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Abstract

Large random matrices appear in different fields of mathematics and physics such as
combinatorics, probability theory, statistics, number theory, operator theory, quantum
field theory, string theory etc... In the last ten years, they attracted lots of interests, in
particular due to a serie of mathematical breakthroughs allowing for instance a better
understanding of local properties of their spectrum, answering universality questions, con-
necting these issues with growth processes etc. In this survey, we shall discuss the problem
of the large deviations of the empirical measure of Gaussian random matrices, and more
generally of the trace of words of independent Gaussian random matrices. We shall de-
scribe how such issues are motivated either in physics/combinatorics by the study of the
so-called matrix models or in free probability by the definition of a non-commutative en-
tropy. We shall show how classical large deviations techniques can be used in this context.

These lecture notes are supposed to be accessible to non probabilists and non free-
probabilists.
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Chapter 1

Introduction

Large random matrices have been studied since the thirties when Wishart [132] considered
them to analyze some statistics problems. Since then, random matrices appeared in various
fields of mathematics. Let us briefly summarize some of them and the mathematical
questions they raised.

1. Large random matrices and statistics : In 1928, Wishart considered matrices
of the form YN:M = XNM(XNMy< with an N x M matrix X¥M with random
entries. Typically, the matrix XM is made of independent equidistributed vectors
{X1 - XNy in €M with covariance matrix X, (X);; = ]E[X}X]«l] forl1<4,7< M.
Such random vectors naturally appear in multivariate analysis context where XN:M

is a data matrix, the column vectors of which represent an observation of a vector

in CM . In such a setup, one would like to find the effective dimension of the system,
that is the smallest dimension with which one can encode all the variations of the
data. Such a principal components analysis is based on the study of the eigenvalues
and eigenvectors of the covariance matrix XM (XV:M)* When one assumes that
the column vectors have i.i.d Gaussian entries, Y™ is called a standard Gaussian

Wishart matrix. In statistics, it used to be reasonable to assume that N/M was large.

However, the case where N/M is of order one is nowadays commonly considered,

which corresponds to the cases where either the number of observations is rather

small or when the dimension of the observation is very large. Such cases appear
for instance in problems related with telecommunications and more precisely the
analysis of cellular phones data, where a very large number of customers have to be
treated simultaneously (see [70, 116, 120] and references therein). Other examples

are provided in [80].

In this setting, the main questions concern local properties of the spectrum (such as

the study of the large N, M behavior of the spectral radius of YVM  see [80], the

asymptotic behaviour of the k largest eigenvalues etc), or the form of the eigenvectors
of YN'M (gee [120] and references therein).

2. Large random matrices and quantum mechanics : Wigner, in 1951 [131],
suggested to approximate the Hamiltonians of highly excited nuclei by large random
matrices. The basic idea is that there are so many phenomena going on in such sys-
tems that they can not be analyzed exactly and only a statistical approach becomes



reasonable. The random matrices should be chosen as randomly as possible within
the known physical restrictions of the model. For instance, he considered what we
shall later on call Wigner’s matrices, that is Hermitian (since the Hamiltonian has
to be Hermitian) matrices with i.i.d entries (modulo the symmetry constraint). In
the case where the system is invariant by time inversion, one can consider real sym-
metric matrices etc... As Dyson pointed out, the general idea is to chose the most
random model within the imposed symmetries and to check if the theoretical pre-
dictions agree with the experiment, a disagreement pointing out that an important
symmetry of the problem has been neglected. It turned out that experiments agreed
exceptionally well with these models; for instance, it was shown that the energy
states of the atom of hydrogen submitted to a strong magnetic field can be com-
pared with the eigenvalues of an Hermitian matrix with i.i.d Gaussian entries. The
book [59] summarizes a few similar experiments as well as the history of random
matrices in quantum mechanics.

In quantum mechanics, the eigenvalues of the Hamiltonian represent the energy
states of the system. It is therefore important to study, following Wigner, the spectral
distribution of the random matrix under study, but even more important, is its
spacing distribution which represents the energy gaps and its extremal eigenvalues
which are related with the ground states. Such questions were addressed in the
reference book of M.L. Mehta [93], but got even more popular in mathematics since
the work of C. Tracy et H. Widom [117] . It is also important to make sure that the
results obtained do not depend on the details of the large random matrix models
such as the law of the entries; this important field of investigation is often referred to
as universality. An important effort of investigation was made in the last ten years
in this direction for instance in [23], [54], [76],[89], [110], [112], [118], [102] ...

. Large random matrices and Riemann Zeta function : The Riemann Zeta

function is given by
((s) =D n7
n=1

with Re(s) > 1 and can be analytically continued to the complex plane. The study of
the zeroes of this function in the strip 0 < Re(s) < 1 furnishes one of the most famous
open problems. It is well known that ¢ has trivial zeroes at —2, —4, —6.... and that
its zeroes are distributed symmetrically with respect to the line Re(s) = 271, The
Riemann conjecture is that all the non trivial zeroes are located on this line. It was
suggested by Hilbert and Polya that these zeroes might be related to the eigenvalues
of a Hermitian operator, which would immediately imply that they are aligned.
To investigate this idea, H. Montgomery (1972), assuming the Riemann conjecture,
studied the number of zeroes of the zeta function in Re(s) = 27! up to a distance T of
the real axis. His result suggests a striking similarity with corresponding statistics of
the distribution of the eigenvalues of random Hermitian or unitary matrices when 7T°
is large. Since then, an extensive literature was devoted to understand this relation.
Let us only point out that the statistical evidence of this link can only be tested
thanks to enormous numerical work, in particular due to A. Odlyzko [99, 100] who
could determine a few hundred of millions of zeroes of Riemann zeta function around



the 102°-th zeroes on the line Re(s) = 271

In somewhat the same direction, there is numerical evidence that the eigenvalues
distribution of large Wigner matrices also describes the large eigenvalues of the
Laplacian in some bounded domain such as the cardioid. This is related to quantum
chaos since these eigenvalues describe the long time behavior of the classical ray
dynamics in this domain (i.e the billiard dynamics).

. Large random matrices and free probability Free probability is a probabil-
ity theory in a non-commutative framework. Probability measures are replaced by
tracial states on von Neumann algebras. Free probability also contains the central
notion of freeness which can be seen as a non-commutative analogue of the notion
of independence. At the algebraic level, it can be related with the usual notion of
freeness. This is why free probability could be well suited to solve important ques-
tions in von Neumann algebras, such as the question of isomorphism between free
group factors. Eventhough this goal is not yet achieved, let us quote a few results
on von Neumann algebras which were proved thanks to free probability machinery

[56],[57], [124].

In the 1990’s, Voiculescu [121] proved that large random matrices are asymptotically
free as their size go to infinity. Hence, large random matrices became a source
for constructing many non-commutative laws, with nice properties with respect to
freeness. Thus, free probability can be considered as the natural asymptotic large
random matrices framework. Conversely, if one believes that any tracial state could
be approximated by the empirical distribution of large matrices (which we shall
define more precisely later), which would answer in the affirmative a well known
question of A. Connes, then any tracial state could be obtained as such a limit.

In this context, one often studies the asymptotic behavior of traces of polynomial
functions of several random matrices with size going to infinity, trying to deduce
from this limit either intuition or results concerning tracial states. For instance, free
probability and large random matrices can be used to construct counter examples
to some operator algebra questions.

. Combinatorics, enumeration of maps and matrix models

It is well known that the evaluation of the expectation of traces of random matrices
possesses a combinatorial nature. For instance, if one considers a N x N symmetric
or Hermitian matrix Xy with i.i.d centered entries with covariance N1, it is well
known that E[N ~'Tr(XX%)] converges toward 0 if p is odd and toward the Catalan
number C§ if p is even. (), is the number of non crossing partitions of {1,---,2p}
and arises very often in combinatorics. This idea was pushed forward by J. Harer
and D. Zagier [68] who computed exactly moments of the trace of X%, to enumerate
maps with given number of vertices and genus. This combinatorial aspect of large
random matrices was developed in the free probability context by R. Speicher [113].

This strategy was considerably generalized by 't Hooft who saw that matrix integrals

such as
Zn(P) = E[eNTI’(P(X}w"wX?v))]



with a polynomial function P and independent copies X}V of X, can be seen as
generating functions for the enumeration of maps of various types. The formal proof
follows from Feynman diagrams expansion. This relation is nicely summarized in
an article by A. Zvonkin [136] and we shall describe it more precisely in Chapter
5. One-matrix integrals can be used to enumerate various maps of arbitrary genus
(maps with a given genus ¢ appearing as the N =29 correction terms in the expansion
of Zn(P)), and several matrix integrals can serve to consider the case where the
vertices of these maps are colored, i.e can take different states. For example, two-
matrix integrals can therefore serve to define an Ising model on random graphs.

Matrix models were also used in physics to construct string theory models. Since
string theory concerns maps with arbitrary genus, matrix models have to be consid-
ered at criticality and with temperature parameters well tuned with the dimension
in order to have any relevance in this domain. It seems that this subject had a great
revival in the last few years, but it seems still far from mathematical (or at least
my) understanding.

Haar distributed Unitary matrices also can be used to enumerate combinatorial
objects due to their relation with representations of the symmetric group (c.f [34]
for instance). Nice applications to the enumeration of magic squares can be found

in [38].

In this domain, one tries to estimate integrals such as Zn (P), and in particular tries
to obtain the full expansion of log Zn (P) in terms of the dimension N. This could
be done rigorously so far only for one matrix models by use of Riemann-Hilbert
problem techniques by J. Mc Laughlin et N. Ercolani [46]. First order asymptotics
for a few several-matrix models could be obtained by orthogonal polynomial methods
by M. L. Mehta [93, 90, 32] and by large deviations techniques in [61]. The physics
literature on the subject is much more consistent as can be seen on the arxiv (see
work by V. Kazakov, I. Kostov, M. Staudacher, B. Eynard, P. Zinn Justin etc).

. Large random matrices, random partitions and determinantal laws

It is well know [93] that Gaussian matrices have a determinantal form, i.e the law

of the eigenvalues (Aq,---,Ay) of a Wigner matrix with complex Gaussian entries
(also called the GUE) is given by

N/\g

dP(A1,- Ax) = ZR A2 T 2= A T d

with Zn the normalizing constant and

(D VD VAP YA
2 N-1

A =[] = Aj) = det 1 /\‘2 /\‘2 ‘ /\2‘
! 1Ay A% - AN

Because A is a determinant, specific techniques can be used to study for instance the
law of the top eigenvalue or the spacing distribution in the bulk or next to the top
(c.f[117]). Such laws appear actually in different contexts such as random partitions
as illustrated in the work of K. Johansson [77] or tilling problems [78]. For more



general remarks on the relation between random matrices and random partitions,
see [101].

In fact, determinantal laws appear naturally when non-intersecting paths are in-
volved. Indeed, following [83], if k7 is the transition probability of a homoge-
neous continuous Markov process, and P%V the distribution of NV independent copies
XN = (z1(t),- -+, 2n(t)) of this process, then for any X = (21, -+ ,2n), 21 < 23 <
e <an, Y = (U, yn) Y1 < y2 < -+ < yn, the reflection principle shows that

P(Xn(0) = X, Xn(T) = Y|Vt > 0,21(t) < 22(t) < - -an())

— C(z)det ((kT(xi,yj))E;é%) (1.0.1)

with

Cla)™! = /det ((kT(xi,yj)) 19@) dy.

15N
This might provide an additional motivation to study determinantal laws.

Even more striking is the occurrence of large Gaussian matrices laws for the problem
of the longest increasing subsequence [8], directed polymers and the totally asym-
metric simple exclusion process [75]. These relations are based on bijections with
pairs of Young tableaux.

In fact, the law of the hitting time of the totally asymmetric simple exclusion process
(TASEP) starting from Heaviside initial condition can be related with the law of the
largest eigenvalue of a Wishart matrix. Let us remind the reader that the (TASEP)
is a process with values in {0,1}%, 0 representing the fact that the site is empty and
1 that it is occupied, the dynamics of which are described as follows. Each site of Z
is equipped with a clock which rings at times with exponential law. When the clock
rings at site ¢, nothing happens if there is no particle at ¢ or if there is one at 7 4+ 1.
Otherwise, the particle jumps from ¢ to ¢4+ 1. Once this clock rang, it is replaced by a
brand new independent clock. K. Johansson [75] considered these dynamics starting
from the initial condition where there is no particles on Z* but one particle on each
site of Z~. The paths of the particles do not intersect by construction and therefore
one can expect the law of the configurations to be determinantal. The main question
to understand is to know where the particle which was at site —/N, N € N, at time
zero will be at time T'. In other words, one wants to study the time H (N, M) that
the particle which was initially at —N needs to get to M — N. K. Johansson [75]
has shown that H (M, N) has the same law as of the largest eigenvalue of a Gaussian
complex Wishart matrix X VLM (X N+LMyx where XN+LM s o (N 4-1) x M matrix
with i.i.d complex Gaussian entries with covariance 27!, This remark allowed him to
complete the law of large numbers result of Rost [106] by the study of the fluctuations
of order N%.

This paper opens the field of investigation of diverse growth processes (cf Forrester
[53]), to the problem of generalizing this result to different initial conditions or to
other problems such as tilling models [78]. In this last context, one of the main



results is the description of the fluctuation of the boundary of the tilling in terms of
the Airy process (c.f M. Prahofer and H. Spohn [114] and K. Johansson [79]).

In this set of problems, one usually meets the problem of analyzing the largest eigen-
value of a large matrix, which is a highly non trivial analysis since the eigenvalues
interact by a Coulomb gas potential.

In short, large random matrices became extremely fashionable during the last ten
years. It is somewhat a pity that there is no good introductory book to the field. Having
seen the six aspects of the topic I tried to describe above and imagining all those I forgot,
the task looks like a challenge.

These notes are devoted to a very particular aspect of the study of large random matri-
ces, namely, the study of the deviations of the law of large random matrices macroscopic
quantities such as their spectral measures. It is only connected to points 4 and 5 listed
above. Since large deviations results are refinements of law of large numbers theorems, let
us briefly summarize these last results here.

It has been known since Wigner that the spectral measure of Wigner matrices converges
toward the semicircle law almost surely. More precisely, let us consider a Wigner matrix,
that is a N x N selfadjoint matrix X with independent (modulo the symmetry constraint)
equidistributed centered entries with covariance N=1. Let (A1, -+, Ax) be the eigenvalues
of XN, Then, it was shown by Wigner [131], under appropriate assumptions on the
moments of the entries, that the spectral measure iV = N7!3"§,. converges almost
surely toward the semi-circle distribution

o(dz) = CvV4 — 2?1y <da.

This result was originally proved by estimating the moments {N~'Tr((X™)?),p € N},
which is a common strategy to study the spectral measure of self-adjoint random matrices.

This convergence can also be proved by considering the Stieljes transform of the spec-
tral measure following 7. Bai [4], which demands less hypothesis on the moments of the
entries of XV, In the case of Gaussian entries, this result can be easily deduced from the
large deviation principle of section 3. The convergence of the spectral measure was gen-
eralized to Wishart matrices (matrices of the form XV R™ (X™)* with a matrix XV with
independent entries and a diagonal matrix RV) by Pastur and Marchenko [103]. Another
interesting question is to wonder, if you are given two arbitrary large matrices (A, B) with
given spectrum, how the spectrum of the sum of these two matrices behave. Of course,
this depends a lot on their eigenvectors. If one assumes that A and B have the same
eigenvectors and i.i.d eigenvalues with law p and v respectively, the law of the eigenvalues
of A4+ B is the standard convolution g % v. On the contrary, if the eigenvectors of A
and B are a priori not related, it is natural to consider A 4+ UBU” with U following the
Haar measure on the unitary group. It was proved by D. Voiculescu [122] that the spectral
measure of this sum converges toward the free convolution g4 Bup if the spectral measure
of A (resp. B) converges toward 4 (resp . up) as the size of the matrices goes to infinity.
More generally, if one considers the normalized trace of a word in two independent Wigner
matrices then Voiculescu [122] proved that it converges in expectation (but actually also
almost surely) toward a limit which is described by the trace of this word taken at two
free semi-circular variables. We shall describe the notion of freeness in Chapter 6.
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The question of the fluctuations of the spectral measure of random matrices was ini-
tiated in 1982 by D. Jonsson [81] for Wishart matrices by using moments method. This
approach was applied and improved by A. Soshnikov an Y. Sinai [110] who considered
Wigner matrices with non Gaussian entries but sufficient bounds on their moments and
who obtained precise estimates on the moments { N~ Tr((X™)?),p € N}. Such results
where generalized to the non-commutative setting where one considers polynomial func-
tions of several independent random matrices by T. Cabanal Duvillard [28] and myself
[60]. Recently, J. Mingo and R. Speicher [96] gave a combinatorial interpretation of the
limiting covariance via a notion of second order freeness which places the problem of
fluctuations to its natural non-commutative framework. They applied it with P. Sniady
[97] to unitary matrices, generalizing to a non-commutative framework the results of P.
Diaconis and M. Shahshahani [37] showing that traces of moments of unitary matrices
converge towards Gaussian variables. In [60], | used the non-commutative framework to
study fluctuations of the spectral measure of Gaussian band matrices, following an idea of
D. Shlyakhtenko [109]. On the other hand, A. Khorunzhy, B. Khoruzhenko and L. Pastur
[89] and more recently Z. Bai and J.F Yao [6] developed Stieljes transforms technology to
study the central limit theorems for entries with eventually only the four first moments
bounded. Such techniques apply at best to prove central limit theorem for nice analytic
functions of the matrix under study. K. Johansson [73] considered Gaussian entries in
order to take advantage that in this case, the eigenvalues have a simple joint law, given
by a Coulomb gas type interaction. In this case, he could describe the optimal set of
functions for which a central limit theorem can hold. Note here that in [60], the covari-
ance is described in terms of a positive symmetric operator and therefore such an optimal
set should be described as the domain of this operator. However, because this opera-
tor acts on non-commutative functions, its domain remains rather mysterious. A general
combinatorial approach for understanding the fluctuations of band matrices with entries
satisfying for instance Poincaré inequalities and rather general test functions has recently
been undertaken by G. Anderson and O. Zeitouni [2].

In these notes, we shall study the error to the typical behavior in terms of large
deviations in the cases listed above, with the restriction to Gaussian entries. They rely
on a series of papers I have written on this subject with different coauthors [10, 18, 29,
30, 42, 60, 62, 64, 65] and try to give a complete accessible overview of this work to
uninitiated readers. Some statements are improved or corrected and global introductions
to free probability and hydrodynamics/large deviations techniques are given. While full
proofs are given in Chapter 3 and rather detailed in Chapter 4, Chapter 7 only outlines
how to adapt the ideas of Chapter 4 to the non-commutative setting. Chapter 5 uses the
results of Chapter 1 and Chapter 4 to study matrix models. These notes are supposed to
be accessible to non probabilists, if they assume some facts concerning 1t6’s calculus.

First, we shall consider the case of Wigner Gaussian matrices (see Chapter 3). The
case of non Gaussian entries is still an open problem. We generalize our approach to non
centered Gaussian entries in Chapter 4, which corresponds to the deviations of the law
of the spectral measure of A + X with a deterministic diagonal matrix A and a Wigner
matrix X. This result in turn gives the first order asymptotics of spherical integrals. The
asymptotics of spherical integrals allows us to estimate matrix integrals in the case of
quadratic (also called AB) interaction. Such a study puts on a firm ground some physics



11

papers of Matytsin for instance. It is related with the enumeration of colored planar maps.
We finally present the natural generalization of these results to several matrices, which
deals with the so-called free micro-states entropy.

These notes were prepared for a 6 hours course at the XXIX conference on Stochastic
processes and Applications and slightly completed for publication. This work was partially
supported by the accord France-Bresil.
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Frequently used notations

For N € N, My will denote the set of N x N matrices with complex entries, Hp
(resp. Sy) will denote the set of N X N Hermitian (resp. symmetric) matrices. U(N)
(resp. O(N), resp S(N)) will denote the unitary (resp. orthogonal, resp. symplectic)
group. We denote Tr the trace on My, Tr(4) = Zf\; A;; and tr the normalized trace
tr(A) = N~1Tr(A).

To denote an ordered product of non-commutative variables X, --- X, (such as ma-
trices), we write in short

.
XXy X, = H X..

1<i<n
ClX1, -, X,] (resp. C(Xy,---,X,)) denote the space of commutative (resp. non-
commutative) polynomials in n variables for which [[%.c, Xj, = [Ii%i<,, Xo(j;) (resp.

H1_><i<n X;, # Hl_><2<n Xg(jl.)) for all choices of indices {7;,1 < ¢ < n,n € N} (resp. for a
choice of {j;,1 <1< n,n € N}.

For a Polish space X, P(X) shall denote the set of probability measures on X. P(X)
will be equipped with the usual weak topology, ie a sequence y,, € P(X) converges toward
w iff for any bounded continuous function f on X, p,,(f) converges toward p(f). Here, we
denote in short

n() = [ Fie)dut).

For two Polish spaces X,Y and a measurable function ¢ : X — Y, for any p € P(X) we
denote ¢up € P(Y) the push forward of p by ¢, that is the probability measure on Y
such that for any bounded continuous f:VY — R,

bpulf) = / (o) dpz).

For a given selfadjoint N x N matrix A, we denote (A1(A),---,An(A)) its N (real)
eigenvalues and by ﬂﬁ its spectral measure

N
N1
Ha = ﬁ;‘sAi(A) € P(R).

For two Polish spaces X,Y we denote by CP(X,Y) (or C(X,Y) when no ambiguity
is possible) the space of bounded continuous functions from X to Y. For instance, we
shall denote C([0,1], P(R)) the set of continuous processes on [0,1] with values in the
set P(R) of probability measures on R, endowed with its usual weak topology. For a
measurable set Q of R x [0, 1], C;"*(2) denotes the set of real-valued functions on Q which
are p times continuously differentiable with respect to the (first) space variable and ¢
times continuously differentiable with respect to the (second) time variable with bounded
derivatives. CE?(Q2) will denote the functions of C;"?(2) with compact support in the
interior of the measurable set 2. For a probability measure p on a Polish space X, L, (du)
denotes the space of measurable functions with finite p'* moment under p. We shall say
that an equality holds in the sense of distribution on a measurable set Q if it holds, once
integrated with respect to any .7 (2) functions.



Chapter 2

Basic notions of large deviations

Since these notes are devoted to the proof of large deviations principles, let us remind the
reader what is a large deviation principle and the few main ideas which are commonly
used to prove it. We refer the reader to [41] and [43] for further developments. In what
follows, X will be a Polish space (that is a complete separable metric space). We then
have

Definition 2.1. e[ : X — RYU {+oc} is a rate function, iff it is lower semi-
continuous, i.e its level sets {x € X : I(z) < M} are closed for any M > 0. It
is a good rate function if its level sets {x € X : I(x) < M} are compact for any
M > 0.

o A sequence (un)nen of probability measures on X satisfies a large deviation principle
with speed (or in the scale) an (going to infinity with N ) and rate function I iff
a)For any closed subset I’ of X,

1
limsup — log un (F) < —inf I.
N—oco @N r

b) For any open subset O of X,
lim inf —— log juy (O) > —inf I
iminf — lo —inf [.
N—oo N &N B o

The proof of a large deviation principle often proceeds first by the proof of a weak large
deviation principle (which is defined as in definition (2.1) except that the upper bound is
only required to hold for compact sets) and the so-called exponential tightness property

Definition 2.2. A sequence (un)nen of probability measures on X is exponentially tight

iff there exists a sequence (Kp)ren of compact sets such that

1
lim sup lim sup — log pun (Kf7) = —o0.
L—sco N—oo AN

A weak large deviation principle is itself equivalent to the estimation of the probability
of deviations towards small balls

13
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Theorem 2.3 ([41], Theorem 4.1.11). Let A be a base of the topology of X. For every
A € A, define

1
L4 = —liminf — log un(A)

N—=oo an
and
I(z)= sup La.
AcA:zeA
Suppose that for all x € X,
) 1
I(z)=sup |—Ilimsup —logun(A)
AcA:zcA N—ooo OGN

Then, pn satisfies a weak large deviation principle with rate function I.

As an immediate corollary, we find that if d is a distance on X compatible with the
weak topology and B(z,d) = {y € X :d(y,z) < ¢},

Corollary 2.4. Assume that for all x € X
—1I(z) := limsup lim sup 1 log un (B(z,d)) = liminf lim inf 1 log un (B(z,6)).
§—~0 N—co AN §=0 N—oo an

Then, pn satisfies a weak large deviation principle with rate function I.

From a given large deviation principle one can deduce a large deviation principle for
other sequences of probability measures by using either the so-called contraction principle
or Laplace’s method. Namely, let us recall the contraction principle (c.f. Theorem 4.2.1

in [41]) :

Theorem 2.5. Assume that (un)nen satisfies a large deviation principle with good rate
SJunction I with speed apn. Then for any function F: X — 'Y with values in a Polish space
Y which is continuous, the image (Fyun)nen € P(Y) also satisfies a large deviation
principle with the same speed and good rate function given for any y € Y by

J(y) = inf{I(z) : F(z) = y}.
Laplace’s method (or Varadhan’s Lemma) says the following (c.f Theorem 4.3.1 [41]):

Theorem 2.6. Assume that (un)nen satisfies a large deviation principle with good rate
SJunction I. Let = R be a bounded continuous function. Then,

1
lim —log/e“NF(x)duN(w) = sup{F(z) - I(x)}.
N—co apn reX
Moreover, the sequence
1

_ anF(z)
I/N(dw) = feaNF(y)d,uN(y)e N d,uN(ac) S P(X)

satisfies a large deviation principle with good rate function

J(@) = 1) = Fl) = sup(F(y) = (1))
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Bryc’s theorem ([41], section 4.4) gives an inverse statement to Laplace theorem.
Namely, assume that we know that for any bounded continuous function F : X — R,
there exists

1
A(F) = lim —log / e M@y (2) (2.0.1)
N—=oo an
Then, Bryc’s theorem says that py satisfies a weak large deviation principle with rate
function
I(z)= sup {F(z)—A(F)}. (2.0.2)
FeCO(X R)

This actually provides another approach to proving large deviation principles : We see that
we need to compute the asymptotics (2.0.1) for as many bounded continuous functions as
possible. This in general can easily be done only for some family of functions (for instance,
if v is the law of N~1 Zf\; x; for independent equidistributed bounded random variable
x;’s, ay = N, such quantities are easy to compute for linear functions F’). This will
always give a weak large deviation upper bound with rate function given as in (2.0.2) but
where the supremum is only taken on this family of functions. The point is then to show
that in fact this family is sufficient, in particular this restricted supremum is equal to the
supremum over all bounded continuous functions.



Chapter 3

Large deviations for the spectral
measure of large random matrices

3.1 Large deviations for the spectral measure of Wigner
Gaussian matrices

Let XVF = (Xg’ﬁ) be N x N real (resp. complex) Gaussian Wigner matrices when

G =1 (resp. =2, resp. 3 =4) defined as follows. They are N x N self-adjoint random
matrices with entries

N, Ziﬁzl géle% N.3 2 1
X, == 1<k<I<N, X 7= GN Ik I1<k<N

where (6%)1935 is a basis of R”, that is el = 1, el = 1,e2 = 4. This definition can be
extended to the case 3 = 4 when N is even by choosing XV# = (Xg’ﬁ) .

1<iyj<s
Xé\lf’ﬁ a 2 X 2 matrix defined as above but with (62)1§k§4 the Pauli matrices

10 0 —1 0 —i i 0
6‘1*:(0 1)’ 6‘2*:(1 0)’ ei:(—i 0)’ 63:(0 —i)'

(9217 k< 1,1 <¢<f) are independent equidistributed centered Gaussian variables with
variance 1. (XN’27N € N) is commonly referred to as the Gaussian Unitary Ensemble
(GUE), (X™1 N € N) as the Gaussian Orthogonal Ensemble (GOE) and (XV4 N € N)
as the Gaussian Symplectic Ensemble (GSE) since they can be characterized by the fact
that their laws are invariant under the action of the unitary, orthogonal and symplectic
group respectively (see [93]).

XNF has N real eigenvalues (Mg, Ag,- -+, Ay). Moreover, by invariance of the distri-
bution of XN (resp. X2 resp. X1} under the action of the orthogonal group O(N)
(resp. the unitary group U(N), resp. the symplectic group S(N)), it is not hard to check

with

that its eigenvectors will follow the Haar measure m]’i, on O(N) (resp. U(N), resp. S(N))
in the case =1 (resp. 5 = 2, resp. 5 = 4). More precisely, a change of variable shows

16
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that for any Borel subset A C My xn(R) (resp. Myxn(C)),

P (XN’ﬁ € A) :/1UD(/\)U*eAdmg(U)ng(/\) (3.1.1)

with D(A) = diag(A1, Az, - -+, An) the diagonal matrix with entries (Ay < Ap < --- < Ay)
and Qg the joint law of the eigenvalues given by

N N
1 I’
N - B _Z E 2 | | :
Qﬁ (dAq, L AAN) ﬁNA(/\) exp{ 1 N 2 A} 11 dA;,

where A is the Vandermonde determinant A(A) = [, ;<n [Ai = Aj| and Zév is the
normalizing constant -

ﬁ N N
Z;f:/-/ 11 |/\i—/\j|ﬁexp{—zNZA?}Hd/\i.
=1 =1

1<i<j<N

Such changes of variables are explained in details in the book in preparation of P. Forrester
[53].

Using this representation, it was proved in [10] that the law of the spectral measure
= % Zf\; dy,, as a probability measure on IR, satisfies a large deviation principle.

In the following, we will denote P (IR) the space of probability measure on IR and will
endow P(IR) with its usual weak topology. We now can state the main result of [10].

ﬂN

Theorem 3.1.
1)Let Ig(p) = %fﬁd,u(x) — gE(,u) — 28 with & the non-commutative entropy

S = [ [1ogle = yldute)dty).

Then :
a. Ig is well defined on P(IR) and takes its values in [0, 400].
b. 1g(p) is infinite as soon as p satisfies one of the following conditions :
b.1: [a?du(z) = +oo.
b.2 : There exists a subset A of IR of positive p mass but null logarithmic
capacity, i.e. a set A such that :

p(A) >0 v(A) :=exp {— inf //log
veMF(A)

c. 1 is a good rate function, i.e {Iz < MY} is a compact subset of P(IR) for M > 0.
d. Ig is a convex function on P(IR).

e. Ig achieves its minimum value at a unique probability measure on IR

which is described as the Wigner’s semicircular law o5 = (27)~'W4 — a2dx.

1
P y|d1/(x)dl/(y)} =0.

2) The law of the spectral measure i = ﬁ Zf\; O, on P(R) satisfies a full large deviation
principle with good rate function I3 in the scale N2
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Proof : We here skip the proof of 1.b.2. and 1.d and refer to [10] for these two points.
The proof of the large deviation principle is rather clear; one writes the density Qg of the
eigenvalues as

Q;X(dAl,---,dAN):ZiNexp{—gNz (e, y)di™ (2)dp™ (y ﬂZAZ}HdA“
8 z#y

with

1
f@w)zbgw—yrl+1@2+f%

If the function x,y — 1,2, f(2,y) were bounded continuous, the large deviation principle
would result directly from a standard Laplace method (c.f. Theorem 2.6), where the
entropic term coming from the underlying Lebesgue measure could be neglected since the
scale of the large deviation principle we are considering is N? > N. In fact, the main
point is to deal with the fact that the logarithmic function blows up at the origin and to
control what happens at the diagonal A := {z = y}. In the sequel, we let Qg be the

non-normalized positive measure Qg = ZéVQg and prove upper and lower large deviation

estimates with rate function
__B d d
p=-y [l y)du(z)du(y).

This is of course enough to prove the second point of the theorem by taking ' = O = P(IR)
to obtain

]&Enm%logZév_—— inf //fxydl/ z)dv(y).

VEP

To obtain that this limit is equal to gﬁ, one needs to show that the infimum is taken at
the semi-circle law and then compute its value. Alternatively, Selberg’s formula (see [93])
allows to compute Zév explicitly from which its asymptotics are easy to get. We refer to [10]

for this point. The upper bound is obtained as follows. Noticing that " @ gV (A) = N1
Qg—almost surely (since the eigenvalues are almost surely distinct), we see that for any

M ¢ IRT, Qg a.s.,

//l,;,gyfxyd,u(d //x;,gyfxyAMd,u()d (2)

//ﬂ@mAMM(@@(@_%

Therefore, for any Borel subset A € P(IR), any M € IRT,

N

_ 1 1

Qg (_ E 8y, € A) < e meGA{ff oy )AMdu(w )du(y)}-I—NM7
N & NG

(3.1.2)



19

resulting with

N
lim sup %bg (Qg(%;&i € A)) < —ggrelg{/f(%y) A Mdp(z)dp(y) ;-
We now show that if A is closed, M can be taken equal to infinity in the above right hand
side.

We first observe that Ig(p) = %ff(x,y)d,u( )du(y) — 33 is a good rate function.
Indeed, since f is the supremum of bounded continuous functions7 Ig is lower semi-
continuous, i.e its level sets are closed. Moreover, because f blows up when z or y go
to infinity, its level sets are compact. Indeed, if m = —inf f,

il (Fm) a4 A < [(F 4+ m) e p)du@)dnly

l’vye[_AvA]c
2 3
= —I —
Gl + 5+ m

resulting with
{Is <M} C Kom

where Ky is the set

267 'M +m 4 g }

Ky = Naso {u € P(IR); ([~ A, A]) < \/infx vel-aa1(f +m)(@,y)

Ky is compact since inf,, (4 4)c(f +m)(z,y) goes to infinity with A. Hence, {Iz < M}
is compact, i.e Ig is a good rate function.
Moreover, (3.1.2) and the above observations show also that

1 Y By
h]gljgop h]{rnj;lopQﬁ Z(SM € Kjy)
insuring, with the uniform boundedness of N~%log Zév, the exponential tightness of Qg
Hence, me may assume that A is compact, and actually a ball surrounding any given
probability measure with arbitrarily small radius (see Chapter 2). Let B(u,d) be a ball
centered at p € P(IR) with radius § for a distance compatible with the weak topology,

Since p = [ [ f(z,y) A Mdp(z)dp(y) is continuous for any p € P(IR), (3.1.2) shows
that for any probability measure p € P(IR)

lim suplim sup logQ Oy, € B(u, 0
st o Z

//fxyAMw<mw> (3.1.3)

We can finally let M going to infinity and use the monotone convergence theorem which
agserts that

fin_ [ 7(e.) A Mdp(e)duty) = [ o dute)duty)

M—oo
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to conclude that

N
i sup fim sup 10 QY (Y6, € Bed) < = [ [ S, w)duta)dn(y
=1

§—0 N—oo

finishing the proof of the upper bound.

To prove the lower bound, we can also proceed quite roughly by constraining the
eigenvalues to belong to very small sets. This will not affect the lower bound again
because of the fast speed N2 > Nlog N of the large deviation principle we are proving.
Again, the difficulty lies in the singularity of the logarithm. The proof goes as follows; let
v € P(IR). Since Ig(v) = 400 if v has an atom, we can assume without loss of generality
that it does not when proving the lower bound. We construct a discrete approximation to
v by setting

1

1,N :

1 — f — > —

T 1n {$|V(] OO7$])—N_|_1}

| | 1

LN inf{$>$’N| y(]x“N,x]) > N—-|-1} 1< <N -—1.

and vV = % S N | 8,.x (note here that the choice of the length (N + 1)~1 of the intervals
rather than N~! is only done to insure that ¥V is finite). Then, vV converges toward

v as N goes to infinity. Thus, for any 6 > 0, for N large enough, if we set Ay := {A\; <

_ . 5
N (~N NN N e 2
Qp (4" € B(v,0)) > Z5 Q5 ({lrsrl%)](VMZ < 2} NAN)) (3.1.4)
N N
:/ [T 1 = i o x = ng P exp{= o 30 + 2% [
{Nil<ginay i< i=1 i=1

But, when A; < Ay--- < Ay and since we have constructed the 2V’s such that 2V <
22N < oo < 2NN we have, for any integer numbers (¢,7), the lower bound
N — 2N N — Ajl > max{|z/" — 25V, IA; — A}

As a consequence, (3.1.4) gives

@g (ﬂN € B(I/, 5)) > H |$i,N B $j7N|ﬁ

i+1<j
N-1 , N
i+LN N E v iN 2
I =) exp(= 3 320 407
1=

N-1

N
8
X | i+1 — /\i|2 d/\i 3.1.5
/_%NMN . I1 (3.1.5)

=1
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Moreover, one can easily bound from below the last term in the right hand side of (3.1.5)

and find

N-1 N 1 (N=-1) S (B/241)(N-1)+1
=\ > — 1.
[ | IR v (&) (310

NAN =1 =1

Wl

Hence, (3.1.5) implies :

N

~N [ [ 7 g N 7
Qs (0N e Bw,8)) = [ eV =N H |zt N3 exp{_EZ(x N2y
+1<g =1
1 (N=1) /5 \ (B/241)(N-1)+1
() ()
N .
X exp{=N& Y |a"N] - N25%}. (3.1.7)
=1
Moreover
N ﬁ N-1 ' '
Z Z log |$2,N $]’N| 72 Z log |$z—|—1,N B $Z’N
N—I_l =1 —I_ ) +1<g (N—I_l) =1
1
< 5/ 2dv(x ﬁ/ log(y — z)dv(z)dv(y) (3.1.8)
1 N<l’<y<xNN
Indeed, since # — log(x) increases on IRT, we notice that
/ log(y — z)dv(z)dv(y) (3.1.9)
1 N<l’<y<l’N7N
< Y log@ N — et )P ((a,y) € [0, @ TN [N 2N e < )
1<i<j<N—1
1 1 N-1
— 7,N +1,N +1,N 7,N
= mzloglw —a! |+mzloglw — 2"
1<J =1

The same arguments holds for [ z%dv(z) and Zf\;l(xi’N)z. We can conclude that
. 1 —N /. N
I%J&fmlogQﬁ (A" € B(v,8))
> —5/ |z|dv(x) — 6% + lim inf{ﬁ/ log(y — z)dv(z)dv(y)
N—oo ol N <pcy<aD N

1/ 2 (2)). (3.1.10)

:—5/|x|dv )— 6% — ﬁ//fxydv )dv(y).
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Letting § going to zero gives the result.

Note here that we have used a lot monotonicity arguments to show that our approxi-
mation scheme converges toward the right limit. Such arguments can not be used in the
setup considered by G. Ben Arous and O. Zeitouni [11] when the eigenvalues are complex;
this is why they need to perform first a regularization by convolution.

3.2 Discussion and open problems

There are many ways in which one would like to generalize the previous large deviations
estimates; the first would be to remove the assumption that the entries are Gaussian. It
happens that such a generalization is still an open problem. In fact, when the entries of
the matrix are not Gaussian anymore, the law of the eigenvalues is not independent of
that of the eigenvectors and becomes rather complicated. With O. Zeitouni [64], | proved
however that concentration of measures result hold. In fact, set

. 1
Xalw) = ((XA(W))Z'J')1§Z'7]‘SN7 Xa(w) =X4(w), (Xa(w))ij= \/—NAijwij
with
wi= (Wt iw") = (Wij)i<ijon = W+ V=10l 1<ijan, wij = @i,
{wi;,1 <4 < j < N} independent complex random variables with laws {P;;,1 < ¢ < j <
N}, P;; being a probability measure on C with

Pii(wi; € - /Hu-l—we du)PI(dv)
and A is a self-adjoint non-random complex matrix with entries {A4;;,1 <7 < j < N}
uniformly bounded by, say, ¢. Our main result is

Theorem 3.2. a)Assume that the (P;;,1 < j, 1, j € N) are uniformly compactly supported,
that is that there exists a compact set K C C so that for any 1 <i:< j < N, P;;(K°) =0.
Assume f is convex and Lipschitz. Then, for any 6 > 6o(N) := malflc/N >0,

N2(6§-60(N))?

N (lir( £ (X)) — BV [ /(K a))]| 2 §) < de TRPATE

b) If the (Pff, Pé, 1 <1< j < N) satisfy the logarithmic Sobolev inequality with uniform

constant ¢, then for any Lipschitz function f, for any é > 0,

N2§?

N (I £ (X ale0))) — EV[tr(F(Ka))]| 2 8) < 26 7

This result is a direct consequence of standard results about concentration of measure
due to Talagrand and Herbst and the observation thatif f : IR — IR is a Lipschitz function,
then w — tr(f(X 4(w))) is also Lipschitz and its Lipschitz constant can be evaluated, and
that if f is convex, w — tr(f(X4(w))) is also convex.

Note here that the matrix A can be taken equal to {A;; = 1,1 < 4,5 < N} to recover
results for Wigner’s matrices. However, the generalization is here costless and allows to
include at the same time more general type of matrices such as band matrices or Wishart
matrices. See a discussion in [64].
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Eventhough this estimate is on the right large deviation scale, it does not precise the
rate of deviation toward a given spectral distribution. This problem seems to be very
difficult in general. The deviations of a empirical moments of matrices with eventually
non-centered entries of order N~! are studied in [39] ; in this case, deviations are typically
produced by the shift of all the entries and the scaling allows to see the random matrix as
a continuous operator. This should not be the case for Wigner matrices.

Another possible generalization is to consider another common model of Gaussian
large random matrices, namely Wishart matrices. Sample covariance matrices (or Wishart
matrices) are matrices of the form

YN,M = XN,MTMXXQM .

Here, X asis an N XM matrix with centered real or complex i.i.d. entries of covariance
N~ and Ty is an M x M Hermitian (or symmetric) matrix. These matrices are often
considered in the limit where M/N goes to a constant & > 0. Let us assume that M < N,
and hence o € [0, 1], to fix the notations. Then, Yy ar has N — M null eigenvalues. Let
(A1,-++,Aa) be the M non trivial remaining eigenvalues and denote g™ = M~! Zf\il Oy,
In the case where Ths = I and the entries of X ar are Gaussian, Hiai and Petz [71] proved
that the law of 4™ satisfies a large deviation principle. In this case, the joint law of the
eigenvalues is given by

N
1 S(N-M+1)-1 _N\
dgﬂ(/\lv"'v/\M) = Zﬁ H|/\i_/\j|ﬁH/\i2( ) € 2/\11/\i20d/\i

Tor i< i=1

so that the analysis performed in the previous section can be generalized to this model.
In the case where Ths is a positive definite matrix, we have the formula

Aol (A1, A)

1 _N —1ppx B(N-M+1)-1
= ﬁnm - Aj|ﬁ/e > Lr(UT'U PO dmf (U) T 1riz0? d);
M <]

with D(A) the M x M diagonal matrix with entries (Aq, -+, Ap). m]’i, is the Haar measure
on the group of orthogonal matrices O(N) if 3 =1 (resp. U(N) if g = 2, resp. S(N) if
g =4). Z]ﬁ\,(TM) is the normalizing constant such that U]@ has mass one. This formula
can be found in [72, (58) and (95)]. Hence, if we let

19Dy, Ey) = /exp{NgTr(UDNU*EN)}dmfv(U)

be the spherical integral, we see that the study of the deviations of the spectral measure
M = ﬁ Zf\il 0y, when the spectral measure of Ths converges, is equivalent to the study

of the asymptotics of the spherical integral I](\,ﬁ)(DN7 Fn) when the spectral measures of
Dy and FEn converge.
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The spherical integral also appears when one considers Gaussian Wigner matrices with
non centered entries. Indeed, if we let

YN8 — MmN T X N6

with a self adjoint deterministic matrix M" (which can be taken diagonal without loss
of generality) and a Gaussian Wigner matrix XV# as considered in the previous section,
then the law of the eigenvalues of YN'2 is given by

N
dQm (M, -+, Av) = ﬁ [T 1A — A0 = =3 222 O (D), MM T dAs.
i< i=1
(3.2.11)
We shall in the next section study the asymptotics of the spherical integral by studying
the deviations of the spectral measure of YN+, This in turn provides the large deviation
principle for the law of ™ under U]@ by Laplace’s method (see [65], Theorem 1.2).

Let us finish this section by mentioning two other natural generalizations in the context
of large random matrices. The first consists in allowing the covariances of the entries
of the matrix to depend on their position. More precisely, one considers the matrix
ZN:6 = (Zg’ﬁ)1§i7j§]\r with (Zg’ﬁ = Zﬁ’ﬁ, 1 <i < j < N) centered independent Gaussian
variables with covariance N_lcg’ﬁ. cg’ﬁ is in general chosen to be cg’ﬁ = qﬁ(ﬁ, %) When
olz,y) = Ligty|<es the matrix is called a band matrix, but the case where ¢ is smooth
can as well be studied as a natural generalization. The large deviation properties of
the spectral measure of such a matrix was studied in [60] but only a large deviation
upper bound could be obtained so far. Indeed, the non-commutativity of the matrices
here plays a much more dramatic role, as we shall discuss later. In fact, it can be seen
by the so-called linear trick (see [69] for instance) that studying the deviations of the
words of several matrices can be related with the deviations of the spectral measure of
matrices with complicated covariances and hence this last problem is intimately related
with the study of the so-called microstates entropy discussed in Chapter 7. The second
generalization is to consider a matrix where all the entries are independent, and therefore
with a priori complex spectrum. Such a generalization was considered by G. Ben Arous
and O. Zeitouni [11] in the case of the so-called Ginibre ensemble where the entries are
identically distributed standard Gaussian variables, and a large deviation principle for the
law of the spectral measure was derived. Let us further note that the method developed
in the last section can as well be used if one considers random partitions following the
Plancherel measure. In the unitary case, this law can be interpreted as a discretization of
the GUE (see S.Kerov [85] or K. Johansson [74]) because the dimension of a representation
is given in terms of a Coulomb gas potential. Using this similarity, one can prove large
deviations principle for the empirical distribution of these random partitions (see [62]);
the rate function is quite similar to that of the GUE except that, because of the discrete
nature of the partitions, deviations can only occur toward probability measures which are
absolutely continuous with respect to Lebesgue measure and with density bounded by one.
More general large deviations techniques have been developed to study random partitions
for instance in [40] for uniform distribution.

Let us finally mention that large deviations can as well be obtained for the law of the
largest eigenvalue of the Gaussian ensembles (c.f e.g. [9], Theorem 6.2)



Chapter 4

Asymptotics of spherical integrals

In this chapter, we shall consider the spherical integral
](ﬁ)(D En) = ﬁ * B
~N (Dn,EN) = exp{NQTr(UDNU En)}dm/y(U)

where m]’i, denotes the Haar measure on the orthogonal (resp. unitary, resp. symplectic)
group when 3 =1 (resp. § = 2, resp. § = 4). This object is actually central in many
matters; as we have seen, it describes the law of Gaussian Wishart matrices and non
centered Gaussian Wigner matrices. It also appears in many matrix models described in
physics; we shall describe this point in the next chapter. It is related with the characters of
the symmetric group and Schur functions (c.f [107]) because of the determinantal formula
below. We shall discuss this point in the next paragraph.

A formula for I](\?) was obtained by Itzykson and Zuber (and more generally by Harish-
Chandra) , see [93, Appendix 5]; whenever the eigenvalues of Dy and En are distinct
then , .

]](\?)(DN7 EN) — det {Z(p NDN(Z)EN(])} 7
(Dn)A(EN)
where A(Dn) = [L;(Dn(j) — Dn(i)) and A(En) = [L;(En(j) — En(i)) are the
VanderMonde determinants associated with Dy, Fn. Although this formula seems to
solve the problem, it is far from doing so, due to the possible cancellations appearing in
the determinant so that it is indeed completely unclear how to estimate the logarithmic
asymptotics of such a quantity.

To evaluate this integral, we noticed with O. Zeitouni [65] that it was enough to derive
a large deviation principle for the law of the spectral measure of non centered Wigner
matrices. We shall detail this point in section 4.1. To prove a large deviation principle
for such a law, we improved a strategy initiated with T. Cabanal Duvillard in [29, 30]
which consists in considering the matrix YN = DN 4 XN:B a5 the value at time one of

a matrix-valued process
YNA(t) = DY + BN P (1)

where HN:2 (resp. HV1, resp. HNA) is a Hermitian (resp. symmetric, resp. symplec-
tic) Brownian motion, that is a Wigner matrix with Brownian motion entries. More
explicitly, HN:? is a process with values in the set of N x N self-adjoint matrices with

25



26

entries {Hi]\;’ﬁ(t),t >0,: < ]} constructed via independent real valued Brownian motions
(BF;,1<i<j<N,1<k<4)by

4.0.1
il LBy, if k=1 (4.0.1)

_1_ NN i .
e — { \/é_NZi:1 Bweﬁ’ if k<l
VB

where (eg7 1 <k < f3) is the basis of R described in the previous chapter. The advantage

to consider the whole process Y7 is that we can then use stochastic differential calculus
and standard techniques to study deviations of processes by martingales properties as
initiated by Kipnis, Olla and Varadhan [88]. The idea to study properties of Gaussian
variables by using their characterization as time marginals of Brownian motions is not
new. At the level of deviations, it is very natural since we shall construct infinitesimally
the paths to follow to create a given deviation. Actually, it seems to be the right way to
consider I](\?) when one realizes that it has a determinantal form according to (1.0.1) and
so is by nature related with non-intersecting paths. There is still no more direct study
of these asymptotics of the spherical integrals; eventhough B. Collins [34] tried to do it
by expanding the exponential into moments and using cumulants calculus, obtaining such
asymptotics would still require to be able to control the convergence of infinite signed
series. In the physics literature, A. Matytsin [91] derived the same asymptotics for the
spherical integrals than these we shall describe. His methods are quite different and
only apply a priori in the unitary case. I think they might be written rigorously if one
could a priori prove sufficiently strong convergence of the spherical integral as N goes to
infinity. As a matter of fact, I do not think there is any other formula for the limiting
spherical integral in the physics literature, but mostly saddle point studies of this a priori
converging quantity. I do however mention recent works of B. Eynard and als. [50] and M.
Bertola [14] who produced a formula of the free energy for the model of matrices coupled
in chain by means of residues technology. However, this corresponds to the case where
the matrices Fn, Dy of the spherical integral have a random spectrum submitted to a
smooth polynomial potential and it is not clear how to apply such technology to the hard
constraint case where the spectral measures of Dy, Fy converge to a prescribed limit.

4.1 Asymptotics of spherical integrals and deviations of the
spectral measure of non centered Gaussian Wigner ma-
trices

Let YV = DV 4+ XV:f with a deterministic diagonal matrix DV and XN# a Gaussian
Wigner matrix. We now show how the deviations of the spectral measure of YN'7 are
related to the asymptotics of the spherical integrals. To this end, we shall make the
following hypothesis

Hypothesis 4.1. 1. There exists d,,,, € RT such that for any integer number N,
ﬂgN({|x| > dpayr}) = 0 and that ﬂgN converges weakly toward pup € P(IR).

2, ﬂgN converges toward pg € P(IR) while ﬂgN(xQ) stays uniformly bounded.
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Theorem 4.2. Under hypothesis 4.1,
1) There exists a function g : [0,1] x RT — R™*, depending on pp only, such that
g(8, L) =50 0 for any L € R*, and, for En, Ey such that
A ) + A, ) < 872, (1.12)

and
(4.1.3)

[ i, o)+ / il () < L,

it holds that
<g(6L).

log

lim sup
N—o0

N2

We define
i 1
ID(up, pe) = limsup = log 1 (D, Ex), 1D (up, p) = lig inf < log 17Dy, Ey)

By the preceding, I\%) (D, pE) and 10 (D, pE) are continuous functions on {(pug, up) €
P(R)? : [a*dup(z) + [a*dup(x) < L} for any L < .
2) For any probability measure i € P(IR),

= 1nf lim sup N—loglP(d(ﬂghu) < 68) = —Jg(up, p).

inf hm inf —loglP(d(ﬂghu) <6)= i
=0 Nooo

§—0 N—oo

3) We let, for any u € P(IR),
W= [t -5 [logle — yldute)duty).

If ﬂgN converges toward pp € P(IR) with Ig(pE) < oo, we have

= T up, pg) =19 (up, ur)

inf  Ig(p) + §/$2d,up($).

o —J , _|_I _
51D, pE) + 15(1E) el

Before going any further, let us point out that these results give interesting asymptotics

for Schur functions which are defined as follows.
e a Young shape A is a finite sequence of non-negative integers (A1, Ag, , A7) written
in non-increasing order. One should think of it as a diagram whose 7th line is made

of A; empty boxes: for example,
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corresponds to Ay =4, A, =4, A3 =3, A4 = 2.

We denote by |A] =Y. A; the total number of boxes of the shape A.

In the sequel, when we have a shape A = (A1, Az, ...) and an integer N greater than
the number of lines of A having a strictly positive length, we will define a sequence [
associated to A and N, which is an N-tuple of integers [; = A; + N —¢. In particular
we have that [y > [y > ...> Iy >0and l; — ;11 > 1.

for some fixed N € IN, a Young tableau will be any filling of the Young shape
above with integers from 1 to N which is non-decreasing on each line and (strictly)
increasing on each column. For each such filling, we define the content of a Young

tableau as the N-tuple (p1,...,un) where p; is the number of ¢’s written in the
tableau.
1]1]2]
For example, 2 is allowed (and has content (2,2, 2)),
3
1]1]2]
whereas 113 is not.
3

Notice that, for N € IN, a Young shape can be filled with integers from 1 to N if
and only if \; =0 fori > N.

for a Young shape A and an integer N, the Schur polynomial sy is an element of

Clzy,...,2y] defined by

SA(xl,...,wN):Zx‘fl...wﬁ‘VN, (4.1.4)
T
where the sum is taken over all Young tableaux 7' of fixed shape A and (p1, ..., un)

is the content of 7. On a statistical point of view, one can think of the filling
as the heights of a surface sitting on the tableau A, p; being the surface of the
height 7. s, is then a generating function for these heights when one considers the
surfaces uniformly distributed under the constraints prescribed for the filling. Note
that sy is positive whenever the z;’s are and, although it is not obvious from this
definition (cf for example [107] for a proof), sy is a symmetric function of the z;’s
and actually (sy, A) form a basis of symmetric functions and hence play a key role
in representation theory of the symmetric group. If A is a matrix in My (C), then
define sy(A) = s\(A41,...,An), where the A;’s are the eigenvalues of A. Then, by
Weyl formula (c.f Theorem 7.5.B of [130]), for any matrices V, W,

/ A (UVUIW ) dmn (1) = ;_ASA(V)SA(WL (4.1.5)

sy can also be seen as a generating function for the number of surfaces constructed
on the Young shape with prescribed level areas.
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Then, because sy also has a determinantal formula, we can see (c.f [107] and [62])

sy(M) = 1 (log M, %) A (%) %, (4.1.6)

where % denotes the diagonal matrix with entries N=1(\;—i+N) and A the Vandermonde
determinant. Therefore, we have the following immediate corollary to Theorem 4.2 :

Corollary 4.3. Let AV be a sequence of Young shapes and set Dy = (N_l(/\fv — 1+
N))i<i<n. We pick a sequence of Hermitian matriz En and assume that (Dy, Ex)nven
satisfy hypothesis 4.1 and that X(up) > —oo. Then,

1
i 77 10 sy (5) = 1ugep)— [ logl [ e+ 0=V daldus(a)dps (5)+ 50,
N—oo N2 2 0 2
Proof of Theorem 4.2 :

To simplify, let us assume that En and En are uniformly bounded by a constant
M. Let ¢’ > 0 and {A,};cs be a partition of [—M, M] such that |A4;| € [§',2¢] and the
endpoints of A; are continuity points of pg. Denote

fj:{i:EN(ii) EA]‘}, jj:{i:EN(ii) EA]‘}.

By (4.1.2), ) 7
lne(A;) = |/N+ [pe(A;) = [L|/N] < 6.

We construct a permutation on so that |E(m) — E(UN( ) N())| < 20 except possibly

for very few s as follows. First, if |I;| < |I;] then I; := I;, whether if |I;| > |I| then

|I | = |1;] while I C I;. Then, choose and fix a permutatlon on such that UN(I) c ;.
Then, one can Check that if Jo={i:|F(ii) — E(on(i),on(i))| < 26},

|Jol = [Uj on(; I—ZIUN )= N - Z|I]\I|
_ '
2 N - max(|f] - 1L)IT| > N —2N—

Next, note the invariance of I](\,ﬁ)(DN7 FEn) to permutations of the matrix elements of Dy.
That is,

1Dy, Ey) = /exp{NgTr(UDNU*EN)}dmfv(U)

_ / exp{Ng S u, D (k) En (i) S (1)

ik

= [ eV 3 b Dy (D) E(on (Do (i) iy (0)

i,k
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But, with dyax = maxy |[Dy(kk)| bounded uniformly in N,

NS D (k) Ex (o (o (i)
1,k

= N7 uh Dn(kk)Ex(on(ion (i) + N7V Y " uf Dy (kk) Ex(on(i)on (i)

€Jdo k B
< NTUY uf Dy (kR (En(id) 4 28) + N7 dinax M |5

i,k
< N 1 Zu?kDN(kk)EN(N) + dmaXT

i,k

Hence, we obtain, taking dmaXMé—rf)é =9,

1Dy, Ey) < NV 1P (D, Ey)

and the reverse inequality by symmetry. This proves the first point of the theorem when
(En, Ex) are uniformly bounded. The general case (which is not much more complicated)
is proved in [65] and follows from first approximating £ and Ex by bounded operators
using (4.1.3).

The second and the third points are proved simultaneously : in fact, writing

R
(¥ m)<
—MTI’ D% N
_ e 5 / I}f)(D(A),DN)e—¥EfLA?A(A)ﬁHdAi
ZN d(+ PR O, 1) <8 i=1

with Zﬁ, the normalizing constant
Zjﬁv — /e—%TF((YN”B—DN)Z))dYNﬁ — /e—%Tl’((YN”BV)alYNﬁ7
we see that the first point gives, since I](Vﬁ)(D(/\),DN) is approximately constant on
{d(N=' 32 0n, 1) < 8y {d(ip . up) < 8},
NI (up )= § A (22))

N
€ N/B
PG ) < 5) ~ / ST AN [
Z5 AT 68 11

N2B N

— e_TMDN(x2)+N2I(’6)(MD7M)HD(d(ﬂ%7Iu) < 5)

where Ay s =~ By s means that N=2%log AN75B;,715 goes to zero as N goes to infinity first
and then ¢ goes to zero.

An equivalent way to obtain this relation is to use (1.0.1) together with the continuity
of spherical integrals in order to replace the fixed values at time one of the Brownian
motion By =Y by an average over a small ball {B; : d(ﬂgl,,u) < é}.
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The large deviation principle proved in the third chapter of these notes shows 2) and
3).
O
Note for 3) that if Ig(pr) = 400, J(pp, ftr) = +00 so that in this case the result is
empty since it leads to an indetermination. Still, if Ig(up) < oo, by symmetry of 1) we
obtain a formula by exchanging pp and pg. If both Ig(pp) and Ig(pg) are infinite, we
can only argue that, by continuity of I®) | that for any sequence (1% )e>0 of probability
measures with uniformly bounded variance and finite entropy I3 converging toward upg,

I (up, ) = lim {=J5(up, uip) + Ip(uip)} - inf I + § / 22 dpp ().

A more explicit formula is not yet available.

Note here that the convergence of the spherical integral is in fact not obvious and here
given by the fact that we have convergence of the probability of deviation toward a given
probability measure for the law of the spectral measure of non-centered Wigner matrices.

4.2  Large deviation principle for the law of the spectral
measure of non-centered Wigner matrices

The goal of this section is to prove the following theorem.

Theorem 4.4. Assume that Dy is uniformly bounded with spectral measure converging
toward pp. Then the law of the spectral measure ﬂg of the Wigner matriz YN-P =
Dy + XN satisfies a large deviation principle with good rate function Js(pp,.) in the
scale N2,

By Bryc’s theorem (2.0.2), it is clear that the above large deviation principle statement
is equivalent to the fact that for any bounded continuous function f on P(IR),

. 1 N2f AN
A(f) = Jim — log/e (i) gp
exists and is given by —inf{Jg(up,r) — f(v)}. It is not clear how one could a priori study
such limits, except for very trivial functions f. However, if we consider the matrix valued
process YV (t) = DV + HV(¢) with Brownian motion H™# described in (4.0.1) and its
spectral measure process

N

R . 1

it =iy s =~ DL ) € PUR),
=1

we may construct martingales by use of 1td’s calculus. Continuous martingales lead to
exponential martingales, which have constant expectation, and therefore allows one to
compute the exponential moments of a whole family of functionals of 2. This idea will
give easily a large deviation upper bound for the law of (i, ¢ € [0,1]), and therefore for
the law of ﬂg, which is the law of i)¥. The difficult point here is to check that it is enough
to compute the exponential moments of this family of functionals in order to obtain the
large deviation lower bound.
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Let us now state more precisely our result. We shall consider {2V (¢),t € [0,1]} as an
element of the set C([0, 1], P(R)) of continuous processes with values in P(/R). The rate
function for these deviations shall be given as follows. For any f, g € Cbz’l(R x [0,1]), any
s <t €[0,1], and any v, € C([0, 1], P(IR)), we let

S5t (v, f) /f t)dv(z /fycsdl/s
_/ /8uf(x,u)dz/u(x)du

__/ //8 oS @) = e J W) ) Ndv()du, (4.2.7)

r =Y

< fg>3t = /t/8$f(x7u)8xg($,u)dl/u(x)du, (4.2.8)

and
S f) = 84w ) = 5 < L (129)

Set, for any probability measure p € P(IR),

] oo, if vy # 1,
Sulv) i= SPHp) 1= SUP pee2 0,17y SWPos <<t S (1 f) otherwise.
b ' ===

Then, the main theorem of this section is the following

Theorem 4.5. 1)For any p € P(IR), S, is a good rate function on C([0,1], P(IR)), i.e.
{v € C([0,1), P(IR)); S.(v) < M} is compact for any M € IR*.
2)Assume that
there exists € > 0 such that sup ﬂgN(|x|5+E) < 00, ﬂgN converges toward pp,
N
(4.2.10)

then the law of (i) ,t € [0,1]) satisfies a large deviation principle in the scale N? with
good rate function S, .

Remark 4.6: In [65], the large deviation principle was only obtained for marginals; it
was proved at the level of processes in [66].

Note that the application (u,t € [0,1]) — py is continuous from C([0, 1], P(IR)) into
P(IR), so that Theorem 4.5 and the contraction principle Theorem 2.5, imply that

Theorem 4.7. Under assumption 4.2.10, Theorem 4.4 is true with

T, ) = Dinf {8, ()51 = 1.
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The main point to prove Theorem 4.5 is to observe that the evolution of 7 is described,
thanks to 1t6’s calculus, by an autonomous differential equation. This is easily seen from
the fact observed by Dyson [45] (see also [93], Thm 8.2.1) that the eigenvalues (A%, 1 <7 <
N,0<t <1)of (YNF(2),0 <t < 1) are described as the strong solution of the interacting
particle system

A\ = deZ NZ

— -t (4.2.11)
AN JF

/\—/\]

with diag(A}, -+, AY) = DV and 8 = 1,2 or 4. This is the starting point to use
Kipnis-Olla-Varadhan’s papers ideas [88, 87]. These papers concerns the case where the
diffusive term is not vanishing (8N is of order one). The large deviations for the law
of the empirical measure of the particles following (4.2.11) in such a scaling have been
recently studied by Fontbona [52] in the context of Mc Kean-Vlasov diffusion with singular
interaction. We shall first recall for the reader these techniques when one considers the
empirical measures of independent Brownian motions as presented in [87]. We will then
describe the necessary changes to adapt this strategy to our setting.

4.2.1 Large deviations from the hydrodynamical limit for a system of
independent Brownian particles

Note that the deviations of the law of the empirical measure of independent Brownian
motions on path space

are well known by Sanov’s theorem which yields (c.f [41], Section 6.2)

Theorem 4.8. Let W be the Wiener law. Then, the law (Lx)xW®N of Ly under WEN
satisfies a large deviation principle in the scale N with rate function given, for p €
P(C([0,1],R)), by I(p|WV) which is infinite if p is not absolutely continuous with respect
to Lebesgue measure and otherwise given by

dp . d
I(,u|W):/log Ty los dy“vdw

Thus, if we consider

= s el

since Ly — (4Y,t € [0,1]) is continuous from P(C([0,1],R)) into C([0, 1], P(R)), the
contraction principle shows immediately that the law of (,ut ,t €10, 1]) under W®N satisfies
a large deviation principle with rate function given, for p € C([0, 1], P(R)), b

S(p) =nf{I(uV)  (z)gp=p VL €[0,1]}.
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Here, (2¢)pp denotes the law of 2y under p. It was shown by Foéllmer [51] that in fact

S(p) is infinite unless there exists k € L?(p,(dz)dt) such that

inf / /8 flx,t) = k(z,t)*p(da)dt = 0,

fecHi(Rx[0,1]
and for all f € CZ1(R x [0, 1]),
1
8tpt(ft) = pt(atft) + 51’7&(82][7:) + pt(axftkt)'

Moreover, we then have

s0=5 [ nisar

(4.2.12)

(4.2.13)

Kipnis and Olla [87] proposed a direct approach to obtain this result based on exponential
martingales. Its advantage is to be much more robust and to adapt to many complicated
settings encountered in hydrodynamics (c.f [86]). Let us now summarize it. It follows the

following scheme

o Fzponential tightness and study of the rate function S Since the rate function S
is the contraction of the relative entropy I(.|W), it is clearly a good rate function.

This can be proved directly from formula (4.2.13) as we shall detail it in the context
of the eigenvalues of large random matrices. Similarly, we shall not detail here
the proof that fig NWEN g exponentially tight which reduces the proof of the large
deviation principle to the proof of a weak large deviation principle and thus to
estimate the probability of deviations into small open balls (c.f Chapter 2). We will
now concentrate on this last point.

Ité’s calculus: 1t6’s calculus (c.f [82], Theorem 3.3 p. 149) implies that for any
function F in CJN(RN x [0, 1]), any ¢ € [0,1]

t
F(B,},---,B,{V,t):F(o,---,0)+/0 O,F(BL,--- BY s)ds

N oot
|
+Z/ 9, F(BL,- - ,Bgv,s)dB;Jr— / 0y, 00, F(BL, -+ BY 5)ds.
=19 1<4,7<N
Moreover, M} = Zf\;l fg Oy, F(BL,--- BN s)dB: is a martingale with respect to

the filtration of the Brownian motion, with bracket

N
" = Z/ [al’zF(lev 7B£\778)]2d8.
i=1 /0

Taking F(al,- -+, a",t) = NTUSN, f(BLY) = [ [0, )did () = i (fi), we de-
duce that for any f € Cb2 "(R % [0,1]),

t t 1
MFO) =il () = i o) = [ A (ousds = [l Goknyds



35

is a martingale with bracket

[t
<MY >= ﬁ/ AN (0, f,)?)ds.
0

The last ingredient of stochastic calculus we want to use is that (c.f [82], Problem
2.28 p. 147) for any bounded continuous martingale m; with bracket < m >, any

A €ER,
/\2
{exp(Amt -5 <m >),t €10, 1]}

is a martingale. In particular, it has constant expectation. Thus, we deduce that for

all f ey (R x[0,1]),all t €0,1],
Elexp{N (M} (t) — % <MY =) =1 (4.2.14)

Weak large deviation upper bound

We equip C([0, 1], P(IR)) with the weak topology on P(IR) and the uniform topology
on the time variable. It is then a Polish space. A distance compatible with such a
topology is for instance given, for any u, v € C([0, 1], P(IR)), by

D(p,v) = sup d(u, vy)
tefo,1]

with a distance d on P(IR) compatible with the weak topology such as
i) = sup | [ F@ydpato) = [ o)
[fle<t

where | f|z is the Lipschitz constant of f :

fle = suplf(@) + sup L=
z€R r#yER x—y

We prove here that

Lemma 4.9. For any p € C([0,1], P(R)),

lim sup lim sup %log WeN (D(ﬂN,p) <§) < =S(p).

§—0 N—oo

Proof : Let p € C([0,1], P(R)). Observe first that if py # o, since i) = &y almost
surely,

1
lim sup lim sup — log WY [ sup d(ﬂiv,pt) <6 ) = —c0.
550 Nesoo IV tefo,1]

Therefore, let us assume that pg = d. We set

B(p,0) = {p € C([0,1], P(R)) : D(p, p) < 6}
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Let us denote, for f, g € Cbz’l(R x [0,1]), p € C([0,1], P(R)), 0 < ¢ < 1,

t t
1) = ) = o) = [ @uf)s = [ p(Go2f)as

and

t
< L= [ o fo.g)s
0

Then, by (4.2.14), for any ¢ < 1,

Elexp{N(T*'(f,i™)

1
—s < LI =L

Therefore, if we denote in short T(f, u) = T*(f, p) — % < f, f >2’1,

WEN (D(aN, p) < 4)

eNT(f,i")

QN
44 (1D(ﬂN7p)S5 eNT(f,07)

)

< exp{=N inf T(f,)pVEY (1pgan pyese™ )
< exp{—NBi(nfé)T(f7 JIwen (eNT(f’[‘N)) (4.2.15)
p7
= -N inf T
exp{-N inf T(fm}

Since g — T'(f, ) is continuous when f € Cbz’l(R x [0,1]), we arrive at

1
lim sup lim sup — log W&V
N—o0

§—0

sup d(fi,p) < 6
tefo,1]

(

We now optimize over f to obtain a weak large deviation upper bound with rate

function

S(p)

sup

1
(TOJ(fvp) - 5 < f7f >271)
fecy (B x[0,1])

sup  sup(AT”'(f, p)
fecy (R x[o,1]) AER

1 T%(f,p)?
rec ®xpoa) < i f >y

A2 0,1
_7<f7f>p7)

5 (4.2.16)

From the last formula, one sees that any p such that S(p) < ooissuch that f — T (p)

is a linear map which is continuous with respect to the norm || f|[5" = (< f, f >2’1)%.
Hence, Riesz’s theorem asserts that there exists a function & verifying (4.2.12,4.2.13).

e Large deviation lower bound The derivation of the large deviation upper bound was
thus fairly easy. The lower bound is a bit more sophisticated and relies on the proof

of the following points
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(a) The solutions to the heat equations with a smooth drift are unique.
(b) The set described by these solutions is dense in C([0, 1], P(IR)).

(c) The entropy behaves continuously with respect to the approximations by elements
of this dense set.

We now describe more precisely these ideas. In the previous section (see (4.2.15)),
we have merely obtained the large deviation upper bound from the observation that

for all v € C([0,1],P(IR)), all § > 0 and any f € Cbz’l([O7 1], R),

Bl () 5P (N(TO N - < rs >01>)]

< Blewp (NN, 1) - 5 < 1755 )1 =1,

To make sure that this upper bound is sharp7 we need to check that for any v €
C([0,1], P(IR)) and § > 0, this inequality is almost an equality for some k, i.e there
exists k € CbQ’l([O7 1], R),

E[Lp e exp (N (0NN K) = 4 < kb >00)]
liminf — log >0
N=oo Blexp (N (TN, k) — < ke >0%) )]

In other words that we can find a k such that the probability that i belongs to a
small neighborhood of v under the shifted probability measure

e (N1 k) = & < ke >00))

Blexp (N (791N, k) — & <k, >00) )]

is not too small. In fact, we shall prove that for good processes v, we can find k such
that this probability goes to one by the following argument.

Take k € C;’l(R % [0,1]). Under the shifted probability measure PV* it is not hard
to see that 4" is exponentially tight (indeed, for k € Cf’l(R x [0,1]), the density of
PNk with respect to P is uniformly bounded by e“®N with a finite constant C(k)
so that PV*o (V) ~! is exponentially tight since Po (2¥)~! is). As a consequence,

iV is almost surely tight. We let u. be a limit point. Now, by I[t&’s calculus, for any
feC R x[0,1]),any 0 <t <1,

10 1 = [ [ sk s i)
with a martingale (M (f), € [0, 1]) with bracket (N=2 [ (9, f(x))2dal (x)ds,t €

[0,1]). Since the bracket of M} (f) goes to zero, the martingale (MY (f),t € [0, 1])
goes to zero uniformly almost surely. Hence, any limit point g, must satisfy

T, f) _/ /8 Ju(2)0ukoy (2)dp, (z)du (4.2.17)
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for any f € Cbz’l(R x [0,1]).

When (u, k) satisfies (4.2.17) for all f € C;’l(R x [0,1]), we say that k is the field
associated with p.

Therefore, if we can prove that there exists a unique solution v to (4.2.17), we see
that 2V converges almost surely under PV+* to this solution. This proves the lower
bound at any measure-valued path v which is the unique solution of (4.2.17), namely
for any k € C;’l(R x [0, 1]) such that there exists a unique solution vy to (4.2.17),

1
.. .. L QN ~N
hgn_}l(r)lf 1}\1;r1_>1(£10f N log W (tzl[loli]d(ut V) < 5)

SUP¢e[0,1] d(id ) <8 €

T . 1 Nk
= liminf lim inf N log P (1

§—40 N—ooo

v

. . 1 N.k
=T(k,vi) + hgn_}l(r)lf l%n_}ilof N log P<* (1supte[o,1] d(ﬂivvl’k)<5)
—S(v). (4.2.18)

v

where we used in the second line the continuity of p — T'(i, k) due to our assumption
that k € C''(R x [0,1]) and the fact that PNF (1supte[o,1] (i )<
the third line. Hence, the question boils down to uniqueness of the weak solutions
of the heat equation with a drift. This problem is not too difficult to solve here and
one can see that for instance for fields & which are analytic within a neighborhood
of the real line, there is at most one solution to this equation. To generalize (4.2.18)
to any v € {S < oo}, it is not hard to see that it is enough to find, for any such v,
a sequence vy, for which (4.2.18) holds and such that

goes to one in

lim v, =v, lim S(w,) = S(v). (4.2.19)

n—0oo n—0oo

Now, observe that S is a convex function so that for any probability measure p,,

Spepd < [ (= 2)gmnldn) = S(p) (4.2.20)

where in the last inequality we neglected the condition at the initial time to say that
S((-—a)gp) = S(p) for all z. Hence, since S is also lower semicontinuous, one sees
that S(p*p.) will converge toward S(p) for any g with finite entropy S. Performing
also a regularization with respect to time and taking care of the initial conditions
allows to construct a sequence v, with analytic fields satisfying (4.2.19). This point
is quite technical but still manageable in this context. Since it will be done quite
explicitly in the case we are interested in, we shall not detail it here.

4.2.2 Large deviations for the law of the spectral measure of a non-
centered large dimensional matrix-valued Brownian motion

To prove a large deviation principle for the law of the spectral measure of Hermitian
Brownian motions, the first natural idea would be, following (4.2.11), to prove a large
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deviation principle for the law of the spectral measure of LN ¢t — N1 ZZ 1 \/— Bi(r)’

to use Girsanov theorem to show that the law we are considering is absolutely continuous
with respect to the law of the independent Brownian motions with a density which only
depend on LY and conclude by Laplace’s method (c.f Chapter 2). However, this approach
presents difficulties due to the singularity of the interacting potential, and thus of the
density. Here, the techniques developed in [87] will however be very efficient because they
only rely on smooth functions of the empirical measure since the empirical measure are
taken as distributions so that the interacting potential is smoothed by the test functions
(Note however that this strategy would not have worked with more singular potentials).
According to (4.2.11), we can in fact follow the very same approach. We here mainly
develop the points which are different.

It6’s calculus

With the notations of (4.2.7) and (4.2.8), we have

Theorem 4.10 ([29, Lemma 1. 1]) 1)When g =2, for any N € N, any f € Cbz’l(R X
[0,1]) and any s € [0,1), (S*'(4", f),s <t < 1) is a bounded martingale with quadratic
variation

S, 0~ 1 5t
< 8 (N f)>t_ﬁ<f’f>ﬂ'

2)When 8 =1 or 4, for any N € N, any f € Cbz’l(R x [0,1]) and any s € [0, 1),
(Ss’t(ﬂN, H+ (_2]1\;5 f;f@gf(y, s)dpl (v)ds, s < t < 1) is a bounded martingale with
quadratic variation

2
Sy (AN _ s,t
<S5 (:u 7f)>t_W<f7f>ﬂN'
Proof : It is easy to derive this result from [t6’s calculus and (4.2.11). Let us however
point out how to derive it directly in the case where f(z) = 2 with an integer number

k € Nand g = 2. Then, for any (¢,7) € {1,.., N}, It6 ’s calculus gives

k-1 N
dEM(0)");; = > HYAO))pd(ENA(2)),n (HY (0P,

(=0 p,n=1
1 k—2 N

T (RS20 (BEV2(0)") o (N2 1) 72

{+m=0p,n=1

k—1

— (HN,Z(t)ldHN,Z(t)HN,Z(t)k—l—l) B
(=0 K
k—2

+ (k — 1= Dtr(EHN2 ()Y H N2 () 1724t
(=0
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Let us finally compute the martingale bracket of the normalized trace of the above mar-
tingale. We have

<f0 ;:01 tr (HN,Z(S)ldHN,z(S)HNZ k - 1)

= k2 2 2 (S (2 ()7 1)d (HN(s) mfo (HY2(s)k ) d(HN2(5)) )
= 52k 3 2 e g (V2 ()7 1) 5 d (HN 2 (5)) 5, fo (HN2 ()57 ) pd(BN2(8)) )
= k¥t (fy (HV2(5)20- D) ds )

Similar computations give the bracket of more general polynomial functions.
|
Remark 4.11:Observe that if the entries were not Brownian motions but diffusions
described for instance as solution of a SDE

d$t = dBt + U($t)dt7

then the evolution of the spectral measure of the matrix would not be autonomous any-
more. In fact, our strategy is strongly based on the fact that the variations of the spectral
measure under small variations of time only depends on the spectral measure, allowing
us to construct exponential martingales which are functions of the process of the spectral
measure only. It is easy to see that if the entries of the matrix are not Gaussian, the
variations of the spectral measures will depend on much more general functions of the
entries than those of the spectral measure.

However, this strategy can also be used to study the spectral measure of other Gaussian
matrices as emphasized in [29, 60].

From now on, we shall consider the case where 3 = 2 and drop the subscript 2 in HV2,
which is slightly easier to write down since there are no error terms in It6’s formula, but
everything extends readily to the cases § = 1 or 4. The only point to notice is that

s 1 s B
Sg(w) = sup  {S¥(u, f) - 5 <)! >} = 55w
recttmx(o,)
0<s<t<1

where the last equality is obtained by changing f into 2713f.

Large deviation upper bound

From the previous [t6’s formula, one can deduce by following the ideas of [88] (see Section
4.2.1) a large deviation upper bound for the measure valued process i¥ € C([0, 1], P(IR))).
To this end, we shall make the following assumption on the initial condition Dy
(1)
Cp = sup iy, (log(1+ 2]*)) < oo,
NeN

implying that (ﬂgwl\f € N) is tight. Moreover, ﬂgN converges weakly, as N goes to
infinity, toward a probability measure pp.
Then, we shall prove, with the notations of (4.2.7)-(4.2.9), the following
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Theorem 4.12. Assume (H). Then
(1) S, is a good rate function on C([0, 1], P(IR)).
(2) For any closed set F' of C([0, 1], P(IR)),

hj{fnj})lopN—log]P’ (PN eF) < - 1nf SuD( v).

Proof :

We first prove that S,, is a good rate function. Then, we show that exponential
tightness holds and then obtain a weak large deviation upper bound, these two arguments
yielding (2) (c.f Chapter 2).

(a) Let us first observe that S, (v) is also given, when vy = pup, by

Sup(v) = L sup sup M (4.2.21)

ERA
fECi’l(RX[O 1]) 0<s<t<1 < f,f>v

Consequently, S, is non negative. Moreover, S, is obviously lower semi-continuous as
a supremum of continuous functions.

Hence, we merely need to check that its level sets are contained in relatively compact
sets. For K and C' compact subsets of P(IR) and C([0, 1], R), respectively, set

K(K)={veC([0,1],P(R)),v: € KVt €0,1]}

and

C(C, f)=Av €eC([0,1], P(R)), (t = v (f)) € C}.

With (f,,)nen a family of bounded continuous functions dense in the set C.(R) of compactly
supported continuous functions, and Kps and C, compact subsets of P(IR) and C([0, 1], R),
respectively, recall (see [29, Section 2.2]) that the sets

K = K(Kum) ﬂ(ﬂCCn,fn)

neN

are relatively compact subsets of C([0, 1], P(IR)).

Recall now that K, = N,{v € P(R) : v([~Ln, L)) < n71} (vesp. Cspr = Np{f €
C([0,1],R) : supps_y<s, [f(5) = F(B)] < 7 30 {]| flloe < M}) are compact subsets of P(R)
(resp. C([0,1],R)) for any choice of sequences (L,)nen € (R (8,)nen € (RT)Y and
positive constant M. Thus, following the above description of relatively compact subsets
of C([0, 1], P(IR)), to achieve our proof, it is enough to show that, for any M > 0,

e1) For any integer m, there is a positive real number LM 50 that for any v € {S,, <

M},

sup vg(|z| > L]\m4) <

1
— (4.2.22)
0<s<1 m

proving that v, € Kpa for all s € [0, 1].
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e2) For any integer m and f € C(R), there exists a positive real number 62 so that
for any v € {S,,, < M},

sup v (f) = ws(f)] <

1
— (4.2.23)
|t—s|<8} m

showing that s — vs(f) € Cont 11

To prove (4.2.22), we consider, for § > 0, fs(z) = log (2?(1+d2?)" ' + 1) € Cf’l(R X
[0,1]). We observe that

C = sup [|0:fsllec + sup [|02fs5]|o0
0<6<1 0<6<1

is finite and, for ¢ € (0, 1],
0o f5(x) — 02 f5(y)
=Y
Hence, (4.2.21) implies, by taking f = fs in the supremum, that for any § € (0, 1], any
4 € [07 1]7 any ,u. € {SMD S M}7

<C.

pe(fs) < po(fs) + 2Ct + 2CV M.

Consequently, we deduce by the monotone convergence theorem and letting & decrease to
zero that for any pu. € {S,, < M},

sup pi(log(z? + 1)) < pp(log(a? + 1)) +2C(1 + VM).
tefo,1]
Chebychefl’s inequality and hypothesis (H) thus imply that for any p. € {S,, < M} and
any K € RY,
. Cp+2C(14+vM
sup (|| > k) < C2T2CUF VM)
t€[0,1] log(K?+1)
which finishes the proof of (4.2.22).

The proof of (4.2.23) again relies on (4.2.21) which implies that for any f € CZ(R), any
p. €4{Su, <M}and any 0 < s <t <1,

e (f) = s (D] SN2 flloo|t = 5| + 20102 fl|ocVM /]t = s]. (4.2.24)

(b) Exponential tightness

Lemma 4.13. For any integer number L, there exists a finite integer number Ng € N and
a compact set K, in C([0, 1], P(IR)) such that VN > Ny,

P(p" € Ki) < exp{—LN?}.

Proof : In view of the previous description of the relatively compact subsets of

C([0,1],P(IR)), we need to show that

e a) For every positive real numbers L and m, there is an Ny € N and a positive real
number My, ., so that VNV > Ny

1
P(Osup i (1] > My) > —) < exp(~LN?)
<t<1 m
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e b) For any f € CZ(R), for any positive real numbers L and m, there exists an Ny € N
and a positive real number ér, ,, ¢ such that YN > Ny

1 - 1
P(|t—5|8§u;;m7f |:uiv(f) - :uiv(f” > E) < exp(_LNZ)

The proof is rather classical (it uses Doob’s inequality but otherwise is closely related to
the proof that S, is a good rate function); we shall omit it here (see the first section of
[29] for details).

(c) Weak large deviation upper bound : We here summarize the main arguments giving
the weak large deviation upper bound.

Lemma 4.14. For every process v in C([0, 1], P(IR)), if Bs(v) denotes the open ball with

center v and radius & for the distance D, then

lim hmsupN—logP(u € Bs(v)) < =S, ()

§=0 Nooo

The arguments are exactly the same as in Section 4.2.1.

Large deviation lower bound

We shall prove at the end of this section that

Lemma 4.15. Let
MFo ={h € ¢ (R x [0,1]) N C([0, 1], L*(R));

3(C,€) € (0,00); sup |h(N)] < Ce=P}
te[0,1]

where hy stands for the Fourier transform of hy. Then, for any field k inMF,,, there
exists a unique solution vy to

SO fv) =< fik >3t (4.2.25)

Jor any f € CPM(R x [0,1]). We set MC([0,1], P(IR)) to be the subset of C([0,1], P(IR))

consisting of such solutions.

Note that h belongs to MF., iff it can be extended analytically to {z : |3(2)| < €}.
As a consequence of lemma 4.15, we find that for any open subset O € C([0, 1], P(IR)),
any v € O N MC([0,1], P(IR)), there exists 6 > 0 small enough so that

PN eo) > PN, v) <)
_ A(AN 1y L 0,1
= PNk (1d(ﬂ,N,u)<5€ NZ(SPHAN ) 2<k’k>ﬂN))

: _1 01y _
S o~ NASM (k) =L <k ESD =g ()N Nk (1d(ﬂN,y)<5)
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with a function ¢ going to zero at zero. Hence, for any v € O N MC([0, 1], P(IR))
NP | R 1
1}\1;n_>1(£10f mlogﬂ”’ (,uN €0) > — (8% (v, k) - 5 < kok >0 = -5, (v)

and therefore

1
—logP (N €0O) > - inf S, . 4.2.26
NEEEUECO) 2 o am 220

lim inf
N—co

To complete the lower bound, it is therefore sufficient to prove that for any v € C([0, 1], P(IR)),
there exists a sequence v € MC([0, 1], P(/R)) such that

nh_}n(r)lo v" =v and nh_}rréo Sup (W) =8,, ). (4.2.27)

The rate function S, , is not convex a priori since it is the supremum of quadratic
functions of the measure-valued path v so that there is no reason why it should be reduced
by standard convolution as in the classical setting (c.f. Section 4.2.1). Thus, it is now
unclear how we can construct the sequence (4.2.27). Further, we begin with a degenerate
rate function which is infinite unless vy = up.

To overcome the lack of convexity, we shall remember the origin of the problem; in
fact, we have been considering the spectral measure of matrices and should not forget the
special features of operators due to the matrices structure. By definition, the differential
equation satisfied by a Hermitian Brownian motion should be invariant if we translate the
entries, that is translate the Hermitian Brownian motion by a self-adjoint matrix. The
natural limiting framework of large random matrices is free probability, and the limiting
spectral measure of the sum of a Hermitian Brownian motion and a deterministic self-
adjoint matrix converges toward the free convolution of their respective limiting spectral
measure. Intuitively, we shall therefore expect (and in fact we will show) that the rate
function S%1! decreases by free convolution, generalizing the fact that standard convolution
was decreasing the Brownian motion rate function (c.f. (4.2.20)). However, because free
convolution by a Cauchy law is equal to the standard convolution by a Cauchy law, we shall
regularize our laws by convolution by Cauchy laws. Free probability shall be developed in
Chapter 6.

Let us here outline the main steps of the proof of (4.2.27):

1. We find that convolution by Cauchy laws (P¢).so decreases the entropy and prove
(this is very technical and proved in [65]) that for any v € {S,, < oo}, any given
partition 0 = t; <ty < ... <t, =1 with t; = (i — 1)A, the measure valued path
given, for t € [tg,tps1], by

(t — tk)
A

A pe € €
v" =P xuy, + [P * vy, — P xuy, ],

satisfies

lim lim S%'(v%2) = §%(»), lim lim v** = v
e—=0A—0 e=0A—=0
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2. We prove that for v € A,

A= {p€C([0,1],P(IR)) : Fe > 0; sup v (|z|*T) < oo}, (4.2.28)
tefo,1]

vt € MC([0, 1], P(R)) (actually a slightly weaker form since the field A%* may have
time discontinuities at the points {¢,...,t,}, which does not affect the uniqueness
statement of Lemma 4.15).

Here, the choice of Cauchy laws is not innocent; it is a good choice because free
convolution by Cauchy laws is, exceptionally, the standard convolution. Hence, it
is easier to work with. Moreover, to prove the above result, it is convenient that
I/?A is absolutely continuous with respect to Lebesgue measure with non vanishing
density (see (4.2.31)). But it is not hard to see that for any measure ¢ with compact
support, pHp, if it has a density with respect to Lebesgue measure for many choices
of laws p , is likely to have holes in its density unless [ zdp(z) = +o0. For these two
reasons, the Cauchy law is a wise choice. However, we have to pay for it as we shall
see below.

3. Everything looks nice except that we modified the initial condition from up into
pup * P, so that in fact S, (v>2) = 400! and moreover, the empirical measure-
valued process can not deviate toward processes of the form &4
time because these processes do not have finite second moment. To overcome this
problem, we first note that this result will still give us a large deviation lower bound
if we change the initial data of our matrices. Namely, let, for € > 0, CN be a N x N
diagonal matrix with spectral measure converging toward the Cauchy law F. and
consider the matrix-valued process

even after some

XN = UnCNUY + Dy + HY (1)

with Uy a N x N unitary measure following the Haar measure m} on U(N). Then, it
is well known (see Voiculescu [122]) that the spectral distribution of UyCNU%+ Dy
converges toward the free convolution P. B up = P. % up.

Hence, we can proceed as before to obtain the following large deviation estimates on
~Nje  ~N
the law of the spectral measure fi, " = [
t

Corollary 4.16. For any € > 0, for any closed subset F' of C([0, 1], P(R)),

1
lim sup mlogﬂ”’ (ﬂN’E €F) < —inf{Sp..,(v),ve F}

N—oo

Further, for any open set O of C([0,1], P(R)),
1
I%n inf mlogf’ (i € O) > —inf{Spsp, V), v € O,v = Pop,pp € AN{S,,, < oo}}.
—+00

4. To deduce our result for the case ¢ = 0, we proceed by exponential approximation.
In fact, we have the following lemma, whose proof is fairly classical and omitted here
(c.f [65], proof of lemma 2.11).
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Lemma 4.17. Consider, for L € R*, the compact set Ky, of P(R) given by
Kr = {n € P(R); u(log(x? + 1)) < L}.
Then, on KN(Kp) == Miefo.1] {{ﬂi\f’e cKpyn{a) ¢ KL}},
DM, i) < F(Nye)

where
lim sup limsup f(N,€) = 0.

e—0 N—oo
We then can prove that
Theorem 4.18. Assume that ﬂgN converges toward pp while
]svue%ﬂ%N(x?) < oo
Then, for any ., € A

T | N
lim lim inf <= log P (D(", p1.) < 8) 2 =Sy, (1)

so that for any open subset O € C([0,1], P(P(IR))),
| N .
l%n_}ilof mlogf’ (,u. € O) > —(%&SM
Proof of Theorem 4.18 Following Lemma 4.13, we deduce that for any M € RT,
we can find Ly; € R such that for any L > Ly,
sup P(KN(Kp)%) < e™MN°, (4.2.29)
0<e<1
Fix M > S, ,(¢) +1 and L > Lps. Let § > 0 be given. Next, observe that P, .
converges weakly toward p, as € goes to zero and choose consequently € small enough
so that D(P.xp,pu) < % Then, write

A . 5 N 5 )
P (:uN € B(H75)> Z P (D(HNHM) < §7HN7 € B(Pe * Ly g)vlCiV(KL))

v

P (i e B(P+ . )) - PR (L))

~P (D([ﬂviﬂ?v) > g,/cgwg)) =I-1I-1II.

(4.2.29) implies, up to terms of smaller order, that

IT < eV Sup()+1)

Lemma 4.17 shows that [1] = 0 for € small enough and N large, while Corollary
4.16 imply that for any n > 0, NV large and ¢ > 0

I > e N Sperup (Pexu)=N?n  =N?Sup (u)=Nn,

Theorem 4.18 is proved. U
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5. To complete the lower bound, we need to prove that for any v € {5, < oo}, there
exists a sequence of v, € A such that

lim S, (v,) =S5,,(v), lim vy, = (4.2.30)

n—0oo n—0oo

This is done in [66] by the following approximation : we let,

v/ (de) = wupHBoy, ift<y
= [pp@o, )07, ifp<t<nte
= [o,Br,—]° it>n+e

where, for p € P(R), []" is the probability measure given for f € C3(R) by

W (f) = / A+ ne?) ) dp(x)

for some a < % Then, we show that we can choose (1, €,)qen so that v, = v/
satisfies (4.2.30). Moreover v, € A for 5(1 — 2a) < 2 because sup¢fo ¥4 (2?) < 00

as S, (v) < o0, 0y is compactly supported and we assumed pp(|z]°+¢) < oco.

6. To finish the proof, we need to complete lemmas 4.15, 4.17, and the points 1) and
2) (see (4.2.22),(4.2.23)) of our program. We prove below Lemma 4.15. We provide
in Chapter 6 (see sections 6.6 and 6.7) part of the proofs of 1), 2).

In fact we show in Chapter 6 that S%!(v%?) converges toward S%!(v). The fact
that the field A“® associated with »“® satisfies the necessary conditions so that
ved € MC([0, 1], P(IR)) is proved in [65]. We shall not detail it here but let us just
point out the basic idea which is to observe that (4.2.25) is equivalent to write that,
if py(dz) = pi(x)dz with a smooth density p,

Oipi(x) = —0p(pe(x) Hpe(x) + pi(2)Opks(2)),

where Hv is the Hilbert transform

B 1 L (@ —y)
Hy(z) _PV/x_ydl/(y) _11_% (x_y)z_l_ézdl/(y).
In other words,
) d
Ouky(a) = Jz 0P WY (4.2.31)
pi(e)

Hence, we see that 0,k is smooth as soon as p is, that its Hilbert transform behaves
well and that p does not vanish. To study the Fourier transform of 0,k;, we need it
to belong to L'(dz), which we can only show when the original process v possess at
least finite fifth moment. More details are given in [65].
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Proof of Lemma 4.15 Following [29], we take f(z,t) := ¢* in (4.2.25) and denote by
Li(A) = [€*dvy(z) the Fourier transform of ;. v € MC([0, 1], P(IR)) implies that if &
is the field associated with v, [k;(\)| < C'e=P with a given ¢ > 0. Then, we find that for
t € [0 = thtg],

Li(A) = //,c (@A) L 1—a)A)dads+zA/ /,c (A + A)E(N, 5)dNds.
(4.2.32)

Multiplying both sides of this equality by e~ 3l gives, with L5(A) = e‘ﬂA'ﬁt(/\),
A2 [t ot
LiN) = L) — 7/ / Lo(aX)L5((1— a)A)dads
0 Jo
t
+ i/\/ /,c;(A + N)ed MHNI=EINE O, 5)dN ds. (4.2.33)
0

Therefore, if v, 7’ are two solutions with Fourier transforms £ and L respectively and if
we set Af(A) = |L5(A) — L5(A)], we deduce from (4.2.33) (see [29], proof of Lemma 2.6, for
details) that

Ay (A)

IN

/\2/ /AE (aX)e 701~ a>ddad5+0|A|/ /AE A+ N)ed NI R=eN g\ g

IN

C+ D[ sup ALNds + 3T
¢ 0 V<A

where we used that AS(\) < 2¢~11. Considering Af(R) = sup|vj<r A5(A), we therefore
obtain -

Ai(R) < (C 42 / AS(R)ds + 3tRe™5R
By Gronwall’s lemma, we deduce that
AS(R) < 3Re™ % Re(C+2)Re

and thus that Af(cc) = 0 fort < 7 = 4(4_|_EC)

that Af(occ) = 0 for any time ¢ < t5, and then any time ¢ < 1, and therefore that v = 7.
|

By induction over the time, we conclude

4.3 Discussion and open problems

We have seen in this section how the non-intersecting paths description (or equivalently
the Dyson equations (4.2.11)) of spherical integrals can be used to study their first order
asymptotic behaviour and understand where the integral concentrates.

A related question is to study the law of the spectral measure of the random matrix
M with law

dpn (M) = %e—N LN +N T gy,
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In the case where V(M) = $M? M = W + A with W a Wigner matrix. In this case, the
asymptotic distribution of the eigenvalues are given by the free convolution of the semi-
circular distribution and the limiting spectral distribution of A. A more detailed study
based on Riemann-Hilbert techniques gives the limiting eigenvalue distribution correlations
when i = and, + (1 —an)d_, (c.f[19, 3]). It is natural to wonder whether such a result
could be derived from the Brownian paths description of the matrix. Our result allows
(as a mild generalization of the next chapter) to describe the limiting spectral measure
for general potentials V. However, the study of correlations requires different sets of
techniques.

It would be very interesting to understand the relation between this limit and the
expansion obtained by B. Collins [34] who proved that

. 1
lim 9F—log I (\Ew, Dx) =0 = (. 1)

with some complicated functions a,(up, ptg) of interest. The physicists answer to such
questions is that

) 1 .
ap(pp, pp) = 05 Aim 5 log I (AEn, DN)|amo := @y (11, i)

which would validate the whole approach to use the asymptotics of I](Vﬁ) to compute and
study the a,(up, pr)’s. However, it is not yet known whether such an interchange of
limit and derivation is rigorous. A related topic is to understand whether the asymptotics
we obtained extends to non Hermitian matrices. This is not true in general following a
counterexample of S. Zelditch [133] but still could hold when the spectral norm of the
matrices is small enough. In the case where one matrix has rank one, I have shown with
M. Maida [63] that such an analytic extension was true.

Other models such as domino tilings can be represented by non-intersecting paths
(c.f [77] for instance). It is rather tempting to hope that similar techniques could be
used in this setting and give a second approach to [84]. This however seems slightly
more involved because time and space are discrete and have the same scaling (making the
approximation by Brownian motions irrelevant), so that the whole machinery borrowed
from hydrodynamics technology does not seem to be well adapted.

It would be as well very interesting to obtain second order corrections terms for the
spherical integrals, problem related with the enumeration of maps with genus ¢ > 1 as we
shall see in the next section.

Finally, it would also be nice to get a better understanding of the limiting value of the
spherical integrals, namely of Jg(up, pr). We shall give some elements in this direction
in the next section but wish to emphasize already that this quantity remains rather mys-
terious. We have not yet been able for instance to obtain a simple formula in the case of
Bernouilli measures (which are somewhat degenerate cases in this context).



Chapter 5

Matrix models and enumeration of
maps

It appears since the work of 't Hooft that matrix integrals can be seen, via Feynman
diagrams expansion, as generating functions for enumerating maps (or triangulated sur-
faces). We refer here to the very nice survey of A. Zvonkin’s [136]. One matrix integrals
are used to enumerate maps with a given genus and given vertices degrees distribution
whereas several matrices integrals can be used to consider the case where the vertices can
additionally be colored (i.e can take different states).

Matrix integrals are usually of the form

Zn(P) = /e—NTF(P(A{waAéV))dAJIV...dAilV

with some polynomial function P of d-non-commutative variables and the Lebesgue mea-
sure dA on some well chosen ensemble of N X N matrices such as the set Hy (resp. S,
resp. Sympy) of N x N Hermitian (resp. symmetric, resp. symplectic) matrices.

We shall describe in the next section how such integrals are related with the enumera-
tion of maps. Then, we shall apply the results of the previous section to compute the first
order asymptotics of such integrals in some cases where the polynomial function P has a
quadratic interaction.

5.1 Relation with the enumeration of maps

Following A. Zvonkin’s [136], let us consider the case where d = 1, P(z) = ta* + 12? and
integration holds over Hy. Then, it is argued that
Conjecture 5.1:[see A. Zvonkin’s [136]] For any N € N, any t € R

1 ~NTr(tA*+1 42 (=)"
mlog/e (A5 )dA:ZZn!Nng(n,g)

n>0g>0

with
C'(n, g) = g{maps of genus g with n vertices of degree 4}.

Here, a map of genus g is an oriented connected graph drawn on a surface of genus g
modulo equivalent classes.

50
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Figure 5.1: Surfaces of genus g = 0,2

To be more precise, a surface is a compact oriented two-dimensional manifold without
boundary. The surfaces are classified according to their genera, which is characterized by
a genus (the number of ‘handles’, see figure 5.1). There is only one surface with a given
genus up to homeomorphism. Following [136], Definition 4.1, a map is then a graph which
is ‘drawn’ (or embedded into) a surface in such a way that the edges do not intersect and if
we cut the surface along the edges, we get a disjoint union of sets which are homeomorphic
to an open disk (these sets are the faces of the map). Note that in Conjecture 5.1, the
maps are counted up to homeomorphisms (that is modulo equivalent classes).

The formal proof of Conjecture 5.1 goes as follows. One begins by expanding all the
non quadratic terms in the exponential

Zn(LAY) = /e—NTr(tA‘l-l—iA?)dA = Zn(0) Z #MN ((tr(A")")

n>0

with pua the Gaussian law
pun(dA) = Zy(0) e T 1A g4
that is the law of Wigner’s Hermitian matrices given by
Aji=Ay, Ay =NONH1<i<j<N.

Writing

un ((tr(A")") = Z MN (H Aﬂfz’gAigigAigigAigﬂf)
k=1

and using Wick’s formula to compute the expectation over the Gaussian variables, gives
the result.

One can alternatively use the graphical representation introduced by Feynman to com-
pute such expectations. It goes as shown on figure 5.2.

The last equivalence in figure 5.2 results from the observation that un(A;;) = 0 for all
i,7 and that pn(A;;Ak) = 52']‘:1;#\7_17 so that each end of the crosses has to be connected
with another one. As a consequence from this construction, one can see that only oriented
fat graphs will contribute to the sum. Moreover, since on each face of the graph, the



We can represent A; ;, A;,i, Aisi, Aisi, by an oriented cross
19 13
iy I3
i ta
le 7t4

Therefore, A =[], Ay A Agix Ao 1s represented by n such crosses
- 172 23 3°%4 441 v

Since py(Aij) =0, pn(AijAw) = N‘ll,j:,k, the expectation of A
will be null except if the indices form an oriented diagram

i

i

iq i
11

i

Figure 5.2: Computing Gaussian integrals
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indices are constant, we see that each given graph will appear Nifaces ¢eq. Hence, if we
denote

G (n, F') = {oriented graphs with n vertices with degree 4 and F faces}

we obtain ()"
Zy(tAY) =) ") G (0, F).
n>0 F>0

Taking logarithm, it is well known that we get only contributions from connected graphs :

n

log Zn (tAY) = Z Z ](V_:_)Fjj{G(n, F) N connected graphs }.
n>0 F>0

Finally, since the genus of a map is related with its number of faces by n — F' = 2(g — 1),

the result is proved. When considering several matrices, we see that we have additionally

to decide at each vertex which matrix contributed, which corresponds to give different

states to the vertices.

Of course, this derivation is formal and it is not clear at all that such an expansion of
the free energy exists. Indeed, the series here might well not be summable (this is clear
when ¢ < 0 since the integral diverges). In the one matrix case, this result was proved very
recently by J. Mc Laughlin et N. Ercolani [46] who have shown that such an expansion is
valid by mean of Riemann-Hilbert problems techniques, under natural assumptions over
the potential. The first step in order to use Riemann-Hilbert problems techniques, is to
understand the limiting behavior of the spectral measures of the matrices following the
corresponding Gibbs measure

1
P _ —NTI’(P(Al,m,Ad))
Iu“ ( 17 b d) Z (P) € 1 d

This is clearly needed to localize the integral. The understanding of such asymptotics is
the subject of the next section.

Let us remark before embarking in this line of attack that a more direct combinatorial
strategy can be developed. For instance, G. Scheaffer and M. Bousquet Melou [22] studied
the Ising model on planar random graph as a generating function for the enumeration of
colored planar maps, generalizing Tutte’s approach. The results are then more explicitly
described by an algebraic equation for this generating function. However, matrix models
approach is more general a priori since it allows to consider many different models and
arbitrary genus, eventhough the mathematical understanding of these points is still far
from being achieved.

Finally, let us notice that the relation between the enumeration of maps and the matrix
models should a priori be true only when the weights of non quadratic Gaussian terms
are small (the expansion being in fact a formal analytic expansion around the origin) but
that matrix integrals are of interest in other regimes for instance in free probability.

5.2 Asymptotics of some matrix integrals

We would like to consider integrals of more than one matrix. The simplest interaction
that one can think of is the quadratic one. Such an interaction describes already several
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classical models in random matrix theory; We refer here to the works of M. Mehta, A.

Matytsin, A. Migdal, V. Kazakov, P. Zinn Justin and B. Eynard for instance.

e The random Ising model on random graphs is described by the Gibbs measure

M]I\;ing(dA7 dB) = N1 NTr(AB)-NTr(P (A)-NTr(P(B)) g Ad B
Ising

with Z}\;ing the partition function

Zﬁmg _ /eNTI’(AB)—NTI’(Pl(A))—NTI’(PQ(B))dAdB

and two polynomial functions P, P». The limiting free energy for this model was
calculated by M. Mehta [93] in the case Pi(z) = Py(z) = 2% 4 ga* and integration
holds over Hpy. However, the limiting spectral measures of 4 and B under :“]I\;mg
were not considered in that paper. A discussion about this problem can be found in

P. Zinn Justin [135].

e One can also define the ¢ — 1 Potts model on random graphs described by the Gibbs

measure

R . (AL
:ugotts(dAh o dA,) = H eNTI’(AlA,)—NTI’(P,(A,))dAie—NTI’(Pl(Al))dAl‘

N
ZPotts =2

The limiting spectral measures of (Aq,---,A,) are discussed in [135] when P; =

ga® — 2% (1.

e As a straightforward generalization, one can consider matrices coupled by a chain

following S. Chadha, G. Mahoux and M. Mehta [94] given by

R A, (AL
i (dAy, ..., dA,) = I1 NTr(AA)-NTr(P(A)) g A ~NTTPHAD) g A

N

chain ;=2

q can eventually go to infinity as in [92].

The first order asymptotics of these models can be studied thanks to the control of spherical

integrals obtained in the last chapter.

Theorem 5.2. Assume that P;(z) > c;z* + d; with ¢; > 0 and some finite constants d;.

Hereafter, 3 = 1 (resp. = 2, resp. 3 = 4) when dA denotes the Lebesgue measure on

SN (resp. Hn, resp. Hy with N even). Then, with ¢ = inf,cpw) Ip(v),
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) 1
FIsing = ]\;1—r>noo m log Z}\sfzng

= —if{u(P) + Q) ~ I () = S8 - S} — 20 (5.2.1)

1
FPotts = h_r}n m log ZPotts

= —inf{Zm(B)—Z( (g1, 113)

Fchain = ]\;1—r>noo N2 log Zchazn

L]
wl%

Z — qe (5.2.2)

q

= —inf{Z,uZ'(Pi)—Z TPV iy, )

=2

wl%

Z —qc  (5.2.3)

Remark 5.3: The above theorem actually extends to polynomial functions going to
infinity like 22. However, the case of quadratic polynomials is trivial since it boils down
to the Gaussian case and therefore the next interesting case is quartic polynomial as
above. Moreover, Theorem 5.4 fails in the case where P, go to infinity only like z2.
However, all our proofs would extends easily for any continuous functions P/s such that
P(z) > a]z|*** + b with some @ > 0 and € > 0. In particular, we do not need any
analyticity assumptions which can be required for instance to obtain the so-called Master
loop equations (see Eynard and als. [50, 49]).

Proof of Theorem 5.2 :

It is enough to notice that, when diagonalizing the matrices A;’s, the interaction is
expressed in terms of spherical integrals by (3.1.1). Laplace’s (or saddle point) method
then gives the result (up to the boundedness of the matrices A4;’s in the spherical integrals,
which can be obtained by approximation). We shall not detail it here and refer the reader
o [61] .

|

We shall then study the variational problems for the above energies; indeed, by stan-
dard large deviation considerations, it is clear that the spectral measures of the matrices
(Az’)lgigd will concentrate on the set of the minimizers defining the free energies, and in
particular converge to these minimizers when they are unique. We prove the following for
the Ising model.

Theorem 5.4. Assume Pj(z) > ax* + b, Py(z) > az* + b for some positive constant a.
Then
0) The infimum in Fis,g is achieved at a unique couple (s, up) of probability
measures.
1) (@, 1) converges almost surely toward (pa, up).
2) (pa, uB) are compactly supported with finite non-commutative entropy

= //10ng = yldu(x)du(y).
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3) There exists a couple (pA78 uA=P)

pA=B(x)dx is a probability measure on R for all t € (0,1) and (ua, ug,p

are characterized uniquely as the minimizer of a strictly convex function under a linear

of measurable functions on R x (0, 1) such that
A—>B7 uA—>B)

constraint.

In particular, (pA=B uA=B)

are solution of the Fuler equation for isentropic flow with
negative pressure p(p) = —%p?’ such that, for all (x,t) in the interior of Q@ = {(a,t) €
R x [0,1]; P (2) # 0},

{ 0ep? 7 + 0u(p7 P uit7F) = 0

Di(p = Bu =B 4 0, (pf B (uf=B)? — 2 (2 P)?) = 0

(5.2.4)

with the probability measure p{ B (z)dz weakly converging toward pa(dz) (resp. pg(dzr))

as t goes to zero (resp. one). Moreover, we have

P’(x)—w—gqu_}B(x)—gH,uA(x)zo pa — a.s
and - Q'(2) — 5P (w) ~ T Hpp(e) =0 s - as

For the other models, uniqueness of the minimizers is not always clear. For instance,
we obtain uniqueness of the minimizers for the g-Potts models only for ¢ < 2 whereas it is
also expected for ¢ = 3. For the description of these minimizers, 1 refer the reader to [61].

To prove Theorem 5.4, we shall study more carefully the entropy

Jﬁ(:umuD) = ginf{SMD (v),v1 = p}

and in particular understand where the infimum is taken. The main observation is that
by (4.2.21), for any f € Cbz’l(R x [0,1]),

S v, )P <28 (w) < [, ] >0,

so that the linear form f — S%!(v, f) is bounded and Riesz’s theorem asserts that there
exists k € H} = C2 "(R x [0,1]) e such that for any f € Cb2 "(R x [0,1])

SO w, f) =< [,k >g; - (5.2.5)
We then say that (v, k) satisfies (5.2.5). Then

SO (v) = 1o ok >091= l/1 /(axkt)zdyt(x)dt
2 2 Jo

Property 5.5. Let pp € {p € P(R) : X(p) > —oo} and v. € {S,,, < oo}. If k is the field

such that (v, k) satisfies (5.2.5), we set uy = Opki(x) + Hvy(x). Then, vi(dz) < dx for

almost all t and

—_

Sulv) = / Jttuta)? + (amie >>2]dw<x>dt——<2<vl>—z<u0>>, (5.2.6)

- //u v

[\

Ddadt - L) + S(o)).
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Proof : We shall here only prove formula (5.2.6), assuming the first part of the property
which is actually proved by showing that formula (5.2.6) yields for smooth approximations
v© of the measure-valued path v such that S, (v°) approximate S, (v), yielding a uniform
control on the L3 norm of their densities in terms of S, (v). This uniform controls allow us
to show that any path v € {5, < oo} is absolutely continuous with respect to Lebesgue
measure and with density in Ls(dzdt).

Let us denote by k the field associated with v, i.e such that for any f € C;’l(R x [0, 1]),

/ z,t)dv(z /f z,s)dvs(z) = /t/avf(wyv)dvv(x)ds
/ // L Ux _j f(yw)dyu(x)dyu(y)dv

—I—/S /@,f(x,v)@wk(x,v)dl/v(w)dv (5.2.7)

with 0.k € L?(dvi(z) x dt). Observe that by [119], p. 170, for any s € [0, 1] such that v
is absolutely continuous with respect to Lebesgue measure with density p, € L?(dx), for
any compactly supported measurable function 9, f(., s),

// 0xf(x,5) — 0, f(%s)dz/s(x)dl/s(y) = 2/3xf($78)HV5(x)dxd3.

r =Y

Hence, since we assumed that vy (dz) = py(2)dz for almost all s with p € L3(dzdt), (5.2.7)
shows that for any f € C;’l(R x [0,1])

[i s~ [i@onis = [ [ose o (5.2
+f [ttt puteieae,

i.e that in the sense of distributions on R x [0, 1],

dsps + 0 (usps) =0, (5.2.9)

Moreover, since Hv, belongs to L?(dv, x ds) when p € L*(dxdt), we can write

28, (V) =< k,k >0, = //us )2dv,(x dS—I—//HI/S )2dv,(z)ds

_2/0 /RHVS(x)us(ac)dys(x)ds (5.2.10)

We shall now see that the last term in the above right hand side only depends on (pg, pt1).
To simplify, let us assume that v is a smooth path such that fi(z) = [log |z — y|dv(y) is

in Cb2 "(R x [0, 1]). Then, (5.2.7) yields
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Y1) — E(w) = 2/0 /RH(I/S)(x)uS(x)dl/s(x)ds (5.2.11)

which gives the result. The general case is obtained by smoothing by free convolution, as
can be seen in [61], p. 537-538.
|

To prove Theorem 5.4, one should therefore write
Fising = —inf{L(p, v, p*s m"); 1y = pi(2)dw € C([0, 1], PUR)), o = p, p = v, Qrpy+-0pmy = 0}

with

Lluv ™) = p(Pr = 52%) +v<Pz—§x2>—§<z<u>+z<v>>

* 2 1
(/ / mi z) dxdt+l/ /pf(x)?’dwdt)
x 3 0

It is easy to see that
(1, v, p*,m*) € P(IR)* x C([0,1], P(IR)) x L*((p;(x)) " dxdt) — L(u,v, p*, m") € IR

is strictly convex. Therefore, since FJg;p, is its infimum under a linear constraint, this
infimum is taken at a unique point (pa, ug, p* 7%, uA=B)
one classically performs variations.

The only point to take care of here is that perturbations should be constructed so that
the constraint remains satisfied. This type of problems has been dealt with before. In the
case above, | met three possible strategies.

The first is to use a target type perturbation, which is a standard perturbation on the
space of probability measure, viewed as a subspace of the vector space of measures. The
second is to make a perturbation with respect to the source. This strategy was followed
by D. Serre in [108]. The idea is basically to set a;(z) = a(t,z) = (p;(2), p;(2)u;(z)) so
that the constraint reads div(as(z)) = 0 and perturb a by considering a family

. To describe such a minimizer,

a’ = J,(a.Vyh)og=J,(p"(0:h +u*0zh)) o

with a C* diffeomorphism g of [0, 1] X R with inverse h = g~! and Jacobian .J,. Note here
that div(a(2)) = 0. Such an approach yields the Euler’s equation (5.2.4).

The last way is to use convex analysis, following for instance Y. Brenier (see [26], section
2). These two last strategies can only be applied when we know a priori that (pa,un)
are compactly supported (this indeed guarantees some a priori bounds on (p*, u*p*) for
instance). When the minimizers are smooth, all these strategies should give the same
result. It is therefore important to study these regularity properties.

It is quite hard to obtain good smoothness properties of the minimizers directly from
the fact that they minimize £. An alternative possibility is to come back to the matricial
integrals and find directly there some of these properties. What I did in [61] was to obtain
directly the following informations
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Property 5.6. 1) If P(z) > a|lz|* + b, Q(z) > alz|* + b for some a > 0 there exists a
finite constant C' such that for any N € N, there exists k(N), k(N) going to infinity with
N, such that

1 1
ﬁTr(A%") < CP, ﬁTr(Big) <CP, p<Ek(N)

for ,u]I\;mg-almost all (An,Bnw)
2) There exists a sequence (An, By) of matrices such that ﬂg (resp.ﬂg ) converges
N N

toward pa (resp. pp) and a Wigner matriz Xy, independent from (AN,]gN) such that

~N * %k
P+ ()& 4Ty COTIVETYES toward py (dz) = pf(z)dz.

The first result tells us that the polynomial potentials P, force the limiting laws
(4, ) to be compactly supported. The second point is quite natural also when we
think that we are looking at matrices with Gaussian entries with given values at time zero
and one; the brownian bridge is the path which takes the lowest energy to do that and
therefore it is natural that the minimizer of S, , should be the limiting distribution of
matrix-valued Brownian bridge. As we shall see in Chapter 6, such a distribution has a
limit in free probability as soon as ﬂi\lqu-(l—t)AN converges for all ¢t € [0, 1], it is nothing

but the distribution of a free Brownian bridge tB + (1 — t)A + /t(1 — ¢).S between A
and B, with a semi-circular variable S, free with (A, B). Note however that unless the
joint law of (A, B) is given, this result does not describe entirely the law py. It however
shows, because the limiting law is a free convolution by a semicircular law, that we have
the following

Corollary 5.7. 1)us and pup are compactly supported.

2) a) There exists a compact set K C R so that for all t € [0,1], py (K¢) = 0. For all
t € (0,1), the support of ui is the closure of its interior (in particular it does not put mass
on points)

b) pi(de) < dx for allt € (0,1). Denote p}(x) = %y).

c) There exists a finite constant C' (independent of t) so that, i almost surely,

pi(2)® + (Hpi(2))® < (((1 =)™
and )
|uf (2)] < C(E(1 - 1)) 2.
d) (p*,u*) are analytic in the interior of Q@ = {x,t e R x [0,1]: pj(x) > 0}.
e) At the boundary of Q; = {& € R: pi(z) > 0}, for x € Q,

0000 < s = A0 < () -

W=

if xo is the nearest point of x in 2.

All these properties are due to the free convolution by the semi-circular law, and are
direct consequences of [15]. Once Corollary 5.7 is given, the variational study of Frgng
is fairly standard and gives Theorem 5.4. We do not detail this proof here. Hence, free
probability arises naturally when we deal with the study of the rate function S,,,, and more
generally when we consider traces of matrices with size going to infinity. We describe the
basis of this rapidly developing field in the next chapter.



60

5.3 Discussion and open problems

Matrix models have been much more studied in physics than in mathematics and raise
numerous open questions.

As in the last chapter, it would be extremely interesting to understand the relation
between the asymptotics of the free energy and the asymptotics of its derivatives at the
origin, which are the objects of primary interest. Once this question would be settled, one
should understand how to retrieve informations on this serie of numbers from the limiting
free energy. In fact, it would be tempting for instance to describe the radius of convergence
of this serie via the phase transition of the model, since both should coincide with a
default of analyticity of the free energy/the generating function of this serie. However, for
instance for the Ising model, one should realize that the criticality is reached at negative
temperature where the integral actually diverges. Eventhough the free energy can still
be defined in this domain, its description as a generating function becomes even more
unclear. There is however some challenging works on this subject in physics (c.f [21] for
instance).

There are many other matrix models to be understood with nice combinatorial inter-
pretations. A few were solved in physics literature by means of character expansions for
instance in the work of V. Kazakov, M. Staudacher, I. Kostov or P. Zinn Justin. However,
such expansions are signed in general and the saddle points methods used rarely justified.
In one case, M. Maida and myself [62] could give a mathematical understanding to this
method. In general, even the question of the existence of the free energies for most matrix
models (that is the convergence of N~2log Zn(P)) is open and would actually be of great
interest in free probability (see the discussion at the end of Chapter 7).

Related with string theory is the question of the understanding of the full expansion
of the partition function in terms of the dimension N of the matrices, and the defini-
tion of critical exponents. This is still far from being understood on a rigorous ground,
eventhought the present section showed that at least for AB interaction models, a good
strategy could be to understand better non-intersecting Brownian paths. However, it is
vet not clear how to concatenate such an approach with the only known technology for one
matrix model given in [46] which is based on orthogonal polynomials and Riemann-Hilbert
techniques. It would be very tempting to try to generalize precise Laplace’s methods which
are commonly used to understand the second order corrections of the free energy of mean
field interacting particle systems [20]. However, such an approach until now failed even
in the one matrix case due to the singularity of the logarithmic interacting potential (c.f.
[33]). Another approach to this problem has recently been proposed by B. Eynard et
all[50, 49] and M. Bertola [14].

On a more analytic point of view, it would be interesting to understand better the
properties of complex Burgers equations; we have here deduced most of the smoothness
properties of the solution by recalling its realization in free probability terms. A direct
analysis should be doable. Moreover, it would be nice to understand how holes in the initial
density propagates along time; this might as well be related with the phase transition
phenomena according to A. Matytsin and P. Zaugg [92].



Chapter 6

Large random matrices and free
probability

Free probability is a probability theory for non-commutative variables. In this field, ran-
dom variables are operators which we shall assume hereafter selfadjoint. For the sake
of completeness, but actually not needed for our purpose, we shall recall some notions
of operator algebra. We shall then describe free probability as a probability theory on
non-commutative functionals, a point of view which forgets the space of realizations of
the laws. Then, we will see that free probability is the right framework to consider large
random matrices. Finally, we will sketch the proofs of some results we needed in the
previous chapter.

6.1 A few notions about von Neumann algebras

Definition 6.1 (Definition 37, [16]). A C*-algebra (A, ) is an algebra equipped with
an involution * and a norm ||.||4 which furnishes it with a Banach space structure and
such that for any X,Y € A,

XYl < X 1Y (s (X = XKy 1XX = (X

X € A is self-adjoint iff X* = X. A, denote the set of self-adjoint elements of A. A
C*-algebra (A, *) is said unital if it contains a neutral element denoted I.

A can always be realized as a sub-C*-algebra of the space B(H) of bounded linear
operators on a Hilbert space H. For instance, if A is a unital C*-algebra furnished with
a positive linear form 7, one can always construct such a Hilbert space H by completing
and separating L%(7) (this is the Gelfand-Neumark-Segal construction, see [115], Theorem
2.2.1).

We shall restrict ourselves to this case in the sequel and denote by H a Hilbert space
equipped with a scalar product < .,. >y such that A C B(H).

Definition 6.2. If A is a sub-C*-algebra of B(H), A is a von Neumann algebra iff it is
closed for the weak topology, generated by the semi-norms family {p¢,(X) =< X&, n >g

&,ne HY.
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Let us notice that by definition, a von Neumann algebra contains only bounded oper-
ators. The theory nevertheless allows us to consider unbounded operators thanks to the
notion of affiliated operators. An operator X on H is said to be affiliated to A iff for
any Borel function f on the spectrum of X, f(X) € A (see [104], p.164). Here, f(X) is
well defined for any operator X as the operator with the same eigenvectors than X and
eigenvalues given by the image of those of X by the map f. Note also that if X and Y
are affiliated with A, aX + bY is also affiliated with A for any a,b € R.

A state 7 on a unital von Neumann algebra (A, ) is a linear form on A such that

7(Ase) C R and
1. Positivity 7(AA*) >0, for any A € A.

2. Total mass 7(/) =1

A tracial state satisfies the additional hypothesis
3. Traciality 7(AB) = 7(BA) for any A,B € A.

The couple (A, 7) of a von Neumann algebra equipped with a state 7 is called a W*-
probability space.

Example 6.3. 1. Let n € N, and consider A = M, (C) as the set of bounded linear
operators on C*. For any v € C*, ||v|jcn =1,

(M) =< v, Mv >cn

is a state. There is a unique tracial state on M, (C) which is the normalized trace
1 n
tT(M) = E X;M“
1=

2. Let (X,%,dp) be a classical probability space. Then A = L*(X,X,du) equipped
with the expectation 7(f) = [ fdp is a (non-)commutative probability space. Here,
L>(X, %, dp) is identified with the set of bounded linear operators on the Hilbert
space H obtained by separating L?(X,%,du) (by the equivalence relation f ~ g
i w((f - 9)2) = 0). The
identification follows from the multiplication operator M(f)g = fg. Observe that it
is weakly closed for the semi-norms (< f,.g >p, f,9 € L?*(un)) as L>=(X,X,dp) is
the dual of L'(X, %, dy).

3. Let G be a discrete group, and (ep)hec be a basis of (2(G). Let A(h)ey, = eny -
Then, we take A to be the von Neumann algebra generated by the linear span of
AG). The (tracial) state is the linear form such that 7(\(g)) = l,=c(e = neutral
element).

We refer to [128] for further examples and details.
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The notion of law 7x, . x,, of m operators (Xy,...,X,,) in a W*-probability space
(A,7) is simply given by the restriction of the trace 7 to the algebra generated by
(X1,...,X,,), that is by the values

X, X (P) = 7(P(Xy, ..., X)), VP eCXy,.. . Xp)

where C(X7y,...X,,) is the set of polynomial functions of m non-commutative variables.

6.2 Space of laws of m non-commutative self-adjoint vari-
ables

Following the above description, laws of m non-commutative self-adjoint variables can be
seen as elements of the set M (™) of linear forms on the set of polynomial functions of m
non-commutative variables C(Xy,...X,,) furnished with the involution

(X, Xy - X)) = X, X - X;

tp—1 " i

and such that
1. Positivity 7(PP*) > 0, for any P € C(Xq,...X,,).
2. Traciality 7(PQ) = 7(QP) for any P,Q € C(Xy,...X.).

3. Total mass 7(/) =1

This point of view is identical to the previous one. Indeed, by the Gelfand-Neumark-Segal
construction, being given p € M) we can construct a W*-probability space (A, 7) and
operators (Xy,- -, X,,) such that

1= TX e X (6.2.1)

This construction can be summarized as follows. Consider the bilinear form on C(X7, ... X,;)?
given by
< P,Q >;=1(PQ").

We then let H be the Hilbert space obtained as follows. We set L*(1) = C(X{, .. .Xm>”'”T
1

to be the set of C(X1,...X,,) for the norm ||.||; =< .,. >%. We then separate L(7) by
taking the quotient by the left ideal

L,={FeL’():||F|l, = 0}.

Then H = L*(7)/L, is a Hilbert space with scalar product < .,. >,. The non-commutative
polynomials C(Xy,...X,,) act by left multiplication on L?(r) and we can consider the
completion of these multiplication operators for the semi-norms {<P,.Q>y,PQEc
L%(r)}, which form a von Neumann algebra A equipped with a tracial state 7 satisfying
(6.2.1). In this sense, we can think about A as the set of bounded measurable functions

Le(T).
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The topology under consideration is usually in free probability the C(Xy,...X,,)*-
topology thatis (tx7 .. xn,m € N) converges toward 7x, ... x,, iff forevery P € C(Xy,...X,,),

lim 7xn . xn(P)=7x,.. x,(P)

n—00
If (X7,...,X2),en are non-commutative variables whose law TX7 .. Xn converges toward
TX,,... X, then we shall also say that (X7,..., X7 ),en converges in law or in distribution

toward (Xq,...,X).
Such a topology is reasonable when one deals with uniformly bounded non-commutative
variables. In fact, if we consider for R € R,

MU = e MU (X)) < RP, VpeN, 1< i< m)

then it is not hard to see that ./\/lg%m)7 equipped with this weak-* topology, is a Polish space
(i.e a complete metric space). A distance can for instance be given by

d(p,v) = Z Q%W(Pn) —v(F)]

where P, is a dense sequence of polynomials with operator norm bounded by one when
evaluated at any set of self-adjoint operators with operator norms bounded by R.

This notion is the generalization of laws of m real-valued variables bounded say by a
given finite constant R, in which case the weak-* topology driven by polynomial functions
is the same as the standard weak topology. Actually, it is not hard to check that ./\/lg) =
P([—R, R]). However, it can be usefull to consider more general topologies compatible
with the existence of unbounded operators, as might be encountered for instance when
considering the deviations of large random matrices. Then, the only point is to change the
set of test functions. In [29], we considered for instance the complex vector space CCJ;(C)
generated by the Stieljes functionals

— m

ST™C) ={ [] (2:=D_afXp)™"; z€C\R,af €Q,neN} (6.2.2)

1<i<n k=1

m)

It can be checked easily that, with such type of test functions, M/
space.

is again a Polish

Example 6.4. Let N € N and consider m Hermitian matrices AY,--- AN ¢ HR; with
spectral radius ||AN||o < R, 1 < i < m. Then, set

ﬂg{\’77A%(P) =tr (P(Ajlvv e 714%)) 3 VP € (C<X17 o Xm>

Clearly, ﬂg{V,w,A% € ./\/lg%m), Moreover, if (AN, AN)yen is a sequence such that
. AN .
]\;E}HOOMA{V#%A%(P) = T(P)v VP e (C<X17 e Xm>

then 7 € ./\/lg%m) since ./\/lg%m) is complete.
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It is actually a long standing question posed by A. Connes to know whether all 7 €
M) can be approzimated in such a way.

In the case m =1, the question amounts to ask if for all p € P([—R, R]), there exists
a sequence (AY, -+ AN ) nen such that

1 N
im = &~ = p
AL PIL R

This is well known to be true by Birkhoff’s theorem (which is based on Krein-Milman’s
theorem), but still an open question when m > 2.

6.3 Freeness

Free probability is not only a theory of probability for non-commutative variables; it
contains also the central notion of freeness, which is the analogue of independence in
standard probability.

Definition 6.5. The variables (Xq,...,X,,) and (Y1,...,Y,) are said to be free iff for
any (Rsz)lSzSn € ((C<X17 e 7Xm> X (C<X17 s 7Xn>)n;

%
| J] PXas- o X)Qi(Yr, .., Y) | =0
1<i<n

as soon as

T(P(Xpy. X)) =0,  7(Qi(Y1,...,Y,)) =0, Vie{l,... n).

Remark 6.6:
1) The notion of freeness defines uniquely the law of {X;,...,X,,, Y1,...,Y,} once
the laws of (X4, ...,X,,) and (Yq,...,Y,) are given (in fact, check that every expectation

of any polynomial is given uniquely by induction over the degree of this polynomial).

2) If X and Y are free variables with joint law 7, and P, € C(X) such that
7(P(X)) = 0and 7(Q(Y)) = 0, it is clear that 7(P(X)Q(Y)) = 0 as it should for indepen-
dent variables, but also 7(P(X)Q(Y)P(X)Q(Y)) = 0 which is very different from what
happens with usual independent commutative variables where u(P(X)Q(Y)P(X)Q(Y)) =
p(P(X)°Q(Y)?) > 0.

3)The above notion of freeness is related with the usual notion of freeness in groups

as follows. Let (z1,..%m, Y1, - ,Yyn) be elements of a group. Then, (xy, -, z,,) is said
to be free from (y1,---,y,) if any non trivial words in these elements is not the neutral
element of the group, that is that for every monomials Py, ---, P, € C(Xy,---, X,,) and

Q1 ,Qr € CX1, -+, X)), Pi(2)Q1(y) () ---Qr(y) is not the neutral element as
soon as the Qx(y) and the P;(z) are not the neutral element. If we consider, following
example 6.3.3), the map which is one on trivial words and zero otherwise and extend it
by linearity to polynomials, we see that this define a tracial state on the operators of left
multiplication by the elements of the group and that the two notions of freeness coincide.

4) We shall see below that examples of free variables naturally show up when consid-
ering random matrices with size going to infinity.
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6.4 Large random matrices and free probability

We have already seen in example 6.3 that if we consider (ZWlN7 e 7MT]>Z) € HY, their
empirical distribution ﬂ]\N4N A given for any P € C(X1,...,Xm) by
N MY

fingy g (P) =t (POMTY L M)

belongs to M (™),
Moreover, if we take a sequence {(ZWIN7 o, MINY € ,H%}NEN such that for any P €
C(X1,...,X,,) the limit

7(P):= lim tr (P(M7,..., M}))
N—o0
exists, then 7 € M), Hence, M{™) is the natural space in which one should consider
large matrices, as far as their trace is concerned. As we already stressed in example 6.4,
it is still unknown whether any element of M(™) can be approximated by a sequence
of empirical distribution of self-adjoint matrices in the case m > 2. Reciprocally, large
random matrices became an important source of examples of operators algebras.

The fact that free probability is particularly well suited to study large random ma-
trices is due to an observation of Voiculescu [121] who proved that if (An, By)wnen is a
sequence of uniformly bounded diagonal matrices with converging spectral distribution,
and Uy a unitary matrix following Haar measure m]QV7 then the empirical distribution of
(An,UnBnUY%) converges toward the law of (A4, B), A and B being free and each of
their law being given by their limiting spectral distribution. This convergence holds in
expectation with respect to the unitary matrices Uy [121] and then almost surely (as can
be checked by Borel-Cantelli’s lemma and by controlling

S oy yus, (P) = fﬂKNijNBNﬁ?V(P)dm]ZV(UN))zdm]QV(UN) as N goes to infinity).

As a consequence, if one considers the joint distribution of m independent Wigner ma-
trices (XY, -, XN} their empirical distribution converges almost surely toward (S, -+, S,),
m free variables distributed according to the semi-circular law o(dz) = C'v4 — 22dz.

Hence, freeness appears very naturally in the context of large random matrices. The
semi-circular law ¢, which we have seen to be the asymptotic spectral distribution of
Gaussian Wigner matrices, is in fact also deeply related with the notion of freeness; it
plays the role that Gaussian law has with the notion of independence in the sense that
it gives the limit law of the analogue of central limit theorem. Indeed, let (A, 7) be a
W*-probability space and {X;,i € N} € A be free random variables which are centered
(7(X;) = 0) and with covariance 1 (7(X2) = 1). Then, the sum vn ' (X; 4+ ---+ X,,)
converges in distribution toward a semi-circular variable. We shall be interested in the
next section in the free It6’s calculus which appeared naturally in our problems.

Before that, let us introduce the notation for free convolution : if X (resp. Y) is a
random variable with law p (resp v) and X and Y are free, we denote p H v the law of
X 4+ Y. There is a general formula to describe the law p H v; in fact, analytic functions
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R,, were introduced by Voiculescu as an analogue of the logarithm of Fourier transform in
the sense that

Rumy(2) = Ru(2) + Ry (2)
and that R, defines p uniquely. I refer the reader to [128] for more details. Convolution
by a semicircular variable was precisely studied by Biane [15].

6.5 Free processes

The notion of freeness allows us to construct a free Brownian motion such as

Definition 6.7. A free Brownian motion {Sy, t > 0} is a process such that

2)For any t > s > 0, Sy — Ss is free with the algebra o(Sy,u < s) generated by
(Su,u < s).

3) For anyt > s > 0, the law of Sy — S5 is a semi-circular distribution with covariance

s—t ;0. (dz) = (rm(s—1))"1\/4(s = 1) — 22dx.

The Hermitian Brownian motion in particular converges toward the free Brownian
motion according to the previous section (using convergence on cylinder functions).
As for the Brownian motion, one can make sense of the free differential equation

dXt — dSt —|— bt(Xt)dt

and show existence and uniqueness of solution to this equation when b; is Lipschitz operator

1
in the sense that if ||.]| denotes the operator norm on the algebra A (||A|| = lim 7(A?")2n)
on which the free Brownian motion {S,t > 0} lives,

[16:(X) = b (V)| < C||X = Y]

with a finite constant C'(one just uses a Picard argument).
With the intuition given by stochastic calculus, we shall give some outline of the proof
of some results needed in Chapter 4.

6.6 Continuity of the rate function under free convolution

In the classical case, the entropy S of the deviations of the law of the empirical measure
of independent Brownian motion decreases by convolution (see (4.2.20)). We want here to
generalize this result to our eigenvalues setting. The intuition coming from the classical
case, adapted to the free probability setting, will help to show the following result :

Lemma 6.8. For any p € P(IR), any v € C([0, 1], P(IR))
SO’I(I/ Hp) < So’l(l/).

Proof :
We shall give the philosophy of the proof via the formula (see (5.2.5))



68

1 I
SOL(y) = 5 < kk>g,= 5/ /(8xkt)2dyt(x)dt.
0

Namely, let us assume that v; can be represented as the law at time ¢ of the free stochastic
differential equation (FSDE)
dXt — dSt —|— k‘t(Xt)dt

It can be checked by free 1t6’s calculus that this FSDE satisfies the same free Fokker-Planck
equation (5.2.5) (get the intuition by replacing S by the Hermitian Brownian motion and
X. by a matrix-valued process). However, until uniqueness of the solutions of (5.2.5) is
proved, it is not clear that v is indeed the law of this FSDE.
Now, let C' be a random variable with law p, free with S and Xy. Y = X 4 ' satisfies
the same FSDE
dY; = dS¢ + 0k (Xy)dt

and therefore its law p; = vy B p satisfies for any Cbz’l(R x [0,1]),

SO, f) = /01 T(0, f(X¢ + C)Ouks (Xy))dt = /01 (0, f (Xt + C)7(0oke(X1)| X 4+ C))dt

where 7( | X;+C) is the orthogonal projection in L?(7) on the algebra generated by X;+C
(recall the definition of L%(7) given in section 6.2). From this, we see that

1
So’l(ﬂ) — sup {So’l(,u,f) 3 <ff >g,1}
fecyt (Rx[o,1])

1
— ap | / (0 Fi (X0 + C)r(0ky (X)X, + O))t
fecyt (rx[o,1]) YO

1

-5 | oo ppn

< %/01T(T(a$kt(xt)|xt+c)2)dt
< % /0 (@uky(X)2)dt = SO (1)

Of course, such an inequality has nothing to do with the existence and uniqueness of a
strong solution of our free Fokker-Planck equation and we can indeed prove this result by
means of R-transform theory for any v € {S%! < oo} (see [30]).

6.7 The infimum of S, is achieved at a free Brownian bridge

Let us state more precisely the theorem obtained in this section. A free Brownian bridge
between pg and pq is the law of

X, = (1-t)Xo+tX; +/t(I=1)S (6.7.3)
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with a semicircular variable S, free with Xy and X, with law pg and pq respectively. We
let FBB (o, 11) C C([0,1],P(R)) denote the set of such laws (which depend of course not
only on g,y but on the joint distribution of (Xg, X1) too). Then, we shall prove (c.f
Appendix 4 in [61] that

Theorem 6.9. ). Assume pg, 1 compactly supported, with support included into [— R, R].
1)Then,

Ja(po, 1) = g'nf{S(V);Voz,uoWl:lh}

= g'nf{S(V); v € FBB(po, 1)}

2)Since FBB(po, 1) is a closed subset of C([0,1], P(R)), the unique minimizer in
Jg (o, p1) belongs to FBB(po, 111).

The proof of Theorem 6.9 is rather technical and goes back through the large random
matrices origin of Jg. Let us consider the case 3 = 2. By definition, if

XN =x3 +uy

with a real diagonal matrix X' with spectral measure fil and a Hermitian Brownian
motion HY | if we denote /il¥ the spectral measure of X}V, then, if i)} converges toward a
compactly supported probability measure yg, for any p1 € P(R),

. . 1 N .
lim sup lim sup mlog P(d(jiY, 1) < &) < —inf{S,, (v);v1 = 1}
5—+0 N—co

Let us now reconsider the above limit and show that the limit must be taken at a free
Brownian bridge. More precisely, we shall see that, if 7 denotes the joint law of (Xg, X1)
and p7 the law of the free Brownian bridge (6.7.3) associated with the distribution 7 of
(X07 X1)7

. . 1 .
lim sup lim sup el log P(d(il, j11) < 6)
§=+0 N—oo

1
< sup limsuplimsup N7 log P(lrél]?%(nd(ﬂi\;, i) < 6)

"'°X0_1=M0 §—40 N-ooo

-1
ToX | T =pp

for any family {t1,---,¢,} of times in [0, 1]. Therefore, Theorem 4.5.2).a) implies that

1
limsuplimsupmlogP(d(ﬂJIV, p1) < 6) < —ginf{S(,uT),7'0)(0_1 = o, To X7 =}

§—0 N—oo

The lower bound estimate obtained in Theorem 4.5.2.b) therefore guarantees that
inf{S(”)v’/O = Mo, V1 = :ul} > inf{S(:uT)vTOXo_l = :uovTOXl_l = :ul}'

and therefore the equality since the other bound is trivial.
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Let us now be more precise. We consider the empirical distribution ), = ,&%N v of
! 0 M1

(2)

the couple of the initial and final matrices of our process as an element of M;”’, equipped

with the topology of the Stieljes functionals. It is not hard to see that ./\/1(12)

metric space by the Banach Alaoglu theorem. Let D be a distance on ./\/1(12).

Then, for any € > 0, we can find M € N, (73)i1<k<pr so that ./\/1(12) C Ur<pem{T :
D(r, ;) < ¢} and therefore

is a compact

1
lim sup lim sup N_ log P(d(i, 1) < 6)

§—0 N—oo

<  max limsup —

WV DN
1<k<M  N—oo N2 log P(d(fiy", pu1) < 57D(N0717Tk) <€)

Now, conditionally on X{¥

or equivalently

1
XN = tXN—|—(1—t)XéV—|—(1—t)/ (1 )~tdmY.
0

It is not hard to see that when i}, converges toward 7, ,&%N converges toward p] for all
’ t
€ [0,1].
Therefore, for any x > 0, any t1,---,t, € [0, 1], there exists ¢ > 0 such that for any
(X3", XT) € {D(jigy, 7) < e},

P(lrgggnd(uxmutk) > | X{Y) <

Hence for any 7, when € is small enough and N large enough, taking x = %,

P(d(f' ) < 8 Dlfio, 7) <€) < 2P(d(A7s i) < 6 Dlfiy, 7) < & max d(iixye, wf,) < ).

We arrive at, for € small enough and any 7 € Mg,

. 1 N N
lim sup mlogP(d(u{V7 fi1) < 5§D(Hé\j17 7) < ¢) <limsup N—logIF’( mgx d(:utkmutk) < 9).
N—oo N—oo

Using the large deviation upper bound for the law of (a,¢ € [0,1]) of Theorem 4.5.2),
we deduce

1 s
lim sup — log P(d(iY, <8 < —= min inf S, (v
N—oo N2 & ( (Iul Iul) ) 2 1<p<M max)<k<n d(l/tkvﬂz—:)gé MD( )

We can now let € going to zero, and then ¢ going to zero, and then n going to infinity, to
conclude (since S is a good rate function). It is not hard to see that FBB (o, it1) is closed
(see p. 565-566 in [61]).



Chapter 7

Voiculescu’s non-commutative
entropies

One of the motivations to construct free probability theory, and in particular its entropy
theory, was to study von Neumann algebras and in particular to prove (or disprove)
isomorphisms between them. One of the long standing questions in this matter is to see
whether the free group factor L(F"™) with m generators is isomorphic with the free group
with n generators when n # m. Such a problem can be rephrased in free probability terms
due to the remark that if Xq,---,X,, (resp. Y1,---,Y,,) are non-commutative variables
with law 7x and 7y respectively, then 7x =1y = W*(Xq,---, X)) @ W*(Yy,---, V).
Therefore,
I/V*()(l7 s 7Xm) ~ W*(Yh s 7Ym) S TX =Ty

where 7y = 7y when there exists F' € L>(rx),G € L>(7y) such that
Ty(P) = F#TX(P) = TX(POF) TX(P) = G#Ty(P) VP e (C<)(17 ce 7)(m>.

Here, L™= (7x) and L*°(ry) denote the elements of the von Neumann algebras obtained
by the Gelfand-Neumark-Segal construction. Therefore, if o, is the law of m free semi-

circular variables Sy, .., Sy, L(F™) ~ W*(S1,---,S,) and
L(Fm) ~ L(Fn) o W*(Sl7”' 7Sm) ~ W*(Sl7”' 7Sn) S0, =0,

The isomorphism problem is therefore equivalent to wonder whether ¢, = o, implies
m = n or not.

Note that in the classical setting, two probability measures on R™ and R"™ are equivalent
(in the sense above that they are the push forward of each other) provided they have no
atoms and regardless of the choice of m,n € N. In the non-commutative context, one
may expect that such an isomorphism becomes false in view for instance of the work of D.
Gaboriau [55] in the context of equivalence relations. However, such a setting carries more
structure due to the equivalence relations than free group factors ; it concerns the case of
algebras with Cartan sub-algebras (which are roughly Abelian sub-algebras) whereas D.
Voiculescu [124] proved that every separable I[;-factor has no Cartan sub-algebras.

To try to disprove the isomorphism, one would like to construct a function § : M (™) —
R which is an invariant in the sense that for any 7,7 € M (™)

T=T=06(1) =6(7) (7.0.1)

71
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and such that d(oy) = k (where ok, k¥ < m, can be embedded into M) for k< m by
taking m — k null operators). D. Voiculescu proposed as a candidate the so-called entropy
dimension 6, constructed in the spirit of Minkowski dimension (see (7.1.3) for a definition).
It is currently under study whether 4 is an invariant of the von Neumann algebra, that is if
it satisfies (7.0.1). We note however that the converse implications is false since N. Brown
[27] just produced an example showing that there exists a von-Neumann algebra which is
not isomorphic to the free group factor but with same entropy dimension. Eventhough this
problem has not yet been solved, some other important questions concerning von Neumann
algebras could already be answered by using this approach (see [124] for instance). In fact,
free entropy theory is still far from being complete and the understanding of these objects
is still too narrow to be applied to its full extent. In this last chapter, we will try to
complement this theory by means of large deviations techniques.

We begin by the definitions of the two main entropies introduced by D. Voiculescu,
namely the microstates entropy x and the microstates-free entropy x*. The entropy di-
mension ¢ is defined via the microstates entropy y but we shall not study it here.

7.1 Definitions

We define here a version of Voiculescu’s microstates entropy with respect to the Gaus-
sian measure (rather than Lebesgue measure as he initially did : these two points of view
are equivalent (see [30]) but the Gaussian point of view is more natural after the previous
chapters). I underlined the entropies to make this difference, but otherwise kept the same
notations as Voiculescu.

For pu € Mﬁm), n € Ny, N € N, ¢ > 0, Voiculescu [122] defines a neighborhood
I'r(p, n, N, €) of the state p as the set of matrices Ay, .., Ay, of HY} such that

(X, Xi,) — tr(A A < e

forany 1 < p < n, iy,..,4, € {1,..,m}? and ||A;||oc < R. Then, the microstates entropy
w.r.t the Gaussian measure is given by

x(#) := sup inf inflimsup N~ ?log N [Cr(1, ny Ny €)]
- R>0n€N>0 N0

This definition of the entropy is done in the spirit of Boltzmann and Shannon. In the
classical case where M7" is replaced by P(R) the entropy with respect to the Gaussian
measure v is the relative entropy

N
1
S(p) = igglijl(vnjllopN‘llog'y@N (d(ﬁ;(sxmﬂ)SG)

N
1
= inf limsup N~'logy®N [ |—= xi) — <ep<k
nf_ fimsup g7V (15 ;fp( )= nllp)l <ep<
where the last equality holds if (f,),ew is a family of uniformly continuous functions, dense
in CY(R). This last way to define the entropy is very close from Voiculescu’s definition. In
the commutative case, we know by Sanov’s theorem that
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1. The limsup in the definition of S can be replaced by a liminf, i.e.

N
1
;= inf liminf N log v®™ (d(=S 6p, 1) < €.
S(p) »= inf lim in g7y ((N;—l ,7u)_6)

2. For any p € P(R) we have the formula

S(p) = —5"(1)
with S* the relative entropy which is infinite if 4 is not absolutely continuous wrt
and otherwise given by

d d
s = [ Py iog Fie)dr(a).
These two fundamental results are still lacking in the non-commutative theory except in
the case m = 1 where Voiculescu [123] (see also [10]) has shown that the two limits coincide

and that
1

X(p) = E(p) — §/x2d,u(x) + constant

with

S = [ [1ogle = yldute)dty).

In the case where m > 2, Voiculescu [122, 125] proposed an analogue of S*, x*, which does
not depend at all on the definition of microstates and called for that reason micro-states-
free entropy. The definition of y*, is based on the notion of free Fisher information.
To generalize the definition of Fisher information to the non-commutative setting, D.

Voiculescu noticed that the standard Fisher information can be defined as
o) = 10311172,

with @ the adjoint of the derivative d, for the scalar product in L?(y), that is that for
every f € L2(s),

[ rozrnte) = [ o.saut).

When g has a density p with respect to Lebesgue measure, we simply have 051 =
—0,logp = —p~10,p. The entropy S* is related to Fisher information by the formula

S =3 [ ot

with p? the law at time ¢ of the Brownian bridge between &, and p.

Such a definition can be naturally extended to the free probability setting as follows.
To this end, we begin by describing the definition of the derivative in this setting; let
P € C(Xi,...,X,,) be for instance a monomial function [[;%,., X;,. Then, for any
operators Xy, -+, X,, and Yq,---,Y,,, -

r — —
PX+eY)-PX)=c>_  [] XYy [] Xu+0() (7.1.2)
k=11<I<k—1 k+1<I<r
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In order to keep track of the place where the operator Y have to be inserted, the deriva-

tive is defined as follows; the derivative Dy, with respect to the ith variable is a lin-
ear form from C(Xy,...,X,,) into C(X1,...,X,,) ® C(Xy,...,X,,) satisfying the non-
commutative Leibniz rule

Dx,PQ=Dx.Px1@Q+P@1x Dx,Q
for any P,Q € C(Xqy,...,X,,) and
DX,'XII 1,1 ®1.

One then denote § the application from C(Xy,..., X)) @C(Xy, ..., X)) XC(Xq, ..., Xp)
into C(Xy,...,X,,) such that A ® B§C' = ACB. It is then not hard to see that (7.1.2)

reduces to

P(X+¢Y) - P(X)= ei Dx,PiY; + O(¢%).

i=1

The cyclic derivative Dx, with respect to the i-th variable is given by
Dx, =mo Dy,

where m : ) Xy,---, X,,) @C) Xy --- X)) = C)Xyq,---,X,,) is such that m(P® Q) = QP.
In the case m = 1, using the bijection between C(X) @ C(X) and C(X,Y), we find that

Pla) = Ply)

DxP(z,y) = Py

The analogue of 971 in L?(p) is given, for any 7 € MU as the element in L*(r) such
that for any P € C(Xy,..., Xn),
T 71 (Dx,P)=T1(PD%,1).

In the case m =1 and so 7 € P(IR), it is not hard to check (see [123]) that
Dx1(z) =2PV (/(x — y)_ldr(y)) .

Free Fisher information is thus given, for 7 € M) by
(1) = > _|ID%, 72
=1

and therefore x* is defined by

)=y [ e
0
with i} the distribution of the free Brownian bridge, u} = L(tX;++/t(1 —1)5;,1 < i < m)
if o = L£(X;,1 <7 < m) and S; are free standard semi-circular variables, free with
(Xi; 1 <i<m).
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The conjecture (named ’unification problem’ by D. Voiculescu [129]) is
Conjecture 7.1: For any p such that x(u) > —oo,

Remark 7.2: If the conjecture would hold for any p € M(™) and not only for p with finite
microstates entropy, it would provide an affirmative answer to Connes question since it is
known that if p is the law of Xy,---, X, and Sq,---,S,, free semicircular variables, free
with Xy,---,X,, then, for any € > 0 the distribution pHo, of (X;+€Sy,---,X,, +€S,,)
satisfies x*(uH 0.) > —o0, and hence the above equality would imply x(¢HBo.) > —o0 so
that one could find matrices whose empirical distribution approximates pH o, and thus
1 since € can be chosen arbitrarily small.

In [18], we proved that

Theorem 7.3. For any pu € M),

x(1) < X ().

Moreover, we can define another entropy x™* such that

X)) 2 X ().

Typically, x* is obtained as an infimum of a rate function on non-commutative laws
with given terminal data, whereas y** is the infimum of the same rate function but on a
a priori smaller set. B

From this result, we as well obtain bounds on the entropy dimension

Corollary 7.4. Let for 7 € M(™)

Ho. TH o,
5(7) :=m — limsup 7X(T o) = m — lim sup —X4( )
e—0 108; € e—0 108; €

(7.1.3)

where THo, stands for the free convolution by m free semi-circular variables with parameter
€ > 0. Define accordingly 6*,5**. Then

57 (r) < 8(r) < 6% (7).

In a recent work, A. Connes and D. Shlyaktenkho [35] defined another quantity A,
candidate to be an invariant for von Neumann algebras, by generalizing the notion of
L?-homology and L2-Betti numbers for a tracial von Neumann algebra. Such a definition
is in particular motivated by the work of D. Gaboriau [55]. They could compare A with
6*, and therefore, thanks to the above corollary, to é.

Eventhough §*, §* are not simple objects, they can be computed in some cases such
as for the law of the DT-operators (see [1]) or in the case of a finitely generated group
where 1. Mineyev and D. Shlyakhtenko [95] proved that

07(r) = 51(G) = Bo(G) +1

with the group L? Betti-numbers 3.



76

DT-operators have long been an interesting candidate to try to disprove the invariance
of 6. A DT-operator T can be constructed as the limit in distribution of upper triangular
matrices with i.i.d Gaussian entries (which amounts to consider the law of two self-adjoint
non-commutative variables 7'+ T* and ¢(17'— 77)). If C' is a semicircular operator, which
is the limit in distribution of the (non Hermitian) matrix with i.i.d Gaussian entries, then
C' can be written as T + T* where T, T are free copies of T. Hence, since 5(C) <2, we
can hope that 6(7') < 2. However, based on an heavy computation of moments of these
DT-operators due to P. Sniady [111], K. Dykema and U. Haagerup [44] could prove that
T generates L(F?). Hence invariance would be disproved if §(T') < 2. But in fact, L.
Aagaard [1] recently proved that *(7") = 2 which shows at least that 7" is not a counter-
example for the invariance of §* ( and also settle the case for § if one believes conjecture
7.1).

We now give the main ideas of the proof of Theorem 7.3.

7.2 Large deviation upper bound for the law of the process
of the empirical distribution of Hermitian Brownian mo-
tions

In [29] and [30], we established with T. Cabanal Duvillard the inequality

Theorem 7.5. There exists a good rate function S on C([0,1], MU such that for any

x(n) < =S(u") (7.2.4)
and

~S(t) 2 (- (7.2.5)
Inequality (7.2.5) is an equality as soon as (D% 1,...,D% 1) is in the cyclic gradient
space, i.e

Feci( mfccm / Z,uu |Dx, Py — Dy, 1 — —| *)du} =0

where the infimum runs over the set C1([0,1],CCT(R)) of continuously differentiable func-
tions with values in CCJ(R), the restriction of self-adjoint non-commutative functions of
CCH(C) defined in (6.2.2). Further, by definition, if m : C(X1, ..., X,,)xC(Xy,...,X,) —
C(X1,...,X,) is such that m(P @ Q) = QP, the cyclic derivative is given by Dx, =
mo Dy,.

Note here that it is not clear whether (D}ll7 ..., D% 1) should belong to the cyclic
gradient space or not in general. This was proved by D. Voiculescu [126] when it is
polynomial, and it seems quite natural that this should be the case for states with finite
entropy (see a discussion in [30]).
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The strategy is here exactly the same than in chapter 4; consider m independent Brow-
nian motion (HY,--- HY) and the MU valued process i = ﬂJI}If{V(t),~~~,H%(t)' Then, it
can be seen thanks to Ito’s calculus that, for any F € C([0,1],CCI(R)), if we set

S (v, F) = I/t(Ft)—l/s(Fs)—/ vy (0 1) du

Lt S
_5/5 yu®yu(lz_;DXlODXlFu)du

m 1
K PG>y = ) / vu(Dx, F D, G)du
{=1"7%

1
S(y) = sup  (S¥ (1, F) — 5 < F F 33,
FeCC.(Rx[0,1]) 2

then (S%f(iN, F),t > 0) is a martingale with bracket given by N=%2 <« F, F’ >>>2’fv. Hence
we are in business and we can prove a large deviation upper bound with good rate function
which is infinite if the initial law is not the law of null operators, and otherwise given by
S%!. We can proceed as in Chapter 6 to improve the upper bound when we are considering
the deviations of /il and see that the infimum is taken at a free Brownian bridge. The
relation with x* comes from the fact that the free Brownian bridge is associated with the

field Yo x X
ST s X, =28 - nt
T ( 1-s | ) s J
where J* = D*1 denotes the non-commutative Hilbert transform of p € M) and

pb = 7, 0w is the time marginal of the free Brownian bridge. This equality is a direct
consequence of Corollary 3.9 in [124].

The main problem here to hope to obtain a large deviation lower bound is that the
associated Fokker- Planck equations are quite hard to study and we could not find a
reasonable condition over the fields to obtain uniqueness, as needed (see Section 4.2.1).

This is the reason why the idea to study large deviation on path space emerged; the
lower bound estimates become easier since we shall then deal with uniqueness of strong
solutions to these Fokker-Planck equations rather than uniqueness of weak solutions.

7.3 Large deviations estimates for the law of the empirical
distribution on path space of the Hermitian Brownian
motion

In this section, we consider the empirical distribution on path space of independent Her-
mitian Brownian motions (H!, .., H™). It is described by the quantities

&N(F) = tr (PEN (1), HY2 (1), ..., HY " (1,)))

with F(z',..,2™) = P(2" (t1),---,2"(t,)) for any choice of non-commutative test func-
tion P, any (t1,...,t,) 1]" and (¢1,---,4,) € {1,---,m}.
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The study of the deviations of the law of 4%V could a priori be performed again thanks
to Ité’s formula by induction over the number of time marginals. However, this is not a
good idea here since we could not obtain the lower bound estimates. Hence, we produced a
new idea to generate exponential martingales which is based on the Clark-Ocone formula.

7.4 Statement of the results

Let us be more precise. In order to avoid the problems of unboundedness of the operators
and still get a nice topology, manageable for free probabilists, we considered in [18] the
unitary operators

UM = MY, with ¢(2) = (z + 44) (z — 49) ™.
If
QL := (S} 4 4i)(SL — 44)~!
with a free Brownian motion (S',...,S™), it is not hard to see that

ST(UN L (UN)) S (90)7 - (00)%)
and we shall here study the deviations with respect to this typical behavior. Since the
UM are uniformly bounded, polynomial test functions provide a good topology. This
amounts to restrict ourselves to a few Stieljes functionals of the Hermitian Brownian
motions. However, this is already enough to study Voiculescu’s entropy when one considers
the deviations toward laws of bounded operators since then the polynomial functions of
(¥ (Xq), -+ ,(X,)) generates the set of polynomial functions of (Xy,---,X,,) and vice-
versa (see lemma 7.7).

Let ]:[7&1] be the *-algebra of the free group generated by (ui;t €10,1),i € {1,...,m})
(that is the set of polynomial functions generated by H_>(uffi)§€7 tp € 10,1],1, € {1,---,m},
e = 1,—1, equipped with the involution (u;)* = (u})~1) and ]:[Tg’ls]a be its self-adjoint
elements. We denote M(Fy,)) the set of tracial states on F,, (i.e. the set of lin-

[0,1]
ear forms on ]:[7&1] satisfying the properties of positiveness, total mass equal to one,

and traciality and with real restriction to F(i1]"). We equip M(Fg ) with its weak
topology with respect to Fi' ). Let M?(F,)) be the subset of M(Fg ) of states such
that for any ,...,2, € {—=1,+1}", and any #,...,4, € {l,...,m}", the quantity
T((ug ) ... (ug)) is continuous in the variables ¢1,...,¢,. Remark that for any process
of unitary operators (U!,... , U™) with values in a W*-probability space (A, ¢) we can

associate 7 € M(Fg' ;) such that

Reciprocally, GNS construction allows us to associate to any 7 € M (]—'[761 1]) a W*-probability
space (A, @) as above.

In particular, if S = (S!,...,S™) is a m-dimensional free Brownian motion, the family
(:%fi%;t €10,1],1 € {1,...m}) defines a state o € ./\/lc(]:[gll]). To define our rate function,
t g )
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we need to introduce, for any time t € [0, 1], any process X = (X}t € [0,1],i € {1,...,m})
of self-adjoint operators and a m-dimensional free Brownian motion S = (S! ... S™),
X and S being free, the process X! = X oy +S._4v0. If 7 € ./\/lc(]:[Tgl]) is the law of

(V(Xi);t € [0,1],i € {1,...,m}), we set 7' € Me(Fig ) the distribution of (b(XE);t €

[0,1],7 € {1,...,m}). Finally, we denote V, the non-commutative Malliavin operator
given by
V()7 (uin)™) = = o L B (u)7 — D) (w27 (ulr) o

()7 ) ()7 = Do (5):

Note that this definition is a formal extension of

{ zn Tpt1 i 11 -1
Vil xtl ) E Lip=ix 7wy xtp ~ 0,4, (8)

to the (non converging in general) series u) = —(1/43) (2] +44) ol 2l /4ik 5 e {1,...,m}.
Finally, we denote B; the ¢ algebra generated by {X! u < ¢,1 < [ < m} and for any
T E M(]:[Tg,l])’ 7 (.|B:) the conditional expectation knowing By, i.e. the projection on B,
in L*(7). We proved that

Theorem 7.6. Let [ : ./\/l(]:[ﬁl]) — RT being given by

I(r) = sup sup {7Y(F)—o(F)— 5/0 Tt (?5(V5F|BS)2) ds}.

te[0,1] Fef[’gl]a

Then
1. I is a good rate function.
2. Any 1 € {I < oo} is such that there exists K™ € L*(t x ds) such that
@) infperpe Jo 7 [|%s (V,P|B,) — K;P] ds = 0.
b) For any P € Foap and t € [0, 1], we have

t
7H(P) =7(P) +/ 7 (7 (V,P|Bs) .K]) ds.
0
3. For any closed set I' C M°(F, 0. 1]) we have

I —1 P(eN € F) < —inf I
im sup < log (6™ € F) inf I(7)

4. Let My~ (F7 (01]) be the set of states in {I < oo} such that the infimum in 2.a) is
attained. Then, for any open set O C M(F, [0 1]),

lim inf N_ log IP(6N € O) > inf I(7).

N—oo TEOOMCOO(}-[’(?H)
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7.4.1 Application to Voiculescu’s entropies

To relate Thorem 7.6 to estimates on x, let us introduce in the spirit of Voiculescu, the
entropy Y as follows. Let F%(V, n, N, €) be the set of unitary matrices Vi, .., V,, such that

—1<27 N (V;+ V) <1-2(RP+1)7!
for all j € {1,---,m} and
(U5} 07) — (V. VP <e
forany 1 <p<mn, iy, ..,ip€{l,..,m}P &1, - g, € {—1,+1}P. We set

X(v) := sup inf inf lim sup —log P((Y(AY), - (AD)) € TR (v, n, N, €)).
R>0MEN>0 Ny N?
Let ¥ be the M&bius function
X! 4 4i
T(XL . XM, = (X)) = .
( ) ) )l ¢( ) Xl _ 42

Then, it is not hard to see that

Lemma 7.7. For any 7 € ./\/l(lm) which corresponds, by the GNS construction, to the
distribution of bounded operators, we have

X(7) = X(ro¥).

Moreover, Theorem 7.6 and the contraction principle imply
Theorem 7.8. Let w1y : M“*(Fg ) — M(FPhy) = M7 be the projection on the algebra
generated by (U(1),...,U™(1),UY1)~1, ..., U™(1)7). Then, for any v € Mo,

(7)== lm it {I ()i d(oom, 7o W) < b0 € MT(FE} < x(7) (T46)

and
x(r) < - hm inf{l(0);d(com,7oW) <d0€ M (Fgy)}
= —1nf{]( ),oom =T1ToW} (7.4.7)

The above upper bound can be improved by realizing that the infimum has to be
achieved at a free Brownian bridge (generalizing the ideas of Chapter 6, Section 6.7). In
fact, if u is the distribution of m self-adjoint operators {Xy,...,X,,} and {S!,..., 8™}
is a free Brownian motion, free with {Xy,...,X,,}, we denote Tﬁ the distribution of

{¢(txl+ (1-1)8', ), 1 <1< m,telo, 1]}. Then
1—t

Theorem 7.9. For any € MU™),

X(1) < —I(r3) = X" () (7.4.8)
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7.4.2 Proof of Theorem 7.6

We do not prove here that I is a good rate function. The idea of the proof of the large
deviations estimates is again based on the construction of exponential martingales; In

fact, for P € F7 ., it is clear that Mp (t) = E[6™(P)|F] — E[6"(P)] is a martingale for

the filtration F; of the Hermitian Brownian motions. Clark-Ocone formula gives us the
bracket of this martingale :

1 <& [t
< MY 5= WZ/O (E[VLP|F,)ds
=1

As a consequence, for any P € ]:[Tgl], and t € [0, 1]

Elexp{N*(E[6" (P)|F] - E[6"(P)] - / BV, PIEP)ds))] = 1.

To deduce the large deviation upper bound from this result, we need to show that

Proposition 7.10. For P € Foap T € ./\/lc’oo(]:[ﬁl]), e>0,leN,LecRT, define

H = H(P/L,e,N,1,l)

= ess sup |tr(E[P(UN)|H]Y) — 7(FH(P|By)Y)|
{d(6N,7)<es6NeK 0T L}

then one has, for every [ € N

suplimsuplimsup sup H =0 (7.4.9)
L>0 e—0 N—co TGKL\/,-”FL
t€fo0,1]

Here {KL\/ NI'r}ren are compact subsets Of./\/l(]:[ﬁl]) such that

1
lim sup lim sup mlog PN e (Kr,.NTL)%) = —oc0.

L—oco N—oo

Then, we can apply exactly the same techniques than in Chapter 4 to prove the upper
bound.

To obtain the lower bound, we have to obtain uniqueness criteria for equations of the
form

ﬁ(P)—a(P):/O T (7°(VsP|Bs)T° (Vs K|Bs)) ds

with fields K as general as possible. We proved in [18], Theorem 6.1, that if K € ]:[731]7
the solutions to this equation are strong solutions in the sense that there exists a free
Brownian motion S such 7 is the law of the operator X satisfying

dX; = dS; + 7 (V,K|B,)(X)dt.

But, if K ¢ ]—'[Tgl], it is not hard to see that 7/(V,K|B;)(X) is Lipschitz operator, so that
we can see that there exists a unique such operator X, implying the uniqueness of the
solution of our free differential equation, and hence the large deviation lower bound.
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7.5 Discussion and open problems

Note that we have the following heuristic description of x™ and x™* :

X(7) = — inf{ / u(K2)dr}

where the infimum is taken over all laws p of non-commutative processes which are null
operators at time 0, operators with law 7 at time one and which are the distributions of
‘weak solutions’ of

dXt - dSt —|— I(t (X)dt

Y** is defined similarly but the infimum is restricted to processes with smooth fields K

(actually K € ]:[Tgl]). We then have proved in Theorem 7.8 that

and it is legitimate to ask when Y™ = x*. Such a result would show y = x*. Note that
in the classical case, the relative entropy can actually be described by the above formula
by replacing the free Brownian motion by a standard Brownian motion and then all the
inequalities become equalities.
This question raises numerous questions :
1. First, inequalities (7.4.6) and (7.4.8) become equalities if 7/ € MZ’OO(]:[KI]) that is
if there exists n, times (;,1 < ¢ < n+ 1) € [0,1]""!, and polynomial functions
(Q,1 < i< n)and P such that

n ~t
JH = Z Lt iy @i + 7'3 (ViP|By).

=1
Can we find non trivial g € M) such that this is true ?

2. If we follow the ideas of Chapter 4, to improve the lower bound, we would like to
regularize the laws by free convolution by free Cauchy variables C* = (Cf,---,Cf))
with covariance e. If X = (Xy,---,X,,) is a process satisfying

dXt - dSt —|— I(t(Xt)dt7

for some non-commutative function Ky, it is easy to see that X = X 4 C* satisfies
the same free Fokker-Planck equation with K (X;+C®) = 7(K(X;)|X¢+C*). Then,
does K° is smooth with respect to the operator norm 7 This is what we proved for
one operator in [65]. If this is true in higher dimension, then Connes question is
answered positively since by Picard argument

as a unique strong solution and there exists a smooth function F¢ such that for any
t>0
X = F{(Ss, s <t).
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In particular, for any polynomial function P € C(X1,...,X,,)
/NHX+C3%:dPQﬁ@MS§D):$mthoﬁGgﬁglﬁ
—+00

where we used in the last line the smoothness of F| as well as the convergence of
the Hermitian Brownian motion towards the free Brownian motion. Hence, since
¢ is arbitrary, we can approximate p by the empirical distribution of the matrices
Ff(Hff7 s < 1), which would answer Connes question positively. As in remark 7.2,
the only way to complete the argument without dealing with Connes question would
be to be able to prove such a regularization property only for laws with finite entropy,
but it is rather unclear how such a condition could enter into the game. This could
only be true if the hyperfinite factor would have specific analytical properties.

. If we think that the only point of interest is what happens at time one, then we
can restrict the preceding discussion by showing that if X = (Xy,---,X,,) are non-
commutative variables with law g, and (7,1 < i < m) is the Hilbert transform of p
and if we let u¢ be the law of X4C¢, then we would like to show that (ji“e, 1 << m)
is smooth for € > 0. In the case m = 1, J"° is analytic in {|S(z)] < ¢}. The
generalization to higher dimension is wide open.

. A related open question posed by D. Voiculescu [129] (in a paragraph entitled Tech-
nical problems) could be to try to show that the free convolution acts smoothly on
Fisher information in the sense that t € R* — rx1.5(]7***7|?) is continuous.

. A different approach to microstates entropy could be to study the generating func-
tions

A(P) = lim limsup%log/ e LroTr(P(X, - X7) H dHN(Xév)
IXyllo <R

R—
O N—=oo 1<i<m

for P e C(Xy, -, X)) @ C(Xq,---,X,). It is easy to see (and written down in
[67]) that
WP =il = or(P)).
Reciprocally,
A(P) = sup {x(r) 470 7(P)).
remM(m)

Therefore, we see that the understanding of the first order of all matrix models is
equivalent to that of y. In particular, the convergence of all of their free energies
would allow to replace the limsup in the definition of the microstates entropy by a
liminf, which would already be a great achievement in free entropy theory. Note also
that in the usual proof of Cramer’s theorem for commutative variables, the main
point is to show that one can restrict the supremum over the polynomial functions
P e C(Xy, , X% to polynomial functions in C(Xy,---,X,,) (i.e take linear
functions of the empirical distribution). This can not be the case here since this
would entail that the microstates entropy is convex which it cannot be according to
D. Voiculescu [124] who proved actually that if 7 # 7/ € M) with m > 2, 7 and
7' having finite microstates entropy, then ar 4+ (1 — «)7’ have infinite entropy for
a € (0,1).
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