup - log P (((Kn(z))zelCa c") e CICC,L) = %0

L—oo n—00

In particular, the law of ((K™(2)).exc, C™) is exponentially tight for the uniform topology
on C(KC,H,) x H,.

Proof. We claim that

{max Ch < %} C{((K™(2))2ek, C") € Cie,1} -

1<i<r

Indeed, for n large enough,

|[K"(2)i — K (Zl)ij‘ < \/Ciiij 2

whereas since |C{‘j|2 < ChCY, |C™]]2 < rmax;<;<, Cft and ||K"(2)]|2 < %7’ maxi<;<, Cll.

Now, by Assumption 2.2 let & > 0 be such that C':=E (eaZZzl ‘91"2) < 0.
el el
A S < n -
P (Fgl?g)i ci > QT) < rP (Cn > QT) (9)
< 7 (e BRIGHOR) enest < pomeneit <ol (10)

where the last inequality holds for n and L large enough. This gives

1

lim sup lim sup —log P (((K"(2))zex, C") € Ci ) = —o0.
L—oo n—oo T '

By the Arzela-Ascoli theorem, Cx ;, is a compact subset of C(K, H,) x H, for any L > 0,

from which we get immediately the second part of the lemma. 0
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5.2.2. Large deviation principle for finite dimensional marginals. We now study the finite
dimensional marginals of our process. More precisely, we intend to show the following:

Proposition 5.3. Let M be a positive integer and b < z1 < 2o < - -+ < 2.
The law of ((K™(2;))1<i<am, C™) viewed as an element of HMT! satisfies a large deviation
principle in the scale n with good rate function I3y " defined, for Ki,..., Ky, C € H,

by
M
Iﬁ ..... ZNI(Kl,---yKM7C): sup Tl" ZEIKZ+YC _PM(Elj-.-yEij) 9
Z1,...EM,Y EHy =1

with Ty (24, ..., 20, Y) defined by the formula

M
- - Z I _
PM(‘:la"'a‘:May):/A< - x:‘l+Y> d/"L(x)7
. —
=1

A being given by (8).

Proof. The proof of the proposition is a direct consequence of Theorem IT.Il1. Indeed,
let Z; be the H,-valued random variable such that for all 1 <4, 7 <7,

(Z1)i5 = 9i(1)g;(1)

and we define f the matrix-valued continuous function with values in RIM+DrIx7 gych
that, if we denote by I, the identity matrix in H,,
1
21—z T
fz) = 5
zm—x T
I
Now, if (Z})1<k<n are iid copies of Z; and if we denote by
K"(z1)
1 & :
n ; k K"(zy)
Cn
from Theorem 2.2 of [28] (see also [7] and [10]), we get that L, satisfies an LDP in the
scale n with good rate function I3;*. O

5.2.3. Large deviation principle for the law of ((K,(2)).ex, C™). The next step is to es-
tablish a LDP for the law of ((K™(z)).ex,C™) associated with the topology of point-
wise convergence. The following proposition will be a straightforward application of the
Dawson-Gartner theorem on projective limits.

Proposition 5.4. The law of ((K"(2)).exc, C™) as an element of C(IC,H,.) x H,. equipped
with the topology of pointwise convergence satisfies a LDP in the scale n with good rate

function J defined as follows : for K € C(K,H,) and C € H,,
J(K,C) =sup sup Iy ™M(K(z1), ..., K(zm), C).

M z1<--<zp,z, €K

Moreover J equals the rate function I given in Theorem [21l.(1).
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Proof.  Let J be the collection of all finite subsets of K ordered by inclusion. For j =
{z1,..., 2} € J and f a measurable function from IC to H,, p;(f) = (f(z1), ..., f(z;))) €
HY

We know from Proposition that the law of (p,;(K™),C") satisfies a LDP with good

rate function [ El| """ Ul Moreover, one can check that the projective limit of the family

H|r] % H, is H® x H, equipped with the topology of pointwise convergence.

Therefore, the Dawson-Gértner theorem [I4, Theorem 4.6.1] proves the large deviation
principle with rate function J. The identification of J as I is straightforward as by a
simple change of variables, J is the supremum of

J(E,M,z)=Tr (Z E(z)(K(z141) — K(21)) + K(21)Z(20) + C’Y)

=1

M

- [a (Z S )+ 2y Y) (o)

=1

over the choices of =, M, 2. We may assume without loss of generality that z; = z*.
Putting P(z) = Zl]\il E(21)11z,2,, ) and X = E(z), we realize that J(Z, M, z) = J(P,Y, X)
with I the supremum of J(P,Y, X) over stepwise constant functions P, X and Y. Thus
the proof of the Proposition is complete. O

To complete the proof of Theorem [E.T[(1), we just need to realize that the LDP is also
true for the uniform topology. From Proposition 5.4 and Lemma [5.2] and as the topol-
ogy of uniform convergence is finer than the topology of pointwise convergence, we can
apply [14, Corollary 4.2.6] and get that the law of ((K™(z)).ex, C™) as an element of
C(K,H,) x H, equipped with the uniform topology satisfies a LDP in the scale n with
good rate function J.

5.3. Properties of the rate function.

We want to check that I(K(-),C) is infinite whenever K is not Lipschitz continuous,
hence finishing the proof of Theorem [5.11(3). In passing, we provide further information
on the functions (K, C) with finite I.

We will consider the operator norm, given, for H € H,, by || H || = sup(u, Hu), where
the supremum is taken over vectors u € C” with norm one. We also use the usual order
on Hermitian matrices, i.e. H; < H, if and only if Hy — H; is positive semi-definite
(respectively Hy < Hj if Hy — H is positive definite).

We recall that A was defined in (8]).

Lemma 5.5. (1) H — A(H) is increasing, A(—H) <0 if H > 0.
(2) If we denote by (C*);; = E[gig;]. Then, for any H € H,,

A(H) > Te(HCY).
(3) There exists v > 0 so that

B:= sup A(H)<oo.
H:||Hlloo <~
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(4) IfI(K(-),C) is finite, C > 0 and K(z) > 0, for any z € K. Moreover, for all L,
there exists a finite constant My, so that on {I < L}, we have

sup K (2)loo < Mp, ||Clos < M.
1S

(5) If I(K(-),C) or J(K(-),C) are finite, then z— K (z) is non increasing.
(6) For all L, there exists a finite constant My, so that on {I < L}, we have

and for all z1, 23 € K, || K (29) — K(21)||oo < Mp|21 — 22| -

In particular, K' exists almost surely and is bounded by M, .
(7) We next assume that the law of G does not put mass on hyperplanes. We then
have the following additionnal properties.
(a) For all non null positive semi-definite H € H,.,
tliJrrn A(—tH) = —o0. (11)
(b) If I(K(-),C) is finite, then C > 0 and K(z) > 0 for any z € K. Moreover,
for almost any z € K and for any non zero vector e, there is no non empty
interval where the function (e, K'(.)e) vanishes everywhere.

Proof.

(1) The first point is just based on the fact that almost surely, Tr(HZ) > 0 if H > 0.
The second point follows from Jensen’s inequality.
The third point is due to the fact that Tr(HZ) < [[H||oo Y5, |9:]* so that by
Holder’s inequality,

T 1 ! 2
ACH) < log ElelHllee Zim1 16?1 « 2 N " 1o Flel Hlleorlg:]
(H) < log Ele <5 log Bl
which is finite by Assumption 22 if | H||.r < a.

(2) To prove the fourth point lat (C, K) € {I < L}. We first show that C' > 0. We
take P, X =0 to get
sup {Tr(CY) —A(Y)} <I(K,C) < L.

YeH,

Suppose now that there exists some vector u € C" such that (u,Cu) = o < 0,
and define, for any ¢t > 0, Y; = —twu*. Then A(Y;) < 0 by the first point and
Tr(CY;) = —at so that for all ¢ > 0,

—at < Tr(CY;) — A(Y;) < L.

Letting ¢ going to infinity gives a contradiction. The same proof holds for K(z) by
taking P(z) = —1,>,,X and X = —twu* if (u, K(2)u) = a < 0. We finally bound
K and C. With v and B introduced in the third point, we define Y = +~yuu* and
take P, X = 0. We get

Y{(u,Cu)| < B+ L

for all vector u with norm one, that is ||C|oc <7 !(L+ B). Similar considerations

hold for the bound over || K(z)||s-



(3)

(4)

17

We next prove that z— K (z) is non increasing when the entropy is finite. Let us
prove that for any z1, zo € K such that z; < 29, K(29) < K(z1) (dividing by 2o — 2
will then give the fact that K’ is negative semi-definite where it is defined). So let
us fix 21,29 € K such that z; < z5. Let us fix u € C"\{0}. For all real number
t >0, we have, for Py(z) := tl,, .,)(2)uv” and X =Y =0,

[(K(-),C) > tu* (K (2) — K(21))u — T(P;,0,0).

[(P,,0,0) = /A (_t / - izx)zu*u) dp(x) <0

by (1) of this lemma. Thus for all ¢ > 0,
I(K(-),C) > tu"(K(22) — K(z1))u.

Note that

It follows that u*(K(z2) — K(z1))u is non positive by letting ¢ going to infinity,
which completes the proof of this point.
We next prove (5). To that end we take P = —(zo — 21) 'l suu®, Y =
—uu* maxgesupp( J (2 — ) 72 (22 — 21) 71}z, 200 (2)dz and X = 0 to get, since then
['(P,Y,X) <0 by the first point,

(u, = Tr((K(z2) — K(21)) (22 — 21) " u) < L+7e77|Cllo

where we used that Y is bounded by 2.

the fourth point.
Let us now prove the first point of (7). Consider n > 0 and a non vanishing
orthogonal projector p € H, such that H > np. For all t > 0, we have

This provides the expected bound by

0< E[eftTr(HZ)] < E[eftnTr(pZ)] _ E[eftnTr(pGG*)] _ E[eftnG*pG].

Since, by dominated convergence,

lim E[e 7] = P{G*pG = 0} = P{G € kerp} =0

t——+o0

(where we used Assumption in the last equality), we have
lim A(—tH) = tliin logE[e*tTr(HZ)] = —00.

t—+o00
For the second part of (7), we already proved that K is non increasing and almost
surely differentiable, so that K’ < 0 almost surely. Moreover, if u is a fixed
vector and (u, K'(-)u) vanishes on an interval [z, zo] with z; < 2, taking P, =
tlp, 2 (2)un, and X =Y = 0, yields

I(K(),C) > —/A (—t/ - fzx>2uu*) du(z)

which goes to infinity as t goes to infinity by the previous consideration. Thus,
this is not possible. As we have already seen that K(a) > 0 for all a € K, we see
that K(a’) > 0 for ' < a unless there exists e so that (e, (a —a')' (K (a) — K(a'))e)
vanishes, which is impossible by the above.
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5.4. Study of the minimisers of I.

We characterise the minima of I as follows :

Lemma 5.6. For any compact set IKC of (b, 00), the unique minimizer of I on C(K, H,) xH,
is the pair (K*,C*) given, for 1 <1i,5 <r, by

5@y = [Eapn. gor zex and (), - Bl

Proof. 1 vanishes at its minimisers (as a good rate function) and therefore a minimizer

(K, C) satisfies
</K’ (2)dz + K(z )X+CY) <I'(P,X,Y) (12)
for all P, X,Y.

Now, for any fixed (P, X,Y), there exists 9 > 0 such that for any 0 < € < &g, for any x
in the support of u we have

€

1 1
_/7<z_x)2P(z)dz+Z*_xX+Y” <a,

with « given by Assumption 2.2 Therefore, there exists a constant L such that for any
x in the support of p

'E (5“(me( et x+y)z)
_E(1+5Tr(<—/ﬁf)(z)dz Zl_x )C*>>'§52L,

['(ePeX,eY)=eTr (/(K*)'(z)P(z)dz + K*(z")X + C*Y) + O(&?).

so that

As a consequence, for any minimizer (K, C'), we find after replacing (P, X,Y") by e(P, X, Y'),using
(I2) and letting € going to zero, that

</ K'(2)P(2)dz + K(2*)X + C’Y) <Tr (/(K*)’(z)P(z)dz + K" (29X + C*Y) :
Changing (P, X,Y) in —(P, X,Y) gives the equality. This implies that
C=Cr K' =(K*) as. and K(z*)=K*(z")
and therefore (K, C) = (K*,C*). O
6. LARGE DEVIATIONS FOR THE LARGEST EIGENVALUES IN THE CASE WITHOUT

OUTLIERS

We again assume throughout this section that Assumptions 2] and hold.



19

6.1. Statement of the main result.

For any € > 0, we define the compact set K. := [b+ ¢,e7']. Let s := sign ([]/_, 6;) =
(-1

For x € R, we set R’f(:c) ={(a1,...,ap) ERPJay > ... > o, > z}.
We also denote by w(g) := sup,, % € [0, oo] the Lipschitz constant of a function

g. For any €,7 > 0, and o € R (b + ¢), we put

—_

So, = {f € C(Ke.B) : 39 € C(K ) with 7 < g <~ w(g) <

-

p
and f(2) = s.9(2) [] (= - a»}
i=1
Note that in the latter product, the a;’s appear with multiplicity. S‘2 will denote the set
of functions as above but with no zeroes on K.. We have the followmg theorem.

Theorem 6.1. Under Assumptions[2.1, [2.2 and[2.3, the law of the m largest eigenvalues

X’f, e ,XZI ofj\(; satisfies a large deviation principle in R™ in the scale n and with good
rate function L, defined as follows. For a = (aq,...,q,) € R™ we take a1 = b and
lim, g infuwosfal """ N Ji. if a € RTY(D), g1 = b and ap g, > b
Lia) =4 | | forake{0,...,m—1},
lim, o mfuwog‘g’7 Jx. ifog =y =---ap=>b
—+00 otherwise.

Remark 6.2. The function L is well defined. Indeed, one can easily notice that for all
a € RY*(b) such that for some k € {0,...,m}, ap k1 = b and a,,— > b, the map

er— inf{Jx.(f); f € Uv>05(€a1 _____ amfk),»y}

1s increasing, so that its limits as € decreases to zero exists.

Remark 6.3. Note that J_(f) is infinite if f has more than r zeroes greater than b.
Indeed, by definition, if Jic_(f) is finite,

f(z) = Po,(K(2),C) =adet(A — K(2))

with a non-vanishing constant a and a self-adjoint matriz A with eigenvalues (07", ...,071)
and a function K with values in the set of r x r positive self-adjoint matrices so that
K" <0 by Lemma [ We may assume without loss of generality that [ vanishes at
a point x > b, since otherwise we are done, so that there exists a non zero e € C" so
that K(z)e = Ae. There is at most one x at which K(x)e = Ae; otherwise, (e, K'(-)e)
would vanish on a non trivial interval which is impossible by (7) of Lemma [ More-
over, if we let P be the orthogonal projection onto the orthocomplement of e, H(z) =
det((1 — P)(A— K(2))(1 — P))det(PAP — PK(z)P) so that H vanishes at x and at the
zeroes of det(PAP — PK(z)P). But PAP and PK(z)P have the same properties as A
and K(z) except they have one dimension less. Thus, we can proceed by induction and
see that f can vanish at at most r points.

The minimisers are described by the following result.
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Theorem 6.4. If we define on (b, )

H(z) = Po,(K*(2),C")
where (K*,C*) are given in Lemmali8 and Pg , is defined in Proposition[31, there exists
k€ {0,...,m} such that H has m — k zeroes (A},...,\:_,.) (counted with multiplicity).
The unique point of R™ on which L vanishes is (A}, ..., A5 _,,b,...,b) and consequently

(X’f, e ,Xﬁl) converges almost surely to this point as n grows to infinity.

Remark 6.5. In the case when (g1, ..., g,) are independent centered variables with vari-
ance one, one can check that C* = I,, K*(z) = [ Z=du(z).I, and

so that we recover [9, Theorem 2.1].

6.2. Preliminary remarks and strategy of the proof.

Let us first notice that at most m eigenvalues of 5\(; can deviate from the bulk since by
Weyl’s interlacing inequalities
m+1 < >\

which converges to b as n goes to infinity.

Secondly, let us state the following lemma.

Lemma 6.6. The law of the sequence (X’f, e ,X?n) of the m largest eigenvalues of)f(vn s
exponentially tight in the scale n.

Proof. Let us define R, := X, — X,, and denote by ||R,||~ the operator norm of the
perturbation matrix R,. Note that for all &,

Since for any fixed £, the non random sequence A} converges to b as n tends to infinity,
it suffices to prove that

1
lim sup lim sup — logIP’(HRnHOO > L) = —o0. (13)
L—oo n— oo

For the orthonormalized perturbatlons model, since || R,||cc = max{#;,—0,}, [I3) is clear.
In the i.i.d. perturbations model, we have, for 6 := max;<;<, |6;|,

[Bnlloo = sup [{v, Rpv)| < = ZGHG"H2 ZZ\g@-(k) ’

loll2=1 (-
It implies, by Tchebychev’s inequality, that

P(|Rulloc > L) < e "E |exp (azz \g@-<k>|2)] = TE |exp (az l9:(1) )]
k=1 i=1
which allows to conclude by Assumption O

As the law of (X?, o ,Xﬁl) is exponentially tight, the proof of Theorem reduces to
establishing a weak LDP. In virtue of [14, Theorem 4.1.11] (see also [1l, Corollary D.6)),
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this weak LDP (and the fact that L is a rate function) will be a direct consequence of
Equation (I9) and Lemma below. The fact that L is a good rate function is then
implied by exponential tightness [14, Lemma 1.2.18].

Before getting into the proof itself in Section [6.4] we first need to know more about H™.

6.3. The structure of H".

From Proposition 3.1l we know that the X?’s are essentially the zeroes of H". However,
H" could a priori have other zeroes than these eigenvalues or take arbitrary small values.
To control this point, we need to understand better the structure of H". Let

Crry = {f € C(K.,R) : Ip polynomial of degree k with k roots in K.

1 1
and dominant coefficient 1,9 € C(K.,R) with v < g < ;,w(g) < S and f(z) = s.g(z)p(z)}
and
= U a,
0<k<m

We intend to show the following fact

Lemma 6.7. For any ¢ > 0 small enough, there exists a positive integer ng(e), L(g) > 0
and a deterministic function g, such that for any z € K. and n > ng(e),

ST, 1w I3 ga(2) TIE, (2 — A1) in the orthonormalized perturbations model,

)

H"(z) =
s gn(2) T (z — ) in the i.i.d. perturbations model,
(14)
with . .
=(—-1)""™ Le)<g, < —— d < —. 1
S ( ) ? (E) — gn — L(g) an w(gn) — L(E) ( 5)

In particular, for any e > 0,

lim sup lim sup = log P ((H(z - X?)IH"(2)> € (6’87“/)0) = —00. (16)
2eKe

vy ( —00 n

1
lim sup limsup — logP (H" € (C5)%) = —oc. (17)
n

10 n—00

Proof. Note that once (IH]) will be established, (I6]) is a direct consequence of Lemma
T1.3l Let us define the random sequence

sTTi—; l¢?W/||3 in the orthonormalized perturbations model,

S in the i.i.d. perturbations model.
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Going back to the proof of Proposition[B.1] one can easily see that, for any z ¢ {A},..., A"},

H"(z) = ¢, | [ 0; " det(2], — X,) " det (ﬂn — X0 =) QiUi"(Ui")*> .
=1

i=1

We can rewrite the above as H"(2) = ¢,9,(2) [[i%,(z — X?) with

i 1 n PRV
g(2) = || 16| == 1+ —701
H I[Z:(z = A7) H z—A

i i=m-+1

Now, for ¢ > 0 fixed, we shall bound g,, and its Lipschitz constant on ..

As K. is compact and the A\ belong to a fixed compact, for ¢ > 0 small enough, for
any i and z € K. we have z — A7 < 2 and |\}| < 2 so that

¢ n ny __ - n - n 2
0< Y ()\im—)\i)_;)\i— > <2m-. (18)

i=m—+1 i=n—m

We choose ng(e) such that for n > ng(e) and any 7 and z € K. we have 5§ < z — A} so
that as z — A\ < %,

- z= A z—= A 4

Now, using Weyl’s interlacing properties, we have for any ¢« > m + 1,

A< AT so that AP — AP > —(AF — AP).

1—m?

For0 <z <1- %, log(1—x) > —6%:6, so that we finally get by (IJ]),
" /e Aswm A " L ENT (42
" > 92 1 (_) 2 Lvi=mtl AT 9@ 1 (_) m( 52) )
w) = [T (5)" =00 (5)"

By very similar arguments (using log(1 4+ =) < x for = > 0), one can also check that for

any n > no(e),
- 2\" i
" < el -1~ 8—22m'
) <1 (2) o

The proof of the uniform equicontinuity of g, on . is left to the reader as the arguments
are very similar since z—(z — A?)~! is uniformly continuous on K. for n large enough.

To prove (7)) and (I6)), it is therefore sufficient to prove that ¢, and ¢, ' are bounded
with overwhelming probability, which is a direct consequence of Lemma [1.3, and that,
for (), that A} < e~! with overwhelming probability and small e, which is proved in

Lemma [6.6]. 0

The main application of the previous Lemma will be the following continuity properties
of the zeroes of functions in C%.

Lemma 6.8. Let € > 0 be fized, v > 0 small enough, and k € N be fized. Let af > -+ >
al € K. and fo(z) = ho(2) [Ty (2 — ?) € C.,, be given. Then, for all 6 > 0 there exists
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&' >0 so that

{£ecsi sl - <]

{L’GE

C {f:h(z)H(z—az) hEC’O,Y, max \az—a0| <0, makxal<b+25}

i=1

Proof. This amounts to show that if f* € C% is a sequence converging (for the uniform
topology on K.) to f € Ck~» m — k zeroes of the functions f, will be below b + 2¢ and
the others will converge to the zeroes of f. Indeed, if we take a sequence [ € C%, we
can always denote it f" = h"[[]",(z — af) with possibly some " € (b+ ¢/4,b+ 3¢/4)
if f* e Cf., with k& < m, as this amounts at the worst to change h and take v smaller.
Then, as h" is tight by Arzela—Ascoh theorem, we can consider a converging subsequence.
As the ! belong to [b,1/¢], we can also consider converging subsequences. Thus, f"
converges along subsequences to a function f = h[[",(z — ;) on K. with a; € [b, 1/€].
But then we must have f = f which allows in particular to identify k limit points with
the zeroes of f, the others being below b + €. O

6.4. Core of the proof.

First, from what we said in the preliminary remarks and the fact that the X? are
decreasing, we obviously have that if a ¢ RT"(b), one has

1 -
lim sup lim sup — log]P’( ﬂ {IA} — | < 5})

610 n—o0 1<i<m

= hmmfhmmf log]P’ ( ﬂ (A — o] < 5}) = —o0. (19)

410 n—00 1<i<m
The weak LDP will then be a direct consequence of the following lemma, with &k the
numbers of eigenvalues going to b,

Lemma 6.9. Let o € RT and k between 0 and m such that oy iy = ... =, = b and
O > b if kK <m. We have

hmhmsuphmsup log P ( n (A" — o] < 6} ﬂ < b+5}>

0810 n—oo 1<i<m—k m—k+1<i<m
=1 ' — | < A\ < S
gfglhrgllénfhglorgf log P < n {IA} — a4| < &} ﬂ | {A\! < b+5}> L(«),
1<i<m—k m—k+1<i<m
with the obvious convention that ﬂm—k-{—lﬁigm{}:? <b+e}=Qifk=0.
Proof. Let ¢ and e be positive small enough constants so that a,, —9 > b+2¢. In particu-

lar, N7"7F [, —6, a;+6] C K. On the set (), ic AN — | < 8} Moo pprciam N < btel),
forallt < m—k, XZ" is in .. On the other hand, for n large enough, {A\}, ..., \"}NK. = 0.
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Therefore, XZ" ¢ {A\,..., At} for i € {1,...,m — k} and, by Proposition B.] is a zero of
H"™.

Let us next prove the large deviation upper bound and fix ay > g > -+ > ;1 > b.
A function f € CF; which vanishes within a distance 4 of (i) 1<i<m—k With § <y, — b
belongs to the set

1 1
s = {fGC(/Cg,R):HQGC(/Cg,R) Wi’ﬁh;ﬁgﬁﬁ,u)(g)ﬁ;
m—k
and f(z H z— ;) with Vi <m —k,[3; € [« i—é,ai+5]} (20)
=1

Moreover, writing H™(z) = h™(z)[[",(z — A?) by Lemma 7, clearly H" belongs to
B;, 5 as soon as for some &’ < e and 7'+ ()" >, h" € Cg:,y, and (N <icpm i AT — il <

o} ﬂm_k+1<i<m{}:? <b+e—¢'}. As a consequence, we can write

IP( ﬂ {IX" — o] < 6} ﬂ {X?§b+€—€/}>

1<i<m—k m—k+1<i<m
<P(H" € B;,) +P (0" € (C3)).

As a consequence, by [14, Lemma 1.2.15],

1 - -

i - N "o N n _ ¢

1irisipnlogIP’( | {IA} — a;| < &} | {A\} <b+¢ 6})
1<i<m—k m—k+1<i<m

1 /
< max {limsup logP (H" € B, 5) ; limsup — log P (h" € ( SW/)C>} ,(21)
n—oo TN ’

Moreover, B, _ 5 is a closed subset of C(K.,R). Indeed, if we take a converging sequence
Fal2) = 590 (2) [17," (2 — B, since the 87, n > 0 belongs to compacts and the g,,n > 0
are tight by Ascoli-Arzela ’s theorem, we can always assume up to extraction that g, and

Bi',1 <i < m —k converge so that the limit of f, belongs to B _ ;.

Since Jx. is a good rate function, (Ba,y5)5>0 is a nested family and Ng~o B
S Theorem 5.1l gives with [I4, Lemma 4.1.6] that

(a1 0m— ),y

ay,d

1
lim sup lim sup — logIP’ (H" e B, ;) < — inf  Jk.. (22)
5],0 n—oo S(Eal ,,,,, QU k)Y
Taking 7' = = small enough, (I6) and (2I)) give for v/(¢')™ <y,
hmsuphmsup log P < n (A" — a;| < 6} ﬂ N <bte— 6'})
810 nmee 1<i<m—k m—k+1<i<m
S T e inf JICE S - ; inf JICE-
S(al ,,,,, QU k)Y UW>OS(O‘1 vvvv Am— k)Y

We can finally take v = 0 (nothing depends on it anymore), € — €’ going to zero, as the
left hand side obviously decreases as ¢ — ¢’ decreases to 0 and, as we already mentioned
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it in Remark [6.2] the right hand side increases as € decreases to 0.

We turn to the lower bound, which is a bit more delicate. Let us again consider § and ¢
small enough so that N7 *[a; — 0, ; + 6] C K.. As J. is a good rate function and S~ 18

closed, for all v > 0, the infimum inf S¢ - Jic. is achieved, say at fé‘“’a. To complete
QY yeeny Ak )s

the proof, we need the following lemma, based on the structure of H,, and whose proof is
a direct application of Lemma [6.8

Lemma 6.10. Let e, be fized and small enough. There exists &g such that for any 6 < dy,
there exists &' > 0 such that for any n, and S(EQM 15 closed,

{H"Gci}ﬂ{su’gIH"(x)—fé“"f(w)l<5’}C N {N-al<a} () A <bi2e)

1<i<m—k m—k+1<i<m

To prove the lower bound in Theorem [l we may assume without loss of generality
that

el0 U-y>OS(a1 ,,,,, Q)oY
Let n > 0 be fixed. As
' ) . . k.
inf Je. = inf inf Jic. = inf J, 7
Usy>05¢ Ke ™ 205 ke ™ 50 Ks(fv )
YZ02 (g0 )Y (Lo m— ey

we can choose ¢, small enough so that J;Cs(fffve) < J+mn. By (@), there exists L(v,¢)
going to infinity as 7, go to zero so that for n large enough,

P (H™ € (C5)°) < e ™o,
We choose 7, e small enough so that L(e,vy) > J + 2.
Lemma implies, that for § < dg, for ¢’ small enough, n > 0, for n large enough,

IP( N N —al<sr () {X;gbme})

1<i<m—k m—k+1<i<m

1

>P (sup |H"(2) — fjfe(z)| < 5') —-P(H" € (%)) > 56_"(‘”2")
zeKe

the last inequality following from Theorem B2l As 7 can be chosen as small as we want,

we conclude by taking first n going to infinity, and then 4, ¢, to zero.

0

6.5. Identification of the minimizers.

We prove Theorem [6.4, which is straightforward. Since L is a good rate function, it
vanishes at its minimizers (A],..., A;,) € RJ*(b). Putting A\j = b + 1, we know that there
exists 0 < & < m such that Ay, >band A} _, ., = b. From the definition of L, for any n

large enough such that b+ % < A, we can find a function f, defined on K1 vanishing

at (A},...,A5,_,) such that Je, (f,) < L. From the definition of Jic and the fourth and

» m—k

sixth point of Lemma [5.5] all the functions fn are in a compact set of C((b, 00),R) so that
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we can find a function f vanishing at (A},..., A% ) so that Ji_(f) = 0 for all ¢ > 0.

But the latter also implies that f(z) = Po,(K(z),C) with (K, C) minimising I, that is
(K,C) = (K*,C*) by Lemma 5.0

7. LARGE DEVIATIONS FOR THE EIGENVALUES OF WISHART MATRICES

In this section, we study the i.i.d. perturbations model when X, = 0. More precisely,
we consider G = (g1, ...,¢,) satisfying Assumption 22 n X r matrices GG,, whose rows
are i.i.d. copies of GG, a diagonal matrix © = diag(fy,...,0,) and we study the large
deviations of Wishart matrices W,, = %G;@Gn. The large deviations for the largest and
smallest eigenvalues were already studied in [21] in the case when © = (1,...,1) and the
gi’s are i.i.d.

Proposition 7.1. Assume that G satisfies Assumption[2.2. Let © = diag(b,,0s,...,0,)
be a diagonal matrix with positive entries. Then, the law of the eigenvalues of W,, satisfies
a large deviation principle in the scale n with rate function which is infinite unless oy >
<o >, > 0 and in this case given by

L(ay,...,a,) =inf{J(C) : (aq,...,qa,) are the eigenvalues of @_%C@_%},
with
J(C) = sup {Tr(CY) — log E[e!*Y ]} .

YeH,

The Gaussian case allows an exact computation, given by the following

Corollary 7.2. Assume that G = (g1,...,9,) is a Gaussian vector with positive def-
inite covariance matriz R. Let © = diag(fy,...,0,) be a diagonal matriz with positive
entries. We denote by 0 < r1(0) < ry(0) < ... < r.(O) the eigenvalues of the matriz
O~ 2R71OY2 in increasing order.

Then, the law of the eigenvalues of W, satisfies a large deviation principle in the scale n
with rate function which is infinite unless c; > an > ... > a,. > 0 and otherwise given by

1 s
Lo, on) = 5 > (aimi(©) = 1 = log(a;ri(©))) .

i=1

In the particular case when the entries are i.i.d. standard normal, the above rate function

can be rewritten
] — % %
L Q) = = — —1—log—| .
(@rnea) =5 3 (51— 1085

i=1

Now, by a straightforward use of the contraction principle, we can derive some results
about the deviations of the largest eigenvalue. This problem was addressed in particular
in [21]. The following corollary holds for the Gaussian case.
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Corollary 7.3. Under the assumptions of Corollary[7.3, the law of the largest eigenvalue
satisfies a LDP with good rate function

Linax (1) = {%(xr.l(@) —1—log(zr1(0))) if v > @’

1

% i:l(xri(@) —1- 10g({L‘T2(@))) of rj_,_}(@) <x< 75(©)"
with the convention that r,,1(0) = oco.
In particular, in the i.i.d. standard case when © = diag(1,...,1), we have

Lon(z) = {%(:1:— 1) — slogz ifx>1,

%(x— 1) — glogx if z € (0,1),

and this allows to retrieve [21l Corollary 2.1] (note that a direct proof based on the for-
mula for the joint law of the eigenvalues is then also available). This is in agreement with
the fact that as r goes to infinity, we expect the deviations below one to be impossible in
this scale.

In the general case, we have

Corollary 7.4. Under the assumptions of Proposition [7.1], the law of the largest eigen-
value of W, satisfies a large deviation principle in the scale n with a rate function L,q. ()
which satisfies, for any o € R,

L () = inf{L(aq,...,q) maxa; = a}
1
> inf sup{ta — log B[O} = I, o(«)
llzll2=1 ter

From there, one can easily improve the upper bound on the probability of deviations
of the largest eigenvalue of [21, Theorem 2.1] :

Corollary 7.5. Assume that G satisfies Assumption[Z2 and that the g;’s are i.i.d. with
mean 0 and variance 1. Let © = diag(0y,0,,...,0,) be a diagonal matriz with positive
entries, with 01 > 60y > ... > 0,.. Then we have that, for a > 6y,

1
lim —logP(Apax > @) = — 1. o(a).
n—oo M,
Note that when o > 6y, I, g() = inf|a o0) Linae and in particular I, ¢ is not necessarily
lower semicontinuous. We refer to [2I] for more properties of I, g, related results and
conjectures.

Proof of Proposition [Z.1l In the case where X,, = 0, we can apply Theorem with
Py, (K(2),C) = det(z — ©2002) and I(C) = J(C). Hence, for a; > ay > --- > a, > 0,
L(a) is the infimum of .J over the nonnegative Hermitian matrices C' such that ©2COz2
has spectrum (as, ..., a;). O

Proof of Corollary [Z.2. In this case, log E[e/CY %)) equals log det[(R~! —2Y )7 )R] if
R~ —2Y > 0, and is infinite otherwise. A classical saddle point analysis shows that the
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supremum in .J is taken at
Elgigje'“Y ]

Cij = E[e(GYa)]

= (R =2Y) ")y

which yields
1 1
J(C) = 3 tr(CR™ — 1) — 3 logdet(CR™1).

We finally take the infimum over C' so that 0:00: = > i aiezef for some orthonormal
basis (e;)1<i<,. This gives

1 1 1
L(a) = inf {5 Z ai(e;, ©VPRTIOT2e) ) — 3 Zlog a; — g —5 Zlog ri(©)
i=1 ;

(e;)ONB

r

1 ¢ 1 ¢
= 3 Zam(@) b Zlog(airi(@)) — 5
i=1 i=1

0

Proof of Corollary [7.4. We only need to take, in the definition of J(C), Y = tvv* if
C' has eigenvector v for its largest eigenvalue to get a lower bound on J(C'), and thus on

L. UJ

Proof of Corollary The inequality in Corollary [[.4] gives the upper bound and the
lower bound is obtained by the same proof as in [21], that is by noticing that

P(Amax = ) = P( sup (z, W,z) > a) > sup P((z,W,x) > «a)
llzll2=1 llzll2=1
and that for fixed z, (z, W,z) =n~" 3", (=, ©2G7))2 is a sum of i.i.d. random variables
so that Cramer’s theorem apply. By arguments as in [21], one can also check that I, g is
increasing on [0, 00), which concludes the proof. O

8. LARGE DEVIATIONS FOR H"™ IN THE PRESENCE OF OUTLIERS

Let K° := U2,[ai,b;] a compact subset of (b,00) \ {¢],..., £, }. We equip again
C(K°,H,) x H, with the uniform topology. Hereafter, we denote by ¢; = EZTF for1 <i<p"
and ;=0 . for pt+1<i<pt+p.

We recall that K"(z) and C™ were defined in () and (Bl respectively.
Theorem 8.1. We assume that Assumptions[21, 2.3, and (24 hold.

(1) The law of ((K™(2)).exe, C™), viewed as an element of the space C(K° H,) x H,
endowed with the uniform topology, satisfies a large deviation principle in the scale
n with rate function I°. For K € C(K° H,) and C € H,, I°(K(-),C) is infinite if
z — K(2) is not uniformly Lipschitz on K°. Otherwise, it is given by
ptp”

I°(K(-),C) = inf { T*(Ko(-), Co) + Y ID(Ly) ¢,
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where the infimum is taken over the families Ko(-) € C(K°, H,), Co, L1, ..., Ly+ip- €
H, satisfying the condition

pt+p~ pT+p~

Kol)+ 3 —7Li= K() and Co+ Y Li=C (23)

i=1

and with

(K(),C) = Psipy{ </K' dz+§:K(bi)X,~+CY>
1 SN
_/A (—/7(Z_x)2P(z)dz+; bl-—meLY) d,u(x)},

the supremum being taken over piece-wise constant P with values in H,., X =
(Xq,...,Xp,) € (H)" and Y € H,.

(2) The law of (H™(2)).exe on C(K°,R) equipped with the uniform topology, satisfies
a large deviation principle in the scale n with rate function given, for a function

fecC(Ke,R), by
Jio(f) = mf{I°(K(-),C); (K(-),C) € C(K°, H;) X H,, Po (K(2),C) = f(2) Vz € K}.

Note that the function I'* is well defined because if K is uniformly Lipschitz on K,
then so is any K satisfying the compatibility condition (23]), so that K almost surely
exists.

Under the second assertion of Assumption 2.6 we have the following straightforward
application of the contraction principle.

Lemma 8.2. Let Z; be the H,-valued random wvariable such that for 1 < i < 7 < r,
(Z1)ij = 9:(1)g;(1). Under Assumption [2.4, % also satisfies a large deviation principle
in the scale n with a good rate function I'2)(M) = inf{I(v) : vjv; = M;;, 1 <i,j <r}.

The proof of Theorem follows the same lines as that of Theorem G.1], except that
the LDP for finite dimensional marginals for our process is described by Theorem 3.2 of
[27] instead of Theorem 2.2 of [2§]. It is based on the large deviations for K™ and C™ that
can be, up to a re-indexation, shown to be exponentially equivalent to

n Tp~
1 1 ? 1 gi(k)g;(k)
K'(2)y== Y ——g®gk)+ > SN
(2)i5 0 . z_)\n9<)gj()+ P 0
k=pt+p=+1 k k=1

which satisfy a LDP by independence of the ¢;(k), and large deviations of each parts
by Proposition and Lemma B2l The corresponding rate function will be denoted
by (I3 *)°. To define this new rate function, we first extend in an obvious way the

definition of I;;"*™ for z’s in K°. Then one can define, for Ki,..., Ky, C € H,, and
21, .., 20 € K°,
pT4p

(TP (Ky, .. Koy, C) = inf I ™ (Ko, . Koar, )+ Y I9(Ly) o,
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where the infimum is taken over families
(C, Ko,y Koary Ly ooy Lyt ) € (H,) M2 27
under the condition that for all 1 < 5 < M,
pr+pT 1 ptp”
Ko + z; ﬂLi:Kj and  Cj+ z; L;=C.
By Dawson-Gértner Theorem, we deduce that ((K"(2)).exo, C™) satisfies a LDP for the

topology of pointwise convergence with good rate function

J(K,C) = sup sup (I ™M) (K (21), .-, K(2m), O).

M z1<...<zM,ZjEICO

Since exponential tightness is clear, this LDP can be reinforced into the uniform topology.
We then have to check that I° = J°.

From the definition of I°, the first thing to check is that J°(K(-), C') < oo K is Lipschitz
continuous on K°. The proof is similar to that of Lemma as, once the L; are given,
K is Llpschitz on K° as soon as Kj is.

We now suppose that K is Lipschitz continuous on K° and we want to identify the two
rate functions. By mimickingE the proof at the end of Section 5.3, one can easily show
that for K is Lipschitz continuous on K¢,

sup sup I;;7M(K(z1),...,K(z2m)) =T"(K,C). (24)
M z1,...z2m
Now, in order to achieve this identification, we have to check that we can switch the
supremum over M and the z;’s and the infimum over the admissible simultaneous decom-
positions of K and C. It is clear that,
pt4p~

J(K,C) <T*(Ko(-),Co) + > ID(Ly)

for any admissible choice of L;, and therefore J° < I° after optimisation. We now need
the converse inequality. By definition of J¢, if it is finite, then for any positive integer p,
there exists M(p) and z1,. .., za(p) such that

2150 ZM(p)\ 0 1
JO<K7C)Z<[ ()> <K<Z1)7'--7K(2M(1’7))7C)__'

M(p) P
Now for each zy, ...,z ) We choose an admissible decomposition (according to (23)) of
K so that
pr+p” 9
J(K,C) > I;/l[,(;-)sz(p)(KéV[(p)(zl)’ o Ké‘/f(P)(ZM(p))’ C) + Z ](Z)(LZM(P)) _Z
, p
1=1

Moreover, for each M and choices of z; < - -+ < zyy,
Iy MK (z), .. K(zu)) = T (K™, O)
with K377 (2) = S8 1, . 0K (2).

2We just have to be careful in the rewriting to put one border term for each interval involved in K°.
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By definition, since I#) and I'* are good rate functions and as for all 7, /(% )(L?/[(p )) and

(K" (1), ..., K" (zp1)), C) are uniformly bounded, it implies that the arguments
are tight and we can take a converging subsequence. Let Ky and L; be limits along a
subsequence, we get

pt4p~

JOK,C) > T*(Ky() Z 1LY

which insures that J°(K,C) > I°(K, C'). This completes the proof of Theorem

9. LARGE DEVIATIONS PRINCIPLE FOR THE LARGEST EIGENVALUES IN THE CASE
WITH OUTLIERS

We now state the main theorem of this section, namely an analogue of Theorem
For any ¢, p small enough, we define the compact sets

p+

K2, =b+e eI\ J —p.tf +p)

i=1
and K2 := [b +¢&,e7 1. We also define the set {¢} := {{{,..., p+,b} and for z ¢ {(},
R(z) := p ﬁ We recall that s is the sign of the product [];_, 0

For any ¢, p,v > 0, and a € RY(b + ¢), we put

1
R) with v < g < —, w(g) <

and f(z) = s.R(z2).9(z) H(z — ai)}

i=1

£,p)

S50 = {f ec(ke, R):3g € C(K?

2
2

We also denote by

R) : Ip polynomial of degree m + p* — k with m + p* — k roots in K2

1 1
and dominant coefficient 1,9 € C(K? ,R) with v < ¢ < — w(g) < —
gl

e,p? v
and f(2) = 5.9(2).R(2).p(=)}

Cirt={feck

€p7

and
£,0,0 __ €,P,0
core= | ) o

0<k<m+p*
Then the main statement of this section is the following.

Theorem 9.1. Under Assumptions 21, (2.2, [2.3 and [28, the law of the m + p* largest

eigenvalues ()\ Ty, )\ZHN) ofX satisfies a large deviation principle in R™" with good
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rate function L°. For a = (a1,...,nipt) € R we take apyiprin = b and LO is
defined as follows :
. . . . +pt
lime o limy o infy ogere o Jio if a €RTT(D), it g1 = b,
AAAAA ) :
L°(a) = Qpipt—i > b for a k€ {0,...,m},
00 otherwise.

Even though the rate function L° is not very explicit, we show below that it must be
infinite if Horn’s inequalities are violated.

Remark 9.2. Recall that the eigenvalues (X?)lgign of the sum of two Hermitian matrices
with eigenvalues (A )1<i<n and 0 := (61, ...,0,,0,...,0) satisfy Horn’s inequalities and are
characterised by the fact that they satisfy such inequalities (see [30] for details). Assume
that X := (Xl, o Xm+p+) is at distance of the bulk and of the outliers which is bounded
below. We claim that the rate function LO( ) is infinite if (>\ ¢,0) do not satisfy the Horn

inequalities. Indeed, if L"( ) is finite, ()\1, e )\m+p+) are zeroes of a function f which
can be written

f(2) = Poy(K(2),C).

with I°(K (-),C) is finite. It implies that there exists sequences \"* € R", g;(-) € C" so
that \" satisfies Assumptions [21, and 2.4 and

Zg’z el - %;mgxk)

converge to K(z) (uniformly away from the bulk and the outliers) and C' respectively. By
definition, there exists a constant ¢ such that

P@,T(K"(z),C")H(Z’—)\?) = cdet (z—dlag A") Z@uu )
i=1
with u; = g; in the i.1.d. perturbations model and u; the Gram-Schmidt orthonormalisation
of the vectors g; in the orthonormalized perturbations model. Hence, the function f,(z) =

Po .(K™(z),C™) vanishes at the eigenvalues (A") of the sum of the two Hermitian matrices
diag(\") and Yy ;_, O;u;ul (note that we can assume without loss of generality that its zeroes

are different from A" by Lemma [I1]]). Therefore, (A", An ,0) satisfy Horn’s inequalities
by [30). Since the ()\") are bounded, they are relatively compact and we see that the limit
points (A, . .. )\m+p+) of (A7, ... m+p+) which stay away from the bulk and the outliers
are the zeroes of f. By passing to the limit in Horn’s inequalities, we thus deduce that
if the vector (Xl, e ,Xm+p+) has finite L°-entropy, and is away from the bulk and the
outliers, (X, 0,0) satisfies Horn’s inequalities. It would be interesting to have a direct proof

of this fact.

9.1. Proof of Theorem

We now prove Theorem [0.1] following roughly the same lines as for Theorem [6.11



33

As in the proof of Theorem [G.], the crucial point is to use Proposition B.Il In the
sticking case, if z € K., for n large enough, the condition that z should not belong to
the set of eigenvalues of X,, was very easy to check. Here, we need to make sure that
the eigenvalues are not exactly equal to the outliers to use our strategy. We show the
following

Lemma 9.3. Assume that the eigenvalues \},..., N of X, are pair-wise distinct and

that Assumptions [2.1), and [2.0 hold, then X,, and X, have no eigenvalue in common
for almost all G.

The proof of this lemma is postponed to Appendix 1.3l We shall therefore give the
proof of the Theorem when the eigenvalues of X,, are distinct. This is however sufficient
to get the large deviation principle without this hypothesis due to the following Lemma.

Lemma 9.4. Let X,, satisfy Assumptions[Z1 and[Z3 and G Assumption[2.8. Then, there
exists a sequence X,, of matrices satisfying Assumptions[21 and 2.3 such that moreover,

o the eigenvalues of X,, are pair-wise distinct,

e Foralli=1,...,m, the ith largest eigenvalue of;(; and the ith largest eigenvalue

of X,, are within distance n~".

Let X, (resp. 3_(;) be the perturbation of X, by the i.i.d or the orthonormalized vectors
constructed on the law p of G satisfying (2.0 (resp pi, = 1 * v, the law of G + e(n)A with
A r independent standard nornal variable with covariance one and £(n) going to zero with

n. Then, with (A})i<m and (A\?)i<, there extreme eigenvalues, there exists €(n) going to
zero with n so that

1 —~ -~
lim sup — log P (max |A7 — A > 5(n)) = —00.
n

N0 1<i<m

Therefore, the random variables (A?);<,, and (A');<,, are exponentially equivalent and
[T4, Theorem 4.2.13] asserts that a large deviations principle for the extreme eigenvalues

(A%);<m of X,, entails the large deviations principle for the law of (S\\’E)ng

The proof of Lemma follows by taking X,, to be the matrix with the same eigenvec-
tors as X, and the same eigenvalues except for those which are sticked together which we
separate by an arbitrary small weight w,, < 1/n, much smaller than the minimal distance
between two distinct eigenvalues of X,,, so that the eigenvalues of X, are distinct and

the operator norm of X, — X, is bounded above by w,. But then also the eigenvalues
of )?; and X, differ only at most by w, almost surely. It is straightforward to verify
Assumptions 2.1l and for X,,. Moreover, adding a very small gaussian vector to G
of course will not change the eigenvalues by more than y/e(n) with probability greater
than 1 — e~ ™' a5 the empirical covariance matrix of this additional term is bounded
by C'+/e(n) with such a probability.

Thus, we may apply exponential approximation [I4] to prove the large deviation prin-

ciple for the eigenvalues of X,, instead of )?n, and therefore restrict ourselves in the sequel
to the case where X, has distinct eigenvalues and the law of G is absolutely continuous
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with respect to Lebesgue measure. By Lemma [0.3] the eigenvalues of )?; are then the
zeroes of H™ and we can proceed as in the case without outliers.

We first focus our attention to the function H™ restricted to ICQ 0 and show the coun-
terpart of Lemma [6.7], that is

Lemma 9.5. Let ¢, p be fized. There exists a positive integer ny(e, p) and L(e) > 0 such
that for any n > no(e, p), for any z € K2,

ST, la"Wi3 gn(2)R(2) TI, (2 — A1) in the orth. perturb. model,
H"(2) =
s gn(2)R(2) T2 (2 — )\") in the i.i.d. perturb. model,
(25)

with L(g) < g, < ﬁ and w(g,) < +

= L(e)"
In particular, for any € > 0 and p > 0 small enough,

: : 1 = In\—11rn £,0,0\C
lim sup lim sup - log P (H(z — AT H (z)) c (nyyf% )| = —o0.
zEK?2

710 n—00 i—1

Proof. In this case,

S D WA " AP\
:H|9i| H<1+Z—)\?) I — 1l <1+Z—A">'

i=pt+1 v i=m4pt+1

The proof is exactly the same as in the sticking case once we have noticed that, from
+
Assumption 23] there exists ng(e, p) such that for n > ng(e, p), (1 _ Ak ) > L

- 2p+7
so that .
z) > f[ |9'|_1 1 ’ <£)m 6_2m<5%)2
- paley ! 2 2 '

Note that we could similarly show that for n > ng(e, p),

3 p+ 2 m 8m
w(2) < L(e) = | = — I 26
wa<o=(3) (2) (20
The uniform equicontinuity is also shown very similarly. O

As in the sticking case, we have the analogue of Lemma [6.9] with L° instead of L.
To state more precisely the lemma, we introduce the follovvlng notatlon we denote by

Gi(, 0, e, p) the set of ntuples (A > >)\”) such that for all i < m+ p™ — k,
|X;‘—ai|§5ifozi¢{€} and  |\'—q| <pifa; € {0}
and forallm+pT —k+1<i<m-+pt,
N <b4e.

Because of Lemma 0.5, H,, belong to the set of functions f(z) = h(z)[[/~,(z — a;)R(2)
with a bounded positive constant h on KZ , with values in (7,77 with overwhelming
probability. But on this set also the zeroes «; are continuous function of the functions f
and therefore we can proceed exactly as in the case without outliers.
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Lemma 9.6. Let a € RT" and k between 0 and m such that auyqp+ g1 = ... = Qypr 41 =
b and apypr—i > b. We have

1 - -
lim lim lim sup lim sup — log P <( o A € Grlay o, e, p))
el0 plO 4610 n—oo N

1 - -
— lim lim lim inf lim inf = 1 ]P’( LAY € Gila,d e, ):—L“ ,
i lim lig inf lim inf — log P (A7 n) € Gila,d,e,p) (@)

with the obvious convention that ﬂm+p+7k+1<i<m+p+{}:? <b+e}=Qifk=0.

The proof is similar to the case without outliers.

10. APPLICATION TO X,, RANDOM, FOLLOWING SOME CLASSICAL MATRIX
DISTRIBUTION

This section is devoted to the proofs of the results stated in section

10.1. Proof of Theorem
The proof is a slight extension of the proof of [I, Theorem 2.6.6]. We introduce the

notations ¢(p, x) = =V (x) + 3 [log |z — y|du(y), and fi,, = %E?:pﬂ Oxr. Then
valdAr, ... dA,) =

z" 0k
nV/(n—p),B ol oy A" N HB < j<p log [Ni=As| qpr—P

A oV (npy, s Aprts - - An)dAr -+ - Ay
V.8

By [1, Lemma 2.6.7], the law Py, 5 1s exponentially tight so that it is enough to estimate
the probability of a small ball around x = (x; > 29 > --- > z,,), namely events of the
form B(x,0) := {maxj<;<, |\ — 2;| < 0, max|\;| < M}.

We proceed as in [7], using the fact that fi, converges to puy much faster than expo-
nentially under P:‘;/’EWPL 5 (indeed, its LDP is in the scale n?), we can replace ¢(i", \;)
by ¢(uy,x;), whereas the ratio of partition functions converges by hypothesis.

To be more precise, let us sketch the proof of the upper bound. Note that there exists a

constant @, such that on B(x,d), ¢(u, x) is bounded above by &), so that

A
n nV/(n—p), — og(x1— n, n— ~n c
v o(Blx,6) < %eﬁp(p D/21og(e1-2) (¢ p@M]}Dnvﬁ’(nip)ﬁQu € B.(uy)°)
V?/B

+(2M)pen b1 Max|y <5 MAX,e B (uy) ¢(M,y))

with B.(py) a small ball with radius e around py for a distance compatible with the
weak topology. As n~2log Pz;f(n_p)ﬂ(ﬂ" € B.(uy)°) is bounded above by a negative real
number for all § > 0 by the LDP for the law of ", the first term is negligible as n goes
to infinity. Using the fact that (u, x)—¢(u,z) is upper continuous, we obtain the upper
bound by first letting n go to infinity, then letting § decrease to zero and finally letting
go to zero.

The lower bound is similar to the proof in [Il p. 84]. Indeed, we may assume the z,’s away
from the boundary of the support of uy since otherwise we may and shall consider only
the deviations of the first p — 1th eigenvalues (and proceed by induction till p = 1 which
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is already known). There exists 2¢,1 < i < p, whose small neighbourhood are included in
the 0 neighbourhood of x;,1 < < p, and which are distinct, so that for € small enough

Pvﬁ(maxp\ x| < 9) >Pvﬁ(max|)\ 2| < e)

When the z;’s are distinct and away from by, their logarithmic interaction is negligible
and we refer the reader to [I, p. 84| as the proof is very similar. We get

1
hrrlrigolfglogpvﬁ(max |\i — x| <9) ZJV —ayg
Now, Jy is continuous away from the support of py so that we can conclude by letting ¢§
going to zero. U]

10.2. Proof of Theorem .

As explained in Section 2.5 we have to study X,,, when X, is diagonal with eigenvalues
having Py, 5 as their joint law and the U;’s obtained by orthonormalisation procedure from
G=1(g1,...,9r) iid. standard Gaussian.

It is clear that since the largest eigenvalues of X, are exponentially tight, so are the
eigenvalues of X, and therefore it is enough to prove a weak large deviation principle.
We let K'(L) be such that the probability that A or A? is greater than K (L) is smaller than
e L. We first consider the deviations of ()\" - > )\") towards ©; > a9 > - a1 > by
with by the rightmost point of the support of puy . Let e > 0 so that x; > by +¢. The proof
will consist in first fixing the possible deviations of the extreme eigenvalues of X,, (hence
providing outliers) and then, being given these outliers, computing the deviations of the

eigenvalues of X,,. The main point of course is that with exponentially large probability,
only a finite number of eigenvalues of X,, can deviate.

e We first claim that for any (¢1,...,¢,) € (by,+o00) and any n > 0, there exists
e(n,0),0(n,¢) > 0 so that for n large enough, for ¢ < e(n,¢), § < §(n,¥),

1 maxi<;< P\? — €i| <eg,
_L21,...,€p($1a"'axk)_77 < glOg]P)(lrilaX |)\ _"L‘Z| <5 )\_n;lp< bv+€ (27)
phl

< _Lgl,...,ep@la ce )+
These inequalities were proven for £ going to zero with n in Theorem [l Let X, be
a matrix such that the event {maxi<;<, |[! — ¢;| < €} is realized. Let X], be a real di-

agonal matrix with same eigenvalues of X,, except its k largest eigenvalues are equal to
the outliers (¢1,...,¢,). Then we have || X,, — X ||~ < €, so that, with obvious notations,

||5(\:z - E(Vn/HOO < ¢, so that the ordered eigenvalues of E(Vn and )f(\;l differ at most by e.
Thus, up to change § into d + ¢, Theorem gives (27)).

e By Theorem 2.T0] there exists €(n, £) > 0 so that for n large enough, for e < g(n, /)

1 n n
—JP(ly,...,0,)—n < ;logIP’ (f?%“i — Uil <e, Ay Sby +e) < —JP(ly, ... 0) +n.
(28)
For all (¢4,...,4,), we define the set
V(fl, R ,Ep) = {()\1, .. ,)\n) € Rn; maxi<;<p |)\z — fl| < 6(7’],f),)\p+1 < bV +€(T],f)}
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e We observe, again by Theorem .10} that for all £ > 0, the probability that A} is greater
than by + & goes to zero as e ™) for some £(§) = inf 4, 45 400) Jv > 0.

e To prove the upper bound we can write

P (max I — 2] < 5) < P (max I — 2] <6, A1 S by +5) + o) (29)

1<i<k 1<i<k
We next consider the infinite open covering UV (¢4, ..., ¢,) of [b(V'), K(L)]P. We can always
extract a finite covering Uj<,<nr(s)V (€1, ..., (;) as the latter is compact. We then take

9 =mind(n, %) > 0. Thus, we get by the LDP estimate (28]

M(3)
P(Eﬁé | < 25) < enbg e o Z P (1H<1?<}§g AP — x| <20NV (45, .. ,E;))
<i< g <i<
P ( )= P (£ .0 05)+
S e—nL + e—npg(é) + Z e—n o, o L1,y T )M 1resbp)tmm
s=1
< M(®) —nminggo<nr(s) (Ls g (@1@0) TP (6 0) =) | el 4 emnpe(d)

< 3M(5)6—nmin{L,pg((;),jk(xl7“.7%)}

which gives the announced bound by taking first the limit as n goes to infinity, then L, p
to infinity and finally J to zero.

e The lower bound is easier as we simply write

P (max A — 2| < 25) >P (max AP — 2| <260 V(ﬁ,...,ﬁ;))

1<i<k 1<i<k

and use the large deviation theorems. 0

11. APPENDIX

11.1. An auxiliary large deviations result.

For sake of completeness, we recall the following result, following from [27, Theorem

3.2] (see also [7] and [10]).

Theorem 11.1. Let, for eachn, A} > --- > A\ be a family of deterministic real numbers
such that there exists a compactly supported probability measure p on R such that

1 n
- Zl Oxn T M weakly, (30)

Let (Z,)p>1 be a sequence of Ri-valued i.i.d. random variables such that Z, has some
exponential moments. Let f : R — R™? be q continuous matriz-valued function and
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consider the sequence of R™-valued random variables
1 n
L, = — AY) - Z;.
- 223 FO)

(1) If we assume moreover that

Al = max(supp(p)), Ay —— min(supp(p)). (31)

n—-400 n—-400

then L, satisfies a LDP with good rate function
AER™

where T'(X) is defined by the formula

L'\ = /ERA (Z Ak - k-th row of f(a:)) du(x)

and A is defined by the formula A(f) = log E(e(%%1).
(2) If there exists p*,p~ € N such that for anyi < p™, \l — £ for any j < p~,

n—-400

— max(S) and A, _ - — min(S) with

A — A
j+1 3 et

—oo<€f§...§€;,<min(8)§max(8)<€;;g...§£f<oo

and if % satisfies the LDP with a good rate function denoted by I'9), then L,
satisfies a LDP with good rate function

pt4p” pr4p”
Ip(y) = inf ¢ T (o) + Z I(Z)(yi)/?/o €ER™ Y1, .. Yprip- € R?, yo + Z fmi) -yi=y o,
i=1

i=1

with m; = 0 if 1 <i < p" and m; = €; if pt +1 <1 < p" +p~ and where I'*
and A are defined as above.

Remark 11.2. Note that in [27, Theorem 3.2], the assumption that 2 satisfies the LDP

n
with a good rate function is required in both case but a careful reading of the proof shows

that in the case when [B1)) is fulfilled, this is not a necessary condition.

11.2. Proof of a technical lemma.

With the notations of Section 1], we have the following result

Lemma 11.3. Under Assumptionl[2.2, for any 1 < iy < r, we have
. . 1 n n|(|2 1 _
lim lim sup — log P(| g3, Wi Iz ¢ [9, 51) = —oo.

n—o0 5

Proof. 'To simplify the notations, we shall assume that ig = r.

Recall that the G?’s were constructed from a family (G(k) = (g1(k), ..., g-(k))r>1 of
independent copies of G, via the formula G? := (g;(1), ..., g;(n))?. For 1 < k, we consider
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the random r x r Hermitian matrix

Zr, = G(k)"G(k) = [9i(k)gj(k)h<ij<r  and L' = %ZZ’C

By Theorem [I1.Il we have that the law of L™ satisfies a LDP with convex good rate
function

7 (y) = sup{(\,y) — A(N)},

AeH,
where A()) = log E(e??1)) is exactly the function defined in Equation (&).

Note that since for all n, L™ is almost surely a positive semi-definite matrix, by closed-
ness of the set of such matrices, the domain of I is contained in the set of positive
semi-definite matrices.

Let P, be the real polynomial function on H, introduced in Proposition LIk we have
|g"W |3 = P.(L™). Therefore, if, for any ¢ > 0, we introduce the closed set & = {y €
M, By(y) < 6}, we have

r
n—o00 y€EEs

1
limsup — log P(||¢"W™||3 < 0) < — inf I(L)(y)-
n
Let us assume that
M := lim inf ) :
im inf (y) < o0

Since 1% is a good rate function, there exists a compact set K such that infyege 15 (y) >
M, so that for all § > 0, inf,cg, IV (y) = inf ee,nx [P (y). Moreover the infimum on &
is reached : let, for all n > 0, y, be an element of K such that I¥)(y,) = inf,ce, I1F)(y).

There exists a subsequence ¢(n) such that y,,) converges, as n goes to infinity to some .
By continuity of P, P.(yo) = limy oo Pr(Ypm)) = 0. It follows, by the last part of Propo-
sition EL1] that v is not positive definite. However, since I(%) is lower semicontinuous, we
have I'F)(yy) < M < oo, which implies that g, is a positive semi-definite matrix. Let p
be the orthogonal projection onto ker yy. Note that p # 0 and that (p, yo) = Tr(yep) = 0.

1B (y) = sup {(X, o) — AV}
> igg{<—tp,yo>—/\(—tp)}

= sup —A(—tp)
t>0

= 400 by (),
which yields a contradiction (as we already proved that IX)(yy) < M).

Similarly, as 1) is a good rate function, it has compact level sets and therefore has to
be large on the set {y : P,(y) > 1/0}. Hence,
1
lim sup lim sup — log P(||¢"W"||3 > ') = —c0
610 n—oo T

which completes the proof of the lemma. O
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11.3. On the eigenvalues of the deformed matrix.

The goal of this section is to prove Lemma 0.3 In fact, we will prove the slightly more
general

Lemma 11.4. Let K be either R or C. Let us fix some positive integers n,r such that
n > r, a self adjoint n x n real matrix X with eigenvalues 1, ..., \, and some non null
real numbers 0y, ...,0,.. We make the following hypothesis:

(H) i, ..., A\ are pair-wise distinct and there are pair-wise distinct indices iy, .. .,i,_1 €

{1,...,n} such that {\;; +601,..., N, _, + 6.1} N0 {\,...; .} =0.

Let us define, for g = [q1,...,9,] € K",

Xy =X +buwu] + -+ buuy,

where (uy, . ..,u,) is either the orthonormalized family deduced from the columns of g by
the Gram-Schmidt process or ﬁ(gl, ces )

Then the Lebesque measure of the set of the g’s such that )A(:g and X have at least one
eigenvalue in common is null.

Now, Lemma will be easy to deduce from the above. Indeed, one can check that for
n large enough, X, satisfies hypothesis (H). We know that its eigenvalues A}, ..., A\ are
distinct. Moreover, let 1 be such that n < %minlgigr |0;] and n < %min#j |t; — ¢;]. From
Assumption 2.3, there exists n large enough so that X,, has at most p™ eigenvalues greater
than b+ 7, at most p~ eigenvalues smaller than a — 7, more than 2r(p*™ 4 1) eigenvalues
in the interval (b —n,b+ n) and more than 2r(p~ + 1) eigenvalues in (a — n,a + 7).
Let us assume that 6; > 0. Then one can find an eigenvalue \;, among the p™ 4 1 greater
ones in (b—mn,b+n) such that \;, +60; do not belong to {A},..., A\"}. We then forget the
pt + 1 greater eigenvalues and look at the p*™ + 1 following. Among them, one can find
an eigenvalue \;, such that \;, + 6> do not belong to {A},...,A’}. and so on. For the
negative 6;’s, we consider the p~ + 1 smallest eigenvalues in (a — n,a + 7).

From Assumption 2.6 the law of G is absolutely continuous with respect to Lebesgue
measure and Lemma follows.

We now prove Lemma [[T.4

Proof. The idea of the proof is the following. We shall first prove (in Step I) that the
set of ¢g’s such that )?g and X have at least one eigenvalue in common is, up to a set of
null Lebesgue measure, the set of zeroes of a polynomial function. Since it can easily be
proved, by induction on the number of variables, that the set of zeroes of any non null
polynomial in several real variables has null Lebesgue measure, proving (in Step II) that
this function is not identically null will then imply that the set of such ¢’s has vanishing
Lebesgue measure.

Let (3 be either 1 or 2 according to whether K is R or C.
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Step 1. Let us first treat the case where (uq,...,u,) = ﬁ(gl, ..., 9r). Let us define P
to be the polynomial of fnr real variables which maps [g1, ..., g.] € K"*" to the resultant
of the characteristic polynomials of X and X,. The set of g’s in K"*" such that X and

)?g have an eigenvalue in common is exactly the set of ¢g’s such that P(g) =0 : Step I is
achieved in the case where (uq, ..., u,) = %(gl, ces )

Let us now treat the case where (uy,...,u,) is the orthonormalized family deduced
from the columns of g by the Gram-Schmidt process. In this case, the resultant of
the characteristic polynomials of X and of X, is not anymore a polynomial function
of the real coordinates of g, so we shall use the following trick. It can easily be noticed,
through a careful look at the Gram-Schmidt process, that for all k € {1,...,r}, for all

i,j € {1,...,n}, there are two polynomial functions of Dy, Ny, ; of Bnr real variables
N j(9)
| entry o Do) | |
which columns are linearly independent. Let us define the polynomial function of gnr

real variables

such that the ¢, j-th entry of wjuj is and that Dy(g) is positive for any g € K"*"

D(g) =[] Dx(9)-

For any ¢ such that D(g) > 0 (which is the case for any g € K™ which columns are
linearly independent), X and X, have no eigenvalue in common if and only if D(g)X and
D(g)X, have no eigenvalue in common. Now, the advantage of having replaced X and X,

by D(g)X and D(g))?g is that the entries of D(g)X and D(g))?g are polynomial functions
of g. Hence if one defines P(g) to be the resultant of the characteristic polynomials of
D(g)X and D(g))?g, P(g) is a polynomial function of the Snr real coordinates of g and,
up to the set (with zero Lebesgue measure) of ¢’s in K"*" which columns are linearly
independent, the set of ¢’s in K™*" such that X and X 4 have an eigenvalue in common is
exactly the set of ¢’s such that P(g) = 0 : Step I is achieved in the second case.

Step II. Let us now prove that in both cases, the polynomial function g — P(g) is
not identically null. To treat both cases together, it suffices to prove that there exists

g = lo,...,9-] € K™ with orthonormalized columns such that X, and X have no
eigenvalue in common. One can suppose that 1, =1,...,4,_1 =7r—1,that \, <--- <\,
and that
A1
X =
An

We shall choose the r — 1 first columns gy, ..., g,_1 of g to be the r — 1 first elements of
the canonical basis and g, with null » — 1 first coordinates and unit norm. With such a
choice of g, we have

)\1 —91 7]

09,9
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Let us suppose that 6, > 0. It was shown in [22] Section 3.2] that as g, runs through the
set of unit norm vectors of K™*! with null » — 1 first coordinates, the ordered eigenvalues
of the n— (r—1) xn— (r—1) lower right block of X, describe the set of families p,, ..., u,
of real numbers which sum up to A\, +---+ A\, + 6, and such that

)\T‘SMTS)\T+1 SS)\ngﬂn
One can easily find such a family ., ..., u, such that

{,Uru---’,un}m{)\l’---;)\n} :®7
which concludes the proof, by hypothesis (H). O
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